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ON SELF-ADJOINTNESS OF 1-D SCHRODINGER OPERATORS
WITH (- INTERACTIONS

I. I. KARPENKO AND D. L. TYSHKEVICH

ABSTRACT. In the present work we consider the Schrédinger operator Hx o = f%+
> | and(x — xy) acting in L2(R4). We investigate and complete the conditions of
self-adjointness and nontriviality of deficiency indices for Hx . obtained in [13]. We
generalize the conditions found earlier in the special case dp := ©n, — Tn—1 = 1/n,
n € N, to a wider class of sequences {z,}72 . Namely, for zn = 5y with
(v,m) € (1/2, 1)X(—00,400) U {1} x(—00, 1], the description of asymptotic behavior
of the sequence {an}2 ; is obtained for Hx . either to be self-adjoint or to have
nontrivial deficiency indices.

1. INTRODUCTION

Let X = {z,}52, be a strictly increasing sequence of nonnegative numbers, zo = 0,
and lim,, oo ©, = 00. Let also o = {«,, }§° be a sequence of real numbers.
The differential expression
a2 &
(1) Ix,a:= + ) a,d(x —1,)

)
X
d n=1

on L?(0,40o0) is connected with the symmetric differential operator

(2) HX,a =TT
with domain
dom(Hy ,) = {f € W**([R: \ X) N Lo, (R4) | f/(0) =0,
fl@n+) = f'(@n-) = anf(zn)}.

Denote by Hx  the closure of the operator H%’a.

Schrodinger operators with distributional potentials have attracted considerable inte-
rest in the last decades, in particular, because they can be used as solvable models in many
situations, see (2, 3, 4, 5, 7, 9, 14, 15]. For instance, the operator H%’a can be regarded
as a Hamiltonian for a §—interaction at points x,, with intensity c,,. In the general case,
the operator Hx , does not need to be self-adjoint. One of the important problems in
the spectral analysis of this operator is to find necessary and sufficient conditions for
the operator Hx o to be self-adjoint. A thorough study of this problem was recently
undertaken in the case of lower semi-bounded Hamiltonians. Namely, it is proved in [3]
(see also [11]) that Hx , is always self-adjoint provided that it is lower semi-bounded.

Spectral properties of the operator Hx , depend on both the sequence o and the
sequence X. In the latter case, the behavior of the sequence

4) dp i =Ty — Tp_1, neN,
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is an important characteristic. In particular, if d, := inf,,end,, > 0, then the operator
Hx o is always self-adjoint [9].

This result is sharp in the sense that there is a sequence d,, satisfying lim,, o, d, =0
such that the Hamiltonian Hx , has nontrivial deficiency indices for some sequences
a C R. Namely, C. Shubin Christ and G. Stolz showed in [15] that ny(Hx o) = 1 if
d, =1/n and o, = —2n — 1, n € N. Thus the case d. = 0 is fundamentally different
from the case d, > 0 since nontrivial deficiency indices can be realized there.

In [13], A. S. Kostenko and M. M. Malamud studied the Hamiltonian Hx , in the
framework of boundary triplets and the corresponding Weyl function. Such an approach
to the theory of extensions of symmetric operators was initiated about thirty years ago
and still is being actively developed, see [6, 7, 8, 9, 10].

Using a corresponding boundary triple, the authors in [13] parameterized the set of
Hamiltonians Hx , with certain classes of Jacobi matrices (three-diagonal matrices). It
was also found there that spectral properties of the Hamiltonian Hx , are closely linked
with the same properties of the corresponding Jacobi matrix,

r;2(all—|— % +1é) 2_741*17«2*1(12*1 ) 0 -
(5)  Bxa= T " (a21+d7+1d73) 2—7’2 7"31d3 1
s —1 —1 45— — )
0 —ry Ty dg ry (o + g+ ;)
where

(6) Tn =+/dp +dpi1, mneEN.

As it turned out the deficiency indices for Hx , and By , coincide, ny (Hx o) = na(Bx.q)
([13, Theorem 5.4]) and, consequently, ny (Hx o) < 1, see [7]. In particular, Hx , is self-
adjoint if and only if the matrix Bx , is self-adjoint.

Using the Carleman criterion A. S. Kostenko and M. M. Malamud obtained the fol-
lowing result [13, Proposition 5.7]:

if Y07, d2 = oo, then the operator Hx  is self-adjoint for any sequence o C R.

In comparison with the mentioned result from [3], [11], this statement from [13] gives
new information only for not lower semi-bounded Hamiltonians Hx .

Clearly, the result on self-adjointness of the operator Hx , for d. := inf,end, > 0 is
a particular case of the latter statement.

Moreover, the example of Shubin Christ and Stolz in [15] was significantly specified
in [13], namely,

if d, = 1/n, then
Long(Hxa) =0 if a, < —22n+1)+ <, C1 >0, or a, > —<2, Cy > 0;
2.ny(Hxo) =1 if oy, =a(2n+ 1)+ O(1/n), a € (-2,0).

Note that the estimates in 1 follow from the estimates in (ii), (iii) below that were
obtained for a more general case of {d,,}3° € ¢\ {1 in [13, Proposition 5.11] with the use
of sufficient conditions for a Jacobi matrix to be self-adjoint.

Proposition 1. [13, Proposition 5.11]. The operator Hx o is self-adjoint on L*(Ry)
if the sequence o = {,}5° and the sequences {d,}3°, {rn}3° defined by (4) and (6),
correspondingly, satisfy one of the following conditions:

(i) 22021 ‘an|dndn+17’n—17‘n+1 = 00y

(ii) there exists a constant C1 > 0 such that

Tn

1 T 1
(14 L ) (1 )<C Ao+ dysr), N;
a +dn( +rn,1 ern+1 +Tn+1 < Ci(dp +dny1), ne
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(iii) there exists a constant Cy > 0 such that

1 r 1 r

ozn—l——(l— n )+ (1— n >Z—Cg(dn+dn+1), n € N.
d, Tn—1 dn+1 Tn+1

In this paper, we continue the study of the conditions obtained in [13] for the Schrodin-

ger operator Hx  to be self-adjoint or to have nontrivial deficiency indices. It turned out

that the conditions found for d,, = 1/n can be generalized to a broader class of sequences,

= that
nY ln"n}z &
belong to £z \ ¢; if {(y,n) € (1/2, 1)x(—00,400) U {1} x(—00,1], we obtain a description

for the asymptotic behavior of the sequence a such that the operator Hx , would either
be self-adjoint or have nontrivial deficiency indices.

see Propositions 4, 5, 6. For example, for a class of the sequences {

2. SUFFICIENT CONDITIONS FOR SELF-ADJOINTNESS OF THE OPERATOR HX,a

Taking into account the above considerations, we will mention some properties of
sequences {d,}° € ¢35\ ¢1 of positive numbers. The most important of them is the

property

d, d
(7) lim inf L <1<lim supﬂ

n—oo n n— o0 n

)

which follows from the d’Alembert test for series. This immediately implies that if there
exists the lim,_, dg“ for a sequence {d,,}$° € ¢ \ {1 of positive numbers, then this

limit equals 1. Using (7) and making certain restrictions on the sequence {d,, }7° we can
significantly simplify the sufficient conditions of self-adjointness in (i)—(iii).

Proposition 2. Let the sequence {d,}5° of positive numbers defined by (4) belongs to
U5\ {1 and satisfies the relation

dn,
(8) lim inf—t1

n—oo

> 0.

n

Then Hy o is self-adjoint provided that there holds the following condition:
(@) Xty lom|dy, = oo.
Proof. In fact, condition (8) implies that there exists a C' > 0 such that
dnt1 > Cdy,, neN.
It follows that
dndng1Tn-1Tn41 = dndni1V/dn—1 + dpy/dns1 + dpo

> d,(Cdp)\/dn /Cdy + C2d,, > C\/C +C2d3, neN.

Thus, the divergence of series (I) implies the divergence of series (i) in Proposition 1,
and there holds the sufficient condition for Hx , to be self-adjoint. O

Note that, for the class of sequences {d,, }1° € ¢2\¢; satistying the additional constraint

(10) 0 < lim inf &L < lim supd"+ L < o0,

n—oo n n— o0 n

both series (I) and (i) converge and diverge simultaneously. Hence test (i) as well as
Proposition 2 can be applied for such sequences.

In the next assertion, we present conditions sufficient for tests (ii), (iii) of Propo-
sition 1 to hold (for now, without any additional restrictions on the sequence {d,,}5°).
These conditions will allow us to find simpler sufficient conditions for the Hamiltonian
Hx o to be self-adjoint.
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Proposition 3. Let sequences {d,}3° € fo \ {1 and {r,}3° be defined by (4), (6), and
let the function

(11) F(n)zi( n —1)+ L (r” —1) (n € N)

dp \Tp_1 dn—i—l Tn+1
allow the representation of the form
(12) F(n)=G((n)+0(d,) (neN)

(for definiteness, we put ro := 1). Then the Hamiltonian Hx o is self-adjoint provided
that one of the following conditions hold:

(IT) there exists a constant Cy > 0 such that

2 2
< (= :
a, < (dn too +G(n)>+01dn (n € N);

(III) there exists a constant Cy > 0 such that a,, > G(n) — Cad,, (n € N).
Proof. By condition (II), we have

2 2
an + — + +G(n) <Cid, (neN).
dn dn+1
Then 9 9
o+ — + + F(n) — O(dy) < Cid,,  (n €N).

dn dn+1
Since the sequence {d, }$° is positive, we conclude that

1 n 1 n
ant (14 )+ (14 ) < Cdy < Cldn +duin) (NEN)
d, Tn—1 dn—i—l Tn+1
for some C' > 0. Consequently, it follows from the sufficient condition (ii) of Proposition 1
that the Hamiltonian Hy , is self-adjoint.
Arguing similarly we can prove that condition (IIT) implies estimate (iii) of Proposi-
tion 1. (]

It is important to note that, for sequences {d,}{° € ¥2 \ {1 satisfying (10), both
estimates (ii), (II) and (iii),(III) are fulfilled or not fulfilled simultaneously. Hence
Proposition 1 and Proposition 3 are equivalent for such sequences. Note also that tests
(IT) and (III) are of common use only in the case when the function G in decomposition
(12) has simpler form than the function F. In this case, there are of great interest
sequences {d,, }3° such that G' can be chosen as zero function!: due to test (III), all the
Hamiltonians Hx , with nonnegative sequences o are self-adjoint. In the propositions
below, we present a number of requirements to properties of the sequence {d,, }3° in order
to provide the asymptotics F'(n) = O(d,).

Proposition 4. Let a sequence {d,}° € la \ {1 satisfies the following asymptotic esti-
mate:

(13) dg“ =1+ Cd, + O(d?).

Then F(n) = O(d,).

Proof. Using (13) and carrying out direct calculations we can show that the following
relations hold:

(a0) g% =1-Cd, + O(dy).

ISee Proposition 5 and Example 2 below. Relation (12) implies directly that G is zero function if
and only if sup,,cy %n) < oo.
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dotdni1 . [14dnii/dn _  [24Cd,+0(d2) _ 2.
(al) 7= \/ T, = \/Hdii/dn = \/27Cdn+0(dn) =1+ Cdy + O(dy);
(a2) Slmllarly, =1-Cd, + O(d?).
In this case, we obtain the following relations:

Fn)=g-(;2s - D)+ g (2 - 1) = 2 (2 - 1+ g5 (5 - 1)
a0—a2

g i(CdnJrO(dz)Jr(1*Cdn+0(di))( Cdy +0(dy)))
= L (Cdyp +O0(d2) = Cdy, + O(d2)) = £ 0(d2) = O(dy).

Tn+1

O

Example 1. Suppose that the Hamiltonian Hx o is generated by the differential expres-
sion (1) as explained in Introduction, with X = {x,}5° defined by the relations

z0=0, x,=2x,_1+d, (TL € N),
1
(14) do= - yE(1/2,1)

Then Hx o is self-adjoint provided that there holds one of the following conditions:

(s1) EZO:I |an|n ™7 = oo
(s2) There exists a constant Cy > 0 such that

C
o < =2(n" 4+ (n+1)7) + nii (n € N).

(s3) There exists a constant Cy > 0 such that oy, > —Ca-% (n € N).

Indeed, in this case we have {d,,}$° € {2\ ¢1 and, by direct calculations, we conclude
that ”“ =1--L 4+ O(-%). Then, in view of Proposition 2, condition (s1) provides
the self—adjomtneSS of the operator Hx ,. To prove that (s2) and (s3) can be applied, it
suffices to note that the sequence {d,,}7° satisfies the assumptions of Proposition 4 and,
therefore, G(n) = 0. Further, we can use conditions (II), (III) of Proposition 3 directly.

As was mentioned before, the particular case v = 1 was considered in [13] (see 1 on
p. 361).

In some cases (see Example 2) condition (13) is too strict. Nevertheless, if (13) does
not hold, it is possible to carry out a more refined analysis of properties of the sequence
{dn}7° leading to the asymptotics F(n) = O(d,).

Proposition 5. Let p € N, and let the sequence {d,}3° € {2\ {1 be generated by a
function d: d,, :=d(n) (n € p,00) defined on the interval (p,c0) and twice continuously
differentiable on it. Let also the function d satisfy the following conditions:

dn
(d0) % =1+ O(dy).
(d1) d'(n) #0 (n € m+1,00) and sup?@gﬁ_1 = miig;‘l < oo for some number
7
m € P, 0
(d2) d"(n) #0 (n € m+1,00) and sup,ctias % < oo for some number
¢mel-1,2]
m € P, 0
d'’(n
(d3) G = O(dy).
Then F(n) = O(d,).
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Proof. Since d,, — 0, n — oo, for arbitrary positive numbers u, v the following relations
hold:

(15)  a) (u+0(d,)) " =ut+0(d ,/Zig \f+o

Then condition (d0) implies the preliminary asymptotic estimates

(b0) 4o =14 0(d,);

dnt1
(bl) % =1+ O(dn);
(b2) 2 = 1+ 0(dy).

In this case, the following relations hold:
R M R R )

Tn41 dn+1 T4+l Tn—Tn—1
(bl) 1 O (

2
— 1 (=12 | ra/rpoatl  Th— o1
O( )(1 d'n+1 (T’n+1) ro/Tap1+l  12—r2

d+1

2

2
Tn—1  Tntrn-1  Tn=T n+1
" T+l TatTail r2—r2_ |

0(dn) (14 (14 0(dn)) (1+ O(dn))” - 555(03 - 22,
(15) n—dni2

2 LO(d,)(1+ (1+0(d, >>ﬁ>

—diO(d )((dn+1 dn—1)—(dnt2—dn +O(d )W)

dnt1—dn—1 dpp1—dn 1

(16)

(b0-b2,15,6)

Below we will need properties (d1-d3) of the sequence {d, }{°. Namely, for a suffi-
ciently large n and for some C' > 0 we obtain

(dnt1 — dn—l) — (dnt2 — dn) d/(n + o) —d'(n+0,)

=2

dnJrl - dnfl d/(n + Cn)
B d'(n+&,) o d'(n+&) d'(n)  d"(n) (d1-a3)
- Q(CH - on)m - Q(Cn Gn) d”(n) d’(n + Cn) d’(n) - O(dn)a
dp — dpis ’ | d'(n+6,)| ()
dn+1 - dn—l B d/(n + Cn) ’

where ¢, € [-1,1], 6, €[0,2], &, € [-1,2]. Then (16) implies the following estimate of
the function F(n):

O

Assumptions of Proposition 5 can already be used for wider classes of sequences. Let
us apply the above results to a two-parametric family of sequences including Example 1
as well.

Example 2. Suppose that the Hamiltonian Hx . is generated by the differential expres-
sion (1) as explained in Introduction, with X = {x,}5° defined by the relations

20=0, xp=2p-1+d, (neN),
(17) dy >0, d,= . (n € 2,00),
(v,m € (1/2, 1) x (=00, +00) U {1} x(—00,0].
Then Hx o is self-adjoint provided that there holds one of the following conditions:

sal ® a,n™3 I n = co.
( ) En—l n
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(sa2) There exists a constant C1 > 0 such that
Ch

an < =2(n"In"n+ (n+1)"In"(n+1)) + peE R

(n €N).

(sa3) There exists a constant Cy > 0 such that v, > *m?ﬁ (n €N).
Indeed, in this case we have {d,}5° € ¢2 \ ¢; and, by direct calculations, we conclude
that ”“ =1+ O(d,). It is important to note that the sequence % does not satisfy

estlmate (13) if n # 0. To prove that (sal) can be applied, we use Proposition 2.
1

To prove that (sa2) and (sa3) are applicable, consider the function d(z) = PR
¥ In"z

generating the sequence {d, }$°. Derivatives of this function are of the form
d(@) = —(yInz+n)a T
d"(x) = (y(v+ DI’z + 2y + Dyl +n(n+1)) 27 2" 2.

This immediately implies conditions (d1), (d2) of Proposition 5.
The relation

d’ (n) _(w7+mh3n+@7+nnmn+nm+1»

d'(n)d, B (yIn? n 4 nlnn)
shows that condition (d3) is fulfilled either for 3 < v < 1, n € (—o0,400), or for
¥y=1n<0.

Note that in the two-parametric family of sequences of form (17) lying in ¢ \ ¢;
there is a ”"gap” consisting of sequences of the form {m}, n € (0,1]. Condition

0’ n"n

(d0) is violated for sequences from this "gap” (despite the fact that lim, d;“ =1).
To investigate these cases, we must know additional properties of the sequence {d,,}5°.
Below, in Proposition 6, we present analytic conditions on the function d generating the
sequence {d, }7° such that we can choose the function G of (12) to verify estimate (II)

of Proposition 3.

Proposition 6. Letp € N, and let a sequence {d,, }3° be generated by a functiond: d,, :=
d(n) (n € p,0) that is defined on the interval (p,o00) and is continuously differentiable
on it. Assume also fulfillment of conditions (d0), (d1) of Proposition 5 as well as the
following condition:

(d4) There exists a k € N such that ‘d/d(—:) = O(d?).
Then there exist numbers {Ci}iem such that, for k from (d4), we have

1
(18) F@):&fEZQ' 1220” O(dn)  (n €p%0),
m =1 Ao+t
diny1—dn_ dn —dn,
where u(n) = =gt v(n) = g0t

Proof. Taking into account (11) we obtain

1 /7 1 T
Pov = (G5 1) 5 1)
(n) dn Tn—1 * dnJrl Tn41

Tn d +dn+1
1
oy N drde VT

Tn d + dn+1
Tn—i—l dn+1 + dn+2

where

1+ v(n).
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Using Taylor’s series expansion of the function /1 +z =14 Y 2, Ciz’ we have

(19 F() = = 3 Couln) + 7= 3 Coon)'

d
(e n—+1 i—1

Let us estimate the behavior of terms of these series at infinity. In view of (d0), (d1),
for some ¢, € [-1,1], 8, € [0,2] we have

d'(n+¢n) _ ,d'(n+¢n) dn, d'(n) |d'(n)]|
uln) =2 d(n)  dptdos  dy O( dn )
! an ! 071/ n ! !
o(n) = —2 d'(n+06,) :_Qd(n—i- ) d d(n):O<|d(n)|>
dnJrl + dn+2 d/(n) dn+1 + dn+2 dn dn
Then, for k£ € N from (d4), we obtain
> i d'(n)|*
Y Cou(n)' = O(u(n)*) = o(' Ezk” ) = 0(d?).
i=k n
Similarly, we conclude that > =, Cijv(n)" = O(d2). Hence estimate (18) holds. O

In some cases, the right-hand side of (18) can be used to select from F ”the best”
estimator G satisfying the relation F'(n) = G(n) + O(dy,). Such a function G should

include all the ”parts” of sequences d{;g’ﬂl (i € 1,k —1) that grow slower than d,, at

infinity. Note that to obtain more effective estimates in assumptions of Proposition 6,
the following argument is useful. Since

1 1 1 dn+¢) 1 dn+0)

—u(n) — v(n) = —- — .

dn dnJrl dn dn + dnfl dn+1 dnJrl + dn+2
B dy, dn+¢)  dap dy  d(n+6)
B dn + dn+1 d% dn—i—l + dn+2 d%—i—l d% ’

dn dn+1 . dn
+dni1 and dpy1+dni2 (dn+1

large n, we conclude that the behavior of the summand C (5-u(n)— ﬁv(n)) at infinity

is determined by the expression dl;l(zn). Trying to avoid general definitions here we will

and since both expressions 5 )2 are close to 1 for sufficiently

carry out the reasoning in the follov?fing example.

Example 3. Consider the sequences {m} n € (0,1] (see the argument before
Proposition 5, p. 366).

Put d(z) = 27 'In""2, n € (0,1], and p = 3. The function d derives the sequence
{1}, is defined on the interval (3,00) and is twice continuously differentiable on it.
We have

/ _ Inz4n
d(z) = T2 mitlgo
d(z) _  Inatn
d(z) — zlnz ?

from which we see that (2 dég))‘g = O(d?). Hence k = 3, and for estimating the function

F(n) we need to consider the expressions
2

d'(z) = 35 (s + miers + mts)

d’(z) _ 2In"z 3n—1 ?7+7]2
d2(z) — T + zlnl—"x + zln?~"x?

dl(m)2 I 2n
d3(z) — @ + zlnl= "z +

zln?~ " °
This makes it possible to presuppose that F' admits the asymptotic representation
F(n) = wi ™2 4wy —— + O(:55)

nlnl="7n nln"n
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with some coefficients wy, ws. In fact, by direct calculations we can obtain that

lim pnoF(n) = L

lim nln' " n(F(n) — %ln"n) =

n—oo
: 1In"n _ Oa ne (07 1)
nh_}néonln”n(F(n)—Z - _nlnf’nn)_{}l’ n=1 )
for n € (0,1], which gives the asymptotics
ilnzn+0(nlr}’7n)’ ’I’}E(O,%]
(20) F(n)=1q {1n n O(—-1 1
4" n +nln1_"n+ (nln”n)’ 776(5’ ]
e, 1€ (0, 3]

Finally, we have G(n) = . Let us summarize our con-

1In"n n 1
it amitrs 1€ (3]

siderations in the form of sufficient conditions for the operator Hx o to be self-adjoint.

Suppose that the Hamiltonian Hx . is generated by the differential expression (1) as
explained in Introduction, with X = {x,}5° defined by the relations
20=0, xp,=xp-1+d, (neN),
d1>07 dn:m (’I’LGQ,OO), 7’]6(0,1]

Then Hx o is self-adjoint provided that there holds one of the following conditions:

(sa1l) S2°°  |an|n=2In"*"n = oo.

(sa2) There exists a constant C1 > 0 such that

1ln"n 1
< " " 1 n 0 n€(0,3] o
ap < —2(nln n+(n+1)In (n+1)) + 1n"n n 7 1, I
4 n ninl="n’ 776(2’ ]
(sa3) There exists a constant Co > 0 such that
1In"n 1
S )i n€(0,3] Co
Qn = lln"n+ n G(l 1 T nln"n’
4 n ninl-7n0 1S\

3. SUFFICIENT CONDITIONS FOR NON-TRIVIALITY OF n4 (Hx )

For a positive sequence {d, }5°, define the sequence {7, }{° recursively

d
(21) T1:=1, Fpy1i=— ;—H (neN)

n

(here we generalize the arguments from [13, Proposition 5.13] regarding the case d,, =

1/n).

It is easy to show by induction that

dpi1dn_1 ...
dndna ...

We say that a sequence {d,, }$° satisfies condition (A) if
{Tn:rvn}(fo S 62,

and we say that it satisfies condition (B) if

1 1
(E + dn+1) fi = Un O(riﬁ%),

where {u,}5° is a real periodic sequence.

(22) Frgr = (—1)" (n € N).
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It follows from the results of [13] that the sequence d,, = 1/n satisfies both conditions
(A) and (B), and the period of the sequence {u,}{° equals 2; uy = 4/m, us = 7. As it
turns out, this result is general enough for sequences satisfying conditions (A) and (B).
Namely, the following statement holds.

Lemma 1. Suppose that a sequence {d,}3° € €2\l1 such that lim,,_, d;—:l =1 satisfies
also conditions (A) and (B). Then the sequence {u,}$° has the period equal to 2, with
urue = 4.

Proof. Let the sequence {d,, }?° satisfy conditions (A) and (B), and let N be the period
of the sequence {u,}°. We denote

— (i + 1 ) 72
fn = dn dn+1 T

In view of condition (B), pryrn = u1 + O(r,  nTion)- 1 < s < N is an arbitrary
odd number, we have

(23) Ps+kN = (d L, 1 ) (dd8+kNds+kN—2-~-

2
7 ) = O(s,k)p1yrn,
s+kN s+kN+1

s+ kN—10s+kN—3 - - -
where

1 1 1 1 N/ derendorin—2...d 2
O(s, k) :( + ) ( + ) ( +hNOs+kEN—2 3+kN )
ds+kN ds+kN+1 dl-‘,—kN d2+kN ds+kN—1ds+kN—3 . d2+kN

and also limy_ O(s,k) = 1. Since psprn = us + O(r2,  n72, 1y ), by passing to the
limit in relation (23) as k — oo, we obtain

Us = U7.
Thus, for an arbitrary odd n = 2k + 1 we have
pakt1 = ur + O(r3y 1 75y,41)-
Arguing similarly we can show that for an arbitrary even n = 2k we obtain
par = ug + O(r3,75;,).

Since

d d
P2kP2Ak+1 = (1 + 2k+1> (1 4+ 2kt >,
dok12 doy,

we arrive at the relation

~ g d d
(U1 + O(Tgk+17'gk+1)) (“2 + O(T%krgk)) - (1 + dz:iD (1 + (2;;:1 )

Finally, by passing to the limit in the latter as kK — oo, we conclude that

Uiy = 4.
|
Proposition 7. Suppose that the Hamiltonian Hx , is defined by the sequence {d,,}$° €

0o\l1 such that lim, dz% =1 and for which conditions (A) and (B) are satisfied.
If

oy = a(i + dn1+1) +0(dyn),

where the parameter a satisfies the inequality —2 < a < 0, then the Hamiltonian Hy , s
a symmetric operator with deficiency indices ny = 1.
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Proof. Due to Lemma 1, for the given sequence d,,, the real periodic sequence {u, }$° in
condition (B) has the period equal to 2, with ujus = 4.
Consider the sequence

1 1
a? ::—(—4— )—&-(a—i—l)unf;z.

dp,  dpt
It follows that
2 (a + 1) —r iy tdyt 0
By oo — —ritry 1d2 5 2r2 (a;f— 1)1uz _;nglrgldgl
“ 0 —ry T3 dy r3 T “(a+ 1wy

If Ry = diag(r,), Ry = diag(7,,), we have

(CL + 1)U1 —7:17:2d2_1 0
=~ =~ —Ffady ' (a+ 1)ug  —Fofady
B =
Fafix X’QORXRI 0 —7:2f3d3_1 ((Z + 1)%1
Since —Fpinp1d, |y = —p - —2EL 7 =1, then
(24) RiRxBx aoRxR = J,
where
(a+ 1Duy 1 0
g 1 (a+ 1Dug 1
‘o 0 1 (a+ 1)ug

is the periodic Jacobi matrix defined by both the sequence {u,}7° and the real parame-
ter a.

In view of (24), the vector fO is the solution of the equation J,f = 0 if and only if
the vector h® = Ry Ry fO is the solution of the equation Bx qoh = 0. If fO = {f,} is a
bounded sequence, due to condition (A) we obtain that h® = {r,7, f,} € lo.

As is known [16], solutions to the equation J,f = 0 are bounded if there holds the
inequality |A,(0)| < 1 for the Floquet discriminant. It follows from the above consider-
ations that the Jacobi matrix determined by the sequence {u,}° has the period equal
to 2. Consequently,

Ag(N) =1/2(=24 (A= (a+ Du)(A = (a+ 1)ug)).

This yields A, (0) = 1/2(=2 + (a + 1)%ujug) = 1/2(=2 + 4(a + 1)?) = 2(a + 1)% — 1.
Hence, |A,(0)] < 1if —2 < a < 0. Thus, under this condition, a solution to the equation
Bx qoh = 0 belongs to f3, and also Bx .0 is symmetric operator with deficiency indices
ny = 1.

We can simplify the general form of the sequence . Indeed, condition (B) implies
that

1
2 1 22152
(04 Duni? = (a4 1) (- + ) + (0 + DOCI)T?,
where (a + 1)O(r272)7,%2 = O(r2) = O(d,). It follows that

)+ O(dn),

1
(a+1)unr = (a +1)<d er“

and the sequence « of the form

oy = a(i + dn1+1) + 0O(dy,)
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derives a bounded self-adjoint perturbation of the operator Bx 0. Since deficiency indices
do not change under such a perturbation, we conclude that Bx , is a symmetric operator
with deficiency indices ny =1 as well. O

Example 4. Let d,, = n% (neN), v e (%, 1]. For the given sequence, we have

o= ()" (U5 (neN),

n!!

which implies that

(25) P2 = (Y = A (e +)(22)7) (meN).

Let us use the asymptotics

_92 . .
(-2 [ T+ O(n=2), ifnis odd
(26) (2n+ 1)( nll ) - { % +0(n=2), ifnis even

obtained in [13, Proposition 5.13], and also the asymptotics derived by the chain of
relations

1\7
(@7) *Gag = Qf((lf?))v = (2+34+0(n7) (1= Z5+0(n ™)) =277 +0(n"%).
2n

We have several relations (n € N)

72 (25, 26) o).

dp,=n""7r~ 7",21 ., n?= O(n*%) ,
They immediately yield that
(28) a) n"?= O(anQ), b) T,QLF,QL = O(n_Q'Y)

n

(here n € N). In view of (28b), condition (A) holds for the sequence {d,, }$°. Moreover,
putting w := (7, 2, 7, 2,...) and u,, := 2'"7w) (n € N), we obtain the chain

P R )

G+ k) 2 S e ()

26,27 _ _ _ 28a .

G20 (917 4 O(n2)) (wn + O(™2))" B, + 0(dn2) (neN).
We combine the essence of these considerations with particular case (sa2), (sa3) of Ex-
ample 2 for 7 = 0 (see p. 366) in order to demonstrate the dependence of the Hamiltonian
Hx o on an asymptotic behavior of the sequence a.

Suppose that the Hamiltonian Hx . is generated by the differential expression (1) as
explained in Introduction, with X = {x,}5° defined by the relations

$0:07 xn:xnfl—’_n% (HEN), ’76(%’1]

Then we have
if an < =2(n7 + (n+1)7) + Cin™7 (n €N) for some Cy > 0,
then Hx o is self-adjoint;
if an=a(n”+ (n+1)7) +O0(n™") (n €N) for some a € (—2,0),
then ny (Hx o) = 1;
if a, > —Con™" (n € N) for some Cy > 0, then Hx  is self-adjoint.

Acknowledgments. We are grateful to M. M. Malamud and A. S. Kostenko for sug-
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