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THE INTEGRATION OF OPERATOR-VALUED FUNCTIONS WITH
RESPECT TO VECTOR-VALUED MEASURES

VOLODYMYR TESKO

ABSTRACT. We investigate the H-stochastic integral introduced in [24]. It is known
that this integral generalizes the classical 1t6 stochastic integral and the It6 integral
on a Fock space. In the present paper we construct and study an extension of the
H-stochastic integral which will generalize the Hitsuda-Skorokhod integral.

1. INTRODUCTION

It is well known that the Itd integral of adapted square integrable functions plays
a fundamental role in the classical stochastic calculus. In the case of scalar-valued in-
tegrands this integral has a very simple interpretation in the framework of functional
analysis. Namely, let L?(Q, A, P) be a space of square integrable functions on a com-
plete probability space (2, A, P), {A:}ic(o,r) be a filtration of o-algebras satisfying the
usual conditions and {M;},c(o,7] be a square integrable martingale on (£2,A, P) with
respect to {A;}icjo,r) (here T' > 0 is fixed). Then the It integral f[O,T] F(t)dM,; of a
scalar-valued (non-random) function F': [0,7] — C can be interpreted as an ordinary
spectral integral f[O,T] F(t) dE; applied to Mr, i.e.,

/[otT] Fle)dM, = ( /[O’T] F(t) dEf,> Mr,

where E; := E[-|A¢] denotes a conditional expectation with respect to the o-algebra
A;. Tt can be shown that E; is an orthogonal projection in the space L?(2, A, P) onto
its subspace L?(f2, A;, P) and, moreover, the corresponding projection-valued function
[0,T] 5t + FE; is a resolution of identity in L?(2,.A, P). Note that M; = E;Mr for all
t € [0,T] since M is a martingale.

At the same time, it is considerably more difficult to establish a relation between the
It6 and spectral integrals for general adapted L?(f2, A, P)-valued integrands, since the
main problem is to find an explicit expression for the corresponding spectral integral
(see, for example, [6] and reference therein). In this context a natural problem arises, —
to give a suitable definition of “spectral integral” which will generalize the Ito stochastic
integral.

The starting point for solving this problem is the observation that an L?(£, A, P)-
valued function [0,T] > t — F(t) € L*(Q, A, P) (integrand) can be naturally viewed
as an operator-valued function [0,7] 3 t — Ap(t) whose values are operators Ap(t) of
multiplication by the function F(t) = F(t,-) in the space L?(f, A, P). This suggests the
consideration of the above mentioned problem in a more comprehensive sense. Namely,
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the problem is to give a definition of the integral
(11) / A(t) th, Mt = EtMT;
[0,T]

which will generalize the Ito stochastic integral. Here [0,T] > ¢ — E; is a resolution of
identity in a Hilbert space H, [0,7] 2 t — A(t) is an operator-valued function whose
values are linear operators in H and Mt € H.

In the papers [24], [25] integral (1.1) was constructed and studied for a certain class of
operator-valued functions. This integral was defined as an element of the Hilbert space
‘H and called a Hilbert space-valued stochastic integral (H -stochastic integral for short). It
was shown that integral (1.1) generalizes the classical It6 stochastic integral with respect
to normal martingales and the It6 integral on a Fock space.

On the other hand, the concept of the Hitsuda-Skorokhod integral is of great impor-
tance in the stochastic calculus [12], [23]. This integral is one of the central objects of
study in the Gaussian analysis, since, on the one hand, it is a natural generalization of
the It6 integral for non-adapted integrands and, on the other hand, it is adjoint to the
stochastic derivative (also called Malliavin derivative). It should be stressed that these
properties of the Hitsuda-Skorokhod integral are a starting point in developing of the
anticipating stochastic calculus (see for example Nualart’s book [21]). Moreover, we note
that the Hitsuda-Skorokhod integral, defined as a “creation operator” on a Fock space,
is an extension of the Itd integral not only in the Gaussian case but in the case of any
normal martingale with the so-called Chaos Representation Property (see for instance
[19] and review [17]).

Since both the Hitsuda-Skorokhod integral and the H-stochastic integral are generali-
zation of the classical Ito integral, it is natural “to relate” these two objects. To this end,
in the present article we introduce and study a natural extension of H-stochastic inte-
gral (1.1) which will generalize the Hitsuda-Skorokhod integral. In our construction the
Berezansky-Gelfand-Kostyuchenko theorem (about the differentiability of an operator-
valued measure, see e.g. [5], [11]) will play a crucial role. Roughly speaking, applying
this theorem to the resolution of identity F we obtain the representation

E(a) = / P(t)du(t). o € B(0.T)),

where [0,7] 5 t — P(t) is an operator-valued function (an operator-valued density),
u is the so-called spectral measure of the resolution of identity E, B([0,7]) is a Borel
o-algebra on [0,7T]. Using this integral representation of E, we define an extension of
H-stochastic integral (1.1) as a Bochner one of the form

(1.2) / A P(E) My dp(t)
(0,77

and show that (1.2) generalizes the Hitsuda-Skorokhod integral.

It should be noticed that (1.2) gives us a new understanding of the Hitsuda-Skorokhod
integral. More exactly, let f[O,T] F(t) dN; be an It6 integral of a “fine” function F' with
respect to a normal martingale N (by definition the process N = {N;},c[o,r) is a nor-
mal martingale if {Ny}iecjo,7) and {N? - t}ecjo,r) are both martingales). Applying the
Berezansky-Gelfand-Kostyuchenko theorem to the resolution of identity E; := E[-|.A;]
and replacing Ny = E;Np by f[o, 9 P(s)Nr ds, the 1t6 integral can be rewritten (at least
formally) as

/ F(t)dN, = / F(t)P(t)Ny dt.
[0.7]

(0,77
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Since F(t)P(t)Ny = F(t)0(-,d;) (here d; is the Dirac delta function and ¢ is the Wick
product), we see that

/ F(t)dN, = / F($)0(-,6:) dt,
[0,T]

(0,77
where the latter integral is the Hitsuda-Skorokhod integral.

The paper is organized in the following manner. In the forthcoming section we recall
the definition and properties of the H-stochastic integral. In Section 3 we present some
of the standard facts about the Hitsuda-Skorokhod integral on a Fock space. Finally,
in Section 4 we introduce and study an extension of the H-stochastic integral. This
extension we define as an ordinary Bochner integral and show that it generalizes the
Hitsuda-Skorokhod integral.

2. H-STOCHASTIC INTEGRAL

In this section we recall a definition of the H-stochastic integral and describe the
connection of this integral with both the classical It6 integral and the It6 integral on
a Fock space. For the convenience of the reader we repeat the relevant material from
[24, 25] without proofs, thus making our exposition self-contained.

2.1. Definition and properties of the H-stochastic integral. Here and subse-
quently, we fix T > 0. Let H be a complex Hilbert space with the inner product (-, )%
and the norm || - ||%, £(#) be a space of all bounded linear operators in .

Suppose that E: [0,7] — L(H) is a right-continuous resolution of identity in H, i.e.,
{E%}+efo,m) is a right-continuous and increasing family of orthogonal projections in H
and Ep = 1. Sometimes it will be convenient for us to regard E as a projection-valued
measure

E:B([0,T]) —» L(H), «a— E(a),
on the Borel o-algebra B([0,T]). To do this, we set
E((s,t]) := E, — Es, E({0}):=Ey, E(@):=0,

for any interval (s,t] C [0,T] and then extend this definition to all Borel subsets of [0, T7.
A slight generalization of the notion of square integrable martingale is the following.

Definition 2.1. A function M: [0,T] — H, t — M, is called an H-valued martingale
with respect to F if My = E;Mr for all ¢ € [0,T].

It is clear that an ordinary square integrable martingale M : [0, 7] — L?(Q2, A, P) with
respect to the filtration {A;}¢cjo,7] is an L?(Q, A, P)-valued martingale with respect to
the resolution of identity E; := E[-|A,].

In the sequel we will regard the martingale M as a H-valued measure

M :B([0,T])) > H, a— M(a):=FE(a)Mr.
Using this martingale we construct a nonnegative Borel measure
e B0,T]) = Ry, aw pla) = ||M(a)F
Let us recall the definition of the H-stochastic integral
A(t)dM; € H
[0,T]

of operator-valued functions [0,7] > ¢ — A(t) whose values are linear operators in the
space ‘H. The construction of this integral is given step-by-step, starting from the simplest
class of operator-valued functions. Namely, for ¢ € [0, T], denote by

Har(t) := span{M ((s1,s2]) | (s1,82] C (¢, T]} CH
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the linear span of the set {M((s1, s2]) | (s1,82] C (¢,T]}, and
La(t) = L(Hm(t),H)

will represent the set of linear operators in H that continuously act from Hps(t) to
H. Note that the set Lps(t) consists of all linear (bounded or non-bounded) operators
A:H — H such that

Ag
1Al £0s(e) = sup { | Agll%

g1l

’gE’HM(t),g;éO}<oo.

Definition 2.2. A family {A(t)};c[o,r] of linear operators in H is called an M -adapted
operator-valued function if, for every ¢ € [0,T),

(i) A(t) € Lar(t) and [[A(#)l 2, 1) = [AB) | yr(s) for all s € [¢,T).
(ii) A(t) is partially commuting with the resolution of identity E. More precisely,
A(t)Esg = E;A(t)g, g€ Hm(t), selt,T].

An M-adapted operator-valued function [0,7] > ¢ +— A(t) is called simple if there
exists a partition 0 =9 < t; < --- < t, =T of [0,T] such that

n—1
(2.3) A(t) = Aplly, (1), tE0,T],
k=0

where T,,(-) denotes the characteristic function of a Borel set a € B([0,7]). Denote by
S = S(M) the space of all simple M-adapted operator-valued functions on [0,7]. For
each A € S of kind (2.3), we introduce a seminorm

24)  [Als, = < / A1 du(t))2 - (Z ||Ak%M(tk)u<<tk,tkH1>)
k=0

)

1
2

Since A is the M-adapted function, we conclude that, for each t € [0, 7],

IA@ 2wy = 1AD 20s(5), s € [t T]-
Due to the latter equality and finite additivity of the measure i, definition (2.4) is correct,
i.e., it does not depend on the choice of representation A in S.
According to [24], [25], for A € S of kind (2.3), the H-stochastic integral with respect
to M is defined as an element of H given by
n—1
A(t)dMy == AM((tx, trsa])
[0,T] pard

and has the property
2
(25) [, awam], < [ 1oz, a0

Inequality (2.5) allows us to extend the H-stochastic integral to operator-valued func-
tions [0,7] 3 ¢t — A(t) which are not necessarily simple. Namely, denote by Sy = Sa(M)
a Banach space associated with the seminorm || - ||s,. For its construction, at first it is
necessary to pass from S to the factor space S := S/{A € S|||Alls, = 0} and then to
take the completion of S. Tt is not difficult to understand that the elements of the space
Sy are equivalence classes of operator-valued functions on [0, 7] whose values are linear
operators in the space H. In what follows we will not distinguish between the equivalence
class and operator-valued function from this class.

Definition 2.3. An operator-valued function [0,T] 3 ¢t — A(t) is said to be H-stochastic
integrable with respect to M if A belongs to the space S, i.e. there exists a sequence
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(A,)5% of simple operator-valued functions A,, € S such that
(2.6) /[O 4O — 4Oy dn) 50 a5 m oo
An H-stochastic integral of A € Sy with respect to M is defined by

/ A(t)dM; := lim Ay (t)dM; € H,
[0,7]

n—oo [07T]
where (A,,)22, C S is any sequence satisfying (2.6).

Note that due to inequality (2.5) the latter limit exists in H and does not depend on
the choice of the sequence (A4,)22, C S satisfying (2.6).

2.2. The It6 stochastic integral as the H-stochastic one. We start from the defi-
nition of the classical [té stochastic integral, see books [18], [15], [20], [22] for details. We
will consider only normal martingales in our presentation of stochastic integration. This
family of martingales includes Brownian motion, the compensated Poisson process and
the Azéma martingales as particular cases, see e.g. [13], [10], [20], [19], [3].

Let (Q,.A, P) be a complete probability space endowed with a right continuous fil-
tration A := {A;}ep0,1), i-e., with a family {A;},cp0, 1) of o-algebras A; C A such that
As C Apif s <t and Ay = (5, As for all £ € [0,7]. Furthermore, we assume that
Ap contains all the P-null sets of A, A = Ar and A is trivial (i.e., every a € Ag has
probability 0 or 1).

By definition, a process N = {N;}ico,7) is a normal martingale on (2, A, P) with
respect to {A;}iepo, ) if {Ne}eepo,r) and {N? - t}iejo,r) are martingales with respect
to {A¢}ieo,r)- In other words, N is a normal martingale if N; € L*(, Ay, P) for all
t €[0,7] and

E[N; — NoJA] =0, E[(N; — N} A=t —s
for all s,¢ € [0,T] such that s < ¢ (in what follows, without loss of generality we will
assume that Ny = 0). Recall that a conditional expectation E[-|.A4;] is the orthogonal
projection in the space L?(£2, A, P) onto its subspace L?(Q2, As, P) and, moreover, the
corresponding projection-valued function

E:[0,T] = LH), t+ E; :=E[-]|A],

is a resolution of identity in L?(Q, 4, P).

Let us introduce the space of functions for which the It6 integral is defined. We will
denote by L2([0 T] x ) the space of all B([0,T]) x A-measurable functions (classes of
functions) F': [0,T] x © — C such that

/[OT/|Ftw )|? dP(w) dt = /[ IF(t)1Z2(0,4.p) dt < oo,

and L2([0,7] x Q) will present the subspace of A-adapted functions. Recall that a
function F € L%([0,T] x Q) is called A-adapted if F(t,-) is A;-measurable for almost all
t€10,7], i.e., F(t,-) = E[F(t,-)|A:] for almost all ¢ € [0,T].

Assume that F(t) = F(t,w) is a simple function from the space L2([0,T] x Q), i.e.,
there exists a partition 0 = tg < t; < --- <t, =T of [0,T] such that

= Z Fkl(tk»tk+1](') € LZ([OvT} x Q).
=0

The It integral of such function F' with respect to N is defined by
n—1

2.7) / F#)dN, = 3 Fu(Niy,, — Ni,) € LA(Q, A, P)
(0,71 k=0
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and satisfies the It6 isometry property

2
H/ F(t) dNt’ =/ ||F(t)||2L2(Q7A,P) dt.
0,7] 0,77

Since the set L7 ([0, 7] x ) of all simple functions from L2 ([0,7] x Q) is dense in the
space L2([0,T] x Q), extending the mapping

L2(Q,A,P)

L2([0,T) x ) D L2 ([0,T] x Q) > F F(t)dN; € L*(Q, A, P)
[0,7]

by continuity, we obtain a definition of the Ito integral on LZ([0,7] x ). In what follows,
we keep the same notation f[o 7] F(t) dNy for the extension.

From [24] (Theorems 2 and 3) it follows that the It6 stochastic integral with respect
to the normal martingale N can be interpreted as the H-stochastic integral. Namely, we
set H = L?(Q, A, P) and consider in this space a resolution of identity

E:[0,T] = L(H), t— E :=E[-|A],

generated by the filtration {A;},c[0,r). It is easy to see that the normal martingale N is
the L?(Q, A, P)-valued martingale with respect to E and

#([0,8]) = INill72(,u.p) = EIN?] = EIN? | Ao] =t
is the ordinary Lebesgue measure on [0, T].

Theorem 2.1. For a given function F € L*([0,T] x Q) the family {Ap(t)}ieo,m of the
operators Ap(t) of multiplication by F(t) € L*(Q, A, P) in the space L*(Q, A, P),
L*(Q, A, P) D Dom(Ar(t)) > G+ Ap(t)G := F(t)G € L*(Q, A, P),
Dom(Afp(t)) := {G € L*(Q, A, P) | F(t)G € L*(Q, A, P)},
is H-stochastic integrable with respect to the normal martingale N (i.e. Ap belongs to

Sy = S2(N)) if and only if F belongs to the space L2([0,T] x Q).
Moreover, if F € L2([0,T] x Q) then

/[O’T] Ap(t)dN; = / F(t)dN,.

(0,7]

2.3. The It6 integral on a Fock space as the H-stochastic integral. Let us denote
by L2([0,T]) := L3([0,T],dt) a complex L*-space with respect to the Lebesgue measure
dt = dm(t). The corresponding symmetric Fock space is defined as

F:=CoPL*(0,T)"nl,
n=1
where ® stands for the symmetric tensor product (® is the ordinary tensor product).

Thus, F is a complex Hilbert space of sequences f = (f,,)22, such that each f, belongs
to L2([0,T])®™ and

9]
n=1

In what follows, we always identify in the natural way the space L?([0,7])®™ with the
space L2, ([0,T]") of all complex-valued symmetric functions from L*([0,T]"). Tt is
easy to see that

1FallZ2 g0, 7) 0 :/[ - [fa(ty, o ta)|?dty ... dty
0,7

’ (/ ‘fn(tlavtn)|2 dtl) dtnfl dtn

00 0

|

=
—
\
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for all f,, € L3([0,T))®™ = L2__ ([0, T]").

sym
Denote by ¢ the Wick product in the Fock space F. For given f = (f,)52, and
g = (gn)32, from F the Wick product fOg is defined by

f<>g = ( Z fm O] gn7m>n_07
m=0 -
provided the latter sequence belongs to the Fock space F. Let
L2([0,T); F) := L*([0, 1, dt; F)
be the Hilbert space of F-valued functions

VE [OaT] — F, Hf||2L2([O,T],]:) = /[0

)

£ ()% dt < oo,
7]

with the corresponding scalar product.

Now we are ready to recall the definition of the It6 integral on the Fock space proposed
in [4] (see also [2]). First of all a function f(-) = (fu(-))5%, € L2([0,T]; F) is said to be
1t6 integrable if, for almost all ¢ € [0, T,

f(@t) = (fo(t), Lo, f1(2), - Lo ggn fu(2), - - ).
The set of all 1t6 integrable functions will be denoted by L2 ([0, 7]; F).
Observe that each component f,(t1,...,t,;t) of a function
FC) = (Fa())iZo € L2([0, T]; F)
belongs to the space LQSym([O7 T]")® L%([0,T)]). Tt means that f,, belongs to L?([0,T]"+1)
and it is a symmetric function in the first n variables, i.e., for m-almost all ¢ € [0,T] and
for m®"-almost all (¢1,...,t,) € [0,T]",

1
fn(t177tn7t) = Ez,fn(trr(l)v7ta’(n)vt)v

where o running over all permutations of {1,...,n}, m is the Lebesgue measure.

Denote by L2 ([0, T]; F) the space of all simple It6 integrable functions. By definition,
f e L2 ([0,T];F) if and only if there exists a partition 0 =ty < t; < --- <t, =T of
[0,T] such that

n—1
f() = Z f(k)]I(tk,tk+1](.) € Lz([O7T]ﬂ]:)
k=0

It can be shown that the set L2 ([0, T]; F) is dense in the space L2([0,T]; F).
The It6 integral I(f) of a simple function f € L2 ([0, T]; F) is defined by

n—1

(28) ]I(f) = Z f(k)o(oa I[(tk7tk+1]707 Oa o ) €F

k=0

and satisfies the following isometry property (see e.g. [2, 1])

2 2
o= [ s
(0,77
The latter property allows us to extend the mapping
La([0,71: F) 5 L ([0.T); F) > f = I(f) € F

by continuity and obtain a definition of the It6 integral I(f) for each f € L2(]0,7T); F)
(we keep the same notation I for the extension).
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From [25] (Theorem 5.1) it follows that the It6 integral I(f) of f € L2([0,T]; F) can
be considered as the H-stochastic integral. Namely, we set H := F and consider in this
space a resolution of identity

Expl: [0,7] = L(F), tr Expljgy =id® @ Tgyn,
n=1
generated by a resolution of identity
[O7T] ER A ]I[O,t]g € L2([07T])7 g€ L2([OaT])
Thus, we have
EXp]I[O,t]f = (an ][[O,t]fla ceey ]I[O,t]"fn’ o ) € ]:a f = (fn);L.OZO € F.
It is clear that
Z:[0,T] = F, tw Zy:=(0,1)94,0,0,...),
is the F-valued martingale with respect to Expljg ;4 and

p((0,4]) := 1| Zel|% = 10,172 0.77) = m([0,8]) = ¢
is the Lebesgue measure on [0, 7.
Theorem 2.2. A function f € L*([0,T]; F) belongs to the space L2([0,T);F) if and

only if the corresponding operator-valued function [0,T] > t — Ay (t) whose values are
operators Ay (t) of Wick multiplication by f(t) € F in the Fock space F,

F D Dom(Ay(t)) 3 g Af(t)g := f(t)0g € F,
Dom(Ay(t)) :={g € F| f(t)0g € F},

belongs to the space Sz = S2(Z).
Moreover, if f € L2([0,T); F) then

I(f) = Ay (t)dZy.
(0,77
Taking into account Theorem 2.2 it is natural to denote the It integral I(f) of f €
L2([0,T); F) by f[o 7) f(t) dZ;. Note that such integral can be expressed in terms of the

Fock space F structure, see e.g. [25] (Theorem 5.2). Namely, for any f(-) = (fn())52, €
L2([0,T); F) we have

(29) f(t)dZt:(vala”'vfnv"')6]:7

[0,T]
where fn(tl, ..., ty) denotes the symmetrization of f,—1(t1,...,t,—1;t) with respect to
n variables. Since f,_1(t1,...,tn—1;t) is symmetric in the first n — 1 variables, we have

. 1<
Falty, .. ty) = E;fn,l(tl,...,%,...7tn;tk).

2.4. Relationship between the classical It6 integral and the It6 integral on the

Fock space F. Without going into details, let us give a brief exposition of probabilistic

interpretations of the Fock space F, see e.g. [20], [14] for more details. As before, let

(€2, A, P) be a complete probability space with a right continuous filtration {A;}ieqo,17,

Ag be the trivial o-algebra containing all the P-null sets of A and A = Ar. Suppose that

N = {N¢}iepo, 1), No = 0, is a normal martingale on (2, A, P) with respect to {A; }ee(o,17-
Let Ino(fo) := fo € C and, for each n € N,

IN,n(fn) = ’I’L' fn(t17~-~7tn) dNt1 dNtnv
AT

A" = {(t1, .. tn) €10,T) |ty < -+ <tn}, fu€ L% (0,77,

sym
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be an n-iterated stochastic integral with respect to N. It is known that the integral
In n(fn) has the isometry property

o (f)ll22(0..p) = (n!)2/A [fulty,- o ta) P dty . dtn = | fall 22 o zponnl,

and, moreover, the orthogonality property

0, n#m;
I n\Jn 7I m\Jm =
(TN (fn) I (f ))LZ(Q’A’P) { Hf”lH%?([O,T])@nn!? n=m.

Hence, the mapping

(2.10) In: F = LX(QAP), f=(faozo— INf = Inn(fn),

n=0

is a well-defined isometry. When Iy : F — L2%(2, A, P) is a unitary operator (i.e., Iy
isometrically maps the whole space F onto whole L?(€, A, P)) one says that N possesses
the Chaotic Representation Property (CRP). In this case the unique decomposition of
FeL*(Q A P)as F =5 " In.(fs) is called the chaotic expansion of F. We observe
that the Brownian motion, the compensated Poisson process and some Azéma martin-
gales are examples of normal martingales which possess the CRP, see for instance [20],
(14], [13], [19], [3].

Let N be a normal martingale with CRP. It is not difficult to show that the normal
martingale NV is the Iy-image of the F-valued martingale

Z:[0,T] = F, tw Zy:=(0,1)9y,0,0,...).
More exactly,
N, =1IxZ,, tel0,T).
Moreover, according to [25] (Lemma 6.1) the resolution of identity
E:[0,T] = L(H), tw E :=E[-]|A],

is the In-image of the resolution of identity

Expl: [0,T] = L(F), t+> Explip :=id & @D Tjg -
n=1
Namely,
Explj, = Iy'Edy, te€0,T].

Before establishing the relationship between the classical It6 integral and the It6 inte-
gral on the Fock space F we note that the spaces L2([0,T] x Q) and L?([0,T]; F) can be
interpreted as tensor products L%([0,T]) ® L*(Q, A, P) and L?([0,T]) ® F respectively.
Therefore

1® Iy : L*([0,T]; F) — L*([0,T] x Q)
is a well-defined unitary operator. From [25] (Theorem 6.1) we get the following result.

Theorem 2.3. We have L2([0,T] x Q) = (1 ® In)L2([0,T); F) and

IN( 10 dZt> :/ Inf(t)dN,
[0,7] [0,7]
for every f € L([0,T); F).

Remark 2.1. Tt should be stressed that for any normal martingale N with CRP the
I K,l-image of the It6 integral with respect to N coincides with the integral I on F.
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Remark 2.2. Comparing (2.7) and (2.8) one can see the relationship between the Wick
multiplication ¢ on F and the ordinary multiplication on L?(f2, A, P). Namely, suppose
t € [0,T] and F € L*(Q, A, P) is an A;-adapted function. Then, for each interval
(s1,82] C (t,T], we have

/ F]I(Sl,52](t) dNt = F(N82 - NS1)'

(0,77

On the other hand

F][(Sl’SQ](t) dNy = Iy (/[0 . ]&1(}7')][(31752](15) dZt) =1IN (IXZI(F)O(ZS2 _ Zsl))-

(0,7]

Since N; = Iy Z; we conclude that
Y RNy, = N,)) = I ()0 (I3 (V) = IR (V).

However it can be shown that in general case the Iy-image of the Wick multiplication
¢ distinguishes from the ordinary multiplication.

Remark 2.3. Since L2([0,T] x Q) = (1 ® In)L3(]

0,T); F), for any F € L2([0,T] x Q)
there exists a uniquely defined vector f(-) = ( fn(-))ffzo

€ L2([0,T7]; F) such that

for almost all ¢ € [0,7]. Hence, by (2.9), (2.10) and Theorem 2.3, we immediately get
the “Fock-space” representation of the classical It6 integral

/ F(t)dN, = Iy ( £t dZt>
[0,7] [0,77]

=IN@O, f1, s fur o) =D Inn(fa) € L*(Q, A, P).

n=1

3. HITSUDA-SKOROKHOD INTEGRAL ON A FOCK SPACE

In this section we recall some standard facts about the Hitsuda-Skorokhod integral
(a natural generalization of the Itd integral I) on a Fock space and its rigging. For the
proof we refer the reader to e.g. [19, 1, 17].

The most naive and natural idea is to define a generalization of the Ito mtegral I by

formula (2.9) for all functions f(-) = (f.("))3, € L?([0,T]; F) such that (0, Forfio-0)
belongs to F. Namely, we accept the following definition.

Definition 3.1. For a function f(-) = (fn(-))3, € L*([0,T]; F) such that

(3.11) (07 f/-E), .]/[\.17 e ) c ./—" OI‘7 Cquivalcntly, Z ||ﬁLH2L2([O,T])®n+1 (n + 1)' < 0
n=0

the Hitsuda-Skorokhod integral on F is defined by the formula

Hext(f) = (07%’}\1’ o )

Remark 3.1. Let N be a normal martingale with CRP. Applying the unitary operator
Iy to Loy, we obtain a definition of the Hitsuda-Skorokhod integral on L?(Q, A, P), see
e.g. [19]. Note that, in the case when N is a Brownian motion, exactly in such a way
the extended stochastic integral was defined by Hitsuda [12] and Skorokhod [23, 16].

It is known that the integral Iy, can be extended to a Bochner one. Before formulation
the corresponding result, let as first look at the following heuristic argumentation.
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According to (2.8) for a simple It6 integrable function

n—1

FCO =" T e () € L2([0,T]; F)

k=0

we have

n—1

I(f) = fa00, Xy, 1,1,0,0,..).

k=0

Using this equality and the formal representation
(07 ]I(tk,tk+1]70707"~) = / (0,5t,0,0,...) dt
(tetry1]

(here ¢; denotes the Dirac delta function at t) we obtain (at least formally)

trotht1

n—1
1) =Y fu0(0, Ly 40.1):0,0,...) = Zf(k)O/( }(0,&,0,0, o) dt
k=0

1T
= O

/ f)0(0,6:,0,0,...)dt
k=0 (tr try1]

1
( f(k)]I(tk,tk+1](t))<>(Oa6t70707'") dt
[0,T] k=0

—

= f(£)0(0,4,0,0,...)dt.
[0,T]
Since the delta-function J; is not a square integrable one, the last formula can not be
accepted as an extension of T on L?([0, T]; F). However it can be shown that this formula
holds in some bigger space than L?([0,T]; F). To this end, it is necessary to introduce
an appropriate rigging of the Fock space F.
Namely, let us fix a rigging of L?([0,77),

(3.12) W2, > L*([0,T]) > W7,

where Wg = Wg([O, T],dt), p € N, is the Sobolev space. By definition, Wﬁ is the closure
of C°°([0,T]) in the norm [ - [w2 generated by the scalar product

(P, V)wz = kio </[0,T] (%)(t)(%)(ﬂ dt).

Here C*°([0,T]) denotes the set of all real-valued infinite differentiable functions on [0, 7.

It is well known (see, e.g., [7], [8]) that for all p € N the space W} is densely and
continuously embedded into the space L?([0,T]), and this embedding is quasinuclear, i.e.
of Hilbert-Schmidt type. The space W2 is dual to W} with respect to the zero space Hy
(see, e.g., [7], [8] for more details). We denote by (-, ) the dual pairing between elements
of W2, and W7 inducted by the scalar product in L?([0,T7]). We preserve the notation
(-,-) for the dual pairings in tensor powers of chain (3.12).

Now we are ready to introduce the so-called Kondratiev-type Fock spaces F(p,q).
Namely, for p,q € N we set

o0

F(p,q) = @(WPQ)@"(n!)QTJ", F, = prlim F(p,q),

n=0 p,geN
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where F(p,q) denotes a complex Hilbert space of sequences f = (f,)52, such that
fn€ (WO (W3)*° :=C) and

115 g =D an||%wg)®n ()22 < oo

n=0
It can be shown that, for all p, ¢ € N, the embedding F(p, q¢) <— F is dense and quasinu-
clear (see, e.g., [7] for details) and one can construct a rigging

where the space
(oo}

F(=p,—q) = POVZ,) 27"
n=0
is dual one of F(p,q) with respect to the zero space F. We denote by (-, ))+ the dual
pairing between elements of F(—p, —q) and F(p, ¢) inducted by the scalar product in F.
From results of [1] the correctness of the following definition follows.

Definition 3.2. The Hitsuda-Skorokhod integral of a function & € L2([0,T]; F(—p, —q))
is defined as a Bochner one in the space F(—p, —¢q) by the formula

~

T () = /[0 | E000.8:0.0... )t € F(p. ).

Remark 3.2. By direct calculations we have (see, e.g., [1], Theorem 3.1)

]Iext (f) = iI\ext(f)7 f € Dom (]Iext)~

This result explains the same name for the integrals Iy and ﬁext.

Remark 3.3. For each t € Ry we define the annihilation operator a_(d;) on F(p,q) and
the creation operator a4 (d;) on F(—p, —q) by setting “on coordinates”

(a—(6t)on)(t1, - tno1) = nep(tr, ..., th—1,t), (a+(01)&n) =0t ©&,.
It is easy to show (see, e.g., [9]) that a_(d:) and a4 (d;) are continuous operators on
F(p,q) and F(—p,—q) respectively, and ay(d;) is the dual operator of a_(d;) in the
sense that for all ¢ € F(—p, —q) and ¢ € F(p,q)
{ar(00)€ @) F = (& a—(d) @) F-

It is obvious that

a+(5t)£:£O(Oa§t>0707"')7 E G‘F(ipa 7Q)7
and, for all £ € L2([0, T]; F(—p, —q)),
Text (€) =

(6) / 0 (BE() dt € F(—p, —q).
[0,T]

4. THE H-STOCHASTIC INTEGRAL AS A BOCHNER ONE

4.1. Definition and properties. Let H be a complex separable Hilbert space and
H_DOHDODH,

be a rigging of H such that the embedding operator O : H — H is a Hilbert-Schmidt
type. It can be shown that the adjoint (with respect to H) operator O : H — H_ is
also a Hilbert-Schmidt one and embeds H into H_. The space of all Hilbert-Schmidt
operators from H4 to H_ will be denoted by Sz = Sa(H4 — H_).

Let E: B([0,T]) — L(H) be a resolution of the identity in H and M : [0,T] — H be
an H-valued martingale with respect to E. Suppose that My € H, and the measure
p(a) = ||M()||3, is equivalent to E, i.e., u is absolutely continuous with respect to E



300 VOLODYMYR TESKO

and vice versa. Then due to the Berezansky-Gel'fand-Kostyuchenko theorem (see, e.g.,
[5], [11]) the operator-valued measure

0:B(0,T])) = So(Hy = H_), aw—0(a):=0"E(a)O,

is differentiable with respect to pu. More exactly, there exists a weakly p-measurable
non-negative operator-valued function [0,7] > ¢t — P(t) with values in So(Hy — H_)
such that

(4.13) 0+ E(a)0 = / P(s)du(s), e B(0,T]),

where the latter integral exists as a Bochner one in the space Sy(H4+ — H_). Moreover,
[I1P(s)|ls, < C for p-almost all s € [0,7] and some C > 0. The function P(t) is called

the Radon-Nikodym derivative (df/dp)(t) = P(t).
Since M; = Ey My for all t € [0,T] and M € H, using (4.13) we get

(4.14) OtM, = O"E,OMy = | P(s)Mpdu(s), te[0,T).
[0,4]

Let us define an integral
/ A(t)dOT M,
[0.7]

for a certain class of functions [0,7] 5 t — A(t) whose values are linear operators in H_.

A construction of such integral we give step-by-step, beginning with the simplest class

of operator-valued functions. Let us introduce the required class of simple functions.
For each point ¢ € [0,T], we denote by

Ho+ar(t) :=span{OtT M((s1, s2]) | (s1,82] C (¢, T]} C H_
the closed linear span of the set {O1t M ((s1,52]) | (s1,82] C (¢, 7]} in H_ and by
Lo+m(t) = L(Ho+m(t) = H-)

the set of all linear operators in H_ that continuously act from Ho+ () to H_. It is
clear that Has(t) C Ho+ () and P(t)Myp € Ho+p(t) for p-almost all ¢ € [0, 7.

Definition 4.1. A family {A(t)}icp0,7 of linear operators in H_ is called an O* M-
adapted operator-valued function [0,7] 5 t — A(t) if A(t) € Lo+ (¢) for every ¢ € [0,T].

An O" M-adapted operator-valued function [0,7] 3 ¢ — A(t) is called simple if there
exists a partition 0 =ty < t; < --- <t, =T of [0,7] such that

n—1
(4.15) At) = Al (1), tE0,T].
k=0

On the space S_ = S_(OTM) of all simple O M-adapted operator-valued functions
[0,7] 5 t — A(t) we introduce a seminorm

% n—1
4l = [ A0 0 an®) " = (1A, o a1 )
’ k=0

The corresponding Banach space we denote by S_ o = S_ o(OTM).
For A € S_ of kind (4.15) we define an extended H -stochastic integral with respect to
OTM as an element of H_ given by

2

n—1

(4.16) /[0 . A(t) dOT M, =S " AyOF M ((tg, trs1])-

k=0
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Since A € S_ is an Ot M-adapted operator-valued functions, taking into account (4.14)
and the properties of Bochner integral, we can rewrite (4.16) in the form

n—1 n—1
/[ ]A(t) dOT My =Y " AOT M ((th,tiga]) = Y AkOTE((th, tes1]))OMy
0,T k=0 k=0

n—1
=> A / P(t) My du(t)
k=0 (trtrt1]

= / z_: Ak ]I(tk,tk+1] (t)P(t)MT d/,&(t)

[0,7] k=0
- / A()P(t) My dp(t).
0.7]

So, integral (4.16) of a simple function A € S_ can be regarded as an ordinary Bochner
integral of vector-valued function [0,7] > t — A(t)P(t)Mry € H_. This suggests to us to
take the following definition of the extended H-stochastic integral.

Definition 4.2. For A € S_, an integral of A with respect to OTM is defined as an
element of H_ given by
/ A(t) dO* M, = / A()P(#) M du(t),
(0,7 [0,7]

where in the right-hand side we have a Bochner integral of the vector-valued function
[0, T]>2t— At)P(t)Mp € H_.

The correctness of this definition follows from the following statement.

Lemma 4.1. If A € S_ 4 then the function [0,T] >t — A(t)P(t)M € H_ is integrable
in the Bochner sense with respect to u on [0,T].

Proof. Since p is a finite measure, A € S_ 5 and ||P(t)|| s < C for p-almost all t € [0,T]
and some C > 0, we get

/ IIA(t)P(t)MTHH,du(t)S/ IAWD 2o ) I1PE) M ||3_dp(t)
[0,7] [0,T]

<, 14O, 0mo)

= LAls <oe L= ([ APOMIE )",

s

1

(), IP@nis auw)’

1
2

whence the necessary statement follows. |
Let us show that f[o,T] A(t) dO™T M, coincides with f[O)T] A(t)dM; for all A € S_oNSs.
Theorem 4.1. Let A€ S_5NS5. Then

/ A()P(#) My dp(t) = / A(t) dM,
0.7)

(0,77

in the space H_.

Proof. Tt follows from the proof of Lemma 4.1 that

H /[O ; A(t) dO* M,

< L||Alls_,, Ae€S_p.
Ho
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On the other hand, due to (2.4) and (2.5), we have
H/ AW M| < Alls,, A€ Ss.
[0.7] "

Therefore, taking into account the definitions of the integrals, it is sufficient to prove the
statement only for simple functions A € S_ N.S. But in this case the statement directly
follows from the definitions of the integrals. |
4.2. The Hitsuda-Skorokhod integral as the H-stochastic one. We set

F(=p,—¢) > F D> F(p,q)

H_ H M,

and consider in the Fock space F the resolution of identity
(oo}
Expll: [0,T] = L(F), t— E((0,t]) := Explj g = id & € To,4»,
n=1

and the martingale
Z: [O,T]g)f, t'—>Zt = (0,][[07t],0,0,...).

It is easy to see that Zr € F(p,q) and the Lebesgue measure u([0,t]) == || Z:]|% = ¢ is
equivalent to E([0,]) := Expl[g . Hence, according to (4.13) we get

(4.17) O Expljp 40 = P(s)ds, te]0,T].
[0,¢]

Now our purpose is to find an explicit expression of the operator-valued function
t— P(t). To this end, for each ¢t € [0,T], we introduce a linear continuous operator
0y : Wg — WEp by setting

buf = ar(B)a(8)f = f(B)o, feW,.

Theorem 4.2. For m-almost all t € [0,T], the operator P(t) : F(p,q) — F(—p,—q)
from representation (4.17) has the form

(4.18) P(t) =id & @ 6 @ Tjg gnrn,

n=1
i-e., for all f = (fn)7Zo € F(p, ),
Pt)f = (fo,0ef1,- 20t @ g gpn1nf,...).
In particular,
P.Zr = (0,5,,0,0,...).
Proof. In order to prove (4.18), it is sufficient to show that
(119 (Bl )= [ (G Ty ds

for any f,g € Wp2, t €[0,T] and n € N (here and below in this proof we identify f,, with
0,...,0, f1,0,0,...), where f, standing at the n-th position).
On the one hand, we have

(Expll 4 f®", g®™" ) F = nl(Tjo qn fZ", g%™)

:n!/ FEM(ty, oo tn)g®n (b, ty) dy . dE .
[0,
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Taking into account that the functions f®" and ¢®" are symmetric with respect to all
variables, we get

/[ (3, Tygeeanf 7, g7) r ds = /[ (50 T/, g ds
0, 0,

- /[ ]<sz,g><11[o,s]n-1f®”*1,g®"fl>ds
0,t

:nn!/m (f(s)g(s)/ f®"_1(t1,...7tn1)g®"1(t1,...,tn1)dt1...dtn1) ds

[0,s]*—1

t S tn—1 to
Z(H!)Q/ / / / FEY sty 1) g® (5, b1y - tp_1) dty . .. dbn_1ds
0 0 0 0

:n!/ FO (b1, tn)g®n (b, oo ty) dty .. dby.
[0,

Hence, formula (4.19) holds. O

The following theorem shows that the Hitsuda-Skorokhod integral iext(g) of the func-
tion & € L%([0,T); F(—p, —q)) can be regarded as the extended H-stochastic integral.

Theorem 4.3. Let £ belongs to the space L*([0,T); F(—p,—q)) and [0,T] 3 t — A¢(t)
be the corresponding operator-valued function whose values are operators A¢(t) of Wick
multiplication by £(t) € F(—p, —q) in the Fock space F(—p,—q), i.e.,

F(=p,—q) D Dom(A¢(t)) 3 n > Ae(t)n := £(t)On € F(—p, —q),
Dom(A¢(t)) == {n € F(=p,—q) [£()0On € F(-p,—q)}.
Then, A¢ € S_o and

Texe (€) = £()0(0,6,,0,0,...)dt = A¢(t)P, Zyp dt.
[0,7] [0,7]

Proof. Let ¢ € L2([0,T]; F(—p, —q)). According to [9] (Lemma 11.2) we have
1Ae@)nll7(—p,—a) = 1EOONNF(—p,—a) < 272 1ED | F(—p—aInllw=
for m-almost all ¢ € [0,T] and n € W2 . Hence

Az, 0 < 272 IE@F(—p—)
and A¢ € S_o. The last part of the statement is obvious since P,Zp = (0,6;,0,0,...). O
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