Methods of Functional Analysis and Topology
Vol. 18 (2012), no. 4, pp. 305-331

REALIZATIONS OF STATIONARY STOCHASTIC PROCESSES:
APPLICATIONS OF PASSIVE SYSTEM THEORY

D. Z. AROV AND N. A. ROZHENKO

ABSTRACT. In the paper, we investigate realizations of a p-dimensional regular weak
stationary discrete time stochastic process y(t) as the output data of a passive linear
bi-stable discrete time dynamical system. The state z(t) is assumed to tend to zero
as t tends to —oo, and the input data is the m-dimensional white noise. The results
are based on author’s development of the Darlington method for passive impedance
systems with losses of the scattering channels. Here we establish that considering
realization for a discrete time process is possible, if the spectral density p(e**) of the
process is a nontangential boundary value of a matrix valued meromorphic function
p(z) of rank m with bounded Nevanlinna characteristic in the open unit disk. A
parameterization of all such realizations is given and minimal, optimal minimal, and
*-optimal minimal realizations are obtained. The last two coincide with those which
are obtained by Kalman filters. This is a further development of the Lindquist-Picci
realization theory.

1. INTRODUCTION

In our works [6]-[11] we developed the Darlington method for passive linear time-
invariant impedance systems. The present work was initiated by the Lindquist-Picci
theory of the realization of p-dimensional weak stationary stochastic processes by Kalman
filters, that was developed in [28]-[30]. This theory is closely connected with the Lax-
Phillips scattering scheme and scattering matrix s for such a scheme. For details about
this scheme, its scattering matrix and its connection with the theory of the characte-
ristic functions of contractive and dissipative operators (or unitary operator nodes and
dissipative Livshic-Brodsky nodes, respectively) see e.g. [26], [1], [5]. Some results of
[6]-[7] were interpreted by the authors as respective results of Lindquist-Picci realization
theory. This interpretation was first presented by the first author at the international
conference in MAA-2007, dedicated to 100-birthday of M. G. Krein (see [8]) and later
by the second author at the conference [10] (see [35]). In the present work we discuss
this interpretation in more details.

Following Kolmogorov ([19], [20]), Krein ([21], [22]) and Wiener ([38], [39]) the study
of stationary (in weak sense) stochastic processes usually connects with the factorization
of the spectral density p = ¢*p. If p has rank m, then ¢ is an outer matrix function
of the size m x p from the Smirnov class in =, which is defined as the open unit disc D
for discrete time processes or the upper half plane C for continuous time processes (see
[32], [33]). The matrix function p is the spectral density of the matrix function ¢(z) from
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the Caratheodory class ¢P*P of analytical in = functions of order p with Re(z) > 0. This
matrix function ¢(z) has an integral representation in terms of p, given by the so-called
Riesz-Herglotz-Nevanlinna formula. The matrix functions s and ¢ are also connected
with each other in the certain way (see [28]).

In Kalman filtering and realization theory, the p-dimensional discrete-time regular
stochastic stationary process y(t) of rank m is considered as output data of the linear
discrete time dynamical system

zp(t+1) = Azp(t) + Kwy(t),
(1) (Xy) { y{t) :Cmf(t)fwa(t) ’

with coefficients A, K,C, L, that are linear bounded operators acting between corres-
ponding spaces. The main operator A : X, — X,, where X, is a Hilbert space. If ¢
(as well as p, ¢ and s) is rational matrix function with MacMillan degree degc < oo,
then dim X, = degc; otherwise, dim X, = co. The other operators K : C™ — X,
C:X,—CP and L:C™ — CP. The input data of this system is m-dimensional white
noise wy.These realizations are discussed in more details in the body of the text. In the
case of rational density p realizations by Kalman filters are more preferable than the
models used by Kolmogorov and followers, where y(t) = Uty(0) with unitary operator U
in Hilbert space X with dim X = oo (see [37], [25] and [34]). For discrete-time processes
Kolmogorov-Wiener’s model is connected with the spectral theory of unitary operators,
while for continuous-time processes it is connected with the spectral theory of selfad-
joint operators and continuous groups of unitary operators (see [32]-[34]). In the class
of spectral densities considered in this paper, matrix functions ¢(z) have meromorphic
pseudocontinuation in the exterior D, of D. We study realizations (1) with contractive
main operators A : X, — X, such that

(2) A" =0 and (A*)"' =0 when t— +oo (A€ Coo).

Moreover, they are the main operators of unitary operator nodes with characteristic
matrix functions a(z) that belong to the class SP*P of inner in D matrix functions of
an order p. See [15] for discussion of the unitary operator nodes and their characteristic
functions. Such unitary node corresponds to the Lax-Phillips scattering model and «(z)
is a scattering matrix in this model (see [1], [3]). Thus the results of harmonic analysis
of contractive operators from class Cyg in a Hilbert space are applicable for the study of
such realizations and these results are available, for example, in [15], [36]. Similarly, for
realizations of continuous time processes « is characteristic function of Livshits-Brodsky’s
dissipative node with the main operator that is generator of a semigroup of contractions
from class Coo ([5], [16]). The application of results of harmonic analysis of non-unitary
and non-selfadjoint operators to correlation theory of non-stationary processes, presented
in [27], chapter VIII, is different from that which is presented here.

In the present work, the matrix function ¢(z) is considered as a block of a matrix
function 6(z) of the form

a(z) B(z) 0
(3) 0(z) = | 7(2) cz) I
o I, 0

that is holomorphic and J, ,,-inner in D, i.e. it is J, p,-contractive in D
0(2)" Jpmb(2) < Jpm, z€D
with J,, ,-unitary non-tangential boundary values a.e. on the boundary of D

() Tpmb () = Jpm ae. (€D,
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where
I, O 0
Ipm = 0 0 -I
0o -1, O

The matrix function @ is the transfer function of a conservative transmission system
without losses and it is also the characteristic matrix function of the J, ,,-unitary node
with contractive main operator from class Cog, see [4] and [7]. In [6]-[9] all such 6 and
corresponding transmission systems are described and some special types such as optimal,
*_optimal, minimal 6 were considered.

Note that the results of the present paper are directly connected with the work [17]
where problems related to acoustic wave filters are studied. In such systems the input
data are incoming waves and voltages, and the output data are the reflected waves and
currents. The transfer function of such a filter is the so-called ”mixing matrix”

o 7]

that coincides with the informative part of the transmission matrix 6 of the system % in
our considerations.

We will make use of basic concepts and results of spectral operator theory in Hilbert
spaces and the theory of stationary in the weak-sense discrete time stochastic processes
which can be found, for example, in monographs [37], [34]. We also utilize the theory of
stochastic realizations and Kalman filters which can be found, for example, in [18].

Notations and assumptions

All Hilbert spaces considered in this paper are assumed to be separable, and subspaces
are closed and linear in the space;

C is the set of complex numbers;

Z ={0,£1,+2,...} is the set of all integers;

Zt={teZ:t>0}

Z-={teZ:t<0}

CP = {u = col{up}¥_, s up € C}

D= {z € C:|z|] <1} is the open unit disk;

D, ={z € C:1<|z| < oo} is the exterior of the unit disk in the extended complex
plane C = C U o0;

T ={¢ € C:|{| =1} is the unit circle;

1, is the identity matrix of the order p;

Iy is the identity operator in a space U;

B(X,Y) is the space of linear bounded operators from a Hilbert space X to a Hilbert
space Y; B(X) := B(X, X);

Vaca Da is the closed linear span of vectors from ®, when o changes in the index
set A;

Py is the orthogonal projection on a subspace D;

Alp is the restriction of the operator A on a subspace D;

Ay is the set of points where function f is holomorphic;

() = £z

Fi(z) = F01/2)7;

LP*9(T) with 1 < r < oo is the space of measurable on T matrix functions f({) of the
size p X ¢ such that

1915 = 5= [ trace{£(Q)" 7O 72 ] < o
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HEY™? is the space of holomorphic in D matrix functions f(z) of size p x ¢ such that
111 = sup [ trace( £(r¢)" £(r¢)} dc] < o
r<1JT

£P*P ig Caratheodory class of holomorphic in I) matrix functions ¢(z) of the order p
such that Re(z) > 0 in D;

SP*4 i Schur class of holomorphic in D) matrix functions s(z) of the size p x ¢ such
that s(2)*s(z) < I, for all z € D

SP*P is the class of bi-inner matrix functions s(z) of the order p, i.e. such that s € SP*P
and s(¢)*s(¢) = I, a.e. when ( € T;

NP1 ig the class of meromorphic in DD matrix functions f(z) of the size p x ¢ with
bounded Nevanlinna characteristic, i.e. such that

f=h'g,

where g is a holomorphic in D bounded matrix function of the size p X ¢, and h is a
holomorphic in D bounded scalar function;

I1P*9 is subclass of functions f € NP*? which have meromorphic pseudocontinuation
in D, i.e. such that there exists a meromorphic in D, function f_ that satisfies the
conditions

JEENTT Q) =lim f(rQ) =lm f(r() ae. (€T

XP*4]] is the intersection of the classes XP*9 and IIP*9.

2. STOCHASTIC STATIONARY VECTOR PROCESSES

In this section we present some concepts and results of stochastic stationary (in a
weak sense) process theory which will be used in the paper.

Let Q be a space of elements w, elementary events, with o-algebra § of w-sets where
the probability measure P(dw) is defined, and B(C) is the smallest o-algebra of sets of
complex numbers which contains the sets {z : z = x + iy, a1 < x < by, a2 <y < ba}
(aj,b; € R). A complex valued function £(w) defined on the space 2 is called a complex
random variable if for any B € B(C) the condition {w : {(w) € B} C § hold. Such
variables & will be considered further.

The primary numerical characteristics of an arbitrary random variable £ are its mean
FE¢, defined by the formula

B¢ = [ ewiir) = [ ep,
and its dispersion (or variance)
De = B¢ — Bel.

Here we consider only ¢ for which E¢ and D¢ are finite. We will denote by H the Hilbert
space of all complex random variables &, which are defined in probability space €2 and
have finite E|¢|? (and, consequently, a finite mean and dispersion).

The scalar product in H is defined by the formula

(§,m) = E&n, & mnel

In H the random variables that coincide with probability 1 are identified. Further we will
consider the random variables ¢ from the space H with zero mean. This case is always
achieved by centering of the random variable, i.e. considering £ — F¢ instead of €. Thus
the orthogonal complement in H to the space of random variables {(w) = const will be
considered.
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The ordered set of p random variables y(w) = col{yx(w)};_, is said to be a random
vector of order p; the family y(¢,w) = col{yx(t,w)},_; of random p-dimensional vectors
that depend on parameter ¢t € Z (time) is called a p-dimensional stochastic process with
discrete time. We will use the shorter notations for y(w) and y(t,w): y = col{yx}h_; =
{yr}i_; and y(t) = y(t,w), respectively.
If y(t) = {yr(t)}}_, is a p-dimensional stochastic process then matrix function R(t, s) =
{Ry;(t,s)}; j=; with elements

Ryj(t,s) = Eye(t)y;(s) = (ye(t), y;(s)), 1<k,j<p,

is called correlation function of the process y(t). A stochastic process y(t) = {yr(t)}o_;
with zero mean is said to be stationary in the weak sense if its correlation matrix function

R(t,s) = {Eyk(t)y;(s) Z,j:l

depends on the difference t — s only: R(t,s) = R(t — s). Stationary in the weak sense
stochastic processes

y(t) ={ue Yoz, 2(t) = {230}
are said to be stationary connected if the following correlation matrix function
— =T
Rys(t, s) = {Eyx(t)z;(s) izl;n

depends on the difference ¢t — s only: Ry, (t,s) = Ry (t — s).
Let y(t) = {yx(t)},_, be a p-dimensional stationary (in a weak sense) stochastic
processes and

Hy) = \/ {un®)}
teZ,1<k<p
be Hilbert space of the values of y(t) that is the subspace of the space H. Consider the
unitary shift operator U : H(y) — H(y) such that

(4) Uyr(t) =yt +1), k=1,...,p, teZ.

The operator U admits spectral representation
s
U= e ME(dy),
—T
where E(dp) is the spectral family of orthogonal projectors in the space H(y) (unit
decomposition). For U', t € Z the next representation is true

U’ = / e B (du).

Then as yx(t) = Uly,(0), k=1,...,p, it follows from the last statement that

™

6w = B O = [ TR, k=1
In (5) quantities Fy(dp) = E(dp)yx(0) are random o-additive measures with the pro-
perties: 1) E|F,(A)|? < E|yx(0)]?, k = 1,...,p, for any measurable set A C [—m,7];

2) EFy(A)F(A')=0for all k,l=1,...,pand ANA" = 0.

Equation (5) is called spectral representation of the process y(t) and F(du) =
{Fx(dp)}_, is called the spectral random measure of the p-dimensional stochastic pro-
cess y(t). Therefore an arbitrary stationary stochastic process y(t) = {yx(t)};_, admits
spectral representation (5) as an integral with respect to its spectral random measure

F(dp) = {Fx(dp)}r_,-
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The next integral representation holds for the correlation matrix function R(t)
{R;j(t)}} j=; of the stationary stochastic vector process y(t) = {yx(t)},—,

Riy () = / et (dp),

—T

where

®pj(dp) = EFy(dp)Fy(dp), 1<k, j<p.
The matrix ® = {®y;}} ;_, is said to be the spectral measure of the process y(t).
Setting o(u) = ®([—m, pu)) for p € (—m, 7] and o(—7) = 0 we will get that o(u) =
o(p — 0) and o(p) is nondecreasing bounded nonnegative valued matrix function on
[—7, 7] of size p X p and

@(A):/Adcr(u).

The matrix function R(t) can be presented in the form
R(t) = / et do(u), e,

and o(p) under respective normalization can be defined via R(¢) using the Stieltjes inverse
formula. The matrix function

1 > 1
c(z) = =R(0) + R(t)z' = =
O+ ;|

Toe 4z

. € — 2

do ()

belongs to the Caratheodory class ¢P*P.
In the case when o(p) is absolutely continuous on [—, 7], i.e.

I .
o) = [ ple)du, where pe LPH()

—T

matrix function p(e*) is called the spectral density of stochastic stationary process y(t).
In this case

R(t) = /7T e‘”“p(ei“)d,u.

—T
A stationary stochastic process w(t) = {wy(t)}7, with the spectral density
. 1
Wy — T
p'LU (6 ) 27T m

is said to be white noise. The correlation matrix function of the white noise w(t) is such
that
I, if t=0,
Bu(t) = { 0, if t#0.
The Hilbert space H(w) of the values of white noise w(t) has the next property

+o0
Hw)= @ Hi(w), where Hy(w)=\/{wk(t),k=1,...,m}.

t=—o0

Let H(y) be the Hilbert space of values of stationary stochastic process y(t); H™ (y)
and HT (y) are "past” and ”future” subspaces of the process y(t), i.e.

H(y)=\/{y;(t) -t € 2731 < j < p},

H(y) = \/{y;(t) : t € ZF51 < j < p}.
Then it is obvious that
H(y)=H (y)\/ H*(y).
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The stationary stochastic process y(t) is called regular if

MU' (y) = {0}
t<0
This last condition holds if and only if
1) the spectral function of the process y(t) is absolutely continuous and corresponding
spectral density p(e’*) has constant rank m a.e. on [—m,7]; and
2) there exists a holomorphic in D) matrix function ¢(z) of the size p x m that is the
solution of factorization equation

(6) ple#) = P(e ()" ae. on  [—m,7]
and belongs to Hardy class H}*™. In this case v is called a spectral factor of the matrix
function p.

The number m := dim(H ~(y) ©U 'H~(y)) is said to be the rank of the process y(t).

Note that if y(t) satisfies condition 1) from above then it has rank m, and the spectral
density p(e**) with the function ¢ in (6) satisfy the following condition:

rankp(e™) = rankip(e”) a.e. on [, 7.

If for the given stationary (in a weak sense) stochastic process y(t) of order p there
exists white noise w(t) of order m stationary connected with () and such that

~H™(y) Cc H™ (w),

— H(y) = H(w), and unitary shift operators of the processes y and w are coincide in
this space,
then process y(t) is regular of rank m and there exists a spectral factor ¥ of rank m of
the density p(e’) such that

(7) Fy(dp) = ¢(e™) Fy (dp),

where Fy(dp) is the spectral random measure of the process y(t) and Fy,(dp) is the
spectral random measure of white noise w(t). It is possible to build white noise w(t) of
order m with above properties using an arbitrary factor ¢ of rank m of the density p
(see for example [33], [29]).

Matrix functions 11 and s of size p x m defined on T are said to be unitary equivalent
if there exists a unitary matrix T’ of order m such that 1 (e?*) = 1o(e®*)T for almost
all pu € [rr,7]. Let us now identify all m-dimensional white noises w; and wsy such that
wy(t) = Twe(t) for all t € Z where T is a unitary matrix of order m. Then it can
be shown that there exists a one-to-one correspondence between white noises w(t) with
above properties and classes of unitary equivalent spectral factors ¢ of the density p of
the process y(t).

3. PASSIVE LINEAR DISCRETE TIME-INVARIANT SYSTEMS

3.1. Linear time-invariant dynamical systems. The evolution of the linear time-
invariant dynamical system ¥ = (A, B,C, D; X, U,Y) with the discrete time ¢ € Z and
Hilbert spaces of input data U and output data Y and state space X can be described
by the equations

z(t+1) = Az(t) + Bu(t),

y(t) = Cx(t) + Du(t),

where z(t) € X, u(t) e U, y(t) €Y, t € Z and
AeB(X), BeB(U,X), CeB(X,Y), DecBUY).

Let
Xg=\/ A"BU, Xg=\/(A")FCrY.
k>0 k>0
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System ¥ is said to be
— controllable if X = X§;
— observable if X = X
— simple if X = X§V X3,
A system 3 = (/i, B,C,D; X, U, Y') is called the dilation of the system

Y =(A4,B,C,D; X,U,Y)

if X is the subspace of X and for some subspaces D, and ® of the space X the following
conditions hold:

8) X=9,06X09, AD,c?., ADcCD, BD.={0}, CD=/{0},
and
(9) A=PxAlx, B=PxB, C=C|x, D=D.

In this case X is called the restriction of the system 3 System ¥ is said to be minimal
if it has no nontrivial restriction i.e. if it is not the dilation of any other system. It
is known that system > is minimal if and only if it is controllable and observable i.e.
X = X§ = X3 (see for example [4]).

A B(U,Y)-valued function fy defined by the formula

(10) 0s(2) =D+ 2C(I — zA)"™'B, z¢€ Aa,

is said to be the transfer function of the system ¥ = (A, B,C,D; X,U,Y). Here A4 is
the subset of C := C U co of such z € C for which (I — zA) has bounded inverse, defined
on whole space X, and co € A4 if A has inverse A~! in B(X), and 0x(c0) = D+CA™!B.

If two holomorphic in the neighborhood of z = 0 functions f1(z) and f(z) are such
that fi(z) = fo(2) in some neighborhood of z = 0 we write f; ~ fo. If 3 is the dilation
of the system X then 65, ~ fx. If 6 ~ fx then the system X is called the realization
of the function 0(z); moreover, if ¥ is a minimal system then it is called the minimal
realization of the function 6(z).

Two systems ; = (A;, By, Cy, D;; X;,U,Y), i = 1,2, are called similar (unitary simi-
lar) if there exists an operator R € B(X;, X2) with R™! € B(X5, X;) (unitary operator,
respectively) such that

Ay =RAR™', By=RB;, Cy=CiR', D,=D.
If the main operator A of the system X satisfies the condition

(a) sfnlLrI;oA =0 or (b sfnlgn;O(A )" =0,
or both conditions (a) and (b) simultaneously, then system X is said to be stable,
*_stable or bi-stable, respectively. If, in addition, A is contraction operator then we
write: (a) A € Cy., (b) A€ Cp orA € Cyo, respectively.
A system ¥ = (A,B,C,D; X,U,Y) is called a ®-forward passive if, for any initial
state z(0) and for any input data {u(t)}, the following condition holds:

e -l (0| 00 |00 ) resn

where ? e BU®Y), & = d*.
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3.2. Passive scattering systems. A system ¥ = (A, B,C,D; X,U,Y) is called passive
scattering system if, for any initial state x(0) and for any input data {u(t)}, condition

(11) holds with
d = { v 0 } .

0 —Iy
This condition means that operator

Ms, = [g g](eB(X@U,X@Y))

is contractive. A system X = (A, B,C,D; X,U,Y) is a passive scattering system if and
only if the adjoint system X* = (A*, C*, B*,D*; X,Y,U) is a passive scattering system.
The last statement is true because My« = M3, and the operator adjoint of a contraction
is a contraction as well.

A system ¥ is called a conservative scattering system if its block operator My is
unitary, i.e. following equalities hold:

MgMs, = Ixgyu, MsMs = Ixgy.

An arbitrary passive scattering system is a restriction of some conservative scattering
system and it is the dilation of a minimal passive scattering system, see [4].

The transfer function 05 (z) of a passive scattering system X is called a scattering
matrix. The main operator A of a passive scattering system is necessarily a contraction
and that is why D C Ay4. It is known that a restriction of the scattering matrix of an
arbitrary passive scattering system on the unit disk D belongs to the Schur class S(U,Y")
of holomorphic in D functions s(z) with values from B(U,Y) such that ||s(z)|| < 1 in
D. Conversely, an arbitrary function 8(z) from class S(U,Y) is a restriction on D of the
scattering matrix of some simple conservative scattering system that can be defined by
0 up to unitary similarity, see [3], [4].

For any function s(z) from class S(U,Y") there exists

s — 11%1115(7() =s(¢) ae (€T

We denote S;,,(U,Y) the subclass of functions b(z) from Schur class S(U,Y) that are
bi-inner, i.e. such b € S(U,Y’) which has unitary boundary values b(¢) a.e. on T

(12) b(Q)*b(¢) =Ty, b)) =1y ae (T

A function b € S(U,Y) is said to be inner (*-inner) if it satisfies the first (second) equality
in (12) a.e. on the unit circle T. A simple conservative scattering system is stable,
*_stable or bi-stable if and only if the restriction on I of its scattering matrix is inner,
*-inner or bi-inner (belongs to the class S;,(U,Y)), respectively, see [3].

In operator theory the colligation ¥ = (A4, B,C, D; X, U,Y) where corresponding ope-
rator My is unitary, is called as an unitary node, and respective function fy is called
characteristic function of this node. Thus the results of the theory of conservative scat-
tering systems and their scattering matrices on the operator theory language are the
results on the unitary nodes and their characteristic functions.

3.3. Passive impedance systems. A system ¥ = (A, B,C,D; X,U,Y) is called a pas-
sive impedance system if Y = U and for any initial state 2(0) and any input data {u(t)}
condition (11) holds with

o [ 0 Iy ]

Iy O
This condition is equivalent to the following inequality for the coefficients of the system

[I—A*A C*— A*B }

(13) > 0.

C—-B*A 2RD - B*B
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For simplicity we denote a passive impedance system ¥ = (A, B,C, D; X,U) because
Y =U. A system X = (A,B,C,D; X,U) is a passive impedance system if and only if
the adjoint system X* = (A*, C*, B*, D*; X, U) is passive impedance, i.e. the following
condition holds:

I — AA* B — AC*

(14) B* — CA* 2RD — CC*

>0
(see [9], for example).

A passive impedance system Y is said to be conservative impedance system if there
are equalities in (13) and (14), i.e. if A is unitary, C' = B*A and 2RD = B*B. For such
a system

1
O(2) = iSD + S B*(I + zA)(I - 24) 7' B.

A restriction ¥ = (A4, B,C,D; X,U) of the passive impedance system % = (A, B,C,
D: X, U) is also a passive impedance system. For any passive impedance system there
exists a conservative impedance system which is its dilation. Passive impedance system
Y. is minimal if it has no nontrivial restriction. Any passive impedance system has a
restriction that is a minimal passive impedance system.

Transfer functions 6x(z) of passive impedance systems are called impedance matrices.
The main operator A of an arbitrary passive impedance system ¥ is a contraction, that
is why D C A4 and its impedance matrix is holomorphic in D. Restrictions on the open
unit disk D of impedance matrices of passive impedance systems form the class ¢(U) of
holomorphic in D functions ¢(z) with values from B(U) that have Re(z) > 0 in D. An
arbitrary function ¢ € ¢(U) is a restriction on D of an impedance matrix of some simple
conservative impedance system which can be defined by ¢(z) up to unitary similarity.
Note that the impedance matrix fy- of adjoint system ¥* to the passive impedance
system ¥ is such that 0x+(z) = 05 (z), z € D.

A passive impedance system X, = (4,, B,,Cy, Dy; X,,U) with impedance matrix
s, (z) is said to be optimal if for any other passive impedance system ¥ = (A, B, C, D;
X,U) with impedance matrix 05(z) = s, (z) in D and for any u(k) € U and n > 0, the
following condition holds:

H ZA’gBou(k)H < H ZAkBu(k)H.
k=0 k=0

If 3, is an optimal passive impedance system then always X7, C X§ . That is why
controllable optimal passive impedance system is always observable, and thus minimal.

An observable passive impedance system ¥y = (A, By, C1, D1; X1,U) is called *-op-
timal if for any other observable passive impedance system ¥ = (4, B,C, D; X, U) with
the same impedance matrix in ID we have

|3 A4Buth)| < | 3= AkBra)| va), n>o.
k=0 k=0

From an arbitrary conservative passive impedance system 3 with impedance matrix
Oy =c(e{(U)) inD it is possible to get minimal passive impedance systems ¥, and X,
using the restriction ¥ on the subspaces X = X, and X = X,, respectively, where

(15) Xo = PX§X§7 X. = Png:Xg

Moreover, these minimal passive impedance systems X, and X, are optimal and *-optimal,
respectively. Minimal optimal and minimal *-optimal realizations of the function ¢ € £(U)
can be defined by ¢ up to unitary similarity. A system

Y =(A,B,C,D;X,U)
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is a minimal *-optimal passive impedance system if and only if the adjoint system X* =
(A*,C*, B*, D*; X, U) is minimal optimal passive impedance system.

A passive impedance system ¥ is said to be a system with losses of scattering channels
if the restriction on D of its impedance matrix ¢(z) is such that at least one of following
factorization inequalities

(16) p(2)"p(2) < 2Re(z),  P(2)(2)" < 2Re(z), z €D,

has nontrivial solutions in classes of holomorphic in I functions with values from B(U, Yy,)
and B(Uy,U), respectively. Otherwise, ¥ is said to be a passive impedance system
without loses of scattering channels.

The case when factorization equations

(17) (1) Q)7 e(¢) = 2Re(C),  (2) P(Q(Q)" = 2Re(() ae. (€T,

have nonzero solutions ¢ € H?(U,Y,) and ¢~ € H?(U,U,) is most important for us.
We treat equations (17) as follows: for any u € U and for almost all { € T

(18) lim le(ré)ull = lim 2R(c(r¢)u, ), lim [ (rO) ull® = lim 2R (c(r¢)u, u).

If factorization problems (17) are solvable then sets of their solutions, respectively,
can be described by formulas

P(2) = b1(2)pe(2),  P(2) = Ye(2)b2(2),
where ¢, is outer solution of the problem (1) in (17) with values from B(U, Y., ), i.e.
V 202U = HA(Y,,),
n>0

. is *-outer solution of the problem (2) in (17) with values from B(Uy_,U), i.e. 9
is outer function; b; and by are arbitrary inner and *-inner functions with values from
B(Y,.,Y,) and B(Uy, Uy, ), respectively; dimY,, < dimY,, dimU,, < dimUy.

Under the normalization ¢.(0)]y,, > 0, ¥c(0)*|v,. > 0, Y,. C U, Uy, C U func-
tions @, and 1. are determined uniquely by c. If dimU < oo then dimension of the
spaces Y,,, and Uy, are determined by the following equality: dimY,, = rankRc({) =
dim Uy, a.e. € T. Thus if factorization problems (17) are solvable then

m. = rankRe(¢) = dim [Re(¢)U]

is constant a.e. on the unit circle T.

3.4. Conservative transmission SI-systems. Let U and Y be Hilbert spaces. Ji €
B(U) and J; € B(Y) are signature operators, i.e.

Jr=Ji, i=12y Ji=1I Ji=1I;.
These operators determine the indefinite metrics < .,. > in U and Y such that
(@) = (ha @), (5.5)=(L3.9) @i €U, §jev.

A system 3 = (/L Blé’ .D; X, U, f’) is called conservative transmission system if for any
initial state Z(0) € X and for any input data {a(¢)} the following condition holds

[E(t+1)|? = |2(@)]]* = (@m { 28 } ’ [ Zgg Dg@y’
where

J 0
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f(~)r §,ll te 77", and the dual equality holds for the adjoint system o = (121*7 C*, B*, D*;
X,Y* U*) with operator
J: 0
(I)Jz,Jl = [ 02 —J ] :

The fact that 3 is conservative transmission system means that the operator
= [ 4 Blep(xe0.%07)
T C D )
is (Jy, Jz)-unitary, i.e.

- = = .= = 1 0 .
(19) MZJsMg = Ji, MgJiM% = Jo, where J;= [ Sf 1 } . i=1,2.
K3
It was shown in [7] that an arbitrary passive impedance system ¥ = (A, B,C, D; X,U)
with losses of scattering channels is the part of a conservative transmission system % =
(A,B,C,D; X,U,Y) in the following sense. The outer spaces U, Y and corresponding
signature operators J; and Jy of a conservative transmission system X are such that

U=U,eUaU, Y=Y0oUaU,

IU1 0 0 Iyl 0 0
(20) J1 = 0 0 Iy |, Jo= 0 0 —1Iy
0 Iy 0 0 Iy 0

and the operators 3 have a special block structure

~ ) [ M S N 0
(21) A=A, B=|K B 0], C=|C |, D=|L D Iy
0 0 Iy O
It follows from (19)—(21) that the operators M € B(X,Y1), K € B(U1, X), S € B(Uy, Y1),

N € B(U,Y1) and L € B(U1,Y) are such that the following equalities hold:

I1—-A*A C*—-A*B | MM M*N | | M~
C—-—B*A 2RD—-B*B | | N*M N*N N*

MM N,

[-A4" B-4ct | _[KE* KL']_[K g 1.y
B*—CA* 2RD—CC* |~ | LK* LL* |~ | L ’

L=B*K+ N*S, N=MC*"+ SL*,
and the operator

(22) VH} g}EIB%(X@Ul,X@Yl)

is unitary. These conditions are equivalent to (19).

The inverse statement is also true. If & = (A,B,C‘,ﬁ;X, 0,17) is a conservative
transmission system with special block representation (21) of operators B, C~', ﬁ, and
operators J; and Jy which are defined in (20), then the corresponding system ¥ =
(A,B,C,D; X,U) is a passive impedance system with losses of scattering channels. Sys-
tems X of this type with special operators J; and J, of the form (20) and with corre-
sponding block representations of coefficients of the form (21), are called conservative
transmission SI-systems (scattering-impedance).
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A restriction on I of the transfer function 87, z,(z) of a conservative transmission SI-
system ¥ = (A, B,C,D; X,U,Y) is a holomorphic bi-(Ji, J2)-contractive in D function,
i.e. it is such that

0(2)"J20(z) < J1, 6(2)10(2)" < Jay, z€D,

with special block structure

a(z) Bz) 0
(23) 0(z) = | 7(2) 0(z) Iy |, 0(z)=c(2), z€D,
0 Iy 0

where the operators J; and Jy are defined by the formula (20), and

a(z)=8S+zM(I - 2zA)7'K, B(z)=N+zM(I - z2A)"'B, z¢eD,

(24) W2) = L+ 20 — 2A) 'K, 6(z) =D+ 20 — 2A)"'B, zeD.

Moreover, an arbitrary function 6 with block structure (23) that satisfies properties
stated above is a restriction on D of the transmission matrix of some simple conservative
transmission SI-system that can be determined by # up to unitary similarity.

It was shown in [7] that a function ¢(z) from D to B(U) is a restriction on D of the
impedance matrix of some passive bi-stable impedance system 3 = (A, B,C, D; X,U) if
and only if there exists a bi-(Jq, Ja)-inner function 8 with values from B(U; ®U @ U, Y; ®
U @ U) with special block structure (23), where U; and Y; are some Hilbert spaces, and
J1 and J are operators of the form (20). Here the function 6(z) is bi-(Jy, J2)-inner in
the sense that it is holomorphic in D, takes bi-(Jy, J2)-contractive values in D and for
anyu €Uy dUdUandyeY10U U

(25)  Hm(O(r¢)" Ll (rQ)a, a) = (i @), Hm(0(r¢)110(rC)"y,§) = ()24, 9)

a.e. on T.

Blocks of the function 6(z) have the following properties:

1) B € H*(U,Y1) and v~ € H?(U,U,) are the solutions of factorization problems (1)
and (2) in (17);

2) 6(=c) €l(U);

3) a(z) is a bi-inner scattering matrix of the conservative scattering system Xg.n; =
(A,K,M,S; X,Uy,Y1), where operators K € B(Uy,X), M € B(X,Y7) and S € B(Uy,Y1)
appear as blocks of the unitary operator V in (22);

4) a, B and v are connected with each other by the following relation:

a(Q)*B(C) =v()* ae. (eT.

A function 6(z) with given block d(z) = ¢(z) in D that satisfies above properties is
said to be a bi-(Jy, Ja)-inner SI-dilation of the function ¢(z).

4. REALIZATIONS OF STOCHASTIC STATIONARY PROCESSES

In this section the authors results on the functional models of the forward and back-
ward realizations of p-dimensional regular discrete time weak stationary stochastic pro-
cesses of rank m with spectral density p(e'*) where p € NP*PII are presented. The
results of the passive discrete time invariant impedance systems with losses theory that
were discussed in the previous section are essentially used here. These results were ob-
tained by authors under the influence of the works [28]-[31] on the forward and backward
realizations of weak stationary stochastic processes via input/state/output linear time
invariant systems. Below a reader will see how from the results of section 3 the new
results for Lindquist-Picci realization theory follow.
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4.1. The problem of stochastic realization. Let y(t) = {yx(¢)},_, be the stationary
(in a weak sense) regular stochastic process with spectral density p(e*) of rank m and
taking values in the Hilbert space H(y). The realizations of stochastic process y(t) as an
output data of the systems

xe(t+1) = Axs(t) + Kwe(t), xy(t — 1) = Axy(t) + Kwy(t),
IRt R A A R bt i

with C™, CP and X as an input, output and state space, respectively, were considered in
[28]-[29] (more specific information about the structure of the space X can be found in
[28] or below). The first one of these systems, X, develops forward in time ¢ € Z (index
f comes from forward), while the second one ¥, develops backward in time ¢ € Z (index
b comes from backward). There are vector white noises wy and w; of order m stationary
connected with y in the systems (26) such that

(27) H(wy) = H(wy) = H(y), H (y) CH (wy), H'(y)CH"(wp)

and generate the same unitary shift operator on considering space; xy and x; are inner
states such that
(28) Hiz) C Hy), Jim ap(t) =0, ay(t—1) = (1)

—00

A, K,C, L, A K,C, L are linear bounded operators between relevant subspaces such that
Ae COO and

(29) A= A", I=AA"+KK*=A*A+KK*, C=CA*+LK*, C=CA+LK",

(30) E{y(0)y(0)*} = CC* + LL* = CC* + LL*.

The following theorem is the criterion of solvability of the stochastic realization prob-
lem for stationary stochastic process y(t) with the spectral density p.

Theorem 1. The stationary stochastic process y(t) = {yr(t)Y_, of rank m with spectral
density p(e'™) can be represented as an output data of stochastic systems (26) which have
the main operator A € Cyo and satisfy the properties (27)-(30) if and only if its spectral
density is the nontangential boundary value of a function from class NP*P,

The sufficient condition of this theorem will be proved in the next subsection. A
detailed proof of the necessity will be presented by the second author in a separate

paper.

4.2. Realizations of stationary processes using the model of a passive impe-
dance system with losses of scattering channels. Let matrix function p(e’*) be the
spectral density of some stochastic stationary (in a weak sense) process y(t) = {yx(t)}7_;
of rank m. Suppose that p(e?*) satisfies the conditions of Theorem 1. Our aim now is to
construct stochastic systems of the form (26), the output data of which are the values of
the stationary process y(t) with given spectral density p(e?*). To do this we are going to
use our model of a passive impedance system with losses of scattering channels included
in the conservative transmission SI-system, as described in Section 3.4. Also, we are going
to give the description of a class of stationary stochastic processes with given spectral
density, which can be received this way.

We assume the density p(e*) is the nontangential boundary value of some matrix
function p from the class NP*P. Then p € NP*PII because p(e**) > 0 a.e. on [—m, 7],
and meromorphic pseudocontinuation of the function p(z) can be determined by the
symmetry principle

p(z) =p(1/2)", z€D,.
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Let us now consider corresponding matrix function ¢,(z) from Caratheodory class ¢P*P
with spectral density p(¢) determined by the formula

G 6 (2) = FRO)+ > RO,
t=1

where R(t) are the Fourier coefficients of p(¢). In this case ¢, also has meromorphic
pseudocontinuation in the exterior D, of the open unit disk D, thus ¢, € £#*PII and
2Me,(¢) = p(¢), C=e™

In [6], Theorem 1, it was shown that for c,(z) there exists a representation as a
2 x 2-block of a Jp .,-inner matrix function 6(z) of the form

a(z) B(z) 0
(32) 0(z) = | 7(2) co(z) L
o I, 0

The matrix function 6 is Jp ,,,-inner in that sense that it is holomorphic in the disk I,
takes J,, ,-contractive values in D

0(2)" Jpmb(2) < Jpjm, 2€D
and has J, ,,-unitary nontangential values a.e. on the unit circle

Q(C)*‘]p,me(C) =Jpm ae (€T,

where
I,, O 0
Jpom = 0 0 -1
0o -1, O

The matrix function ¢ is called the J,, y,-inner dilation of the matrix function c,,.
Let a matrix function 6(z) be such a dilation of ¢,. Then blocks of §(z) have the
following properties:

ae S Be HyPI, ~e€ HY*™MI,
B(2)"B(z) < 2Rcp(2), v(2)7(2)" < 2Re,(2), z €D,
B B(C) = p(O)(= 2Ry (), OV = p(O)(=2Re,p(C)) ae. (€T,
a(€)*B(C) =~(Q)" ae (T
Using matrix function 6(z) and results of [7] (section 5, pp. 644-647) we construct
the following functional model of a simple conservative transmission Sl-system Y =
(121, B,C,D; X, U, )7) with the transfer function éjhh =6 inD:

U=Y=C"@CPeCP, X=Hl'oaHy" weC" ueCl, zeX;

L. A K B o

A B M S N 0 S .o

L L | = .G . XU — XY,

C D ¢ L D I @ @
0 0 I, 0

A=A: X X, Azr=¢"1z(¢) - 2(0)]:
B=[K B 0]: U— X
K: C"—X, Kw=("'a() - a0)]w;
B: CP— X, Bu=("[B(C)-B0)u;
I
C=|C |: X—Y;
0
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M: X —C™ Mz=uz0);
Cr X s, Cre / BC)*2(0) 1l
T

. S N 0 i )
D=|L D I, |: U—Y;
0 I, 0

L:C"—CP, (Lw,u)cr = (Kw,Bu)L;(T) + (Sw, Nu)cm.
By the construction system gcat = (A, f(, M, S; X, C™,C™) is a simple conservative
scattering system with bi-inner scattering matrix a(z)

(33) a(z) =S+ 2M(I, — 2A) 'K, zeAj.

It follows from .the simplicity of Ygcat that conservative transmission system Y is simple.

Minimality of ¥ follows from the minimality of Sy because its main operator belongs
to the class Cyp.

It follows from Theorem 3.1 in [7] that the system iy, = (4, B,C,D; X,CP) is a
passive bi-stable impedance system with the impedance matrix

(34) cp(2) =D+ 2C(I,, —zA)"'B, zeD.

The operators of conservative transmission SI-system ¥ are connected with each other
via the following relations:

(35 In—A*A=M*M, C*—-A*B=M*N, 2D-B*B=N*N,

36 I, — AA*=KK*, B-AC*=KL*, 2D-CC*=LL",

)

(36)

(37) L= B K+ NS, N =N+ §i,

(38) A*K=-M*S, I,-S"'S=K'K, AM*=-KS*, I,—SS"=MM".
Let us consider simple conservative system

(9 ) { o A St

with bi-inner scattering matrix «, the input data of which is m-dimensional white noise
wy(t), and states xs(t) satisfy the condition

(40) s— lim zf(t) =0.

t——o0
It follows from [12], [13] that in this case the output data of the system Xgcat is m-
dimensional white noise wy(t). Moreover, from (39) and (40) it follows that
() = a(Q)iy(¢) ae (€T,
where w;(¢) € L5 (T) and w(¢) € L5 (T) are the Fourier transforms of w¢(t) and wy(t),
respectively. White noises wy and wy are stationary connected and such that
H(wy) = H(wy), H™(wp) C H™ (wy)

with the same unitary shift operator. The spectral random measures F,,(dpu) and
F,, (du) of these processes are connected via the equality

(41) Fy, (dp) = a(ew)wa (du)
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and
wb(t):/ e_it“a(ei”)wa(d,u).

Set . i ]

y(t) = Cay(t) + Lwy(t), teZ,

and consider the system
xp(t+1) = Axs(t) + Kwy(t),

) 0 {2 B L ot
By induction from (42) using (40) it follows that

t—1
(43) y(t) = Z CA™ " Kw; (k) + Lws(t), te€Z,

k=—o00

in particular, the considering above series converges. Moreover, the Fourier transform
9(¢) of y(t) is in LY(T) if wy(¢) € LE(T) and
(44) 9(¢) =v(Quy(¢) ae (T

Lemma 1. y(t) is stationary (in a weak sense) p-dimensional stochastic process with
the sequence of correlations
C’ATﬁlB, 7>0,
(45) R(r)=4{ 2D, T=0,
B*(A*)~TlC*, 1 <.
Proof. Tt follows from (43) that
t

I
—-

y;(t) = (CA™ 1 Kwp (k). ej)er + (Lwy (), e5)c
k

= i (wy (k) K (A" 510" )er + (wr (1), L ej)er,

k=—o0

o+

where ¢;,1 < j < p, is standard orthonormal basis in C”. Since in H all components of
the last sum are orthogonal,

lys (OllF =D I (ws (¢ = k = 1), K*(A*)*C*ej)enllfy + | (w (2), L)l
k=0
Moreover, if hs,1 < s < m, is standard orthonormal basis in C™, then

o0 m m
(46) yi(t) =D > (he, K*(A*) 1 C%))emwya(k) + Y (he, L7ej)omwys(t).
k=0 s=1 s=1
If 7 > 0 from (46) with account that w;s(t),1 < s < m, is an orthonormal basis in
H(wy), it follows that
t—1 m
Wit +7),y0)a= > > (he K*(A)FTTF 10" )om (K*(A*) 7K1 Cej, ho)om

k=—o00 s=1

m
+) (e, K* (A7) C%ei)om (L7ej, h)om
s=1
Last equality means that

oo m m

Rij(r,t) =YY (CAMTE) (K*(A")FC™) oy + Y (CATK)io(L7).;.

k=0 s=1 s=1
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This expression gives
R(r.1) = 3 CAMTR R (47O 4 CAT RS,
k=0
Using (36) we obtain
R(r,t)=R(r)=CA™'B, 7>0.

Corresponding expressions for R(7,t) in the cases 7 = 0 and 7 < 0 can be obtained
analogically. Therefore, y(t) is weak stationary p-dimensional stochastic process. |

Lemma 2. In the settings of lemma 1, y(t) is a regular stationary process with spectral
density p(e'*).

Proof. Let w1 be the orthogonal projection from L3*(T) onto H%*. Then the formulas
for A and B may be rewritten as
Az =n, Uz, ze€X; Bu=m,UBu, ueCP,

where U is the operator of the multiplication on (=1 of vector functions x(¢) from
L7 (T). Consequently,

ARty =, UMy, AR 'Bu=n,U"Bu =

iA’“lBuz’“:sz( I-20)" fu=2z 5@2:5(2)“

k=1
5(Q) - B(2)
= [ o022 hujag = [ A ujagy,

Then, with the account that

D= 5R0) =5 [ 307801l = 5 [ p0)10c]

0+ SR =1 [ STEp(0) lac).
k=1

and

we obtain that

TC‘FZ

This establish the assertion of lemma. O

Thus, y(t) is a regular stationary process with the spectral density

(47) ple™) = (e )y(e™)" ae. pe[-m,m.

Hence, system Xy := (A, K.C,L;X,C™, CP) in (42) is developing forward in time reali-
zation of the process y(t) with the spectral density p as an output data. Block v of the
dilation 6 is a restriction on the open unit disk D of the transfer function of system X
(48) v(2) = L+ 2C(I,, — z2A) 'K, z€eD,

and it is a spectral factor of the rank m of density p, i.e. 7 belongs to H} ™Il and
satisfies (47). The matrix function v corresponds to white noise w; in the sense that

H(wy)=H(y), H (y) C H (wy),

the same unitary shift operator corresponds to i and wy and the spectral random mea-
sures Fy(dp) and F,,(du) of processes y and wy, respectively, are connected via the
relation

(49) Fy(dp) = y(e™) Fy, (dp).
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It follows from (49) that the values of the process y(t) can be represented in the
following integral form:

(50) o) = [ e (i),
Using equalities A*A + M*M = I and A*K + M*S = 0 and the first and the second
equations in (42) and (39), respectively, we have
zp(t) = (A"A+ M*M)xs(t) + (A*K + M*S)wy(t) =
xp(t) = A*(Azs(t) + Kwy(t)) + M*(Mx s (t) + Swy(t)) =
(51) xp(t) = A*wp(t + 1) + M*wy(t).
Using equalities K*A+8*M =0 and K*K + 5*S = I and also the first and the second
equations in (42) and (39), respectively, we have
wi(t) = (K*A+ S*M)xs(t) + (K*K + 5*S)wy (1) =
wi(t) = K*(Azs(t) + Kwy(t)) + S*(Mzs(t) + Swy(t)) =
(52) wi(t) = K*xp(t +1) + S wy(t).
It follows from the relations (51), (52) and results [12], [13], that simple conservative
scattering system Xf .. = (A*, M* K* S*; X,C™, C™) with scattering matrix «(z)* in

scat
D turned backward in time with a shift of one step connects white noises wy and w; with

each other in the following way:

xp(t—1) = A*l‘b(t) + M*wb(t),
(53) { w(t) = K*ap(t) + S*ws(t),
where
(54) oot) = (¢ +1).

In this case _
Fy, (dp) = a(e™)" Fy, (dp),
and

wy(t) = / " ey By, (dn).

Furthermore, using C = B*A+ N*M and L = B*K + N*S from the second equation
in (42) we have
y(t) = (B*A+ N*M)xs(t) + (B*K + N*S)wy(t) =
y(t) = B*(Axs(t) + Kwy(t)) + N* (M4 (t) + Swy(t)) =
(55) y(t) = B*ap(t + 1) + N wy(t).
Consider the adjoint system X, := (A*7 M*, B*, N*: X,(Cm,(Cp). A restriction on D of
the transfer function of this system is coincides with 8~ (z)
(56) B~(z) = N* + 2B*(I,, — zA")"'M*, 2z eD.

It follows from (51), (55) and (54) that the system X;, turned backward in time with shift
of one step is the realization of the process y(t) such that if the values of the noise wy(t)
are the input data, then the values of y(t) are the output data of

zp(t — 1) = A*zp(t) + M wy(t),
(57) { yzt) = B*fb(t)‘::N*wb(t)' b
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Note that matrix function 3~ is a spectral factor of rank m of the density p™~(e™) =
ple=#) of the process §(t) i= y(~t), ie. § € HJ*PII and

B (B () = p™ (™) ae. pe [—m7l.
Since blocks «, 8 and ~y of the dilation € are connected via the relation
Ae™) = ey ale™) ae. pe[-mml,

and because of (49) and (41) the following equality holds for the spectral random mea-
sures of the processes y and wy,

(58) Fy(dp) = v(e")Fu, (du) = B(e™) a(e™) Fy, (dp) = B(e™)" Fu, (dp).

Consequently, block 8 of J, p,-inner dilation 6 corresponds to the white noise wy(t) in
the sense that

H(wy) = H(y), H"(y) < H"(wy),

the same unitary shift operator corresponds to y and w;, and spectral random measures
F,(dp) and F,,(dp) of the processes y and w; are connected via the relation (58). In
this case the values of the process y(t) can be represented in the integral form

(59) v = [ "B F, (dp).

—Tr

Thus, we can present now the following theorem.

Theorem 2. Let p(¢) be a rank m matriz function from LY™P(T) which is nonnegative
a.e. on T and it is the nontangential boundary value of a function p(z) from the class
NP*P: q matriz function c, € P*PII is determined by p via formula (31).

Let a realization model

{Efv Ebv 2scatv Zimp}

is defined by p as it was done above in this subsection using an Jp, ,-inner dilation 6 of
cp. Then

1) the system Yy is a forward in time realization of the stationary p-dimensional
stochastic process y(t) of rank m with given spectral density p, with the values of the
white noise w¢(t) as an input data; the system ¥y is a backward in time realization of
the process y(t) with the values of the white noise wy(t) as an input data;

2) inner states of the systems Xy and Xy are connected via the relation

xp(t) = xp(t+1);

3) white noises wy and wy are connected with each other via the simple conservative
bi-stable scattering system Ygcat-

Remark. Consider a matrix function

a~(z) B~(z) 0 a(2)* y(2)* 0
07(z) = | 7~(2) 5(2) L | =| B c(2) I
0 I, 0 0 I, 0

~

This function is a Jj, ,,-inner dilation of the matrix function c¢}(2). It is easy to see that
6~ (z) corresponds to stationary stochastic process ¢(t) = y(—t) with spectral density
p~(e") = p(e™™) and realization model {X¢, ¥y, Yscat, Simp }, where

Simp = 2,

imp>

Escat =X

scat?
S = (A%, M*, B*, N X, C™, C7),

and realization 3, of the process g(t) is the system ¥y = (A, K,C,L; X,Cm, CP) turned
backward in time with the one step shift.
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For the description of the various realizations ¥y and 3, of a stationary regular sto-
chastic process with given spectral density p € IIP*P we need a parameterization of the
set of all J, ,,,-inner dilations of matrix function c(z) from the class ¢P*PII, that was
presented in [6]. Namely, consider matrix function ¢ € ¢P*PII with

m =rank2Re(¢) ae. (€T.

Let functions ¢, € Hy"*? and 1. € H5 ™ be normalized outer and *-outer solutions of
the factorization problems

2Re(C) = e(Q)*e(C),  2Re(Q) = (Op(¢)* ae. (€T,

and s, € N™*™ be the scattering suboperator determined by the relation
se(2)PE(2) = @e(2), 2 € Ap, NA L N A,

that takes unitary values a.e. on the unit circle. Then an arbitrary J,, ,,-inner Sl-dilation
6 of matrix function ¢(z) can be uniquely presented in the form

a(z) B(z) 0 bi(2)sc(2)ba(2)  bi(2)@e(z) O
0(z) = | 12) elz) L | =| e(2)ba(2) c2) I
0 I, 0 0 I, 0
(60)
bi(z) 0 O Se(2)  we(z) 0O ba(z) 0 O
= 0 I, 0 Ye(2) clz) I 0o I, 0],
0 0 g, 0o I, 0 0o 0 I

where {b1, by} is a denominator of matrix function s., i.e. ordered pair of functions from
the class S]"*™, such that the product by s.by belongs to S;"*™ (look at [6], [7] for the
details).

In the following theorem the above realization models are parameterizing by denomi-
nators of s..

Theorem 3. Let p(¢) be a matriz function of rank m from LY*P(T) that is nonnegative
a.e. on' T and it is the nontangential boundary value of a function p(z) from NP*P; let
corresponding matriz functions c, € (P*PI1, ¢, € Hy'*P, ¢, € HP*™ and s, € N™X™
are determined by p as above.

Let the Jp, m-inner dilation 6 of the matriz function c, be defined by the formula (60);
let wy and wy be m-dimensional white noises with the spectral measures F, (dp) and
Fy, (du), respectively, such that

(61) Foy(dp) = a(e) o, (dp) = by (e")so(e™)ba(e ) P, (dp),

where {b1,b2} is a denominator of s. € N™*™ in representation (60). Determine y(t)
by the formulas

o) = [ e R ) = [ e e o, ()

—T —T

(62)
:/ e*it“ﬁ(e”‘)*wa(du):/ e*”“cpe(ei“)*bl(ei“)*wa(d,u).

—r —m
Then y(t) is stationary stochastic process of rank m with spectral density p(e*).

Proof. Let 6 be a Jp ,-inner dilation of matrix function ¢, € #*PII. Its blocks can be
uniquely presented in the form

(63) a = byscba, 6 = blcpea Y= web%
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where {b1,bs} is a denominator of matrix function s, € N™*™. Using these matrix
functions it is possible to obtain a pair of the white noises {ws, ws} and to construct
realization systems {Xf, Xy, Yscat, Limp } as it was shown above. System X4, connects
processes wy and wy with each other, and their random spectral measures satisfy the
condition (41). Using (63) we have (61).

The output data of the systems Xy and X, are the values of some stationary process
y(t) of rank m with the spectral density p(e*). The values of this process can be
presented in the form (50) and (59). Using this fact and equalities (63) we get (62). O

In end of this section we will notice that the following result holds.
Lemma 3. Systems X5 = (A,K,C',L';X,ccm,cp) and f]f = (AﬂM*,B*,N*;X,
C™,CP) are ®-forward-passive with

Proof. For an arbitrary linear stationary dynamical system ¥ = (A, B,C,D; X,U,Y)
the condition of ®-forward-passivity (11) is equivalent to the following inequality for the
operators of the system:

AA-Iy A'B 0 c 0 Iy
(64) [ B*A B*B]_[IX D*]q)[C’ D]SO'

For the realization system ¥y = (A,K,C,L; X,C™,CP) we can write the left part of
(64) using the relations (35) and (38) in the form

e EILE ale

KA kK] | 1. i )lo ofl¢ i
[ AA-1, Ak [ =N A
Sl kA Rk, | T —$ —$8

:_{S* }[M S]<o.
For the realization system if = (A*,M*,B*,N*;X,Cm,cp) the condition (11) of
®-forward-passivity can be obtained in similarly way. O

4.3. Minimal realizations of stationary stochastic processes. We call a forward
realization X; of the stationary stochastic process y(t) minimal if the system ¥, =
(A,K,C,L; X,C™,CP) is minimal. Similarly, a backward realization % of the process
y(t) is said to be minimal if the system f]f = (A*, M*,B*, N*; X,C™,CP) is minimal. It
will be shown in this section how to construct minimal realizations of the process with
given spectral density using corresponding .J,, ,,-inner dilations 6(z). A dilation 6 of the
matrix function ¢(z) is called minimal if it can not be presented in the form

u(z) 0 0 | v(z) 0 O
0(z) = 0 I, 0 [6(») 0o I, 0],
0 0 I, 0 0 0

where 6 is a Jp,m-inner dilation of ¢, matrix functions u and v belong to S}, *™ and at least
one of them is not constant. A J, ,-inner dilation # of matrix function c¢(z) is minimal
if and only if the corresponding denominator {b1,bs} of the scattering suboperator s, in
representation (60) is minimal, i.e. there exists no such a denominator {51, 52} of s, that
is a nontrivial divisor of denominator {b1,b2}. It means that, if

uy = B;lbl S Szzxm’ Ug = bg(;;l S Sme and 618052 S Smxm’
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then both u; and us are constant unitary matrices.
The minimality condition for a J, ,,-inner dilation € of the matrix function ¢(z) can
be reformulated in the form of the following two conditions:

(65) (&) (,)r =1, (ii) (o, ) = I.

Relation (i) ( respectively, (é¢)) in (65) means that matrix functions « and 7 (respectively,
a and ) have no nontrivial common bi-inner right (respectively, left) divider.

Assume now that stationary stochastic process y(t) = {yx(t)},_, of rank m with
spectral density p(e™) and matrix function ¢, € (P*PII, which is determined by p via (31),
is realized as an output data of the systems ¥y and ¥, as it was show in subsection 4.2.
Assume that a matrix function 6(z) is a Jp, n,,-inner dilation of ¢,, and Xinp is the bi-stable
passive impedance system with impedance matrix c, constructed as part of the simple
conservative transmission SI-system % with transfer function #(z) in D using the method
described in the previous section. According to [7] the system i, with impedance
matrix ¢, is controllable (observable) if and only if the condition (¢)((4¢)) in (65) holds.

Controllability of the realization system ¥ ; immediately follows from controllability
of minimal conservative scattering system g..¢ with scattering matrix «(z), described
by the equations (39). It is easy to see that the system X is observable if and only if the
corresponding passive impedance system Y, is observable. Similarly, controllability
of the backward realization system X, follows from observability of the corresponding
minimal conservative scattering system Xg..;. And the realization X, is observable if
and only if the corresponding passive impedance system Xy, is controllable. Thus, as
described above the following theorem is proved.

Theorem 4. In the settings of theorems 2 and 3, the following assertions hold:

1) the forward realization Xy of the process y is minimal if and only if blocks of the
dilation 6 satisfy the condition (ii) in (65);

2) the backward realization Xy of the process y is minimal if and only if blocks of the
dilation 6 satisfy the condition (i) in (65);

3) the forward and backward realizations Xy, of the process y are both minimal if
and only if the corresponding Jp m-inner dilation 6 is minimal.

Moreover, last condition holds if and only if in the representation (60) of 0 the de-
nominator {b1,ba} of s. is minimal, and this holds if and only if both conditions (i) and
(i) in (65) are satisfied.

4.4. Minimal and optimal, minimal and *-optimal realizations and stationary
Kalman filters. We will now consider some special realizations of stochastic processes:
minimal and optimal, minimal and *-optimal. Constructions of these realizations will
lead us to the forward and backward stationary Kalman filters.

Let p(e™) be the spectral density of a stationary stochastic process y(t) = {yx(¢)}7_,
of rank m, which is the nontangential boundary value of a matrix function p from the
class NP*P; a matrix function ¢, € ¢?*PII is determined by p in (31); a matrix func-
tion @ of the form (60) is a Jp ,,-inner dilation of ¢,. The corresponding realization
{Zs, 2, Bscats Zimp} Of the process y, constructed via blocks of 6 using the method
described in the subsection 4.2, is called optimal (*-optimal) if its passive impedance
system i is optimal (*-optimal). In [6] the definition of optimal (*-optimal) dilation
was given. A J, n,,-inner dilation 6 of the matrix function ¢ € ¢P*P1I is said to be optimal
if B = . in its representation (60), and *-optimal if v = 9, in (60).
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All optimal J,, p,-inner dilations of the matrix function ¢ € £P*PII can be described by
the formula

sc(2)bo(2)  @e(z) 0
(66) Oo(2) = | Ye(2)bo(2) c(z) I |,
0 I, 0

where {I,,,, bo} is a (right) denominator of s.. In this case an optimal dilation 6 is minimal
if and only if the corresponding right denominator {I,,,,b,} of the matrix function s, is
minimal. Such a denominator exists and is essentially unique.

It follows from Theorem 3.3 in [7] that the passive impedance system X, with
impedance matrix ¢ € ¢P*PII, that is obtained in the considering above way, is optimal
if and only if the transfer function 6 of the corresponding conservative transmission SI-
system 3 (i.e. Jpm-inner dilation of the function c) is optimal.

All *-optimal J, ,,,-inner dilations of the matrix function ¢ € ¢?*PII can be described
by the formula

ba(2)sc(2)  ba(2)e(z) 0
(67) fo(2) = | ¢e(2) cz) I |,
0 I, 0

where {bs, I, } is a (left) denominator of s.. In this case a *-optimal J}, ,,-inner dilation
6 is minimal if and only if the corresponding left denominator {be, I} of the matrix
function s, is minimal. Such a denominator exists and is essentially unique.

Consider a spectral density p(e®*) of rank m which is the nontangential boundary
value of a matrix function p from the class NP*P and corresponding matrix function
¢, € (P*PII, determined via p by the formula (31). Let 6, and 6, be minimal optimal
and minimal *-optimal .J,, ,,-inner dilations of the matrix function c,, respectively. Using
matrix functions 6, and 6, construct corresponding conservative transmission SI-systems
f)o and f]. like it was shown in the subsection 4.2. By means of these systems we will have
the realizations {X o, Xpo, Lscat 0, Limpo} ald {X e, Lpe, Lscat o Limp e }, Tespectively.

Let us first consider the realization {Efo, Yho, Lscat o Limpo ; that corresponds to the
dilation 6,. As the matrix-function 6, is a minimal J, ,,, - inner Sl-dilation of the matrix
function c,, it follows from the Theorem 3 that the considered realization is minimal.
Furthermore, it follows from the optimality of the dilation 6, that its block 8 = ..
Then, using Theorem 3.3 in [7] we have that the passive impedance system Yo =
(As, Bs,Co, Do; X, CP) is optimal. Consequently, the realization {X o, Ypo, Xscat o,
Yimpo} is optimal.

The outer matrix function ¢, is such that ¢3(z) (¢ € D) is the transfer function
of the backward realization Y, = (A%, M¥, B, N¥; X,,C™ CP) of stationary stochastic
process y, with the spectral density p. The evolution of this system is described by the
following equations:

(68) (Sho) { Tpo(t — 1) = AZwpo(t) + Miwpo(t),

Yo(t) = Bipo(t) + Ngwpo(t)-

Let us consider now the realization {% f.,Zb.,Zscat.,Zimp.}, that corresponds to
a minimal and *-optimal J, ,,-inner dilation #,. The minimality of the systems X,
Ybes Limpe immediately follow from the minimality of the dilation 6, according to the
Theorem 3. As 0, is a *-optimal J,, ,,-inner dilation of the matrix function c,, its block
v = 1), and the matrix function 1.(Z)* is an outer matrix function of the size m x p.
The adjoint system X, is part of an adjoint transmission system flf with transmission
matrix 6, (Z)*, which is an optimal J}, ,,,-inner dilation of ¢,(Z)* because of the properties

of the matrix function .. Consequently, the minimal passive impedance system X, is
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optimal and, hence, the minimal passive impedance system iy, o is *-optimal. Therefore
the realization {Xre, Zte, Dscat o Zimpe |, constructed via f,, is *-optimal.

Furthermore, the *-outer matrix function . is the transfer function of the forward
realization Xy = (As, Ko, Co, Le; Xo, C™,CP) of the process yo with spectral density p.
The evolution of this system is described by the equations:

Tre(t+1) = Aexfe(t) + Kewye(t),
(69) (Ef-) { yf(t) = Cose(t) iL.wf. (t).f

We are ready now to present the following theorem.

Theorem 5. The minimal backward realization Xy is such that its state space X,
coincides with backward prediction space, i.e.

Xo = Py+(yoyH™ (yo),

where H™ (yo) and H' (y,) are "past” and ”future” subspaces of the stochastic process
Yo, defined in subsection 2.1.
The state space Xo of the minimal forward realization Yo coincides with forward
prediction space, i.e.
Xe = Py (y) HT (y),

where H™ (ys) and HT (y,) are "past” and ”future” subspaces of the stochastic process is.
The equations (68) and (69), which describe the evolution of minimal systems 3po and
Y te, can be interpreted as a stationary backward and forward Kalman filters respectively.

Proof. Consider a simple conservative realization 2imp = (1217 B, é’, ﬁ; X, CP) of the ma-
trix function c,

X=LyT), zeX, ueCP

Az =¢'2(¢),  Bu=¢"B(Qu,
~ A A ~ 1~ =~
C = B*A, D = iB*B'

Then the minimal and optimal passive impedance system Yinp o is a restriction of the
conservative impedance system Xinp,. Statement of the theorem follows from the fact
that

Xg, = VABO ). X, = \E)CC 1 ),
t>0 t>0
Proof of the statement about minimal forward realization Xy, is similar. O

It was shown in [28], [31] that the equations (68) of the system X, and the equations
(69) of the system X, can be written down in the form of stationary backward and
forward Kalman filter respectively.
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