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ABSTRACT. We study one-dimensional Schrédinger operators S(g) on the space L?(R)
with potentials ¢ being complex-valued generalized functions from the negative space
Hu_nlif(R). Particularly the class Hu_nlif(IR) contains periodic and almost periodic

ngi (R)-functions. We establish an equivalence of the various definitions of the
operators S(q), investigate their approximation by operators with smooth potentials
from the space L _.;(R) and prove that the spectrum of each operator S(g) lies within
a certain parabola.

1. INTRODUCTION AND MAIN RESULTS

In the complex Hilbert space L?(R) we consider a Schrédinger operator

d2
S(q) = ——
with potential g that is a complex-valued distribution from the space H_}:(R) C H, ! (R).
Recall that H;_'(R) is a dual to the space H}, _(R) of functions in H'(R) with compact

loc comp
support and that every ¢ € ngi(R) can be represented as @' for Q € L2 (R). Then
the operator S(g) can be rigorously defined, e.g., by the so-called regularization method
that was used in [1] in the particular case ¢(z) = 1/z and then developed for generic
distributional potential functions in H, ! (R) in [21, 22]; see also recent extensions to more
general differential expressions in [7, 8]. Namely, the regularization method suggests to

define S(g) via

+ q(x)

(1) S(9)y =1yl = —(y' — Qy) — QY
on the natural maximal domain
(2) Dom(S(g)) = {y € L*(R) | 5’ — Qy € ACie(R), Ily] € L2(R) },

where ACj,(R) is the space of functions that are locally absolutely continuous. It is easy
to see that S(¢q)y = —y” + qy in the sense of distributions and the above definition does
not depend on the particular choice of the primitive Q € L2 (R).

One can also introduce the minimal operator So(g), which is the closure of the restric-

tion Spo(q) of S(g) onto the set of functions with compact support, i.e., onto

Dom(So0(q)) := {y € Limp(R) | 4,4/ — Qu € AC1c(R), I[y] € L*(R) }.

In the case where the potential function ¢ is real-valued, the operator Soo(g) (and hence
So(g)) is symmetric; moreover, in a standard manner [18] one can prove that S(q) is an
adjoint of Sp(g). An important question preceding any further analysis of the operator
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SCHRODINGER OPERATORS WITH COMPLEX SINGULAR POTENTIALS 17

S(q) is whether it is self-adjoint, i.e., S(q) = So(gq). The case where the potential belongs
to the space H_!.(R) was investigated in [10]. We recall [10] that any ¢ € H_.(R) can
be represented (not uniquely) in the form

(3) 1=Q +,

where the derivative is understood in the sense of distributions and @ and 7 belong to
the Stepanov spaces L2 ..(R) and L} ..(R) respectively, i.e.,

t+1
1QI2: gy = sup / 1Q(s)[2ds < oo,

t+1

Ll (R) 7= SUp / |7(s)|ds < 0.
teRrR ?

el

Given such a representation, the operator S is defined as

(4) Sy =—-('—Qy) —Qy + 71y
on the domain (2). This definition also does not depend on a particular choice of @ and 7
above. Theorem 3.5 of the paper [10] claims that for real-valued ¢ € H.(R) the operator
S(q) as defined by (4) and (2) is self-adjoint and coincides with the operator Sys(q)
constructed by the form-sum method. However the proof given in [10] is incomplete.

The fact that S(g) is indeed self-adjoint is rigorously justified in the paper [18] for
the particular case where ¢ € H;nlif(R) is periodic. The authors prove therein that
So0(q), S(¢), Sss(q) and the Friedrichs extension Sg(g) of So(g) all coincide. However
the arguments heavily use periodicity of ¢ and can not be applied to generic real-valued
qe€ HJnlif(R). This gap in the proof of Theorem 3.5 of [10] is filled in by the authors in
their recent paper [11], see also [14].

This paper deals with the case when the potential g € HJnlif(R) is complex-valued.
One can easily see that in this case all the operators So(q), S(q), Sfs(¢) and Sp(q) are
well-defined and are related by

So(q) € Sr(q) = Sss(q) C S(q), Dom(Sr(q)) € H'(R), Dom(S(q)) C Hpp(R)NL*(R).

The main purpose of this paper is to prove that these operators coincide and to
investigate their approximation and spectral properties. Let us state the main results.

Theorem A. For every function ¢ € H. ' (R), the operators So(q), S(q), Sys(q) and
Sr(q) are m-sectorial and coincide.

Theorem A allows to link the known results for the Schrodinger operators in the space
L?(R) which are defined in different ways, see e. g. [2, 5, 9, 13, 24].

In the paper [18] the authors proved that for every real-valued 1-periodic function
q € ngi (R) a sequence of smooth 1-periodic functions g, exists such that the sequence of
operators S(g,,) converges to the operator S(g) in the sense of norm resolvent convergence.
It is sufficient to establish

lg—anllg-101) — 0, n— o0
(0,1)

The following theorem generalizes this result in two directions. The potential ¢ may be
complex-valued and non-periodic.

Theorem B. Let q, q,, n > 1, belong to the space Hu_nlif(R). Then the sequence of
operators S(qn), n > 1, converges to the operator S(q) in the sense of norm resolvent

convergence, R(\,S) := (S — A\ld)~t:
(5) IR(A,8(9) = R(A, S(gn))[| = 0, n— 00, A€ Resolv(S(q)) # 0,



18 VLADIMIR MIKHAILETS AND VOLODYMYR MOLYBOGA

if
©) 0 =80 g oo
or, equivalently,
(7) Qn LMR) Q, T L‘lﬂR) T, T — 00.
Since the set C=(R)N L} ;;(R) is dense in the space H_ }:(R) (see Section 3.2 below),

the following corollary holds.

Corollary B.1. For every function ¢ € H_* (R) there is a sequence of functions ¢, €

unif

C>®(R)NLL .(R) such that the limit relation (5) is true. If the function q is real-valued,

unif
then the functions g, can be chosen to be real-valued as well.

In particular, if @ and 7 are almost periodic Stepanov functions then @,, and 7, can
be chosen to be trigonometrical polynomials [15, Theorem 1.5.7.2]. If Q and 7 are are
bounded and uniformly continuous on the whole real axis R, then @, and 7, can be
chosen to be entire analytic functions [15, Theorem 1.1.10.1, Remark].

The following theorem allows to describe the localization of the spectrum of the op-
erators S(q).

Theorem C. The numerical ranges of the operators S(q) (and therefore their spectra)
lie within the parabola

(8) m A| < 5K (ReA + 42K + 1)1

K =2 (1, + 1722, ) -

unif unif

If the potential q is real-valued, then the self-adjoint operator S(q) is bounded below by
the number

m(K):{—élK, if K €10,1/2),

—32K4, if K >1/2.

Note that if a complex-valued potential ¢ € HJnlif(R) is a periodic generalized function,

then the spectrum of the operator S(¢) lies within a quadratic parabola [16, Theorem 6].
A similar result holds for certain complex-valued measures, see [24] and Section 3.3,
formula (38).

Similar problems are considered in the papers [3, 4, 6, 17, 20, 23].

2. PRELIMINARIES

This section contains several statements that are used in the proof of Theorem A.
We begin with introduction of the dual operators Siy(q) ST (gq).
The formally adjoint quasi-differential expression 17 for 1 is defined by [25]

U{O} =, ’U{l} = ’Ul _@U, ’U{Q} — (U{l})/ +@U{1} + (@_?)07
o] i= —o™, Dom(1*) i= {0 R C |v,01) € ACK(R) }.

By = we denote the complex conjugation.
Then

Stv=ST(q)v:=1"[v], Dom(ST) := {v € L*(R) ’v, vt € AC1(R),1T[v] € LA (R) } )
Sgov = Sgo(q)v :=1T[v], Dom(Sgy) := {v € Dom(S*) | suppv € R}.

One can easily see that if Img = 0 then the operators Spo(q) and S{y(g), S(g) and
ST (q) coincide.
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Lemma 1. [Theorem 1, Corollary 1 [25]]. For arbitrary functions v € Dom(S), v €
Dom(S™) and finite interval [a, b] the following equality holds:

) /: )7 do — /ab 0] dz = [u, o]?,
where
s 0](6) 2= u(Hyo T () — Y (20,
[u, 0]}, == [u, v](b) — [u, v](a).

Lemma 2. For arbitrary functions u € Dom(S) and v € Dom(S™1) the following limits
exist and are finite:

[, )(—00) =, lim_[u,0](t),  [u,v](o0) := lim [u,0](1).

Proof. Let us fix the number b in the equality (9) and then pass to the limit as a — —oo.
Due to the assumptions of the lemma u, v, l[u],[*[v] € L?(R), the limit [u, v](—o0) exists
and is finite. Similarly one can prove that the limit [u,v](c0) exists and is finite.

The Lemma is proved. O

Lemma 3. (Generalized Lagrange identity). For all functions u € Dom(S), v €
Dom(S™) the equality

(10) /OO 1[u]v da — /oo ult o] de = [u,v]>®,,

— 00 — 00

[u, v] % = [u, v](00) — [u, v](—00).
holds.
Proof. The identity (10) is true due to Lemma 1 and Lemma 2. O

In the following proposition we describe properties of minimal and maximal operators
and their adjoints.

Proposition 4. For the operators S, Soo and ST, S, the following statements are ful-
filled.

19, The operators Sy and Sg, are densely defined in the Hilbert space L*(R).
20, The following relations hold:

(So0)" =ST, (S§) =Ss.
3Y. The operators S, ST are closed and the operators Sy, SS'O are closable,
So = (So0)™, 8§ == (Sgo) " -
49, Domains of the operators So, Sq can be described in the following way:
Dom(Sg) = {u € Dom(S) | [u,v]*,, =0 Vv e Dom(S")},
Dom(S{) = {v € Dom(S") | [u,v]*,, =0 Vu € Dom(S)}.

59. Domains of the operators S, So, Spo and ST, Sg, SS‘O satisfy the following rela-
tions:
u € Dom(S) & u € Dom(ST),
u € Dom(Sy) < u € Dom(S]),

0
u € Dom(Sgg) < @ € Dom(Sg,).
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The proof of properties 1°-4° in Proposition 4 is similar to the proof of similar state-
ments for symmetric operators on semi-axis [25], see also [19]. The property 5° is proved
by a direct calculation.

We use the following estimates obtained in [10, Lemma 3.2] to prove the main theo-
rems.

Lemma 5. Let the functions Q € L2 ((R), 7 € L! ..(R) and u € H*(R). Then Ve €

unif unif

(0,1] and ¥n € (0,1] we have the estimates

(@ @w) | < 1@z, e (I3 + 4=~ ullfem) ) -

unif

(7 [ul?) L2 ry] < N7l (R) (UHU/H%Q(]R) +87771HU||%2(R)) .

unif
3. PrROOFS

3.1. Proof of Theorem A. Consider the sesquilinear forms generated by preminimal
operators Sgo(q)

f800 [U5 V] 1= (So0(q)u, V) r2r) = (U, v") 2r) — (Q,Wv + W) p2) + (T, W) r2(R),
Dom(%s,,) := Dom(Sgo(q))-
The corresponding quadratic forms are
fsoo[u] = (W ) r2r) — (Q,Wu+1u) 2wy + (7, [u]?) L2w).-
Introduce the notation
tQr[u,v] == —(Q,0v + W) 2r) + (7, W) 2(r),  Dom(tq,-) := Dom(Seo(q)),
tolu, v] := (v, v") L2 (m), Dom(fg) := Dom(Spo(q))-

Then, due to Lemma 5, the forms tq ; are 0-bounded with respect to the densely defined
positive form £,

(11) lto.-[u]] < Ketolu] + 4K6_3Hu||2L2(R) Ve € (0,1], u € Dom(ty),

K =2 (1Qlz, 0 + I7lls, w0 ) -

unif
Formula (11) implies that the sesquilinear forms fg,, = fo + tg,, are closable, ts,, :=
(tSOO)N:
tseo [, v] = (W, 0) 2y — (Q, Wv + W) r2(r) + (T,W0) r2(r), Dom(ts,,) = H'(R).

Forms tg,, are densely defined, closed and sectorial. Then due to the First Representation
Theorem [12], to the sesqulinear forms tg,, we associate m-sectorial operators Sg(q) that
are the Friedrichs extensions of the operators Soo(g).

Proposition 6. The m-sectorial operators Sgp(q) are described in the following way:

Spu=Sp(qu=1[u], Dom(Sp)= {u c H'(R) ’u ulll € AC1oo(R), 1[u] € L3(R) } .

The proof of Proposition 6 is similar to the proof of [10, Theorem 3.5] for real-valued
distributions ¢ € H_!.(R).

unif

Thus we have established that the following relations hold:
(12) Soo € Sg C S CS.
Passing to the adjoint operators (12) and using property 2° of Proposition 4, we obtain
(13) Sgo € Sa C SjC ST
One can easily prove that the operators S% coincide with Friedrichs extensions S}, of the
operators Sy.
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Let us now define the operators (1) as form-sums.
Consider the sesquilinear forms generated by the distributions ¢ € H_ (R)

unif
iylu,0] == (q(@)u,0), Doml(f,) = C*(R),

where (-,-) is a sesquilinear form pairing the spaces of generalized functions ©'(R) and
test functions C§°(R) with respect to the space L?(R).
Due to Lemma 5, the forms

tq{u] = (q(x)u,v) = —(Q,U’u +EUI)L2(]R) + (7—7 |u|2)L2(R)7 u € CSO(R)7

satisfy the following estimates:

fialul] < 2 (192, ym + 7Ny o®) (I 13eg) + Aluldem)) v € CER).

unif unif

Therefore, the forms #, allow for a continuous extension onto the space H*(R) [20]. The
sesquilinear forms #,[u, v] on the space H'(R) are represented as

(14) tq [u,v] = —(Q, v+ ﬂUI)Lz(R) + (7, E’U)Lz(R), DOIn(tq) = Hl(R>.

One can easily see that the following Lemma is true applying the estimates of Lemma 5.
Lemma 7. The sesquilinear forms tq, are 0-bounded with respect to the sesquilinear form
tolu,v] == (u',v")2m), Dom(ty) :== H'(R).

Thus, the sesquilinear forms
(15) t[u, v] == to[u,v] + t4[u,v], Dom(t) := H*(R),
are densely defined, closed and sectorial. According to the First Representation The-
orem [12], the forms ¢ can be associated with m-sectorial operators Ss(g), which are
called the form-sums and denoted by
2
Sgs = Sys(q) := a2 T q(x),
Dom(Sys(q)) :== {u € H'(R) |-u" + q(z)u € L*(R) } .
Since the forms ¢ coincide with the forms ¢g,,, the form-sum operators Sy(¢) and the

Friedrichs extensions Sg(g) of operators Soo(g) coincide, Sp(q) = Sys(g).
Thus, relations (12) and (13) take the following form:

SOOCSOCSF:SfS CSs,

(16) Dom(Sg) € H'(R), Dom(S) C H (R),

Sqo C Sy C S§ =S}, =S =8}, c ST,

(17) Dom(SE) € H'(R), Dom(S*) C HL(R).

Proposition 8. Suppose Dom(S) C H'(R). Then the operators So(q) and Sg(q) are
m-sectorial and

So =8SF =8Sfs =5,
SS':S;C:S;{S:S}:S;ZS:Sf
Proof. Let the assumptions of Proposition 8 be fulfilled. Then due to property 5° of

Proposition 4 we also have Dom(S™) c H!(R).
For Q € L?_(R) and u € H'(R) we have Qu € L?(R) [10, Theorem 3.5] and therefore

unif
W= = Qu e L2<R), o1 = —@U c LQ(R).
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So, Yu € Dom(S) and Vv € Dom(S™) we obtain

(18)  [wel(—o0) = lim [u,0](t) = lim (u(t)ol (@) - ul(t)o(®)) =0,
(19) [, v](00) = Jim [u, 0)(t) = Jim (w(®oT (@) — ul ()o(@)) = 0.

Taking into account (18) and (19), property 4° of Proposition 4 implies the equalities
So=Sr=S, Sg=S;=sS"
Proposition is proved. (Il
Due to Proposition 14 (see Section 3.3) the operators Sp(q) are quasiaccretive,
Re (Sou, u)2r) > —4 (2K + 1)* [|ull32), € Dom(Sy).
In what follows w.l.a.g. we assume that
(20) Re (Sou, u)r2(m) > ||u||2L2(R), u € Dom(Sp).
Obviously, together with (20) the following is also true:
(21) Re (S{v,v)r2r) > ||v||2L2(R), v € Dom(S7).
Indeed, taking into account the property 5° of Proposition 4 we get
Re (S§v,v)r2(z) = Re (S§0,0) par) = Re (807, D) 2(z) > |[v]F2m) Vv € Dom(S{).

The following lemma is used in the proof of Theorem A. It is proved by direct
calculation.

Lemma 9. Suppose u € Dom(S). Then Vo € C3°(R)
i) lpu] = llu] — "u —2¢'u'; i) pu € Dom(Sqp).
Now let us prove Theorem A.
Let us prove that the operators Sg(g) are quasi-m-accretive. It is sufficient to show

that
def So(q) := dim (ran Sy(g))* = dim (ker S*(¢)) = 0.

Let v(z) be a solution of the equation
(22) S*(q)v = 0.

Let us show that v(z) = 0.

For any real function ¢ € C§°(R) due to Lemma 9 and property 5° of Proposition 4
we have v € Dom(Sg;). Therefore, taking into consideration that 1*[v] = 0 due to (22),
one calculates

(23) (ST, pv)r2 () = /R(@/)2|U\2dx+/R<P<P’(W/ —v'D) da.
Considering (20) and that
Re / o' (V' —0'v) dz = 0,
from (23) we obtain ’
(24) [@Phiaa> [ Fupaz veecE®), Tme=o

Let us then take a sequence of functions {¢,, }nen such that the following is true:
i) ¢n € CP(R), Imey,, =0;
ii) supp ¢, C [-n—1,n+ 1J;
iii) pn(x) =1, x € [-n,n];
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v) [ep(z)] < C.

Substituting functions ¢, into (24) we obtain

n
/ jv[2de < / 2 Jofdr < / (el)?[vf2dz < C? / jvf2d,
—n R R

n<|z|<n+1
that is,

(25) / |2z < C2 / o |2dz.

—-n
n<|z|<n+1

Taking into account that v(z) € L?(R), passing in (25) to the limit as n — oo we obtain
v(z) = 0.

Thus, the operators Sg(q) are proved to be quasi-m-accretive. Due to Proposition 14
they are m-sectorial.

Therefore, by the properties of the Friedrichs extensions [12] we have

(26) So(q) = Sr(q).
Then taking into account property 2° of Proposition 4 from (26) we derive
ST(¢) = S}(q), Dom(S*(q)) c H'(R).

Due to the property 5° of Proposition 4 from Proposition 8 we finally get the necessary
result,

So=SF =S¢5 =S.
Theorem A is proved completely. a

3.2. Proof of Theorem B. Let us suppose that assumptions of the theorem, that is,
the formula (6) (or equivalently (7)), hold. Consider the sesquilinear forms

tolu,v] :== (S(@)u,v)r2(w), Dom(#g) := Dom(S(q)),
tnlu,v] == (S(gn)u, v) 2Ry, Dom(t,) := Dom(S(g,)), n&N.

The forms g and t,, n € N, are densely defined, closable and sectorial. Their closures
may be represented in the following way:

to[u,v] = (u',0") 2@y — (Q, W0 + W) L2m) + (T, W0) L2(R)» Dom(ty) = H'(R),
tnlu,v] = (', 0") L2m) — (Qn, WV + W) 2(R) + (70, WV) 2(r), Doml(t,) = H'(R).
Further, applying the estimates of Lemma 5 we get
(27) [tlu] = tolu]| < anllu’22 gy + 4anllullZs ),
where
an =2 (11Q = Qullzz, . + I7 = allzy,.@ ) -
and similarly to the proof of Lemma 11 (see below) we obtain
(28) 2Retolu] +AllullT2m) > [W/]72z)-
Formulas (27) and (28) together with (6), (7) imply
[tn[u] — tolu]| < 2anReto[u] + 8an|\u||%2(]R)7 an — 0, n—oo.

To complete the proof we only need to apply [12, Theorem VI1.3.6].

Theorem B is proved completely. O

To prove Corollary B.1 we need an auxiliary result. It is also of an independent
interest.
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Theorem 10. The set
(29) C®R)N L

unif

(R)
is everywhere dense in the Stepanov space L¥ (R), 1 < p < oo.

Proof. Set for f € L} (R), fn := Xpmnt1)f, 7 € Z. Let ¢ > 0 be given. Since the
set C§°(a,b) is dense in the space LP(a,b), there is a function sequence g, € C§°(R),
supp gn, C (n,n + 1), such that ||f, — gnllrr@®) < €27M72. Set g. := 3", .7 gn. Then
g: € C*(R) and ||f *gsHLP(R) <e It fe Linif(R)v then g. € Linif(R)v since || f —
9=llzr () < e. If the function f is real-valued, then such are the functions f, as well.

Therefore, the functions g. may be chosen to be real-valued. O
Theorem 10 and [10, Theorem 2.1] imply the following important statement.

Corollary 10.1. The set
C(R) N Lypis (R)
1s everywhere dense in the space H;nlif(]R).

Then Corollary B.1 follows from Theorem B and Corollary 10.1.

3.3. Proof of Theorem C. Theorem C follows from Theorem 13 below regarding per-
turbations of a positive quadratic form. It is abstract and can be of independent interest.
Let in an abstract Hilbert space H a densely defined closed positive sesquilinear form
aplu, v] with domain Dom(ag) C H be given. Let S[u,v] be a sesquilinear form defined
on H with a domain Dom(8) D Dom(ay).
Suppose the form 3 satisfies the following estimate:

(30) Ja,b,s>0: |B[u]| < asaplu] +be*||ul|?; Ve >0, wu € Dom(ap).
Consider on the Hilbert space H the sum of forms ag and S,
alu,v] :== aplu, v] + Blu,v], Dom(a) := Dom(ayg).

A sesquilinear form « is a densely defined closed and sectorial form on the Hilbert space
H. Let O(a) be a numerical range of «,

O(a) :==afu], u € Dom(w), |ullg =1

According to our assumptions, O(ag) C [0,00). Let us establish properties of the set
O(a). To do that we require the following two lemmas.

Lemma 11. The following estimates hold:
(31) [Tm afu]| < 2aeRe afu] + 2bs™*||ul|%, 0<e< (2a+1)71.
Proof. According to our assumptions we have
Re afu] = ap[u] + Re Blu], Imafu] =Im Blu],
and, due to (30),
(32) [Tm afu]| < asaglu] + be™|ul|%.

Furthermore given that 0 < & < (2a 4+ 1)~! and therefore 1 — ae > 3, for Reafu], we
have

Reafu] > aolu] — [Re Blull > (1 — as)aolu] — b~ Jullly > saofu] - be~*ul%,

[\

2aeRe afu] > acag[u] — 2ae-be™%||ul|3 > acaplu] — be™%||ull%,

2asRe afu] + be ~*||u|F; > acaplul.
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From (32) and (33) we receive the required estimates,
[Tm a[u]| < 2aeRe afu] + 2be™*||ul|%-
Lemma, is proved. U
We introduce the following notation:

Sabyse = {A € C|[ImA| < 2acRe A +2be™° },
Ma,b,s = ﬂ Sa,b,s,a-

0<e<(2a41)-1
Then due to Lemma 11 we have O(a) C Mg p 5.

Lemma 12. The set Mgy s can be written as

2
{)\ €C|lmi| < ; ilRe)\—i— 2b(2a +1)° } . Mo < Rel < Ay,
a
Ma,b,s = an 8/(s+1)
{)\ ec ‘|Im)\| < 9(s + 1)bY/(s+D) (7) (Re A)*/ ¢+ } ., AL <Re,
s
b .
where Ao := ——(2a + 1)t is the vertex of the sector
a
2a ;
{)\E(C’ImMg Re)\+2b(2a—|—1)5},
2a+1

b
and A\ := —S(Qa +1)sFL.
a
Proof. For convenience we will describe the set M, s in R2.
Let
(34) y = 2aex + 2be™?

be the line which bounds the corresponding sector from above. Let us find the locus of
points of intersection of these lines when 0 < ¢ < (2a + 1)1,
2ae1x + 2be] ® = 2ae9x + 2beg ®,
2a(e1 —e2)x = 2b(e5° — €7 %),
b —s __ _—s
r—_2.51 "%
a €1 —€&2
b _,
T — 8—61_5_1,
E2—€1 A
and b
y = 2aeq- 8—51_3_1 +2be7 % =2(s+ 1)bey °.
a

So, for € = (2a +1)7! the set M, 4 s is bounded from above by the line

2a
35 =
(35) Yo a1
and for 0 < & < (2a + 1)~ by the curves

x = Sbemsl
(36) { y=2(s+ 1)be".

If we express ¢ in terms of x in the first equality of (36) and substitute it in the equality
for y, we obtain an explicit equation for curves (36),

z +2b(2a + 1)°,

bs

= —(2a+ 1)*T.
~(20+1)

s/(s+1)
a) 2/ e s 1

(37)  y=2(s+ 1)pt/ D (7
S
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The set Mg p s is bounded from below by curves of the form (35) and (37) with —y
instead of y.
Thus the set M, 5 s in R? can be represented in the following way:

{xy ) € R? |y|< 1m+2b(2a+1)5}, o <z <1,
Map,s = 3/(s+1)
(z,y) € R2 ly| < 2(s + l)bl/(s+1) ( ) 28/ (s+1) , x1 <,
s

b 1
where zg := ——(2a + 1)*T! is the vertex of the sector

a

a
(e e[l < ;200 + 220+ 17,

b
and x1 = —S(Qa +1)5+L,
a

Lemma, is proved. O
Lemmas 11 and 12 imply the following theorem.

Theorem 13. The numerical range O(a) of the sesquilinear form « is a subset of the

set Mg p,s,

{)\EC‘|Im)\|< Re)\+2b(2a—|—1) }, Ao < Re < Ay,
Ma,b,s = an s/(s+1)
{)\ ecC ‘|Im)\| < 2(s + 1)bY/(+D) (7) (Re A)*/ ¢+ } ., AL <Re,
s
where A\g = —S(Qa +1)°Tt is the vertex of the sector

{)\E(C’Im/\|< Re)\+2b(2a+1) }

b
and \; = —s(2a+ 1)+t
a

Remark 13.1. Direct calculations show that the following inclusion is valid:

s/(s+1) b s/(s+1)
Maps C {A € C|[ImA| < 2(s + 1)pY/(+D (g) (Re)\ +-(2+ 1)8“) .

Theorem 13 is useful for preliminary localization of spectra of various operators.
For instance, if the potential ¢ € Humf(R) is a complex-valued regular Borel measure

SuCh ‘ ha‘
/
I

for any interval I C R of unit length, then the forms satisfy the estimates (30) with
a=b=4K,, s =1 [24],

[tqlu]l =

Then due to Theorem 13 the spectra spec(S(q)) of the operators S(¢q) belong to a qua-
dratic parabola

(38) spec(S(@)) € {A € € |ImA| < 16K (ReA + (8Ko +1)%) " |,

g=Q', QEeBV(R): |q(I)= <Ky, Ky>0,

/|u2dQ‘ < 4K05||u’||2L2(R) + 4K0€_1||UH%2(R) Ve € (0,1], we HY(R).
I

compare with [24, Proposition 2.3].
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Applying Theorem 13 and estimates (11) we obtain a description of the numerical
ranges of the preminimal operators Soo(q) and Sg(q)-

Proposition 14. The operators Soo(q) and Siy(q) are sectorial: for arbitrary e > 0 the
numerical ranges ©(So0(q)) and ©(Sgy(q)) are located within the sector

Ske={A€C|ImA <2KeReA+8Ke®}, 0<e<(2K+1)""

Furthermore,
O(So0(9)) € Mk,  O(Sge(q)) C Mk,

where

2K
e 3 < <
{/\e(c‘um/\_2K+1Re>\+8K(2K+1) } Ao <Rel <\

MK =
123/4
with Ao := —4(2K + 1)* and \; := 12(2K + 1)

{A € (C'|Im/\ < 32K(Re)\)3/4}, A1 < Re ),

Estimates (8) result from Proposition 14 and Remark 13.1.
Now let Img = 0. We estimate the lower bound of the operator S(g). From (11) for
Ke <1/2 we get

(39) (S(@)u,u) 2wy = [0/l 22y + toir[u] = [[u'll 2y — Kellw'|| L2y — 4Ke ™ ulfzz)
= (1 Ke)llu'll 2wy — 4Ke?||ullfs () > —4Ke™?|[ullf2g).
The estimates (39) with e := min{1, (2K)~!} give us the required result

*4K||U||%2(R)v if K<1/2,

S , >
(@i 2\ g, i K> 172

Thus Theorem C is proved completely. O
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