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SPECTRAL SINGULARITIES OF DIFFERENTIAL OPERATOR
WITH TRIANGULAR MATRIX COEFFICIENTS

A. M. KHOLKIN

I dedicate this work to my dear Teacher Fedor Semenovich Rofe-Beketov
with deep gratitude and respect in honour of his glorious anniversary

ABSTRACT. For a non-selfadjoint Sturm-Liouville operator with a triangular matrix
potential growing at infinity, we construct an example of such an operator having
spectral singularities.

In the study of the connection between spectral and oscillating properties of non-
selfadjoint differential operators with block-triangular matrix coefficients growing at in-
finity (see [3]), there arises the question on the structure of the spectrum of such op-
erators. For an operator with a triangular matrix potential decaying at infinity which
first moment is bounded, due to the inverse scattering problem, the spectral structure
was established in [2], [1], [8]. In [4], there are presented sufficient conditions where a
non-selfadjoint operator with a block-triangular matrix potential growing at infinity has
no spectral singularities, and its spectrum is real and discrete. The points at which the
resolvent of a non-selfadjoint operator has a pole but which are not eigenvalues of the
operator, are said to be spectral singularities. A special role of these points was found
first by M. A. Naimark in [6]. The notion “spectral singularity” was introduced later due
to J. Schwartz [9] (see also M. A. Naimark’s monograph [7] and Supplement I of [5] due
to V. E. Ljance).

In this paper we construct an example where a non-selfadjoint differential operator
with a triangular matrix potential has spectral singularities.

Consider an equation with a block-triangular matrix potential,

(1) g =-y"+V(@)y=2Xy, 0<z<oo,
where
U11($) U12($) Ulr({L‘)
0 UQQ(.’L‘) Ugr(m)

(2) V(z) = w(z) - In + U(z), U(z) = ;

w(z) is a real-valued function, 0 < w(x) — oo monotonically as  — oo, and has mono-
tone absolutely continuous derivative. The diagonal blocks Uy, k = 1,r, are Hermitian

matrices of order my > 1 (in particular, for my = 1 they are real scalar functions). Let
T

Z my, = m, and let I, be a unit matrix of order m. Denote by H,, an m-dimensional
k=1
Hilbert space.
In the case of
(3) w(z) > Cx®*, C>0, a>1,
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we suppose that the coefficients of the equation (1) satisfy the relations
o0 1
(4) / |U(@)] - w™= dt < oo,
0

(5) /Oo w(t) w3 (1) dt < oo, /OOO w”(t) - w3 () dt < oo.

0
70(%/0%@@ (/Ow \/WdU>,

Yoo T, A) = m-eXp (/Ox mdu>.

In the case where w(z) = 22%, 0 < a < 1, suppose that the coefficients of the equa-
tion (1) satisfy the relation

o0
(6) / U()] -t dt < 00, a0,
a

and then put

~Yo(x, A) = 41) - exp (—/:\/mdu> ,

4(x2 — )
1 x
— . 20
Yoo (T, A) = NCay exp (/a Vu Adu) .

In [4], there was established the asymptotics of the functions vo(x, A) and vy (x, \) as
x — o0o. With a use of it, the Theorem as well as its Corollary below was proved.

Theorem 1. Suppose that, for equation (1), either conditions (3), (4), (5) for a > 1,
or condition (6) for 0 < a < 1, hold. Then equation (1) has a unique matriz solution
®(x, ) decaying at infinity and satisfying the relation

®(z, M)

lim =1,

T—00 7Y (x, )\)

such that
O’ (z, \)

1m
z—>00 76(3:7 /\)

= Im.

Also, this equation has a matriz solution ¥(x,\) growing at infinity and satisfying the
relation

i @A)
T—00 Yoo (:c, )\)
such that
Wz, \)

22v50 YL (7, )
Corollary 1. If a = 1, i.e., the coefficient w(z) = x2, then, under condition (6), The-

_ A+l

orem 1 holds true for the functions vo(x,\) = 27T - exp (—12—2), Yoo (T, N) = 2772
exp (%) If @ = %, i.e., the coefficient w(z) = x, and condition (6) holds, then
Yo(z, ) = 77 - exp (f%x% + )\x%>, Yoo(T, N) = 2771 - exp (%x% - )\x%).

Remark 1. In monograph [10], for the scalar equation

(7) —" a2 p=Ap
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it was shown that, for A = 2n + 1, this equation has the solution

nl) = Hi(2) - oxp (—”;) ,

where H,(z) is the Chebyshev—Hermite polynomial. The differential and recursion for-
mulas for the polynomial are also provided there. Note that the Chebyshev-Hermite
polynomial has the following asymptotics as x — oo: Hp(z) = (22)™(1 + o(1)). Hence
the solution @, (z) of the equation (7) for A = 2n+ 1 will have the following asymptotics
at infinity:

2

on(@) = (22)" - exp <_”32> (14 o(1)).

In the case of U(x) = 0 and w(z) = z? in (2), the matriz equation (1) is splitting
into m scalar equations of the form (7). The matriz solution ®(x, \) will be diagonal
in this case. Denote by p(xz,\) the diagonal elements of the matriz ®(x,X). Then, by
Corollary 1, the solution @(x,\) will have the following asymptotics at infinity:

~ 2
oz, \) = 277 - exp (_332) (I4+0(1)).
In particular, for A = 2n + 1, this yields the solution proportional to ¢ (x).

Let the following boundary condition be given at z = 0:

(8) cos A-§'(0) —sin A - g(0) = 0,

where A is a block-triangular matrix of a similar structure as the coefficients of the
differential equation (1).
Together with problem (1), (8), we consider a separate system,

lk [gk] = _g;c/ + (U)(JI)Imk + Ukk(I)) Yk = A:ljk,, k= 1,7,

with the boundary conditions

(9) cos Agg - . (0) — sin Agy - g (0) =0, k=1,r,

where Ay are diagonal elements of the matrix A, Apy, k = 1,7, are Hermitian matrices
of order my > 1, >, my =m.

Denote by Ly the minimal differential operator generated by the differential expres-
sion [ [y] and the boundary condition (8), and by Ly, k = 1,7, the minimal symmetric
operators on Lo (Hyy,, (0,00)) generated by the differential expressions I [§x] and the
boundary conditions (9). Taking into account the conditions on the coefficients, we con-
clude that, for every symmetric operator Ly, k = 1,7, there is a limit point at infinity.
Hence their self-adjoint extensions Ly are the closures of the operators Ly, respectively.
The operators Lj are semi-bounded, and their spectra are discrete.

Denote by L the extension of the operator Ly generated by the requirement on func-
tions from the domain of the operator L to belong to Lg (H,,, (0,00)).

It can be shown (see Lemma 2 in [3]) that the discrete spectrum of the operator L is
real and belongs to the union of the spectra of the self-adjoint operators EC,

o4(L) C LTJ o (Z;) .
k=1

If the perturbation U(x) of the equation (1) is subordinated to the growth of the
function w(x), then this assertion can be refined. The following theorem is proved in [4].
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Theorem 2. Suppose that, for equation (1), either conditions (3), (4), (5) for a > 1,
or condition (6) for 0 < a < 1, hold. Then the spectrum of the operator L is real and
coincides with the union of spectra of the self-adjoint operators Ly, k = 1,7, i.e.,

(10) o(L) = U o (fk) .
k=1

Remark 2. If the perturbation U(z) in the equation (1) does not satisfy either condi-
tions (4), (5) or condition (6), then, as the following example shows, Theorem 2 is no
longer true.

Example 1. Consider the equation:

(11) Ugl= 9"+ (%2 ggi)2> §=\j, 0<z<oo, §= (g;)
with the boundary condition
(12) y(0) =
Together with the problem (11), (12), consider a separate system,
(13) Liy] = —yi + 2% = Ay,
(14) laolya] = —y5 + 722 y2 = Ayo
with the boundary conditions
(15) y1(0) =0,
(16) y2(0) = 0.

As above, denote by Lo the differential operator generated by the differential ex-
pression [ [] (11) and the boundary condition (12), and by Ly, Ly denote the minimal
symmetric operators on Ly (0;00) generated by the differential expressions Iy [y1], o [yg]
and the boundary conditions (15), (16), respectively. Their self—adjomt extensions Ll,
L2 are the closures of the operators Ly, Lo respectively. The operators Ll, L2 are semi-
bounded; let us denote their spectra by oy = (L), 03 = o(La).

The equation (13) (cf. (7)) has the solution y; ,(x) = Hy(z)-exp (—%) for A = 2n+1.

Since Hap41(0) = 0, the eigenvalues of the operator Z; are \, = 4n + 3.

The sets o1 and o5 do not intersect.

Denote by L the extension of the operator Ly generated by the requirement on the
functions from the domain of the operator L to belong to Ls (Hz, (0;00)), and by o(L)

its spectrum.
yi1(@, A) gz, A)
Denote by Y (z,\) =
enote by Y (z, ) 0 Yoo (2. )
satisfying the initial conditions Y'(0,\) =0, Y'(0,\) = I.

If some A\g € o(L1) and y(x, Ag) is the corresponding eigenfunction of the operator
y(l', )\0)
0
L corresponding to the eigenvalue Ao, i.e., Ay € o(L). Moreover, Ay € o(L2) is the

eigenvalue of the operator L if and only if the solution yi2(x, Ag) of the equation

the matrix solution of the equation (1)

E , then the vector function g(z, Ag) = < > is the eigenfunction of the operator

(17) —Yis + 2*y12 + q(2)y22 = Aoyra
satisfying the initial conditions y12(0, A) = ¢15(0, A) = 0 belongs to La(0;00). Let u(x, A)
and v(z, \) be the solutions of the equation (13) satisfying the initial conditions

uw(0,A) =0, «/(0,\)=1, v(0,\)=-1, 2'(0,\)=0,
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and let C(z,t,\) = u(x, \)v(t,\) — v(x)u(t,\) be the Cauchy function of the equa-
tion (13). Then the solution y12(z, Ag) is given by

y12(x, Ao) = / q(t) - C(z,t, Xo) - Ya2(t, Xo) dt.
0

Choose the coefficient () = yao(x, Ag)e*”, where > 2 (for instance, p = 4), and show
that the integral [ yi,(z, Ao) dz diverges and, consequently, Ao & o(L). Indeed, since
the solution yaa(x, \g) has finitely many zeros, we conclude that, for any @ > N; > 0,

(18) yaa(x, Ng) = cle_(’“’Q7 a >0,

(z—t)?

and the Cauchy function decays no faster than e~ . Hence, if |z — t| > Na, we have

(19) C(x,t, M) > coe™ (D7,

In the case of § <t < § and = > max(4N1,2N3), the inequalities (18) and (19) are

fulfilled simultaneously, therefore,

Y12 (2, Ao) > 03/

[N

4 2 2
et .6720115 'ef(wft) dt.

x

N

4 2
et et (gt

[NE]

z? z2
Since e=(*=0* > = for ¢ < £, we get yia(x, o) > cze” T [,

s

4

4 o .2 1,4 ot
£ 201" 5 ¢3!t > ¢37, hence

@

If x is sufficiently large and t € [%, %], we have e
Y12(w, Ao) > ngefTJrﬁ —o0 for x— o0

It follows that y12(x, Ao) € L2(0;00) and Ao & o(L).

There arises the question on the nature of such values A.
Consider the equation with a triangular matrix potential:
- —11 p(x) q(z)\ _ -~ - Y1
= — e < f—
I W) RS VU G )

where p(x), ¢(x), r(z) are scalar functions, p(z), r(x) are real functions and
p(x), r(z) — oo monotonically as z — co.
Let the boundary condition is given at x =0

(21) cos A-g'(0) —sin A - g(0) = 0,

Ccos (] COS a12>

where A is a triangular matrix, cos A =
0 COS (x99

Consider the separated system

(22) L] = —yi +p(@)yr = Ay,
(23) lalys] =~y +r()y2 = Ay2
with the boundary conditions

(24) cos a1191(0) — sinag1y1(0) = 0,
(25) o8 a2y (0) — sin aaay2(0) = 0.

Let Lo be the differential operator generated by the differential expression I [j] (20)
and the boundary condition (21), and let Ly, Ly be minimal symmetric operators on
L5(0,00) generated by the differential expressions I [y1], l2[y2] and the boundary condi-
tions (24), (25) respectively. Denote by Ly, L, the self-adjoint extensions of the operators
L1, Ly respectively. The operators L , Lo are semi-bounded; let us denote their spectra
by o1 and o3 respectively.

Denote by L the extension of the operator Ly and by o(L) its spectrum.
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Let u(z, A) and v(z, A) be the solutions of the equation (22) with the boundary con-
ditions
u(0,A) =0,  u'(0,)) =1,
v(0,A) =—1, 2'(0,\) =0.

The general solution of the equation (20) has the form p(x, \) = u(x, A) + lv(z, A) up
to a constant. Choose an [ such that the condition (b, A) = 0 holds true. This equality

is valid for I = I(b, \) = — Zg:i; (the solution v(z, A) has finitely many zeros for a fixed A,

hence v(b, ) # 0 whenever b is sufficiently large). Put <p(1b1) (x, A) = ulx, \)+1(b, Nv(z, A).
Since for the operator L; there is the case of a limit point, then, as is known, (b, \)
has a unique limit m(\) as b — oo, and the solution of the equation (22) satisfies
v11(z, A) = u(z, A) + m(A)v(z, A) € La(0,00). Similarly we obtain that the solution of
the equation (23) satisfies pas(x, \) € La(0, 00).
(b) (b)
Denote by ®y(z,\) = [ 711 (2, 4) 80%3) (2, 4)
0 P33 (7, A)
tion (20) satisfying the initial conditions ®, (b,\) = 0, ®,’(b,A) = I. We have
@gﬁ) (x,A) = 11 (x,A) € € Ly (0,00), wél;) (2, A) = a2 (z,A) € La(0,00) as b — o0.
The solution @5172) (z, ) is given by

) the matrix solution of the equa-

o® (2, 3) = / g(8)-C (2,1, 0) - o) (8,0 dt,
0

where C (z,¢,A) = u(x, ) v(t,A) —v(x,A) u(t,\) is the Cauchy function of the equa-
tion (22).
Further, we have gogl;)(%)\) = [y a(t) - C(@,t,\) - a2(t, A) dt := pra(z, A) as b — oo.

Put
B(a,\) = (go”(ox’A) iigii;) '

Together with the equation (20), we consider the left equation

(26) g =-7"+3V(e) = j, ¥=(y1.52)

The matrix solutions of the equation (26) will be denoted by @ (x,A) and @ (z, \).
Denote by Y (z, A) and Y (z, A) the solutions of the equations (20) and (26) respectively
satisfying the initial conditions

(27) Y(0,A)=cos A, Y'(0,\)=sind, Y(0,A\)=cosA, Y'(0,\)=sind, XeC.
Put

Y (, \) (W{cﬁb,y})_léb (t,N), 0<z <t
(28)  Gylz,t,\) = B .
—®y (z, \) (W{f/, c1>b}) Y (£, t<z<b

The function Gp(z,t,\) is the Green function of the operator LY generated by the
problem (20), (21), y(b) = 0, which spectrum coincides (see Lemma 1 from [3]) with the
union of spectra of the operators Lg,p Lg,z generated by the problems (22), (24), y1(b) =
0 and (23), (25), y2(b) = 0 respectively. Eigenvalues of the operators L8,1 and Lg,Q

tend to ones of the operators L, and Ly respectively as b — oo, Pp(x,\) — D(x,N),
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®y(x,A) = (2, \), and
W{Y,®,} = cos A-®, (0,\) —sin A - &y (0, \)

—cos A- P (0,\) —sinA-®(0,\) = W{Y,®},
W{®,, Y} - W{®, Y},

Y (2, \) (W{@,Y})_li(t,)\), 0<z <t
(29) Gp(x,t, \) =G (z, t, \) = .
O (2, \) (W{Y/, <I>}) Y (£, t<w

Poles of the Green function G(z,t,A) of the operator L coincide with the zero set of
the determinant A(\) := det Q(\), where

Q(\) = W{Y, (I)}cho =cosA-®'(0,\) —sin A- ®(0, \).

Since the matrices cos A4, sin A, ®(0, A), ®’(0, A) are triangle, we have A(X\) = Aj(A) -
As(X), where Ag(X) = cosagk - @i (0, A) — sinagy - ¢rr(0,A), £ = 1,2. On the other
hand, zeros of the function Ag()) are eigenvalues of the self-adjoint operator Ly,. Hence
the poles of the Green function G(x,t, \) of the operator L are situated on the real axis,

and their set coincides with the union of spectra of the operators E and ivz .
Consider the operator R defined on Lo (Ha, (0;b)) by

R)\ bﬂ / Gb :)3 t, )\ ( )
(30) - —/ o, (;v,)\)(W{Y, @b})_lff(m)f(t) dt
bO -1
+/ Y (, ) (W{(i)b,Y}) & (t,0) F (1) dt

One can directly verify that the operator R, is the resolvent of the operator L.

Let f(x) be an arbitrary vector function square integrable on [0,00). Choose a se-
quence of finite continuous vector functions { fn(x)} (n =1,2,...) converging in mean
square to f(z). Substituting f, for f in (30) and letting first b — co and then n — oo,
we obtain the following formula for the resolvent R of the operator L:

() 0) = [ Gt Nt
0
where the Green function of the operator L is defined by the formula (29).

Theorem 3. The operator Ry is the resolvent of the operator L. The poles of the
resolvent coincide with the union of the spectra of the self-adjoint operators Ly and Lo.

Remark 3. As in Ezample 1, if Ao € 0(L2) and @12(x, \o) & L2(0,00), then X is the
pole of the resolvent Ry of the operator L but it is not the eigenvalue of this operator,
i.e., Ao is the point of the spectral singularity of the operator L.

Theorem 2 implies that, if the rate of the coefficient’s growth ¢(x) of the equation (20)
is subordinated to one of p(z) and r(x), then the operator L has no spectral singularities,
and its spectrum is real and coincides with the union of the spectra of the operators L;
and Ls.
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