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ONE REMARK CONCERNING DOUBLE-INFINITE TODA LATTICE

YURIJ M. BEREZANSKY

ABSTRACT. We propose the power moment approach to investigation of double-
infinite Toda lattices, which was contained in author’s article [6]. As a result, we
give the main theorem from [6] in a more effective form.

1. INTRODUCTION

In the articles [3, 4], the author has proposed an approach for finding a solution of
the Cauchy problem for a semi-infinite Toda equation, which is a difference analog of
the classical approach to a similar problem for the KdV equation. Author’s articles
[5, 6] containing a similar approach to a double-infinite Toda lattice ([5] is a previous
version, on the ”physical level” of rigor, but it can be applied to more general objects
than the Toda lattice). In the exact version [6], we could not find a general solution
of a first order three-dimensional linear differential system for a spectral matrix of the
corresponding block Jacobi operator. Therefore, [6] can be regarded only as a direction
of investigation (in the semi-infinite case [3, 4], the corresponding differential equation
can be solved).

In this article, we show that, instead of a differential system for spectral the matrix
from [6], it is convenient to comsider its power matrix moment [7, 2] interpretation,
which is equivalent to the initial system. The corresponding moments can be found
successively and, therefore, we get a more effective way of finding a solution of our
Cauchy problem for the double-infinite Toda lattice. More exactly, let a, (t), B, (t), where
n=...,—1,0,1,...,¢t € [0,T), be our solution. Then we have a procedure of finding this
solution for every n and all ¢ if we know the initial data and the solutions Sy (), 51 (t) for
every t € [0,T) (it seems that it is impossible to give a general formula for a,(t), 8, (¢)
that would express this solution in terms of the initial conditions).

This article consists of two sections, — in Section 2 we repeat the main results from
[6] in a form convenient for the subsequent exposition; in the Section 3, we present the
moment approach.

2. THE LINEARIZATION OF THE CAUCHY PROBLEM FOR A DOUBLE-INFINITE TODA
LATTICE

Consider the double-infinite Toda lattice

@ 6= 3OO = 50,
But) =a2(t)—a? |(t), neZ={...,-1,0,1,...}, te[0,T), T >0,

where o, (t) > 0, 8, () are real continuously differentiable functions uniformly bounded
w.r.t. n € Z. For (1) we set the Cauchy problem: to find the solutions o, (t), 8y (t) from
the initial data «,(0),8,(0),n € Z.
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19. In [6], Sections 3,4, we have proposed the following procedure of linearization of
this problem using the spectral theory of Jacobi-type block matrices in the space

(2) L=C'oC’aC?*a...; l>f=(fo,(fr0, f11), (fo.0, f21)s--.)

Use ay(t), Bn(t) from (1) to construct the following block Jacobi matrix: V¢ € [0,T)

50 (t) (%)) (t) Otfl(t) 0 0 0 0 0 0
(67 (t) Bl (t) 0 Oél(t) 0 0 0 0 0
Ckfl(t) 0 ﬁfl(t) 0 Ckfz(t) 0 0 0 0

0 |aoa(t) 0 |5t 0 |ao(t) 0 0 0

J(t)=| o 0 as®)| 0 B 0 as)| 0 0

0 0 0 [ax(t) 0 [Bs(®) 0 |az(t) 0

0 0 0 0 Oé_3(t) 0 6_3(t) 0 a_4(t)
bo(t) al(t) 0O 0 0o ...
ao(t) bi(t) ai(t) O 0o ... bo(t) = [Bo(t)] : C' — C',

= 0 @) b(t) ax(t) O , e ao(t)
0 0 as (t) b3 (t) ag(t) ao (t) = [a 01 (t):| : (Cl — (22,

aj(t) = [ao(t) a—1(t)] :C* = C', an(t) =aj(t): C* — C?,

Every such a matrix generates, in the space 1y, a Hermitian operator the domain
of which is the linear space lg, of all finite sequences from 1y. The closure J(t) of this
operator is a bounded selfadjoint operator in ly; ¢ € [0,T).

First, we give a construction of a generalized eigenvector expansion for the operator
J(t) with fixed t. It has the following form. Every such generalized eigenvector, p(A\) =
(pn(N)S,, with the eigenvalue A € R, is a solution, from the linear space 1 of all
sequences f = (f,)% o (fo € Ct, fu = (fn.0, fn1) € C2,n € N), of the difference equation

J()p(A) = Ap(N), e,
(4) bo(t)po(A) + ag(t)e1(t) = Apo(A),
An-1(1)Pn—1(A) + bn(t)on(X) + an(t)Pni1(X) = Apn(A), n €N,

Note that, in fact, (A) € la(p), where the latter space is the space 1y with some weight
p=(pn)> g, Pn > 1, common for all A € R and ¢ € [0,T).

Every solution ¢(A) = (vn(A))52, of difference equation (4) is real valued and defined
by the two initial condition. It is convenient to take, for such solutions, the following
two type of conditions:

() Po(A) = Lp10(A) =0 and  @o(A) =0,¢10(A) = 1.

A solution with the first pair of conditions in (5) is denoted by #(%)()\), with second pair
by () (A). Linearity of system (4) gives that an arbitrary generalized eigenvector has the
form: VA € R

(6) @A) = 0o (MNOIV(N) + 10N (N).
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It is convenient to introduce some matrix solutions of equation (4) using 8(%)(\) and
0™ (N). So, we put

P = [60 () 6500
0 1
P = | P G| _ [Pn;o,m PuoaW] . g2, o2
! 0 (N 0| o) Pana(V) ’
Then the following equalities for these matrix solutions (”polynomials of the first kind”)
follow from (4): VA € R,t € [0,T)
®) bo(t) Po(A) + ag(t) Pr(A) = APo(X),
An—1()Pru—1(X) + bp(£) Pu(A) + an(t) Pag1(A) = AP, (A), mneN.
The generalized eigenvectors of operator J(¢) introduced above, of course, depend on
t. Further, we will stress this dependence by writing P, (\;t), Pp.a.g(A;t) etc.

Introduce now the Fourier transform ~ generated by the operator J(¢) with fixed
t €10,T). Namely, we put for f € lg, : VA €R

1 0] = [Pooo(\) Pooi(N)] :C% > Ch
(7)

n € N.

(9) Fut) =" Prnst) fo = (foist), iilst)) € C2.

n=0
This Fourier transform acts from the space 1y into an L2-Hilbert space that depends

on t, L?(C2,R,dp(\;t)), of functions R 3 X\ = F(\) € C2, and is constructed by using
the scalar product

(10) (F.G) 12 mapint)) = / (A )F (), G(N))gs »

where dp(\;t) is the spectral 2 x 2-matrix measure of the operator J(t). Integral (10) is
defined in a standard way starting with simple functions. For the Fourier transform, the
Parseval equality takes place,

() (Fohs = [ (d0sHF:005060) . Frg € o

Using definition (9) and this equality we can continuously extend the Fourier transform
from lg, to the whole l5. Then such an extended transform f — f()\; t) will make a unitary
operator between the spaces 1y and L?(C% R, dp()\;t)). It follows from (9), (8), and (3)
that the image of J(¢) is an operator of multiplication by X in the space L?(C2, R, dp()\;t)).

The spectral matrix measure dp(A;t) is an analog of the spectral measure for classical
Jacobi matrices. It is a Borel and probability real 2 x 2-matrix valued measure: Vt € [0,T)
B(R) 387 p(8;1) = (pa,p(8;1)} 50, P(R,t) = 1. Tt corresponds in a one-to-one way
to a Weyl matrix-valued function m(z;t) via the classical equality: Vt € [0,T)

(12) m(z;t) = /]R %dp()\;t), z€ C\R.

Here

(R.(t)€0,0,€0,0)1, (Rz(t)51,0750,0)12:|
(R.(t)eo,0.€1,0)1,  (Rz(t)er,0,€1,0)1,

R.(t) = (J(t)—21)"', 2e€C\R,te€[0,T),
(1,(0,0),(0,0),...), e10=(0,(1,0),(0,0),...) € L.

0
Since the matrix J(t) is real, it follows that my o(z;t) = mg 1(2;t) and p1,0(A;t) = po,1(A
it), A€ B(R),t €[0,T).

(13) =

€0



ONE REMARK CONCERNING DOUBLE-INFINITE TODA LATTICE 335

As in the case of the classical Jacobi matrices, elements of the matrix J(¢) (3) can be
reconstructed from its matrix spectral measure dp(A;t) and its polynomials of the first
kind. Namely, from (9) and (11) it is easy to get: V¢ € [0,T)

ar(t) = / AP (N dp(hs P2y (M),

(14) b (1) :/)\Pn(/\;t)dp(/\;t)P,f()\;t), neN=1{0,1,2,...},
R

an(t) =an(t), neN

n

(the integrals (14) of 2 x 2-matrix valued functions are defined similar to (10)).
We stress that the system of all polynomials of the first kind is orthonormal (and
complete) in the space L?(C% R, dp(A;t)) : using (9), (11) we find V¢ € [0,7) and j, k € Ny

(15) | B0 PEit) = 801

(if j = k = 0 this integral is equal to number 1).

The orthogonality condition (15) gives a possibility to construct the polynomials of
the first kind P, ();t) directly using only the given measure dp(A;t). At first we note that
the support of dp(X;t) (t € [0,T) fixed) is bounded. Therefore, the functions R 3 A —
(p(N),q(N)) € R?, where p()\),q()\) are arbitrary polynomials with real coefficients, are
dense in the real part L2(R?, R, dp(\;t)) of the space L?(C2, R, dp(\;t)).

From those facts and formulas (7), (15), it follows that the sequence of rows of the
polynomials of the first kind,

(Po,0,0(A;t), Poo,1(Ast)), (Proo(Ast), Prioi (A1), (Prio(At), Pria(Ast)),
(16) (P2,0,0(A;1), Po;o,1(As 1)), (Pai1,0(As 1), Poa1(Ast)),
(P3;0,0(As 1), P3;0,1( A5 1)), (Pa;1,0(Ast), Poyia(Ast)), ...

can be found by applying the classical Gramm-Schmidt orthogonalization procedure to
the following sequence of R2-valued functions of the variable A € R :

(17) (1,0), (0, 1), (A, 0), (0, ), (A\2,0), (0, ), (A\*,0),....
The knowledge of (16) is equivalent, according to (7), to the knowledge of
ProsgXt),a,6=0,1,\ € R, te[0,7).

20, In this Subsection we explain the connection between the above stated spectral
theory of block Jacobi-type matrices (3) and ordinary double-infinite Jacobi matrices.
So, instead of the space ly (2), we will use the usual space

(18) 0(Z)=..0C'oC'eC ..., £6(17Z)>u=(u,)2

n=—oo"

Consider the double-infinite Jacobi matrix L(t) (¢ € [0,T) is fixed) with elements «,(t),

Bn(t) from (3); it acts on a sequence u = (u,)5 _ o ;un € C, as follows:

(19) (L)), = an—1(t)tn—1 + Bn()tn + an(t)tnt1, n€Z.

This expression generates, in the space ¢5(7Z), a bounded selfadjoint operators L(t) : it is
necessary to consider (19) on finite sequences u € ¢5,(Z) and then to take its closure in
05(Z).

I do not know a systematic account of spectral theory of such operators L(t), some
corresponding facts are contained e.g. in [2, 8]. But it is possible to say that its construc-
tion is similar to the spectral theory of the Sturm-Liouville operator £ on the whole axis
R > z : instead of the spectral measure dp(\;t) of the corresponding operator L, we have
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a spectral 2 x 2-matrix measure dp()\) the construction of which is connected with two so-
lutions of the equation Lo(x; A) = Ap(x; \) with the initial data p(0;A) = 1,¢'(0;A) =0
and ©(0; ) =0,¢'(0;A) =1, A € R.

In our case (19), it is also necessary to take two solutions of the equation (L(t)yp), =
Aon(Ast), n € Z, with the initial data in the points n = 0 and n = 1 : po(\;t) =
1,01(A;t) = 0 and po(A;t) = 0,1(A;t) = 1, construct the corresponding Fourier trans-
form, values of which are two-dimensional etc.

The spaces ¢3(Z) (18) and 1y (2) are isometric. For us, it is convenient to use the
following isometry U. Namely, in 15 we have a natural orthonormal basis,

(20) €00 = (1,(0,0),(0,0),...), VneNeg,,=1(0,(0,0),...,(0,0), (1,0) ,(0,0),...)
~——
nth place
if =0, and (0,1) at the place with index n if & = 1 (notations of f and J(¢) in (2), (3)
are given with respect to this basis). In ¢2(Z), we have the standard basis
(21) 6p=1(..,0, 1 ,0,...), neZ
n place
We put
(22) U: gg(Z) — 12, U50 = £0,0, Vn € N Uén = €n,0, Ué‘,n =En,1-
It is easy to understand that in terms of such isometry operators, J(¢) and L(t)
(t € [0,7) is fixed) are unitary equivalent, L(t) = U~1J(¢)U. So, we can formulate the
following
Remark 1. The corresponding parts of articles [5, 6] (Sections 7 and 4, respectively)
and Subsection 1 above, according to (20)—(22), give in fact an account of the spectral
theory of double-infinite Jacobi matrices of type (19).
3. Let us consider the Cauchy problem for the double-infinite Toda lattice (1). In
[6], Section 5, Theorem 1, it was proved that the elements mq g(z;t) of Weyl matrix

function m(z;t) (12) are solutions of the following system of three linear differential
equations w.r.t. mgo(2;t),mo,1(2;t) and mq1(z;t) :

zit) = —ap(t)moo(z;t) + %(Bo(t) = B1(t))mo.1(2;t) + ao(t)mq 1(z;t),

it) = —2a0(t)mo,1(2:t) — (B1(t) — 2)maa(z5t) + 1,
mio(z;t) =moa(z;t), z€C\R, te]0,T).
Here ag(t), Bo(t), B1(t) are real smooth coefficients connected by the equality (see (1))

228 - %(Bl(t) —Bo(t)), telo,T).

It is necessary to find a solution of system (23) with initial Cauchy data mgo(z;0),
mo,1(%;0), m1,1(z;0) for arbitrary z € C\ R. The coefficients a(t), Bo(t) and 51 (t) must
be defined from the conditions:

(25) lm zm(z;t) = —1
|z| =00
(which is equivalent to the condition p(R;t) = 1,¢ € [0,T)).

System (23) with conditions (25) can be rewritten as a system for elements of the
derivatives of the corresponding spectral matrix measure dp(\; t) ([6], Theorem 10). More
exactly, introduce the following finite Borel measure (a joint spectral scalar measure):

(23)

(24)

T
(26) B(R) 9A»—>/ Tr p(s £)dt =: o(8) > 0.
0



ONE REMARK CONCERNING DOUBLE-INFINITE TODA LATTICE 337

For arbitrary ¢ € [0,T), the spectral matrix measure dp(X;t) is absolutely continuous
w.r.t. do(A), therefore we can introduce V¢ € [0, T) the matrix derivative dp(A;t)/do(N) =:
7(A;t) = (Ta,5(A 1)), s—0- The later functions are defined for do())-almost all A € R and
we have the equalities

p(531) = / r5Odo(N),  pap(Bit) = / ras (s )do (),
AEBR), tel0,T), a,f=0,1.

(27)

System (23), in terms of 74 g(A;t), has the following form:

70,0(Ait) = (Bo(t) = A)ro,0(A;t) + 200 ()roa (Ast),

(28) 0,1 (Ait) = —ao(t)roo(Ast) + %(50(0 = Bi())ro,1(Ast) + ao(t)r1,1(Ast),
71,1 (A1) = —2a0(t)ro,1 (A1) — (Bi(t) — AN)r1,1(A; 1),
70170(>‘; t) = 7'071()‘; t), tel0,T).

Functions 74 g(A; t) from (28) are one time continuously differentiable on [0, T") for do(\)-
almost all A € R, the equalities (28) are fulfilled also for such A. For this system (28),
it is also necessary to find a solution of the Cauchy problem if rg o();0),70.1();0), and
r1,1(X; 0) are given. From (27), it follows that this measure, for every A€ B(R), have the
same smoothness.

Such problems for (23) and (28) are equivalent, — the connection is given by formulas
(12) and (27), (26).

Unfortunately, we cannot find, in the general case, solutions of these Cauchy problems
for (23) or (28) (it is possible to do [3, 4, 6] in the case where the double-infinite Toda
lattice is replaced with a semi-infinite one, i.e. if Z is replaced with Np). In the next
Section we will explain in what way it is possible to overcome this difficulty. But now we
can only formulate the assertion about the following linearization of the Cauchy problem
for (1) [6], Theorem 11.

Theorem 1. Consider the Cauchy problem for lattice (1) with given initial data: ,(0),
Bn(0),n € Z. It is possible to find its solution by applying the following linearization
procedure.

1) Using the initial data consider the matriz J(0) (3) and find its matriz spectral
measure dp(\; 0) and Weyl function m(z;0), A € R,z € C\ R.

2) Consider the linear system (23) w.r.t. the unknowns mg o(z;t), mo1(z;t), m11(z;t),
and find its solution using the initial data mqa g(2;0); o, 6 =0,1,z € C\R.

3) In 2) the coefficients ap(t) > 0,B0(t) 1(t),t € [0,T), are real smooth arbitrary
functions. We find these functions using the conditions (24), (25) and the found above
solutions of (23).

4) Usingm(z;t),z € C\R,t € [0, T) we find the corresponding matrix spectral measure
dp(A\t),A e R,t € [0, T) (see (12)).

5) For fived t € [0,T), consider the space L?>(C?,R,dp(\;t)) and apply the Gramm-
Schmidt orthogonalization to sequence (17) in this space. As a result, we get the sequence
(16) of the polynomials of the first kind.

6) The solution of our Cauchy problem for (1) is obtained by using formulas (14), (3).

Note that, in this approach, a realization of items 2), 3) are problematical but, in
some cases, a similar realization is possible. For example, if we assumed that all v, (t) =
0,n=...,—2,—1;t € [0,T) are arbitrary (in this case we have, actually, the semi-infinite
Toda lattice (1) with Ny instead Z).
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In the above scheme, we can use system (28) instead of system (23) in items 2), 3), but
in doing so it is necessary to know (from some additional data) the joint scalar spectral
measure (26). Now for the knowledge of dp(A;t) we use (27).

3. AN APPROACH BASED ON THE THEORY OF MOMENTS

It is not always possible to succeed in finding a solution of the Cauchy problem for a
general system of three linear equations (23) (or (28)). Therefore, the results of Section
2 can be considered only as a direction for searching a solution of the Cauchy problem
for the Toda lattice (1). In this Section we show that it is possible to pass from system
(23) to corresponding moments and, in this way, to get more effective results.

Consider the classical power moments connected with the Weyl functions mq g(z;1t)
from (12), (13), and the corresponding spectral measure dpy g(A;t) : Vt € [0,T)

sn(a, B;t) = / N'dpa p(Xit), «,8=0,1,

(29) .

ie. s,(t) = / Ndp(\;t) : C* — C%, n € Ny.
i

These matrix moments appear also in the following expressions that follow from (12):
vVt € [0,T)

e | 5mdeastin == [ (=32 g s000)

:‘/Z< ) dosit) = = 3 Shpsalansin). o> R ap=0.1

n=0

Here R > 0 is so large that the spectrums of all the operators J(t),t € [0,T), are located
in the ball {z € C||z| < R}. The convergence of the series in (30) is uniform for |z| > R+e,
where € > 0 is arbitrary fixed.

According to (29), (30) we have the following for the first identity in (23) (note that
vVt € [0,T) poo(R;t) =1): V|z| > R,t € [0,T)

- Z n+1 n(0,0;t) = 1hg,0(25t) = (Bo(t) — 2)mo,0(z;t) + 2a0(t)mo1(2;1) — 1

(31) / Fot) — Bl =4, po.o(A;t) + 2/\0@( )d po,1(A;t)

:—Z St (Bo(®)5n(0,058) = 511.(0,051) + 200 (t)50 (0, 1;4)).

Identity (31) means that
(32) $,(0,0;t) = Bo(t)$n(0,0;t) — $n+1(0,0;t) + 200 (t)$,,(0,15t), m €Ny, te€]0,T).

Similarly to (31), (32) we conclude from the second and the third identities in (23)
that Vn € Ng,t € [0,T)

$0(0,150) = —a0(1)5n (0,058) + 5 (Bot) = F1(2))5n (0, 158) + a0 (1) (1,110,
$n(1,1;t) = —20(t) 85, (0, 15t) — B1(t)sn (1, 15t) + spt1(1, 158).

As a result, we have proved the following.
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Lemma 1. The system (23) for mqg(z;t) is equivalent to the following system for
moments (29):

$n(0,05t) = Bo(t)sn(0,0;t) — 85 11(0,0;t) + 2 (¢) s, (0, 1;¢),

(010 = S = () 0.1 + an(B)sn(1,158) = 5,(0.0:0),
$n(1,15t) = —ﬁl( Vs (1, 158) + spa1 (1, 158) — 2a0(t)s,(0, 15 ),
sn(1,0;t) = 5,(0,1;t), neNgy, te€][0,T).

For the proof it is necessary to note that the moments (29) for n € Ny uniquely
defined dpq,g(A;t) and therefore mq g(z;t), since these measures have bounded support
(o, 3 =0,1,t € [0,T)). Note also that the identities (33), of course, follow from (28),
too.

Consider the second identity in (33) as a differential equation in ¢ with respect to
$,(0,1;t) and using (24) we can find its solution and rewrite this identity in the form:
VYn € Np,t € [0,7)

(34)  s5,(0,1;t) = ozo (ao $,(0,1;0) + /0 () (sn(l, 1;7) — Sn(0,0;T)) dT).

So, we have from (33), (34) that

Sn+1(0,05t) = Bo(t)sn(0,0;t) — $,(0,0;t) + 2a0(¢) s, (0, 1;1),
Sn+1(1,158) = B1(t)sn(1,1;8) + 5,(1, 15¢) 4 200 (t)sn,(0, 15¢),

$n(0,15¢) = aal(t) (aO(O)sn(O, 1;0) + / 04(2)(7') (sn(l, 1;7) — $,(0,0; T))dT),
0
sn(1,0;t) = 5,(0,15t), neNy, tel[0,T).

(
B
(35)

These identities make it possible by using the functions By(t), 81(t), t € [0,T) to
recursively find s, («, 8;t) Vo, 3 =0,1,t € [0,T), and n € Ny. So, using the solution

(36) ag(t) = ag(0)e3 Jo =R dr 4 [0, T),

of equation (24) w.r.t. the unknown ag(t) and the identities p g(R;t) =1 for a = 8 =
0,1, or p,g(R;t) =0 for « =0,8 =1 (for every t € [0,T)) we get: Vt € [0,T)

$0(0,0;t) =1, so(1,1;¢) =1, s0(0,1;¢) =0,
51(0,05t) = Bo(t), s1(1,1;t) = Bu(t),
(37) 51(0,1;t) = ag " (£) (a0 (0)s1(0, 1;0) + af (t) — a5 (0)),

ey

sn(1,05t) = s,(0,1;¢), n € No.

The identities (35), (36), (37) permit to find recursively all the moments s, (o, 8;1),
(29), n € Ny, and therefore the matrix spectral measure dp(X;t),t € [0,T). To carrying
out this procedure, it is necessary only to assume that the functions 5y (t) and 51 (t) are
smooth. We will assume that these functions are infinitely differentiable on [0, T).

Thus, we recursively find the functions s, («, 3;t),a, 8 = 0,1,t € [0,T) from (35), (37)
using Bo(t), f1(t), t € [0,T), (36) and the following initial conditions:

sn(O,O;O)://\"dpQO(/\;O), sn(l,l;O):/)\”dpl,l()\;O),

(38) R R

$,(0,1;0) = / Adpo1(A;0), n e Np.
R
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Note that we know the initial data of our Cauchy problem and, therefore, we know
the matrix J(0) from (3). Then we can calculate its spectral measure dp();0) and the
moments of this measure, i.e., the integrals in (38).

It is also necessary to note that there also exists the classical formulas for moments
which are calculated directly from elements of the Jacobi matrix (see [9]).

As a result, we know all the matrix moments s, (t), n € Ny, of our spectral measure
dp(\;t),t € [0,T). Tt is easy to understand that the knowledge of all the moments gives
the possibility to find the solution a,(t), 5, (t) of our Cauchy problem for (1).

Namely, first we note that the knowledge of s, (t), i.e., s, (e, 8;t) (29), permits to find
the scalar products in the space L?(C?, R, dp();t)) of R%2-values functions of A € R, which
are some linear combinations of the functions

(39) R3>A= (W, M) eR?CC? 4, keN,.
So, we have
((AJ7 )\k)a ()‘ma )‘n))Lz(Cz,R,dp()\;t)) = /(dp()\, t)()\ja )‘k), (Am7 )‘n))(CZ
R
= 5j+m(0a 0; t) + Sk+m(07 17 t) + Sj+n(07 17 t) + 5k+n(13 1; t)a ja k? m,n € I\IO-

(40)

From identity (40) and the Gramm-Schmidt orthogonalization procedure applied to
the sequence of C2—values functions (17) we easily conclude that if we know the all
the matrix moments s, (t) for n = 1,...,2r, » € N, then we can find the orthonormal
functions (16) up to (Pr.1,0(A;t), Pr1,1(Ast)), ie., we can find all polynomials of the first
kind, Py(A;t),..., P-(A\;t).

Using formulas (14) (given in terms of the scalar product in the space
L?(C% R, dp(\;t))), the identity (40) and latter calculations we conclude that the knowl-
edge of the matrix moments allows to find b, () (or a4(t)) if we know the moments s, (¢)
forn=1,...,4¢+ 1 (orforn=1,...,4¢+3); t € [0,T).

As a result of the above considerations, we can formulate the following main theorem.

Theorem 2. Consider the Cauchy problem for Toda lattice (1) with the initial data
an(0), 8n(0), n € Z. Assume that we also know the solutions Bo(t), f1(t) for allt € [0,T)
of this problem; we assume that these two functions are infinitely differentiable. To find
its complete solution, one can apply the following procedure.

1) Using the initial data, consider the matriz J(0) (3) and find its matriz spectral
measure dp(\;0) and the corresponding initial moments

(41) sn(oz,B;O):/)\"d,oa,g()\;O)7 a,=0,1; sn(O):/)\"dp(/\;O), n € Np.
R R

2) Using formulas (35), (36), (37) we recursively find the moments sp(«, B;t) for
t > 0 using the initial identities (41).

3) For fized t € (0,T), consider the space L?>(C?,R,dp(X;t)) and apply the Gramm-
Schmidt orthogonalization procedure to sequence (17) in this space. We calculate
the scalar product by means of identity (40) with the constructed above moments
sn(a, B;t). As a results, we get for n € Ny the polynomials of the first kind,
P,(\t),t €10,T).

4) Using the obtained polynomials of the first kind, P,(\;t), and expressions (40)
for the scalar product in L*(C?,R,dp(\;t)) by means of formulas (14) we get the
ak (t),bn(t), i.e., the sought solution au,(t), Bn(t),n € Z,t € [0,T) (formulas (14)
should be rewritten with the use of the scalar products in L?(C2, R, dp(\;t))).

If we want to find a(t) (i.e., an(t),a—n_1(t)) or by(t) (i.e., fn(t), B_n(t),) n € Ny,
it is necessary to know the first 4n + 3 (or 4n + 1) matriz moments.
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Remark 2. Of course, it is possible to give some formulas for the expression of a, (t), 5, ()
in terms of the matrix moments (similar to the classical determinant formulas for ele-
ments of the Jacobi matrix in terms of the ordinary power moments, see e.g. [1], [9],
Supplements).

It is useful to illustrate this moment approach to Cauchy problem for semi-infinite
Toda lattice when the equations of type (23), (28) are solvable (see [6], Section 2).

So, we have the Toda lattice (1), but now n € Ny and we assume that a_;(t) = 0,
t € [0,T); the Cauchy problem is standard: the initial data ., (0), 5,(0),n € Ny, is given.
It is necessary to find the solution a,(¢), 8, (t),n € Ng for ¢ € [0,T).

For such a problem, the role of the block Jacobi matrix J(t) (3) plays the classi-
cal Jacobi matrix J(t) with (8,(¢))22, on the main diagonal and (o ())5, on two
neighboring diagonals. Instead of the space 1y, we have the usual space ¢ of sequences
f = (fn)S%, fn € C; instead of the matrix spectral measure there appears the scalar
spectral measure dp(\;t).

Instead of the matrix Weyl function, we have ordinary Weyl function m(z;t) which is
a solution of the following differential equation (see [6], (15)):

m(z;t) = (z — Bo(t))m(z;t) +1, z€C\R, te[0,7T),
(42) 1 .
m(z;t) = / ﬁdp()\;t) (see also [6], Section 6).
R A —

It is easy to calculate that the equation (42), in terms of the moments of the measure
dp(\;t), is equivalent to the following recurrence equalities of type (35):

(43) Snt1(t) = 8,(8) + Bo(t)sn(t), neNg,t€l[0,T); sut / A"dp(A;t).
We get from (43): Vt € [0,T) that
(44) sot) = 1,s1(t) = Po(t), s2(t) = Bo(t) + B3 (1), s3(t) = Bo(t) +...,...

We can apply, in this case, the approach of Theorem 2: it is necessary to find s,,(t)
recursively from (43), (44) with the “initial conditions”

(45) al0) = [ Xdp(30), e T,

where dp(X;0) is the initial spectral measure of the Jacobi matrix J(0) constructed from
the initial data o, (0), 8,(0),n € Ng. To satisfy conditions (45), it is necessary to take the
corresponding function £y (t) with proper values of the derivatives (&2 5,)(0), m € No).
On the other hand, in our case the spectral measure dp(\;t) and the function By(t)
can be calculated as follows: according to [6], Section 2, formulas (35), (36), we have

dp(Xt) = e Jo Pl ds M3 0),

Bolt) = (/Re’\tdp()\;O))il/R)\e’\td,o()\;O), AeR, tel0,T).

One can check that this spectral measure is defined uniquely by the recurrence proce-
dure described above and the initial conditions (45).
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