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TACHYON GENERALIZATION FOR LORENTZ TRANSFORMS

YA. I. GRUSHKA

Abstract. In the present paper we construct an expansion of the set of Lorentz

transforms, which allows for the velocity of the reference frame to be greater than
the speed of light. For maximum generality we investigate this tachyon expansion in
the case of Minkowski space time over any real Hilbert space.

1. Introduction

The fact that the existence of superlight motions is consistent with the kinematics of
Einstein’s special theory of relativity at the present time may be considered as generally
known. In [1, 2] this fact is proved by means of mathematical logic. It is interesting that
the last fact can also be proved in another way [4, 3]. In these papers the kinematics that
permits superlight transformations was built explicitly using the theory of changeable
sets (see [3, p. 128, example 2.3], [4, p. 41, example 10.3]). Although the existence of
tachyons can not be considered as an experimentally verified fact, the theory of tachyons
and superluminal motions is intensively developing for more than 50 years [5, 6], and it is
very actual in our time. In many previous studies the theory of tachyons was considered
in the framework of classical Lorentz transformations, and the superlight speed for the
frame of reference was forbidden. But in the paper [7] some extension of classical Lorentz
transforms for superlight velocity of reference frames is proposed. These transforms in
the Minkowski space R

4 may be expressed by the formula

(1) Uv (t, x, y, z) =


 s

(
t− vx

c2

)
√(

v
c

)2
− 1

,
s (x− vt)√(

v
c

)2
− 1

, y, z


 , (t, x, y, z) ∈ R

4,

where v ∈ R, |v| > c, s ∈ {−1, 1}, and c is a positive real constant, which has the physical
meaning of the speed of light in vacuum. The work [7] was some sensation, and it has
become famous not only among physicists and mathematicians. One of the conclusions
of this work is that some aspects of the existing tachyon theories may be revised. In
particular the transforms (1) do not involve the need to introduce imaginary masses or
complicated physics to construct kinematics and dynamics for tachyons [7]. Note, that
the transforms similar to (1) was also obtained earlier (see [8, 9]) but, unfortunately,
these works did not became such famous as [7].

It should be emphasized that the papers [7, 8, 9] were written mainly in “physical
style”. In particular in these papers it is examined only the case when two inertial
frames are moving along the x-axis, and there were not investigated the new transforms
for arbitrary orientation of axes.

In the present paper the conditions for general transforms of type (1) are formulated
with arbitrary orientation of axes, and the properties of transforms satisfying these con-
ditions are investigated. For maximum generality we conduct our research for the case of

2000 Mathematics Subject Classification. 47B38, 83A05.
Key words and phrases. Lorentz group, Hilbert space, Minkowski space time, special relativity theory,

tachyons.

127



128 YA. I. GRUSHKA

Minkowski space time over any real Hilbert space using methods of the operator theory
in Hilbert space. Note that a generalization of the classical Lorentz group (with speeds
less then light) for the case of real Hilbert space was investigated in [12, 13, 14].

2. Abstract coordinate transforms in Minkowski space time over Hilbert

space and their properties

Let (H, ‖·‖ , 〈·, ·〉) be a real Hilbert space, where the ‖·‖ is the norm and 〈·, ·〉 is the
inner product over the space H. Denote by M (H) the Hilbert space

M (H) := R× H = {(t, x) | t ∈ R, x ∈ H} ,

equipped by the following inner product and norm:

〈ω1, ω2〉M(H) = t1t2 + 〈x1, x2〉 ,

‖ω1‖M(H) = t21 + ‖x1‖
2

(ωi = (ti, xi) , i ∈ {1, 2}) .

The space M (H) is called a Minkowski space over the Hilbert space H. In the space
M (H) we select the subspaces

H0 = {(t,0) | t ∈ R} ,

H1 = {(0, x) |x ∈ H}

with 0 being zero vector. Then

M (H) = H0 ⊕ H1,

where ⊕ means the orthogonal sum of the subspaces. The space H0 is isomorphic to the
real field R and the space H1 is isomorphic to the space H. Hence, the space H may be
identified with the subspace H1 of the space M (H), and M (H) may be considered as
an extension of the space H. That is why, further we will use the same notations for the
inner product and the norm in the spaces H and M (H) (that is ‖·‖, 〈·, ·〉, without the
index “M (H)” in the subscript).

Denote by e0 the vector

e0 = (1,0) ∈ M (H) .

We introduce the following orthogonal projectors by the subspaces H0 and H1:

Tω = te0 = (t,0) ∈ H0, ω = (t, x) ∈ M (H) ;

Xω = (0, x) ∈ H1, ω = (t, x) ∈ M (H)

(recall, that an operator P ∈ L (H) is named orthogonal projector if P 2 = P ∗ = P ,
where P ∗ is the adjoint operator to the operator P ). Also we denote by T the following
linear operator:

T (ω) = t, ω = (t, x) ∈ M (H)

from M (H) to R. Then the following equality apparently holds:

(2) Tω = T (ω) e0, ω ∈ M (H) .

And any vector ω ∈ M (H) can be uniquely represented as

ω = te0 + x = T (ω) e0 +Xω,(3)

where x = Xω ∈ H1, t = T (ω) ∈ R.
Denote by L (H) the space of linear continuous operators over the space H.

Definition 1. The operator S ∈ L (M (H)) is referred to as coordinate transform if
and only if there exist the continuous inverse operator S−1 ∈ L (M (H)).
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It is clear, that product (composition) of any two coordinate transforms is coordinate
transform and the operator, inverse to coordinate transform again is coordinate trans-
form. Thus the set of all coordinate transforms is the group of operators in the space
M (H).

Definition 2. The coordinate transform S ∈ L (M (H)) is called v-determined if and
only if T

(
S−1e0

)
6= 0. The vector

V (S) =
XS−1e0

T (S−1e0)
∈ H1

is named the velocity of the v-determined coordinate transform S.

The definition 2 is consistent with the physical understanding of the speed of reference
frame. Indeed suppose, that the v-determined coordinate transform S ∈ L (M (H)) maps
the coordinates of any point in the fixed frame of reference L to coordinates of this point
in another frame L′, moving with constant velocity relative to the frame L. Consider
any stationary relative the frame L′ point ω′

t = x0 + te0 (where x0 ∈ H1 is fixed vector,
and variable t runs over all real axis R). Then the point ω′

t in the frame L will look like
as ωt = S−1ω′

t, and using (3) we obtain

ωt = S−1x0 + tS−1e0 = T
(
S−1x0

)
e0 +XS−1x0 + t

(
T
(
S−1e0

)
e0 +XS−1e0

)

= T
(
S−1 (x0 + te0)

)
e0 +XS−1 (x0 + te0) .

Thus, for any t1, t2 ∈ R such, that t1 6= t2 we deliver

Xωt2 −Xωt1

T (ωt2)− T (ωt1)
=

XS−1 (x0 + t2e0 − (x0 + t1e0))

T (S−1 (x0 + t2e0)− S−1 (x0 + t1e0))
= V (S) .

Thus, any stationary relative the frame L′ point is moving relative the frame L with
constant velocity V (S).

For any vector V ∈ H1 generates the subspaces

H1 [V ] = span {V } ,

H1⊥ [V ] = H1 ⊖ H1 [V ] = {x ∈ H1 | 〈x, V 〉 = 0} ,

where spanM denotes the linear span of the set M ⊆ M (H). The orthogonal projectors
for the subspaces H1 [V ] and H1⊥ [V ] will be denoted by X1 [V ], X⊥

1 [V ]

(4)
X1 [V ]ω =

{
〈V,ω〉

‖V ‖2 V, V 6= 0

0, V = 0
, ω ∈ M (H) ,

X⊥
1 [V ] = X−X1 [V ] .

It is not hard to verify, that for an arbitrary V ∈ H1 the following equalities are
performed:

(5)

T+X = I, X1 [V ] +X⊥
1 [V ] = X, T+X1 [V ] +X⊥

1 [V ] = I,

TX = XT = O, X1 [V ]X⊥
1 [V ] = X⊥

1 [V ]X1 [V ] = O,

TX1 [V ] = X1 [V ]T = O, TX⊥
1 [V ] = X⊥

1 [V ]T = O,

XX1 [V ] = X1 [V ]X = X1 [V ] , XX⊥
1 [V ] = X⊥

1 [V ]X = X⊥
1 [V ] ,

where I and O are identity and zero operators in the space L (M (H)) correspondingly.

Lemma 1. Let S ∈ L (M (H)) be a coordinate transform such, that both coordinate
transforms S ans S−1 are v-determined. Then S is bijection between the subspaces H0 ⊕
H1 [V (S)] and H0 ⊕H1

[
V
(
S−1

)]
. Moreover for any ω = te0 + λV (S) ∈ H0 ⊕H1 [V (S)]

the following equality is true:

S (te0 + λV (S)) = αS

(
(t− λβS) e0 + (t− λ)V

(
S−1

))
(∀t, λ ∈ R),
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where

αS = T (Se0) , βS = 1−
1

T (Se0) T (S−1e0)
= 1−

1

αSαS−1

.

Proof. Let S, S−1 be v-determined coordinate transforms. Then, by definition 2 and
equalities (2), (5), for any t, λ ∈ R we obtain

S (te0 + λV (S)) = tSe0 + λSV (S) = tSe0 + λS
XS−1e0

T (S−1e0)

= tSe0 +
λ

T (S−1e0)
S
(
S−1e0 −TS−1e0

)

= tSe0 +
λ

T (S−1e0)
S
(
S−1e0 − T

(
S−1e0

)
e0
)

= tSe0 +
λ

T (S−1e0)

(
e0 − T

(
S−1e0

)
Se0

)

= (t− λ)Se0 +
λ

T (S−1e0)
e0

= (t− λ) (TSe0 +XSe0) +
λ

T (S−1e0)
e0

= (t− λ) (T (Se0) e0 +XSe0) +
λ

T (S−1e0)
e0

= (t− λ) T (Se0)

(
e0 +

XSe0
T (Se0)

)
+

λ

T (S−1e0)
e0

= (t− λ) T (Se0)
(
e0 + V

(
S−1

))
+

λ

T (S−1e0)
e0

= T (Se0)

((
t− λ

(
1−

1

T (Se0) T (S−1e0)

))
e0 + (t− λ)V

(
S−1

))

= αS

(
(t− λβS) e0 + (t− λ)V

(
S−1

))
.

Hence, the operator S maps the subspace H0 ⊕ H1 [V (S)] into the subspace H0 ⊕
H1

[
V
(
S−1

)]
. In the case V (S) 6= 0 the subspace H0 ⊕ H1 [V (S)] is two-dimensional

(dim (H0 ⊕ H1 [V (S)]) = 2). And since S is bijection on M (H), dimension of the image
S (H0 ⊕ H1 [V (S)]) ⊆ H0 ⊕ H1

[
V
(
S−1

)]
also must be equal 2. And since dim (H0⊕

H1

[
V
(
S−1

)])
≤ 2, we have, that S (H0 ⊕ H1 [V (S)]) = H0⊕H1

[
V
(
S−1

)]
and dim (H0⊕

H1

[
V
(
S−1

)])
= 2. Thus, in the case V (S) 6= 0, the lemma is proved.

Above we have proved, that if V (S) 6= 0, then dim
(
H0 ⊕ H1

[
V
(
S−1

)])
= 2, and, con-

sequently, V
(
S−1

)
6= 0. And, conversely, if V

(
S−1

)
6= 0, then V (S) = V

((
S−1

)−1
)
6= 0.

Thus, in the case V (S) = 0, we have V
(
S−1

)
= 0. Therefore, in this case H0 ⊕

H1 [V (S)] = H0 ⊕ H1

[
V
(
S−1

)]
= H0, and, consequently, one-dimensional subspace H0

is invariant subspace of the operator S. And, since S is one-to-one mapping, we deliver
that S (H0) = H0, and, hence, S (H0 ⊕ H1 [V (S)]) = H0 ⊕ H1

[
V
(
S−1

)]
. Thus, in the

case V (S) = 0, the lemma also is proved. �

3. General Lorentz group in Hilbert space

Everywhere in this paper c will be a fixed positive real constant, which has the physical
content of the speed of light in vacuum. Denote by Mc (·) Lorentz-Minkowski pseudo-
metric on the space M (H)

(6) Mc (ω) = ‖Xω‖
2
− c2T 2 (ω) , ω ∈ M (H) .
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Pseudo-metric (6) is generated by the quasi-inner product

〈〈ω1, ω2〉〉c = 〈Xω1,Xω2〉 − c2T (ω1) T (ω2) , ω1, ω2 ∈ M (H) ,(7)

Mc (ω) = 〈〈ω, ω〉〉c , ω ∈ M (H) .(8)

It is clear, that quasi-inner product 〈〈ω1, ω2〉〉c (ω1, ω2 ∈ M (H)) is bilinear form relatively
the variables ω1, ω2. Hence (by (8)), for any ω1, ω2 ∈ M (H) it holds the equality

(9) 〈〈ω1, ω2〉〉c =
1

2
(Mc (ω1 + ω2)−Mc (ω1)−Mc (ω2)) .

Denote by O (H, c) the set of all coordinate transforms over M (H), leaving unchanged
values of the functional (6) , that is the set of all coordinate transforms L ∈ L (M (H))
such, that:

(10) Mc (Lω) = Mc (ω) (∀ω ∈ M (H)) .

Using the equality (9) it is easy to verify, that any coordinate transform L ∈ O (H, c)
leaves unchanged the values of the quasi-inner product (7)

(11) 〈〈Lω1, Lω2〉〉c = 〈〈ω1, ω2〉〉c , ω1, ω2 ∈ M (H) .

It is not hard to see, that product of any two operators from O (H, c) belongs to
O (H, c) and the mapping, inverse to any coordinate transform from O (H, c) also belongs
to the set O (H, c). Hence, the set O (H, c) is the group of operators in the space M (H).
According to [15] we name this group the general Lorentz group over the space M (H).

Any general Lorentz transform L ∈ O (H, c) is v-determined and ‖V (L)‖ < c. Indeed,

Mc (e0) = ‖Xe0‖
2
− c2T 2 (e0) = 0− c2 · 1 = −c2.

As it was mentioned above, L−1 ∈ O (H, c) for L ∈ O (H, c). Therefore, by (10),

Mc

(
L−1e0

)
=
∥∥XL−1e0

∥∥2 − c2T 2
(
L−1e0

)
= −c2.

Hence,
∣∣T
(
L−1e0

)∣∣ = 1
c

√
‖XL−1e0‖

2
+ c2 > 0. Thus the coordinate transform L is

v-determined, moreover

‖V (L)‖ =

∥∥XL−1e0
∥∥

|T (L−1e0)|
= c

∥∥XL−1e0
∥∥

√
‖XL−1e0‖

2
+ c2

< c.(12)

The aim of the next assertion is to emphasize some characteristic properties of the
general Lorentz transforms, which may serve as a basis for another definition of the
general Lorentz group. And these properties also will become the motivation for definition
of the set of extended Lorentz transforms, which allows superlight speed of reference
frame.

Assertion 1. Any coordinate transform L ∈ L (M (H)) belongs to O (H, c) if and only
if the following conditions are satisfied:

(1) Coordinate transforms L and L−1 are v-determined;
(2) Mc (Lω) = Mc (ω) (∀ω ∈ H0 ⊕ H1 [V (L)]);
(3) if Tω = X1 [V (L)]ω = 0, then TLω = X1

[
V
(
L−1

)]
Lω = 0 (∀ω ∈ M (H));

(4)
∥∥X⊥

1 [V (L)]ω
∥∥ =

∥∥X⊥
1

[
V
(
L−1

)]
Lω
∥∥ (∀ω ∈ M (H)).

Proof. 1. Let L ∈ O (H, c).
1.1. By (12), L is v-determined. Since O (H, c) is the group of operators, L−1 ∈

O (H, c), and so L−1 also is v-determined.
1.2. Performance of the second condition follows from the equality (10).
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1.3. Suppose, that ω ∈ M (H) and Tω = X1 [V (L)]ω = 0. Then, for any vector
wt,λ = te0 + λV (L) ∈ H0 ⊕ H1 [V (L)] we obtain

〈〈wt,λ, ω〉〉c = 〈Xwt,λ,Xω〉 − c2T (wt,λ) T (ω) = λ 〈V (L) ,Xω〉 − c2t 〈Tω, e0〉

= λ 〈V (L) ,Xω〉 = λ 〈XV (L) , ω〉 = λ 〈V (L) , ω〉 = 0.

Consequently, by the equality (11)

〈〈Lwt,λ, Lω〉〉c = 0 (∀t, λ ∈ R) .

Hence, using the lemma 1, we deliver
〈〈
αL

(
(t− λβL) e0 + (t− λ)V

(
L−1

))
, Lω

〉〉
c
= 0 (∀t, λ ∈ R) ,

where (because L,L−1 are v-determined), αL = T (Le0) 6= 0, αL−1 6= 0, βL = 1 −
1

αLα
L−1

6= 1. Since βL 6= 1, the set of pairs {(t− λβL, t− λ) | t, λ ∈ R} coincides with

R
2. Thus, since αL 6= 0, we obtain

〈〈
te0 + λV

(
L−1

)
, Lω

〉〉
c
= 0 (∀t, λ ∈ R) .

In particular for t1 = − 1
c2
, λ1 = 0 and t2 = 0, λ2 = 1 we have

0 =

〈〈
−

1

c2
e0, Lω

〉〉

c

= −c2T

(
−

1

c2
e0

)
T (Lω) = T (Lω) ,

TLω = T (Lω) e0 = 0,(13)

0 =
〈〈
V
(
L−1

)
, Lω

〉〉
c
=
〈
V
(
L−1

)
, Lω

〉
,

X1

[
V
(
L−1

)]
Lω =





〈V(L−1),Lω〉
‖V(L−1)‖2 V

(
L−1

)
, V

(
L−1

)
6= 0

0, V
(
L−1

)
= 0



 = 0.(14)

Thus, by (13), (14), TLω = X1

[
V
(
L−1

)]
Lω = 0.

1.4. Let ω ∈ M (H). Then, by (11) and (5)

(15)

∥∥X⊥
1 [V (L)]ω

∥∥2 =
〈〈
X⊥

1 [V (L)]ω, X⊥
1 [V (L)]ω

〉〉
c

=
〈〈
LX⊥

1 [V (L)]ω, LX⊥
1 [V (L)]ω

〉〉
c

=
〈〈(

T+X1

[
V
(
L−1

)]
+X⊥

1

[
V
(
L−1

)])
LX⊥

1 [V (L)]ω, LX⊥
1 [V (L)]ω

〉〉
c

=
〈〈
TLX⊥

1 [V (L)]ω, LX⊥
1 [V (L)]ω

〉〉
c

+
〈〈
X1

[
V
(
L−1

)]
LX⊥

1 [V (L)]ω, LX⊥
1 [V (L)]ω

〉〉
c

+
〈〈
X⊥

1

[
V
(
L−1

)]
LX⊥

1 [V (L)]ω, LX⊥
1 [V (L)]ω

〉〉
c
.

Since (by (5)) TX⊥
1 [V (L)]ω = X1 [V (L)]X⊥

1 [V (L)]ω = 0, using the previous item, we
conclude, that TLX⊥

1 [V (L)]ω = X1

[
V
(
L−1

)]
LX⊥

1 [V (L)]ω = 0. Hence, from (15) it
follows, that:

(16)

∥∥X⊥
1 [V (L)]ω

∥∥2 =
〈〈
X⊥

1

[
V
(
L−1

)]
LX⊥

1 [V (L)]ω, LX⊥
1 [V (L)]ω

〉〉
c

=
〈
X⊥

1

[
V
(
L−1

)]
LX⊥

1 [V (L)]ω, LX⊥
1 [V (L)]ω

〉

=
〈
X⊥

1

[
V
(
L−1

)]
LX⊥

1 [V (L)]ω, X⊥
1

[
V
(
L−1

)]
LX⊥

1 [V (L)]ω
〉

=
∥∥X⊥

1

[
V
(
L−1

)]
LX⊥

1 [V (L)]ω
∥∥2 .

Note, that by (5), LX⊥
1 [V (L)]ω = L (ω −Tω −X1 [V (L)]ω) = Lω − Lw, where w =

Tω +X1 [V (L)]ω ∈ H0 ⊕ H1 [V (L)]. By lemma 1, Lw ∈ H0 ⊕ H1

[
V
(
L−1

)]
. Therefore,

by (5), X⊥
1

[
V
(
L−1

)]
Lw = X⊥

1

[
V
(
L−1

)] (
T+X1

[
V
(
L−1

)])
Lw = 0, and

X⊥
1

[
V
(
L−1

)]
LX⊥

1 [V (L)]ω = X⊥
1

[
V
(
L−1

)]
(Lω − Lw) = X⊥

1

[
V
(
L−1

)]
Lω.
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Hence, by (16)
∥∥X⊥

1 [V (L)]ω
∥∥2 =

∥∥X⊥
1

[
V
(
L−1

)]
Lω
∥∥2 , ω ∈ M (H) .

Thus, all conditions 1–4 for any coordinate transform L ∈ O (H, c) are satisfied.
2. Suppose, that coordinate transform L ∈ L (M (H)) satisfies the conditions 1–4.

Chose any ω ∈ M (H). Vector ω can be represented in the form

(17)

ω = ω1 + ω2, where

ω1 = T (ω) e0 +X1 [V (L)]ω ∈ H0 ⊕ H1 [V (L)] ,

ω2 = X⊥
1 [V (L)]ω ∈ H1⊥ [V (L)] .

Note, that by (17) and (5), Tω2 = X1 [V (L)]ω2 = 0. Therefore, by the condition 3

(18) TLω2 = X1

[
V
(
L−1

)]
Lω2 = 0.

So

(19)

Mc (Lω) = Mc (Lω1 + Lω2) = ‖XLω1 +XLω2‖
2
− c2 (T (Lω1) + T (Lω2))

2

= ‖XLω1 +XLω2 +TLω2‖
2
− c2 (T (Lω1) + 0)

2

= ‖XLω1 + Lω2‖
2
− c2T 2 (Lω1) .

Since ω1 ∈ H0 ⊕ H1 [V (L)], by lemma 1, Lω1 ∈ H0 ⊕ H1

[
V
(
L−1

)]
. Hence, by (18),

〈XLω1, Lω2〉 = 〈Lω1,XLω2〉 = 〈Lω1, (T+X)Lω2〉 = 〈Lω1, Lω2〉

=
〈(
T+X1

[
V
(
L−1

)])
Lω1, Lω2

〉
=
〈
Lω1,

(
T+X1

[
V
(
L−1

)])
Lω2

〉
=0.

Thus, ‖XLω1 + Lω2‖
2
= ‖XLω1‖

2
+ ‖Lω2‖

2
. And using the equalities (19), (18), con-

ditions 2, 4, taking into account, that ω1 ∈ H0 ⊕ H1 [V (L)] we obtain

Mc (Lω) = Mc (Lω1) + ‖Lω2‖
2
= Mc (Lω1) +

∥∥X⊥
1

[
V
(
L−1

)]
Lω2

∥∥2

= Mc (ω1) +
∥∥X⊥

1 [V (L)]ω2

∥∥2

= Mc (T (ω) e0 +X1 [V (L)]ω) +
∥∥∥
(
X⊥

1 [V (L)]
)2

ω
∥∥∥
2

= ‖X1 [V (L)]ω‖
2
− c2T 2 (ω) +

∥∥X⊥
1 [V (L)]ω

∥∥2 = Mc (ω) (∀ω ∈ M (H)) .

Consequently, L ∈ O (H, c). �

4. Generalized Lorentz transforms for finite speeds

Denote by OTf in (H, c) the set of all coordinate transforms L ∈ L (M (H)), satisfying
conditions:

1′. Coordinate transforms L and L−1 are v-determined;
2′. (Mc (Lω))

2
= (Mc (ω))

2
(∀ω ∈ H0 ⊕ H1 [V (L)]);

3′. if Tω = X1 [V (L)]ω = 0, then TLω = X1

[
V
(
L−1

)]
Lω = 0 (∀ω ∈ M (H));

4′.
∥∥X⊥

1 [V (L)]ω
∥∥ =

∥∥X⊥
1

[
V
(
L−1

)]
Lω
∥∥, (∀ω ∈ M (H)).

In comparison with the conditions 1–4 of the assertion 1, only the condition 2 is modified.
It is evidently, that the condition condition 2 of the assertion 1 implies the condition 2′.
Thus

(20) O (H, c) ⊆ OTf in (H, c) .

And, as it will be proved below, in the theorem 1, this small modification of the second
condition leads to permission of superlight speed for reference frame (that is to the
possibility of ‖V (L)‖ > c for L ∈ OTf in (H, c)). This, means, that the inclusion, inverse
to (20) can not be true.
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From the condition 3′ it follows, that for any operator L ∈ OTf in (H, c)

(21) LH1⊥ [V (L)] ⊆ H1⊥

[
V
(
L−1

)]
.

Indeed, for any ω ∈ H1⊥ [V (L)] we have, Tω = X1 [V (L)]ω = 0. Thus, by condi-
tion 3′, TLω = X1

[
V
(
L−1

)]
Lω = 0, and, by equalities (5), Lω =

(
T+X1

[
V
(
L−1

)]
+

X⊥
1

[
V
(
L−1

)])
Lω = X⊥

1

[
V
(
L−1

)]
Lω ∈ H1⊥

[
V
(
L−1

)]
.

Denote by U (H1) the set of all unitary operators over the space H1. That is the set
of all linear operators J : H1 7→ H1 (J ∈ L (H1)), such, that

‖Jx‖ = ‖x‖ (∀x ∈ H1) and JH1 = H1.

For any operator J ∈ U (H1) we introduce the operator J̃ ∈ L (M (H))

(22) J̃ω := Tω + JXω = T (ω) e0 + JXω, ω ∈ M (H) .

From (22) it follows, that

(23) ∀J ∈ U (H1) J̃ ∈ U (M (H)) ,

where U (M (H)) is the set of all unitary operators over the space M (H).

Theorem 1. Operator L ∈ L (M (H)) belongs to the class OTf in (H, c) if and only if
there exist number s ∈ {−1, 1}, vector V ∈ H1, ‖V ‖ 6= c and operator J ∈ U (H1) such,
that for any ω ∈ M (H) vector Lω can be represented by the formula

Lω =
s
(
T (ω)− 〈V,ω〉

c2

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
e0 + J



s (T (ω)V −X1 [V ]ω)√∣∣∣1− ‖V ‖2

c2

∣∣∣
+X⊥

1 [V ]ω


 ,(24)

moreover,

V (L) = V.

Note, that in the case H = R
3, M (H) = R× R

3 = R
4, V = (0, v, 0, 0) (where v ∈ R,

|v| > c), and

J (0, x, y, z) = (0,−x, y, z) , x, y, z ∈ R

we obtain the transforms (1) from the formula (24).
To prove the theorem we need the following lemma.

Lemma 2. If for operator L ∈ L (M (H)) there exist number s ∈ {−1, 1}, vector V ∈ H1,
‖V ‖ 6= c and operator J ∈ U (H1) such, that for any ω ∈ M (H) vector Lω can be
represented by the formula (24), then L is a coordinate transform, moreover

L−1 = L0 [sign (c− ‖V ‖) s, V ] J̃−1, where

L0 [s, V ]ω =
s
(
T (ω)− 〈V,ω〉

c2

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
e0 +

s (T (ω)V −X1 [V ]ω)√∣∣∣1− ‖V ‖2

c2

∣∣∣
+X⊥

1 [V ]ω.(25)

Proof. Let the operator L ∈ L (M (H)) satisfy the conditions of the lemma. We need to
prove, that the operator L have the inverse L−1. By (24), operator L can be represented
in the form

L = J̃L0 [s, V ] .

Since J̃ is unitary operator over M (H), it is sufficient to prove that the inverse operator
exist for the operator L0. It is obvious that

(26) J̃−1 = J̃−1.
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Hence, the lemma will be fully proved, if we will be be able to verify the equality:

(27) L0 [s, V ]L0 [sign (c− ‖V ‖) s, V ] = I

(then the equality L0 [sign (c− ‖V ‖) s, V ]L0 [s, V ] = I will be follow by applying the
equality (27) to the operator L0 [s

′, V ], where s′ = sign (c− ‖V ‖) s).
In the case V = 0, using (25) and (4), we obtain

L0 [s, V ]ω = sT (ω) e0 +X⊥
1 [V ]ω = sT (ω) e0 + (X−X1 [V ])ω = sT (ω) e0 +Xω.

Thus, in this case equality (27) is clear.
So, one can be restricted by the case V 6= 0. Applying equalities (25) and (4) we

deliver

L0 [s, V ]ω=
s
(
T (ω)− 〈V,ω〉

c2

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
e0+

s
(
T (ω)− 〈V,ω〉

‖V ‖2

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
V +X⊥

1 [V ]ω, ω ∈ M (H) .(28)

Denote s′ := sign (c− ‖V ‖) s. Then for an arbitrary ω ∈ M (H) we have

(29) L0 [s, V ]L0 [sign (c− ‖V ‖) s, V ]ω = L0 [s, V ] ω̃, where ω̃ = L0 [s
′, V ]ω.

By (28),

(30)
T (ω̃)=T (L0 [s

′, V ]ω)=
s′
(
T (ω)− 〈V,ω〉

c2

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
, 〈V, ω̃〉=

s′
(
T (ω) ‖V ‖

2
− 〈V, ω〉

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
,

X⊥
1 [V ] ω̃ = X⊥

1 [V ]ω.

Applying equality (28) for vector ω̃ and using (30), we deduce

L0 [s, V ] ω̃ =
s
(
T (ω̃)− 〈V,ω̃〉

c2

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
e0 +

s
(
T (ω̃)− 〈V,ω̃〉

‖V ‖2

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
V +X⊥

1 [V ] ω̃

= ss′



T (ω)

(
1− ‖V ‖2

c2

)

∣∣∣1− ‖V ‖2

c2

∣∣∣
e0 +

〈V,ω〉

‖V ‖2

(
1− ‖V ‖2

c2

)

∣∣∣1− ‖V ‖2

c2

∣∣∣
V


+X⊥

1 [V ]ω

= ss′sign (c− ‖V ‖)

(
T (ω) e0 +

〈V, ω〉

‖V ‖
2 V

)
+X⊥

1 [V ]ω = ω.

Thus, using (29), we obtain (27). �

Proof of the theorem 1. I. Suppose, that L ∈ OTf in (H, c). Then, L is coordinate trans-
form, which satisfies the conditions 1′– 4′. Denote

(31) V := V (L) .

First we prove the formula (24) in the case V 6= 0. By equalities (5),(2) and (4), for any
ω ∈ M (H) we have

Lω = L
(
T+X1 [V ] +X⊥

1 [V ]
)
ω = L (T (ω) e0 +X1 [V ]ω) + LX⊥

1 [V ]ω

= L

(
T (ω) e0 +

〈V, ω〉

‖V ‖
2 V

)
+ LX⊥

1 [V ]ω.
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Hence, by lemma 1

(32)
Lω=αL

((
T (ω)−

〈V, ω〉

‖V ‖
2 βL

)
e0+

(
T (ω)−

〈V, ω〉

‖V ‖
2

)
V
(
L−1

)
)
+LX⊥

1 [V ]ω

(ω ∈ M (H))

Now, introduce the linear operator J1 on the subspace H1⊥ [V ] = H1⊥ [V (L)]. Denote

(33) J1x := Lx, x ∈ H1⊥ [V ] .

According to the formula (21), operator J1 maps the subspace H1⊥ [V ] into the subspace
H1⊥

[
V
(
L−1

)]
. By the formula (21) and condition 4′, for any x ∈ H1⊥ [V ] we obtain

(34) ‖J1x‖ = ‖Lx‖ =
∥∥X⊥

1

[
V
(
L−1

)]
Lx
∥∥ =

∥∥X⊥
1 [V (L)]x

∥∥ =
∥∥X⊥

1 [V ]x
∥∥ = ‖x‖ .

Hence, J1 is isometric operator from the subspace H1⊥ [V ] to H1⊥

[
V
(
L−1

)]
. Now the

aim is to prove, that operator J1 is unitary operator from H1⊥ [V ] to H1⊥

[
V
(
L−1

)]
,

that is

(35) J1H1⊥ [V ] = H1⊥

[
V
(
L−1

)]
.

Let us consider any vector y ∈ H1⊥

[
V
(
L−1

)]
. Since L is coordinate transform, there

exist vector x = L−1y. By equalities (5) vector x can be represented as

(36) x = (T+X1 [V ])x+X⊥
1 [V ]x,

where (T+X1 [V ])x ∈ H1 ⊕ H1 [V ] = H1 ⊕ H1 [V (L)], X⊥
1 [V ]x ∈ H1⊥ [V ]. Therefore,

Lx = L (T+X1 [V ])x+ LX⊥
1 [V ]x. Hence

(37) L (T+X1 [V ])x+ LX⊥
1 [V ]x = Lx = LL−1y = y ∈ H1⊥

[
V
(
L−1

)]
,

where, by lemma 1 and formula (21)

(38)
L (T+X1 [V ])x ∈ H0 ⊕ H1

[
V
(
L−1

)]
,

LX⊥
1 [V ]x ∈ H1⊥

[
V
(
L−1

)]
.

Since H0 ⊕ H1

[
V
(
L−1

)]
⊕ H1⊥

[
V
(
L−1

)]
= M (H), from the equalities (37), (38) we

conclude, that

LX⊥
1 [V ]x = y and L (T+X1 [V ])x = 0.

Since L is coordinate transform, from the equality L (T+X1 [V ])x = 0 it follows, that
(T+X1 [V ])x = 0. Hence, by (36), x = X⊥

1 [V ]x ∈ H1⊥ [V ], and, by definition of the
operator J1, we deliver

J1x = Lx = y.

Thus, we have proved, that for any y ∈ H1⊥

[
V
(
L−1

)]
there exists the element x ∈

H1⊥ [V ] such, that J1x = y. This means, that the operator J1 : H1⊥ [V ] 7→ H1⊥

[
V
(
L−1

)]

truly is unitary. Applying the operator J1 we can write

(39) LX⊥
1 [V ]ω = J1X

⊥
1 [V ]ω, ω ∈ M (H) .

Next, using the lemma 1, for any t, λ ∈ R we obtain

(40) L (te0 + λV (L)) = αL

(
(t− λβL) e0 + (t− λ)V

(
L−1

))
.

Using the formulas (6) and (40) we deliver

Mc (te0 + λV (L)) = λ2 ‖V (L)‖
2
− c2t2 = λ2 ‖V ‖

2
− c2t2,

Mc (L (te0 + λV (L))) = α2
LMc

(
(t− λβL) e0 + (t− λ)V

(
L−1

))

= α2
L

(
(t− λ)

2 ∥∥V
(
L−1

)∥∥2 − c2 (t− λβL)
2
)
= α2

L

(
(t− λ)

2
γL − c2 (t− λβL)

2
)
,
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where γL =
∥∥V
(
L−1

)∥∥2. Since te0 + λV (L) ∈ H0 ⊕ H1 [V (L)], by the condition 2′,

(Mc (L (te0 + λV (L))))
2
= (Mc (te0 + λV (L)))

2
, t, λ ∈ R. Thus

(
λ2 ‖V ‖

2
− c2t2

)2
=
(
α2
L

(
(t− λ)

2
γL − c2 (t− λβL)

2
))2

, or

λ2 ‖V ‖
2
− c2t2 = ±α2

L

(
(t− λ)

2
γL − c2 (t− λβL)

2
)

(t, λ ∈ R).

And after simple transformations the last formula takes the form

λ2 ‖V ‖
2
− c2t2 = ±α2

L

(
t2
(
γL − c2

)
− 2tλ

(
γL − c2βL

)
+ λ2

(
γL − c2β2

L

))
(t, λ ∈ R).

Thus, we obtain two systems of equations




α2
L

(
γL − c2

)
= −c2

γL − c2βL = 0

α2
L

(
γL − c2β2

L

)
= ‖V ‖

2

,





α2
L

(
γL − c2

)
= c2

γL − c2βL = 0

α2
L

(
γL − c2β2

L

)
= −‖V ‖

2

.

By means of simple transformations, these two systems can be reduced to the form




α2
L

(
1− ‖V ‖2

c2

)
= 1

γL = ‖V ‖
2

βL = ‖V ‖2

c2

,





α2
L

(
1− ‖V ‖2

c2

)
= −1

γL = ‖V ‖
2

βL = ‖V ‖2

c2

.

The first system has (real) solutions only for ‖V ‖ < c, and the second system has solutions
only for ‖V ‖ > c. Thus, the solutions exist only for ‖V ‖ 6= c. Solving the last systems

and taking into account, that γL =
∥∥V
(
L−1

)∥∥2, in the both cases we obtain

(41) αL =
s√∣∣∣1− ‖V ‖2

c2

∣∣∣
, βL =

‖V ‖
2

c2
,
∥∥V
(
L−1

)∥∥2 = ‖V ‖
2

(‖V ‖ 6= c),

where s ∈ {−1, 1}.
Substituting the values of LX⊥

1 [V ]ω from the formula (39) and the values of αL,βL

from the formula (41) into (32), we deliver

(42)

Lω =
s√∣∣∣1− ‖V ‖2

c2

∣∣∣

((
T (ω)−

〈V, ω〉

‖V ‖
2

‖V ‖
2

c2

)
e0

+

(
T (ω)−

〈V, ω〉

‖V ‖
2

)
V
(
L−1

)
)

+ J1X
⊥
1 [V ]ω

=
s
(
T (ω)− 〈V,ω〉

c2

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
e0 +

s
(
T (ω)V

(
L−1

)
− 〈V,ω〉

‖V ‖2 V
(
L−1

))

√∣∣∣1− ‖V ‖2

c2

∣∣∣
+ J1X

⊥
1 [V ]ω.

Introduce the following operator on the subspace H1:

(43) Jx :=
〈V, x〉

‖V ‖
2 V
(
L−1

)
+ J1X

⊥
1 [V ]x, x ∈ H1.

Since J1 maps subspace H1⊥ [V (L)] to subspace H1⊥

[
V
(
L−1

)]
,

〈
V
(
L−1

)
, J1X

⊥
1 [V ]x

〉
=0.
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Hence, using (34), (41) and (4), we obtain

‖Jx‖
2
=

(
〈V, x〉

‖V ‖
2

∥∥V
(
L−1

)∥∥
)2

+
∥∥J1X⊥

1 [V ]x
∥∥2 =

(
〈V, x〉

‖V ‖

)2

+
∥∥X⊥

1 [V ]x
∥∥2

=

∥∥∥∥∥
〈V, x〉

‖V ‖
2 V

∥∥∥∥∥

2

+
∥∥X⊥

1 [V ]x
∥∥2 = ‖X1 [V ]x‖

2
+
∥∥X⊥

1 [V ]x
∥∥2 = ‖x‖

2
.

Thus, operator J is isometric on H1.
For x = λV ∈ H1 [V ] by (43) we have J(λV ) = λV

(
L−1

)
. Hence

(44) JH1 [V ] = H1

[
V
(
L−1

)]
.

And for x ∈ H1⊥ [V ] according to (43) we obtain

(45) Jx = J1X
⊥
1 [V ]x = J1x (x ∈ H1⊥ [V ]).

Hence, by (35)

(46) JH1⊥ [V ] = J1H1⊥ [V ] = H1⊥

[
V
(
L−1

)]
.

From (44) and (46) it follows, that

JH1 = J (H1 [V ]⊕ H1⊥ [V ]) ⊇ H1

[
V
(
L−1

)]
⊕ H1⊥

[
V
(
L−1

)]
= H1.

Thus, JH1 = H1. And so operator J is unitary on H1, that is

J ∈ U (H1) .

In accordance with (43), JV = V
(
L−1

)
. Hence, using (42), (45) and (4), we deliver

the formula (24). So, for the case V 6= 0 formula (24) is proved.
Now consider the case V = 0, that is V (L) = 0. In this case, by the formula (4)

(47) X1 [V ] = X1 [0] = O, X⊥
1 [V ] = X.

Since, by condition 1′, transforms L and L−1 are v-determined, by lemma 1, the following
equality must hold:

(48) tLe0 = L (te0 + λV (L)) = αL

(
(t− λβL) e0 + (t− λ)V

(
L−1

))
(∀t, λ ∈ R)

with αL = T (Le0) 6= 0, βL = 1 − 1
αLα

L−1
6= 1. Since the left-hand side of the equality

(48) does not depend of λ, the coefficient of the variable λ in the right-hand side of the
equality must be zero. Hence, βLe0 + V

(
L−1

)
= 0, and so

(49) βL = 0, V
(
L−1

)
= 0.

Thus, the formula (48) takes the form Le0 = αLe0. And, applying the condition 2′ to
the vector e0 ∈ H0 ⊕ H1 [V (L)], we obtain αL = s, where s ∈ {−1, 1}. Consequently

(50) Le0 = se0, where s ∈ {−1, 1} .

Using (47), (50) for any vector ω ∈ M (H) we obtain

Lω = L (T (ω) e0 +Xω) = sT (ω) e0 + LXω = sT (ω) e0 + JX⊥
1 [V ]ω,(51)

where

(52) Jx = Lx, x ∈ H1 = XM (H) = X⊥
1 [V ]M (H) = H1⊥ [V ] .

By condition 3′ and formula (47), the subspace H1 = {ω ∈ M (H) |Tω = 0} is invariant
for the operator L. Hence, the operator J from (52) maps the subspace H1 into the
subspace H1.

According to the formula (49), V
(
L−1

)
= 0. Consequently, by the formula (47)

X⊥
1 [V ] = X⊥

1 [V (L)] = X⊥
1

[
V
(
L−1

)]
= X. So, by the condition 4′ operator J is

isometric on the subspace H1. Now, we have to prove, that operator J is unitary. Consider
any vector y ∈ H1. Denote x := L−1y. Then, by (51), Lx = sT (x) e0 + JXx = y ∈ H1.
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Hence, T (x) = 0 and JXx = y. This means, that y ∈ JH1. Therefore, we have seen,
that JH1 = H1, and the operator J really is unitary on the H1 = H1⊥ [V ]. Thus for the
case V = 0 the formula (24) also is proved.

II. Inversely, suppose, that the operator L ∈ L (M (H)) can be represented in the
form (24). Then, by the lemma 2, L is coordinate transform.

1. By the formula (24) we deliver

Le0 = χV (e0 + JV ) , where χV =
s√∣∣∣1− ‖V ‖2

c2

∣∣∣
6= 0,

L (e0 + V ) =
s
(
1− ‖V ‖2

c2

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
e0 =

sign (c− ‖V ‖)

χV

e0, L−1e0 =
χV (e0 + V )

sign (c− ‖V ‖)
.

Hence T (Le0) = χV 6= 0, T
(
L−1e0

)
= χV

sign (c−‖V ‖) 6= 0. Thus, coordinate transforms L

and L−1 are v-determined, moreover

V (L) =
XL−1e0

T (L−1e0)
= V, V

(
L−1

)
=

XLe0
T (Le0)

= JV.(53)

2. In accordance with (24), for ω = te0 + λV ∈ H0 ⊕H1 [V ] = H0 ⊕H1 [V (L)], we obtain

Lω =
s
(
t− λ‖V ‖2

c2

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
e0 +

s (t− λ) JV√∣∣∣1− ‖V ‖2

c2

∣∣∣
.

Hence, since J is isometric operator, we obtain

(Mc (Lω))
2
=


 1∣∣∣1− ‖V ‖2

c2

∣∣∣


(t− λ)

2
‖JV ‖

2
− c2

(
t− λ

‖V ‖
2

c2

)2





2

=


 1

1− ‖V ‖2

c2


(t− λ)

2
‖V ‖

2
− c2

(
t− λ

‖V ‖
2

c2

)2





2

=
(
λ2 ‖V ‖

2
− c2t2

)2
= (Mc (ω))

2
.

Thus, the condition 2′ for the operator L also is satisfied.
3. Suppose, that ω ∈ M (H), Tω = X1 [V (L)]ω = 0. Then, T (ω) = 0, and (since

V (L) = V , by (53)), we have, 〈V, ω〉 = 0, X⊥
1 [V ]ω = (X−X1 [V (L)])ω = Xω = ω. So,

by (24)

Lω = JX⊥
1 [V ]ω = Jω.

And, taking into account, that J is unitary operator on H1, using (53) and (4) we obtain

TLω = TJω = 0,

X1

[
V
(
L−1

)]
Lω = X1 [JV ] Jω =

{
〈JV,Jω〉

‖V ‖2 JV, JV 6= 0

0, JV = 0

= J

{
〈V,ω〉

‖V ‖2 V, V 6= 0

0, V = 0
= JX1 [V ]ω = 0.

Hence, we have checked the condition 3′ for the operator L.
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4. Using the unitarity of the operator J (〈Jω, Jw〉 = 〈ω,w〉, ω,w ∈ M (H)) and
equalities (4),(5) one can easy verify the following formulas:

JX1 [V ]ω = X1 [JV ] JXω, ω ∈ M (H) ,

JX⊥
1 [V ]ω = X⊥

1 [JV ] JXω, ω ∈ M (H) .

So, by the formula (24) for any ω ∈ M (H) we deliver

X⊥
1

[
V
(
L−1

)]
Lω = X⊥

1 [JV ]Lω

= X⊥
1 [JV ]



s
(
T (ω)− 〈V,ω〉

c2

)

√∣∣∣1− ‖V ‖2

c2

∣∣∣
e0 +

s (T (ω) JV −X1 [JV ] JXω)√∣∣∣1− ‖V ‖2

c2

∣∣∣
+ JX⊥

1 [V ]ω




= X⊥
1 [JV ] JX⊥

1 [V ]ω = X⊥
1 [JV ] X⊥

1 [JV ] JXω

= X⊥
1 [JV ] JXω = JX⊥

1 [V ]ω,

∥∥X⊥
1

[
V
(
L−1

)]
Lω
∥∥ =

∥∥JX⊥
1 [V ]ω

∥∥ =
∥∥X⊥

1 [V ]ω
∥∥ .

Thus, all conditions 1′– 4′ for the coordinate transform L are satisfied. Hence L ∈
OTf in (H, c). �

5. Generalized Lorentz transforms for infinite speeds

Now we investigate the behavior of coordinate transforms from the class OTf in (H, c),
when the norm of the rate of reference frame (‖V ‖) tends to infinity. For this purpose
we will substitute

(54) V = λsn, where λ > 0, λ 6= c; n ∈ B1 (H1) = {x ∈ H1 | ‖x‖ = 1}

to the formula (24) and then we will take the limit while λ → ∞. Note, that, by (4)

(55)
X1 [λsn]ω =

〈λsn, ω〉

‖λsn‖
2 λsn = 〈n, ω〉n = X1 [n]ω,

X⊥
1 [λsn]ω = Xω −X1 [λsn]ω = Xω −X1 [n]ω = X⊥

1 [n]ω (ω ∈ M (H)).

Hence, substitution the velocity (54) to the formula (24) lead us to the following repre-
sentation for operators L ∈ OTf in (H, c) (with V (L) 6= 0):

(56)

Lω=Wλ [s,n, J ]ω

=

(
sT (ω)− λ

c2
〈n, ω〉

)
√∣∣1− λ2

c2

∣∣
e0+J


λT (ω)n− sX1 [n]ω√∣∣1− λ2

c2

∣∣
+X⊥

1 [n]ω


 , ω ∈ M (H) ,

where s ∈ {−1, 1}, J ∈ U (H1), n ∈ B1 (H1), λ > 0.
Taking in (56) limit while λ → ∞, we get the following linear operators in the space

M (H):

W∞ [n, J ]ω = lim
λ→+∞

Wλ [s,n, J ]ω = −
〈n, ω〉

c
e0 + J

(
cT (ω)n+X⊥

1 [n]ω
)
,(57)

where limit exists in the sense of norm of the space M (H). Note, that limit in (57) does
not depend of the number s. It is not hard to verify, that W∞ [n, J ] ∈ L (M (H)).

Now we introduce the following class of linear bounded operators in the space M (H):

OT∞ (H, c) := {W∞ [n, J ] | n ∈ B1 (H1) , J ∈ U (H1)} .
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Lemma 3. For any n ∈ B1 (H1) and J ∈ U (H1) the following equalities holds:

(58) J̃W∞ [n, I1] = W∞ [n, J ] , W∞ [n, I1] J̃ = W∞

[
J−1n, J

]
,

where the operator J̃ is defined in (22), and I1 denotes the identity operator on the
subspace H1.

Proof. The first equality (58) immediately follows from (22) and (57). Hence, we prove
only the second equality (58). Using (22) and (57) we obtain for any ω ∈ M (H)

(59)

W∞ [n, I1] J̃ω = W∞ [n, I1] (T (ω) e0 + JXω) = −
〈n, T (ω) e0 + JXω〉

c
e0

+ cT (T (ω) e0 + JXω)n+X⊥
1 [n] (T (ω) e0 + JXω)

= −
〈n, JXω〉

c
e0 + cT (ω)n+X⊥

1 [n] JXω

= −

〈
J−1n, ω

〉

c
e0 + cT (ω)n+X⊥

1 [n] JXω.

Note, that, by definition of class OT∞ (H, c), n 6= 0. So, applying (4),(5), and using the
fact that the operator J maps H1 into H1, we obtain

X⊥
1 [n] JXω = (X−X1 [n]) JXω = XJXω − 〈n, JXω〉n

= XJXω −
〈
XJ−1n, ω

〉
n = JXω −

〈
J−1n, ω

〉
n

= J
(
Xω −

〈
J−1n, ω

〉
J−1n

)
= J

(
X−X1

[
J−1n

])
ω = JX⊥

1

[
J−1n

]
ω.

Thus, according to (59), we deduce

W∞ [n, I1] J̃ω = −

〈
J−1n, ω

〉

c
e0 + cT (ω)n+ JX⊥

1

[
J−1n

]
ω

= −

〈
J−1n, ω

〉

c
e0 + J

(
cT (ω) J−1n+X⊥

1

[
J−1n

]
ω
)
=W∞

[
J−1n, J

]
ω.

�

Lemma 4. For any vector n ∈ B1 (H1) it is true the following equality:

W∞ [n, I1]W∞ [−n, I1] = I.

Proof. Consider an arbitrary vector n ∈ B1 (H1). For vector ω ∈ M (H), using (57),
(55), (5), we get

W∞ [n, I1]W∞ [−n, I1]ω = W∞ [n, I1]

(
−
〈−n, ω〉

c
e0 − cT (ω)n+X⊥

1 [−n]ω

)

= W∞ [n, I1]

(
〈n, ω〉

c
e0 − cT (ω)n+X⊥

1 [n]ω

)

= −

〈
n,
(

〈n,ω〉
c

e0 − cT (ω)n+X⊥
1 [n]ω

)〉

c
e0

+ cT

(
〈n, ω〉

c
e0 − cT (ω)n+X⊥

1 [n]ω

)
n

+X⊥
1 [n]

(
〈n, ω〉

c
e0 − cT (ω)n+X⊥

1 [n]ω

)

=
cT (ω) e0

c
+ c

〈n, ω〉

c
n+X⊥

1 [n]X⊥
1 [n]ω = ω.

�

From the lemmas 4, 3 and formula (26), we immediately deduce the following theorem.
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Theorem 2. Any operator W∞ [n, J ] ∈ OT∞ (H, c) is a coordinate transform, moreover

(W∞ [n, J ])
−1

= W∞

[
−Jn, J−1

]
.

Coordinate transforms, which belong to the class OT∞ (H, c) will be named gene-

ralized Lorentz transforms for infinite speeds of reference frames.

Remark 1. Note, that any generalized Lorentz transform with infinite speed W∞ [n, J ] ∈
OT∞ (H, c) is not v-determined, because, by (57), T (W∞ [n, J ] e0) = 0.

Denote

OT (H, c) := OTf in (H, c) ∪OT∞ (H, c) .

Coordinate transforms, which belong to the class OT (H, c) will be named generalized
tachyon Lorentz transforms.

6. General representation for tachyon Lorentz transforms

The aim of this section is to give general representation for coordinate transforms,
from the class OT (H, c), which would be true for finite as well as for infinite velocities
of reference frames.

Since any velocity V ∈ H1, ‖V ‖ /∈ {0, c} can be represented by the form (54), where

n = s
V

‖V ‖
, λ = ‖V ‖ (n ∈ B1 (H1) , λ > 0)

the formula (56) may be considered as general representation for operators fromOTf in (H, c),
with nonzero velocity, that is any operator L ∈ OTf in (H, c), such, that V (L) 6= 0 can
be represented in the form (56).

Consider the case V (L) = 0. By the formula (24), we have, that any operator L ∈
OTf in (H, c) with zero velocity can be represented in the form

(60) Lω = sT (ω) e0 + J
(
X⊥

1 [0]ω
)
= sT (ω) e0 + J (Xω) (ω ∈ M (H)).

From the other hand, substituting λ = 0 (s ∈ {−1, 1}, J ∈ U (H1), n ∈ B1 (H1)) into the
formula (56), we can define the following operators:

(61)
W0 [s,n, J ]ω = sT (ω) e0 + J

(
−sX1 [n]ω +X⊥

1 [n]ω
)

= sT (ω) e0 + J (−sI1,−s [n])Xω (ω ∈ M (H)),

where

I1,σ [n]x = X1 [n]x+ σX⊥
1 [n]x, x ∈ H1, σ ∈ {−1, 1} .

Since, −sI1,−s [n] ∈ U (H1), the set of operators, which can be defined by the formula
(61) coincides with the set of operators, which can be defined by the formula (60).

Hence, we have seen, that (in the both cases V (L) 6= 0 and V (L) = 0) operator
L ∈ L (M (H)) belongs to the class OTf in (H, c) if and only if it can be represented by
the formula (56) with λ ≥ 0, s ∈ {−1, 1}, J ∈ U (H1), n ∈ B1 (H1).

Now we introduce the new parameter

(62) θ :=
1− λ

c√∣∣1− λ2

c2

∣∣
.

Using simple calculations formula (62) can be reduced to the form

(63) θ = −sign

(
1−

2

1 + λ
c

)√√√√
∣∣∣∣∣1−

2

1 + λ
c

∣∣∣∣∣.
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Since function f(λ) = −sign
(
1− 2

1+λ

c

)√∣∣∣1− 2
1+λ

c

∣∣∣, is decreasing on [0,+∞), it maps

the interval [0,∞) into the interval = (−1, 1], and any value λ ≥ 0 can be uniquely
determined by the parameter θ ∈ (−1, 1]. Using simple calculation, one can ensure, that
parameter λ can be determined by the parameter θ by means of the formula

(64) λ = c
1− θ |θ|

1 + θ |θ|
, θ ∈ (−1, 1],

and the case λ = c corresponds the case θ = 0.
By means of substitution the value of parameter λ from the formula (64) to the

correlation (56), we obtain the following representation of the operators L ∈ OTf in (H, c):

(65)

Lω = W
c
1−θ|θ|
1+θ|θ|

[s,n, J ]ω =

(
sϕ0 (θ) T (ω)− ϕ1 (θ)

〈n, ω〉

c

)
e0

+ J
(
cϕ1 (θ) T (ω)n− sϕ0 (θ)X1 [n]ω +X⊥

1 [n]ω
)
, ω ∈ M (H) ,

s ∈ {−1, 1} , J ∈ U (H1) , n ∈ B1 (H1) , θ ∈ (−1, 1] \ {0} ,

where

ϕ0 (θ) =
1 + θ |θ|

2 |θ|
, ϕ1 (θ) =

1− θ |θ|

2 |θ|
(θ ∈ R, θ 6= 0).(66)

Note, that the case θ = 0 must be excluded, because in this case we have λ = c, and the
norm of velocity V (L) is equal to the speed of light c (note, that in the case ‖V (L)‖=c
the transforms (24), and, hence, (65) are undefined). From the equality (64) it follows,
that in the case θ ∈ (0, 1) we have, λ = ‖V (L)‖ ∈ (0, c). So, in this case, the norm of the
velocity of reference frame ‖V (L)‖ frame is less then the speed of light c. Similarly, in
the case θ ∈ (−1, 0), we have λ ∈ (c,+∞). Hence, in this case the norm of frame velocity
is greater, then c.

It is easy to verify, that for any θ ∈ R \ {0} the following equalities are true:

(67)

ϕ0 (θ)ϕ1 (θ) = −
1

4

(
θ2 −

1

θ2

)
, c

ϕ1 (θ)

ϕ0 (θ)
= λ = c

1− θ |θ|

1 + θ |θ|
,

ϕ0 (θ) + ϕ1 (θ) =
1

|θ|
, ϕ0 (θ)− ϕ1 (θ) = θ, ϕ0 (θ)

2
− ϕ1 (θ)

2
= sign θ.

Denote

Uθ (s,n, J) := W
c
1−θ|θ|
1+θ|θ|

[s,n, J ] ,

s ∈ {−1, 1} , n ∈ B1 (H1) , J ∈ U (H1) , θ ∈ (−1, 1], θ 6= 0.

From (66) it follows, that for θ = −1 the functions ϕ0 (θ) and ϕ1 (θ) also are defined

ϕ0 (−1) = 0, ϕ1 (−1) = 1.

And substitution θ = −1 to the formula (65) lead us to the following linear operators:

U−1 (s,n, J) = W∞ [n, J ] ,

which do not depend on the number s ∈ {−1, 1}, because terms, which contain variable
s are zero (where the operators W∞ [n, J ] are defined in (57)).

Hence, for θ = −1 we obtain the generalized Lorentz transforms for infinite speeds
W∞ [n, J ], which, by remark 1, are not v-determined.

Above we have proved the following theorem.

Theorem 3. Operator L ∈ L (M (H)) belongs to the class OT (H, c) if and only if there
exist numbers s ∈ {−1, 1}, θ ∈ [−1, 1] \ {0}, vector n ∈ B1 (H1) and operator J ∈ U (H1)
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such, that for any ω ∈ M (H) vector Lω can be represented by the formula

(68)
Lω = Uθ (s,n, J)ω =

(
sϕ0 (θ) T (ω)− ϕ1 (θ)

〈n, ω〉

c

)
e0

+ J
(
cϕ1 (θ) T (ω)n− sϕ0 (θ)X1 [n]ω +X⊥

1 [n]ω
)
.

Coordinate transform L = Uθ (s,n, J) is v-determined if and only if θ 6= −1, and in this
case

V (L) = cs
1− θ |θ|

1 + θ |θ|
n.

7. Notes about relativity principle in tachyon kinematics

Using the results of the theory of changeable sets [16, 3, 4] the kinematics, including
the superlight motion of reference frames can be constructed mathematically strictly.
For this purpose we consider the subset OT+ (H, c) ⊆ OT (H, c) of coordinate transforms

(69) OT+ (H, c) = {Uθ (s,n, J) ∈ OT (H, c) | s = 1} .

Note, that the subset O+ (H, c) = OT+ (H, c)∩O (H, c) ⊆ OT+ (H, c) in the case H = R
3

coincides with full Lorentz group, defined in [15].
The reason of the selection of subset OT+ (H, c) ⊆ OT (H, c) (69) is, that in the

case, where the velocity of frame is less, then light (θ > 0), we exclude the coordinate
transforms with negative direction of time. The most elementary example of coordinate
transform which ensures the negative direction of time for corresponding reference frame
is as follows:

(70) U1 (−1,n,−I1) = −I (n ∈ B1 (H1)).

The transform (70) has zero velocity, but negative direction of time. And it is easy to
see, that −I ∈ OT (H, c), but −I /∈ OT+ (H, c).

Let B be a basic changeable set (in the sense of [4, definition 7.4], [16, definition 8])
such, that Bs(B) ⊆ H. For example it may be B = At (R), where R is a system of
abstract trajectories from R to M , with M ⊆ H (note, that trajectories r ∈ R may be
superlight). Using [4, example 10.2], [3, example 3.2], we can construct the changeable
set

(71) KLT (H,B, c) = Z im (OT+ (H, c) ,B) ,

which represents the mathematically strict model of kinematics for inertial reference
frames, allowing superlight motion of frames, as well, as superlight transformations of
objects (that is elementary or elementary-time states).

From the other hand, despite the fact, that the subset O+ (H, c) ⊆ OT+ (H, c) is the
group of operators over the space M (H), it can be proved, that the whole set OT+ (H, c)
does not form a group. Moreover, the composition of transforms from OT+ (H, c) with
superlight speeds may give transforms with negative time direction like (70) (for example,

in the case dimH = 1 we have W∞ [n, I1]
2
= −I, n ∈ B1 (H1)). This means, that

kinematics (71) does not satisfy the relativity principle in superlight diapason, because
the set of coordinate transforms, providing transition from one frame to all other, is
different for different frames. Although, if we restrict ourselves to the sublight speeds
(that is if we consider the kinematics KL0 (H,B, c) = Z im (O+ (H, c) ,B), which is the
“subkinematics” of kinematics (71)), then the relativity principle will be satisfied.

At the present time we do not know, whether is it possible to construct a tachyon
kinematics based on some subset of transforms G ⊆ OT (H, c), which satisfies the rela-
tivity principle and does not contain sublight transforms with negative time direction.
But even in the case, when it is impossible, there is no need to enter into conflict with
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the classical theory of relativity, because kinematics (71) contradicts with the relativity
principle only in the superlight diapason, where classical theories must not be true fully.
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2. G. Székely, The existence of superluminal particles is consistent with the kine-

matics of Einstein’s special theory of relativity, Preprint: arXiv:1202.5790, 2012.
(http://arxiv.org/abs/1202.5790v1)

3. Ya. I. Grushka, Visibility in changeable sets, Proceedings of Institute of Mathematics NAS of
Ukraine 9 (2012), no. 2, 122–145. (Ukrainian)

4. Ya. I. Grushka, Abstract concept of changeable set, Preprint: arXiv:1207.3751v1, 2012.

(http://arxiv.org/abs/1207.3751v1)
5. O. Bilaniuk, Tachyons. Selected Publications Dedicated to 40 Years of Tachyon Hypothesis,

Eurosvit, Lviv, 2002. (Ukrainian)
6. O. Bilaniuk, E. C. G. Sudarshan, Particles beyond the Light Barrier, Physics Today 22 (1969),

no. 5, 43–51.
7. James M. Hill and Barry J. Cox, Einstein’s special relativity beyond the speed of light, Pro-

ceedings of the Royal Society, A: Mathematical, Physical and Engineering Science, Published

on-line 3 October 2012 in advance of the print journal. (doi:10.1098/rspa.2012.0340)
8. Ricardo S. Vieira, An introduction to the theory of tachyons, Preprint: arXiv:1112.4187v2, 2012.

(http://arxiv.org/abs/1112.4187v2)
9. E. Recami, Classical tachyons and possible applications, Riv. Nuovo Cim. 9 (1986), no. 6, 1–178.

10. Erasmo Recami, Flavio Fontana, Roberto Garavaglia, About superluminal motions and special

relativity: A discussion of some recent experiments, and the solution of the causal paradoxes,
International Journal of Modern Physics A 15 (2000), no. 18, 2793–2812.

11. John W. Schutz, Foundations of Special Relativity: Kinematic Axioms for Minkowski Space-

Time, Lecture Notes in Mathematics, Vol. 361, Springer-Verlag, Berlin—Heidelberg—New York,
1973.

12. W. F. Pfeffer, Lorentz transformations of a Hilbert space, Amer. J. Math. 103 (1981), no. 4,
691–709.

13. W. Benz, Lorentz-Minkowski distances in Hilbert spaces, Geometriae Dedicata 81 (2000), no. 1,
219–230.

14. W. Benz, On Lorentz-Minkowski geometry in real inner product spaces, Adv. Geom. (2003),

S1–S12.
15. M. A. Naimark, Linear Representations of the Lorentz Group, International Series of Mono-

graphs in Pure and Applied Mathematics, Vol. 63, Oxford—London—Edinburgh—New York—
Paris—Frankfurt, 1964.

16. Ya. I. Grushka, Changeable sets and their properties, Reports of NAS of Ukraine, 2012, no. 5,
12–18. (Ukrainian)

Institute of Mathematics, National Academy of Sciences of Ukraine, 3 Tereshchenkivs’ka,

Kyiv, 01601, Ukraine

E-mail address: grushka@imath.kiev.ua

Received 06/02/2013


