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ON EXIT SPACE EXTENSIONS OF SYMMETRIC OPERATORS
WITH APPLICATIONS TO FIRST ORDER SYMMETRIC SYSTEMS

V. 1. MOGILEVSKII

Dedicated with respect to F. S. Rofe-Beketov on the occasion of his anniversary

ABSTRACT. Let A be a symmetric linear relation with arbitrary deficiency indices.
By using the concept of the boundary triplet we describe exit space self-adjoint
extensions A™ of A in terms of a boundary parameter 7. We characterize certain
geometrical properties of A7 and describe all A™ with mul A7 = {0}. Applying these
results to general (possibly non- Hamiltonian) symmetric systems Jy' — B(t)y =
A(t)y, t € [a,b), we describe all matrix spectral functions of the minimally possible
dimension such that the Parseval equality holds for any function f € L2 ([a,b)).

1. INTRODUCTION

Assume that $) is a Hilbert space, A is a not necessarily densely defined symmetric
operator in $) with deficiency indices ny(A) and A* is the adjoint linear relation of A. Let
also [$1, $2] be the set of all bounded operators between $; and 2 and let [$] = [$, 9].

As is known the exit space self-adjoint extension of A is a linear relation A=A4*">A
in a Hilbert space 5 D $. Denote by S4 the set of all such extensions A and let Sg be
the set of all A € S with mul A = {0} (that is A = A* is an operator in §). It is known
that Sa # () for any A and S4 = S8Y if and only if A is densely defined.

Each extension A € S 4 generates a generalized resolvent
(1.1) RA) =Py(A—)N)""1%€, AeC\R

of A and the (minimal) extension A€ 8, is defined by R(A) uniquely up to the unitary
equivalence. In the particular case 5 = §) the extension AesS A is canonical and R()\) is
a canonical resolvent of A (the later is possible if and only if ny (4) = n_(A4)).

A description of the classes Sy and 89 for a given A is an important problem in the
extension theory of symmetric operators. In the paper by A. V. Straus [31] the class SY is
parametrized by means of a contractive holomorphic parameter F'(-) : C\R — [0y, 0y ]
with a certain limit property at oo (here Ag € C4 and 91, is a defect subspace of A).
In the case ny(A) = n_(A) another description of the sets S4 and S is given by the
Krein-Naimark formula for generalized resolvents [16, 17, 20]

(1.2) Rr(A) = Py(AT=0)71 19 = (A—N) "=y N (M) +M W) 7" (X), A€ C\R,

where Ay = A is a fixed extension of A, () is the so called v-field and M ()) is the Weyl
function (Q-function) of the pair (A, Ag). Formula (1.2) gives a bijective correspondence
between all extensions A = A™ € S4 and all Nevanlinna families of linear relations
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7 = 7(\) in the auxiliary Hilbert space H. Moreover, H. Langer and B. Textorious
showed in [20] that A™ € 89 if and only if

(13) s— lim M (iy) — (M (iy) — M*(20)) (M (iy) + 7(iy)) " (M (iy) — M(2))] = 0.

Note also that formula for generalized resolvents of an operator A with arbitrary
(possibly unequal) deficiency indices ny (A) was obtained in [19, 2]. This formula is more
complicated than (1.2); it contains as a parameter a contractive holomorphic operator-
function F(-) from the Straus’ paper [31].

During the last three decades an approach to the extension theory based on the concept
of a boundary triplet has been extensively developed (see [4, 6, 8,9, 12, 14, 22, 25, 27] and
references therein). This approach goes back to the pioneering paper by J. W. Calkin [5],
where all self-adjoint extensions of symmetric operators with arbitrary deficiency indices
were described in terms of hyper-maximal symmetric subspaces of some auxiliary Hilbert
space (see also review [27]). Later on similar methods were applied to various classes of
boundary value problems in [3, 11, 29, 32]. It should be especially singled out the paper
by F. S. Rofe-Beketov [29], in which for the first time self-adjoint boundary conditions for
ordinary differential operators with operator valued coefficients were described in terms
of self-adjoint linear relations. These papers influenced the appearance of the concept
of a boundary triplet II = {#,Ty,'1} for A* in [4, 14]. Such a triplet consists of an
auxiliary Hilbert space H and two linear mappings I'g, I'; : A* — H such that the
mapping I' = (T'y,T';) " is surjective and the following abstract Green identity holds:

(14) (flvg)_(fvg/) = (Flf,roﬁ)_(FOfarlﬁ), f:{fvf/}v /g\:{gag/} €A

A connection between the Krein-Naimark formula (1.2) and a boundary triplet IT =
{H,To,T1} for A* has been discovered in [8] for a densely defined operator and in [9, 22]
for a nondensely defined operator A. Namely, it was shown in [8, 9, 22] that each
boundary triplet {#,T,T'1} gives rise to the formula (1.2) with Ay = kerT'g, y(\) =
(To I 971, 7(A) = T(R~1(\) + AI) and the Weyl function M (X)(€ [H]) defined by

(1.5) Ty [0 =M\ [ M, AeC\R.

These results together with a coupling method made it possible to describe in [6, 7] the
class 89 in terms of M(-) and 7(-) as follows: AT e 8Y if and only if
(1.6) s— lim L(r(iy)+ M(iy)) ' =0 and s— lim L(77'(iy) + M~ (iy))~* = 0.

y—oo Y y—oo Y
Moreover, in [6, 9, 22] several other criteria for AT € 89 were found. In particular, it
was firstly shown in [22] that in the case mul Ay = {0} the following equivalence holds:
(1.7) AT €84 «— s— lim L(r(iy) + M(iy))~' =0.

y—oo Y

In [9] these results were applied to truncated power moment problem.

Since a triplet IT = {H, Ty, 1} for A* satisfies n;(A) = n_(A) = dimH, the above
results on boundary triplets are applicable only to operators A with equal deficiency
indices. To cover the case ny(A) # n_(A) we generalized in [25] definition of a boundary
triplet as follows. Assume that Hg is a Hilbert space, H; is a subspace in Hg, P; is the
orthoprojector in Ho onto H; and I'; : A* — H;, j € {0,1}, are linear mappings. A
collection I} = {Ho @ H1,T0,'1} is a boundary triplet for A* if the mapping I' =
(Do, T'1) T is surjective and the identity (1.4) holds with a certain additional term in the
right hand side (see (3.1)). Associated with a triplet IT; is the Weyl function M, (\)(€
[Ho,H1]) and the Nevanlinna operator function M (\) defined by (cf. (1.5))

(1.8) Ty [ = Mo(\No [ M, M) =M\ [Hi, MeCy.

It turns out that a boundary triplet I exists for any A with n_(A) < n(A). Moreover,
it is shown in [25] that each boundary triplet I, = {Ho @& H1,T0,I'1} for A* gives a
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parametrization of all extensions A=A"€eS 4 by means of the formula for generalized
resolvents

(19)  R-(\)=Py(A" =N 1H= (Ao =N =N (V) + My (V)2 V),

which holds for A € C,.. In this formula Ag = ker I is a maximal symmetric extension of
A and v+ () are y-fields of the triplet IT. The role of a boundary parameter in (1.9) is
played by holomorphic families of linear relations 74 (A), A € C4, belonging to the special
Nevanlinna type class Ry (Ho, H1) (see Subsection 2.2 below).

In the present paper we first develop the known results on exit space extensions and
then apply them to symmetric systems of differential equations.

Let A be a symmetric operator in $ with n_(A4) < ny(A4), let I, = {Ho®H1,To, 1}
be a boundary triplet for A* | let My (-) be the Weyl function of the triplet I, and let
M(X) be given by the second equality in (1.8). We prove that A is densely defined if and
only if s — limy_4 o %M(zy) =0 and

yl}lfooy (Im(My (iy)ho, ho)a, + 51| Pahol*) = 400, ho € Ho, ho # 0.

This is a generalization of the known results obtained in [18, 20, 9] for the case n4(4) =
n_(A). Next we show that A™ € 89 if and only if the following two conditions are
satisfied

(1.10) s—yErEOO %P1(7+(iy)+M+(iy))*1:0, s— lim %Pl(?+(iy)+i\//.7+(z'y))*1:0,

y—r—+oo

where 74 (\) and J\/J\Jr()\) are constructed in terms of 74 (\) and My (\) (see (4.14) and
(4.17)). Moreover, we show that this criterion for A™ € SY is a consequence of the
following equivalences:

(1.11) mul A™  mul Ay D H < s— yEToo %Pl(nr(iy) + M+(Z'y))—1 =0,
(1.12) mul A7 € mul4; &9, <= s— Jim S P(F (i) + M, (iy)~* =0,

where Ay = kerI'y N ker P,T'y, mul A" and mul Aj; are the multivalued parts of AT and
Aj, j € {0,1}, respectively and $; = H © H. Note that equivalences (1.11) and (1.12)
clarify the geometrical sense of each of the conditions in (1.10).

Similarly to I we introduce in the paper a boundary triplet II_ for A* and extend
the above results to such a triplet. This enables us to treat the case n4 (A) < n_(A).

Observe that our results seem to be simpler and more convenient for applications than
those of [19, 2] (see, for instance, Section 5 below).

In the case of equal deficiency indices ny(A) = n_(A) and an ordinary boundary
triplet IT = {#H,To,'1} for A* one has 7 (\) = —771()), Z/\4\+()\) = —M~Y()\) and the
equalities (1.10) take the form (1.6); moreover, in this case equivalences (1.11) and (1.12)
can be written as

(1.13) mul A7 C mul Ay & H; < s — liTm i(r(zy) + M(iy))"t =0,
yToo

(1.14) mul A7 C mul A; @ 6, <= s— liTm %(771(@) + M~ (iy)~t =o.
yToo

Note that equivalences (1.13) and (1.14) are not contained in [6, 7]; in fact they can
be derived from [7, Theorem 5.14 and Proposition 3.17(i)]. If mul A = {0}, then the
left hand side of (1.13) takes the form mul A7 = {0}. Hence the equivalence (1.7) is
an elementary consequence of (1.13). Observe also that criterion (1.6) was proved in [7]
with the aid of a rather complicated construction of a (possibly multivalued) boundary
relation I' : A* — H?2, while our approach enables one to remain in the framework of an
ordinary boundary triplet I = {#, T, '1 } for A*.
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Next assume that H and H are finite dimensional Hilbert spaces, H := H & HeoH
and let J € [H] be the operator given by

0 0 —Iy - ~
(1.15) J=[0 il 0 |:HeHeH-HoH®H.
Iy 0 0

A first order symmetric system on an interval Z = [a,b),—0c0 < a < b < oo, (with the
regular endpoint a) is of the form

(1.16) Jy'(t) = B(t)y(t) = A(t)f(t), teT,

where B(t) = B*(t), A(t) > 0 and B(t),A(t) € [H], t € Z. Investigations of systems
(1.16) is motivated by the fact that a formally self-adjoint differential equation of an
arbitrary (even or odd) order with matrix coefficients is reduced to a system of the form
(1.16) with the operator J given by (1.15) (see [15]).

As is known [13, 21, 28] system (1.16) generates minimal and maximal linear relations
Tnin and Tpax in $ = LQA (). Moreover, T is a closed symmetric relation with finite
not necessarily equal deficiency indices n4 (Tinin) and Tax = 105,

In [1] systems (1.16) are studied in the framework of a boundary triplets approach
under the assumptions n_ (Tiin) < Ny (Tmin)- This enables the authors to describe
boundary problems for system (1.16) with A-depending (in particular, self-adjoint) bo-
undary conditions, which generate eigenfunction expansions with the matrix spectral
function ¥, (-) of the minimally possible dimension (for more details see Subsection 5.1
below). Moreover, in the case 14 (Tmin) = 1—(Tmin) the class SF of all such spectral
functions X, () as well as its most interesting subclass SFy are parametrized in [1] by
means of the formula similar to the formula for resolvents (1.2). In the present paper we
extend this result to the case of possibly unequal deficiency indices n_(Tinin) < 14 (Tmin)
(see Theorem 5.5). For this purpose we use the mentioned above criterion (1.10).

2. PRELIMINARIES

2.1. Notations. The following notations will be used throughout the paper: ), H de-
note Hilbert spaces; [Hi,Hz] is the set of all bounded linear operators defined on the
Hilbert space H; with values in the Hilbert space Hao; [H] := [H,H]; A | L is the restric-
tion of an operator A onto the linear manifold £; P, is the orthogonal projector in £
onto the subspace £ C $; C; (C_) is the upper (lower) half-plane of the complex plane.

Recall that a closed linear relation from Hg to H; is a closed linear subspace in
Ho @ H1. The set of all closed linear relations from Hg to H; (in H) will be denoted by

C(Ho, H1) (C(H)). A closed linear operator T from Hy to H; is identified with its graph
grT € C(Ho,H1). For a linear relation T' € C(Ho, H1) we denote by dom T, ranT, kerT
and mul7T" the domain, range, kernel and the multivalued part of T' respectively. Recall

also that the inverse and adjoint linear relations of T" are the relations T~! € C(H1, Ho)

and T* € C(H1, Ho) defined by

T' = {{h1, ho} € Ha & Ho s {ho, u} € T},
T" = {{k1, ko} € Ha ® Ho = (Ko, ho) — (k1,h1) =0, {ho,u} € T}.

In the case T € C(Ho,H1) we write 0 € p(T) if kerT = {0} and ranT = H;, or
equivalently if 7=t € [Hy,Ho); 0 € p(T) if kerT = {0} and ranT is a closed subspace
in ;. For a linear relation T € C(#) we denote by p(T) :={A € C: 0 p(T —\)} and
p(T)={Ae€C: 0€p(T— N} the resolvent set and the set of regular type points of T'
respectively.

Recall also the following definition.
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Definition 2.1. A holomorphic operator function ®(-) : C\ R — [#] is called a Nevan-
linna function if Im A - Im®(\) > 0 and ®*(\) = ®(A), A € C\R.

The class of all [H]-valued Nevanlinna functions will be denoted by R[H].

As is known for each function ® € R[H] there exists the strong limit

— B — S YA

(2.1) B=DBgp:=s— ylggo 7 2 (i);
moreover, By = B} and Bg > 0.

The following proposition will be useful in the sequel.

Proposition 2.2. Let H' and H" be Hilbert spaces and let
Di1(A) P1a(N)

d(N\) =
(M) (@zl(x) B (\)

be the block matrixz representation of a function ®(-) € R[H' & H"]. Then: (i) ®11(-) €
R[H'] and ®22(-) € R[H"]; (ii) Bs =0 if and only if Bs,, =0 and Bs,, = 0.

);H’@H”eﬂ’@ﬂ”, AeC\R

The statement of the proposition follows from the relation Bg = <Bgi1 BC ) >0.
Pa2
2.2. Holomorphic operator pairs. Let A be an open set in C and let K, Hg, H1 be
Hilbert spaces. A pair of holomorphic operator functions (in short a holomorphic pair)
Ci() : A = [H;,K], j € {0,1}, is called admissible if, for each A € A, the range of the
operator

(2.2) (Co(N), C1(N)) : Ho @ H1 — K

coincides with K. Below, unless otherwise stated, all the pairs (2.2) are admissible .
Two holomorphic pairs (Céj)(-), C’%j)(-)) Ho ®H1 — Ky, j € {1,2}, are said to

be equivalent if there exists a holomorphic operator function ¢(-) : A — [Kq, 3] such

that 0 € p(p(\)) and CIP(A) = @(NCY(A), A € A, j € {1,2}. Clearly, the set of all

holomorphic pairs splits into disjoint equivalence classes; moreover, the equality

(2.3)  7(\) = {(Co(N), C1(N): K} := {{ho, hi} € Ho @ Hy : Co(Mho + C1(A)hy = 0}

allows us to identify such a class with the C(Ho, H1)-valued function 7(A), A € A. In the
case A = C one has C;(\) = C; € [H;,K] and the equality (2.3) defines the relation

(24) 0= {(Co,cl);/C} = {{ho,hl} € Ho ®Hq: Cohg + Crh1 = 0}, 0 e 5(7‘[0,7‘[1).

Conversely, each § € C(Ho,H1) can be represented in the form (2.4).
In what follows, unless otherwise stated, Hg is a Hilbert space, H; is a subspace in
Ho, Ha := Ho © H1 and P; is the orthoprojector in Hy onto H;, j € {1,2}.

Let o € {—1,+1}. With each linear relation 6 € C(Ho, H1) we associate the x-adjoint

linear relation 0 € C(Ho, H1) given by
92 = {{ko,/ﬁ} € HoDHy : (k‘l,ho) —(ko,hl)—l—iOé(ng‘o,Pgho) =0 for all {ho,hl} S 9}

Samples of calculating of x-adjoint linear relations can be fond in [24, Proposition 3.1].

For a linear relation 6 € C(Ho, H1) we let
So.a(h) = 2Im(hy, ho) + a||Poho|[?>, = {ho,h1} € 6.

Since H; C Ho, one may consider relations 0+ Al3;, € C(Ho) and 0+AP;y € C(Ho, H1).

Definition 2.3. A linear relation 6 € C(Hg, H1) belongs to the class:
(1) Disq(Ho, H1) if Sg.o(h) >0, h € 6, and there exists A € C; such that

(2.5) 0€ p(0+ My,) in the case o= +1 and 0 € p(d + AP;y) in the case a = —1;
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(2) Aca(Ho,H1) if Sp.a(h) <0, h € 6, and there exists A € C_ such that
(2.6) 0€ p(@+ A\Py) in the case o =41 and 0 € p(0 + A\l3,) in the case a = —1;

(3) Sym,, (Ho, H1) if 6 € Disa(Ho, H1) U Ace(Ho, H1) and Spo(h) = 0 for all h € 0;
(4) Self,(Ho, H1), if 0 = 0.

A description of the classes Dis,, Ac,, Sym,, and Self, in terms of operator pairs is
given in the following proposition.

Proposition 2.4. Let a relation 6 € C(Ho, H1) be given by (2.4) with Cy = (Co1, Co2) :
Hi@® He — K and Cy € [H1,K]. Moreover, let

So.0 1= 2Im(C1Cy) — aC2Cf,  So.a € [K].
Then: (1) 6 € Disy(Ho, H1) if and only if S’Jg,a > 0 and there exists A € C, such that

(2.7 0€p(Cor —ACY) if a=41 and 0€ p(Cy —XC1Py) if a=—1;
(2) 6 € Aco(Ho, H1) if and only if gg@ < 0 and there exists A € C_ such that
(2.8) 0€p(Co—AC1Py) if a=+1 and 0 € p(Co1 — AC) if a=—1;

(3) 0 € Sym,(Ho,H1) (0 € Self,(Ho,H1)) if and only if ggva = 0 and at least
one of the conditions (respectively both the conditions) (2.7), (2.8) is fulfilled. Therefore
0 € Self,(Ho, H1) if and only if 0 € Disy(Ho, H1) N Ace(Ho, H1)-

Moreover, if 0 € Disq(Ho,H1) (0 € Aca(Ho,H1)), then the relations (2.5) and (2.7)
(resp. (2.6) and (2.8)) hold for all A € C, (resp. A € C_).

Remark 2.5. (1) In the case @ = +1 the classes Dis,, Ac,, Sym,, and Self, coincide
with those introduced (without index «) in [24]. Moreover, Proposition 2.4 for « = +1
was also proved in [24]. The passage to the case &« = —1 can be realized by means of the
equivalence 6 € Dis, (Ho, H1) < —0 € Ac_o(Ho, H1)-

(2) In the case Ho = H1 =: H one has §* = 6* and the classes Dis,, Ac,, Sym,, and
Self,, coincide with the well known classes of all maximal dissipative, maximal accumu-
lative, maximal symmetric and self-adjoint linear relations in H respectively.

Let as before o € {—1,+1} and let 7 = {74, 7_} be a collection of functions 74 (-) :

C. — C(Ho, Hy) and 7_(-) : C_ — C(Ho, H1).

Definition 2.6. A collection 7 = {7, 7_} belongs to the class Ro(Ho, H1) if
(1) —T+(>\) S ACa('Ho,z'h), AE C+, and —T,()\) € DiSa(HmHl), e C_;
(2) (=7 (A\)a = —7-(A), AeCy;
(3) The operator function (74 (\) +iPy) "1 (€ [H1,Ho]) in the case a = +1 ((7+-(\) +
il3,) (€ [Ho)]) in the case a = —1) is holomorphic in C.
A collection 7 = {7, 7_} belongs to the class RO (Ho, H1) if —7+(A) = 6, X € Cq,
with some 6 € Self,,(Ho,H1) (this implies that R (Ho, H1) C Ra(Ho, H1))-
In the following we write Ry (Ho,H1) (resp. R_(Ho,H1)) in place of Riq(Ho, H1)
(resp. R_1(Ho, H1))-
Next assume that K, and K_ are auxiliary Hilbert spaces and
(2.9) (A ={(Co(N), CL(N)); K4}, A eCy,
' () = {(Do(A). Di(N):K_}, AeC.
are equivalence classes of holomorphic operator pairs (cf. (2.3))
(Co(N),C1(N) : Ho @ H1 — K4, AeCy,
(Do(A), Di(N) : HodH1 — K-, XeC_.
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Assume also that
(2.10) Co(N) = (Co1(A), Co2(N) : H1 @ Ha — K4,
(2.11) Do(A) = (Do1(N), Doa(N)) : H1 & Ha — K
are the block representations of Co(A) and Do(A).

In the following proposition we describe the class R, (Ho, H1) in terms of holomorphic
operator pairs.
Proposition 2.7. Let 7 = {7y, 7_} be a collection of functions 7+(-) : Cx — C(Ho,H1)
given by (2.9). Then T € Ro(Ho, H1) if and only if the following relations are satisfied:
(2.12) 2Im(C1(AN)Cg1(N)) + aCo2(N)Ca(A) >0, A € Cy;
(2.13) 2Tim(Dy (V) Dy (V) + aDoa(\)Dip(A) <0, A€ C_;
(2.14) C1(A)Dgy(A) = Co1(\) D () + iaCoa(M) D (A) = 0, A € Cy;
(2.15) if o = +1, then 0 € p(Co(A) —iC1(AN)P1) and 0 € p(Do1(A) +iD1(N));
(2.16) ifa=—1, then 0 € p(Co1(A) —iC1(N)) and 0 € p(Do(X) +iD1(X)Py).

Moreover, if T € Ro(Ho, H1) (so that (2.12)~(2.16) hold), then 7 € R%(Ho,H1) if and
only if for some (and hence for any) A € C the inequality in (2.12) turns into the
equality and 0 € p(Co1(N) +1iC1(N)) in the case a = +1 (0 € p(Co(A) +iC1(N)Py) in the
case v = —1).

Conversely, each collection 7 = {74,7_} € Ra(Ho,H1) admits the representation
in the form of holomorphic pairs (2.9). In particular, each collection T = {14,717} €
RO (Ho,H1) admits the constant-valued representation

() = {(Co,C1)iK} = —0, A€y,
where C; € [H;,K], j € {0,1}, and 0 € Self,(Ho, H1).

In view of Proposition 2.7 we identify in the sequel a collection of functions 7 =
{74,7_} € Ro(Ho, H1) with a collection of two holomorphic pairs (2.9) satisfying (2.12)—
(2.16) (more precisely, with a collection of two equivalence classes of holomorphic pairs).
Moreover, in view of (2.15) and (2.16) we may assume in what follows that K and _
(2.9) are: Ky =Hp and K_ =H; if dimH; < oo and a = +1; K4 = H; and K_ = H
if dimH; <ooand o= —1; Ky = K_ = H; if dimH; = oo(= dim Hyp).

Remark 2.8. (1) In the case ar = +1 the class Ry (Mo, H1) = Ry (Ho,H1) coincides with

the class R(Ho, 1) introduced in [24]; moreover, Proposition 2.7 for this class follows
from [24, Proposition 4.3]. The case & = —1 can be treated by means of the following
assertion: if 7; = {7y ;,7_ ;} are collections of functions 74 ; : C4 — C(Ho, H1), j
{1,2}, such that 74 2(A) = —751(=A), A € Cy, then m» € R_(Ho,Hi) <= m €
Ri(Ho,H1).

(2) The set RC(Ho,H1) is not empty if and only if dimHo = dim H;. Therefore in
the case dim H; < oo the set ﬁg (Ho,H1) is not empty if and only if Ho = Hy =: H.

(3) In the case dim Hy < oo the statements of Proposition 2.7 can be reformulated in
the "matrix” form. Namely, let ng := dim Hop < 0o, n; = dim#H; and let

ng if a=+1 ny if a=+1
Na = y  Ma =
ny if a=-1 ng if a=-—1
Assume also that a collection 7 = {74, 7_} is given by (2.9) and let
(2.17) Co(AN) = (erjo(N)i2i;2y C1(N) = (erjn(N))pz Ly,
(2.18) Do(A) = (drjoN))ier 2y Di(A) = (drga (V) 2,
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be the matrix representations of the operators C;(A) and D;(A), I € {0,1}, in some
orthonormal bases of Ho and Hy. Then 7 € Ro(Ho, H1) if and only if the matrices (2.17)
and (2.18) satisfy (2.12)—(2.14) ant the matrices (Co(A), C1(N)) and (Dg(N), D1(N)) have
the maximally possible rank.

Remark 2.9. If Hy = Ho =: H, then the class R(H) := Ro(H,H) (a € {—1,+1})
coincides with the well-known class of Nevanlinna functions 7(-) with values in 5(7{)
(see, for instance, [6]). In this case the collection (2.9) turns into the Nevanlinna pair

(2.19) T(A) ={(Co(A),C:(N)); H}, A€ C\R,
and 7(-) belongs to the class RO(H) := R%(#,H) if and only if
T(A) = {(Co,Ch); H} = 0(=6*), X e C\R,
with the operators C; € [H], j € {0,1}, such that Im(C1C§) = 0 and 0 € p(Cy +iCh)

(for more details see [1, Remark 2.5]).

3. BOUNDARY TRIPLETS AND EXIT SPACE EXTENSIONS
3.1. Boundary triplets and Weyl functions. Let A be a closed symmetric linear
relation in the Hilbert space ), let 915 (A) = ker (A* — ) (A € p(A)) be a defect subspace
of A, let My(A) = {{f,Af}: f € M(A)} and let ni(A) := dimMy(A) < oo, A € Cy,
be deficiency indices of A. Denote by FExt4 the set of all proper extensions of A i.e., the
set of all relations A € C(£) such that A C A C A*.

Next assume that H is a Hilbert space, H; is a subspace in Hg and Hso := Ho © H1,
so that Ho = Hi @ Ha. Denote by P; the orthoprojector in Ho onto H;, j € {1,2}.

Definition 3.1. Let a € {—1,+1}. A collection II, = {Ho & #H1,T,T'1}, where T
A" — H;, j € {0,1} are linear mapplngs is called a boundary triplet for A*, if the

mapping T' : f — {Fof I‘lf} f € A*, from A* into Ho @ H, is surjective and the

following Green’s identity holds for all f= {f,.f'}y, 9={9,4'} € A*:

(3.1) (f,9) = (f,9') = (T1f.T0d)r, — (Tof . T19)2, + i PoTo f, PaTog) o,

In the sequel we will also use the notation IT; (resp. II_) instead of II.4 (resp. II_1).
In the following propositions some properties of boundary triplets are specified.

Proposition 3.2. Let I, = {Ho ® H1,T0,T1} be a boundary triplet for A*. Then

(3.2) dimH; =n_(A) <ny(A) =dimHo, if a=+1;

(3.3) dimH; = ny (A) <n_(A) = dimHo, if a = —1.

Conversely for any symmetric relation A with n_(A) < ny(A) (resp. ny(A) < n_(A4))
there exists a boundary triplet 11 (resp. I1_) for A*.

Proposition 3.3. Let I, = {Ho ® H1,T0,T1} be a boundary triplet for A*. Then
(1) kerT'gNkerI'y = A and T'; is a bounded operator from A* into H;, j € {0,1}.
(2~) The set of all proper extensions A € Ext, is parameterized by linear relations
0 € C(Ho,H1). More precisely, the mapping
0 — Ay = {f c A" {Fof,rlf} € 9}

establishes a bijective correspondence between the linear relations 6 € 5(7-[0,7-[1) and the
extensions A = Ag € Exta. If 0 is given as an operator pair 6 = {(Cy,C1); K} (see
(2.4) ), then Ag can be represented in the form of an abstract boundary condition

(3.4) Ag={f e A :CoTof + C1I1 f = 0}.
Moreover, the equality A= Ay means that 0 =T A = {{Fof, Flf} : fe g}
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(3) The extension Ay is mazimal dissipative, mazimal accumulative, mazimal sym-
metric or self-adjoint if and only if 6 belongs to the class Disy(Ho, H1), Aca(Ho, H1),
Sym,, (Ho, H1) or Self,(Ho, H1) respectively.

(4) The equalities
(3.5) Ag:=kerTo={f € A*:Tof =0}, Ay :={fcA*:PTof=T1f=0}
define maximal symmetric extensions Ao and Ay of A such that n_(Ag) = n_(A;) =0
in the case a« = +1 and ny(Ag) = ny(A1) = 0 in the case « = —1. Moreover, the

equality AT = kerI'y = {f € A* : T'1f = 0} is valid.

In the following two propositions we denote by m; the orthoprojector in $ @ $ onto
5 & {0}
Proposition 3.4. Let IT; = {Ho ® H1,To,T1} be a boundary triplet for A* (so that in
view of (3.2) n_(A) < n+( )). Then

(1) The operators T'g | ‘)?A(A) A€ Cy, and PiTy [ MA(A), X € C_, isomorphically
map Nx(A) onto Ho and ‘Jb\( ) onto Hy respectively. Therefore the equalities
(3.6) (N = m(Po ( N7h AEC; - (N) =m(Pl, [ M(4), AeC.,
(3.7) Mi(4) = My (W [ Ma(4), A€ Cy,
(3.8) (I +1P2F0) | Ma(4) = M_(N)PiTo [ Mr(4), AeC-
correctly define the operator functions v(-) : C4 — [Ho, 9], v-(-) : Co = [H1,9]
and M4 (-) : C4 — [Ho, Ha], M_(-) : C_ — [H1,Ho], which are holomorphic on their

domains.
(2) The block matriz representations

(3.9) My(A)=(MA),N+(N\) : H1 @ He — Hi, AeCy,
(3.10) M_(\)=(MM\),N_-A\)" :H; > H1PHs, A€C_
define the operator function M(-) € R[H1] such that 0 € p(ImM(N)), A € C\ R. More-
over, M_(X) = M3 (\), A € C_, and, consequently,
(3.11) M) =M*(X), XeC\R; N_(\)=Ni(}), reC_.
Similar statements for the triplet II_ are specified in the following proposition.

Proposition 3.5. Let II_ = {Ho & H1,To,T1} be a boundary triplet for A* (so that in
view of (3.3) ny(A) <n_(A)). Then

(1) The equalities
(3:12) 7 (A) = m(PTy [ M(A) 7!, A€ i 7-(N) =m(To [ IM(4) 7}, AeCo,
(3.13) (D1 — iPoT) | Ma(A) = My (AP | M (4), A eCy,
(3.14) Ty [0 (A) = M_(\To [ Ma(4), AeC_
correctly define the holomorphic operator functions v (-) : Co — [H1,9], v-(-): C_ —
[’Ho,ﬁ] and M+() : (C+ — [7'[1,7’[0], M,() :C_ = [7‘[0,7‘[1].

(2) The block matriz representations
(3.15) Mi(A) = (M), N (\)" :Hy = H1@Hay, NECy,
(3.16) M_(A)=(MA),N_-(N) :Hi®Hs—>H1, AeC_
define the operator function M(-) € R[H1] such that 0 € p(ImM (X)), A € C\R. More-
over, M_(X\) = M3 (X), A € C_, so that the equalities (3.11) are valid.

Definition 3.6. The operator functions v+ (-) and My (-) defined in Propositions 3.4
and 3.5 are called the y-fields and the Weyl functions, respectively, corresponding to the
boundary triplet I1,.
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3.2. Exit space extensions and generalized resolvents.

Definition 3.7. Let $ be a subspace in a Hilbert space 5 The relation A = A* € C(H)
is called $)-minimal if

span{$, (A—A)"'H: A e C\R} = 5.

Definition 3.8. The relations T; € C();), j € {1,2}, are said to be unitary equivalent
(by means of a unitary operator U € [$)1,92]) if To = UTy with U = U @ U € [97, H3].

Recall further the following definition.

Definition 3.9. Let A be a symmetric relation in a Hilbert space $). The operator
functions R(-) : C\ R — [9] and F(:) : R — [9] are called the generalized resolvent
and the spectral function of A respectively if there exist a Hilbert space $) D §) and a

self-adjoint relation A € C()) such that A C A and the following equalities hold:
(3.17) R(\) =Py(A—X)"1'1%, AeC\R,

(3.18) F(t) = PoE((—00,t)) 1 9, teR

(in formula (3.18) E(-) is the spectral measure of A).

The relation A € C($) in (3.17) is called an exit space self-adjoint extension of A.

According to [20] each generalized resolvent of A is generated by some $)-minimal exit
space extension A of A. Moreover, if the $)-minimal exit space extensions A, € Cl (5%1)
and A, € C (.%2) of A induce the same generalized resolvent R()), then there exists a
unitary operator V & [:61 © 5752 © 9| such that gl and 12[2 are unitarily equivalent by
means of U = Iy @ V. By using this fact we suppose in the following that the exit space
extension A in (3.17) is $H-minimal, so that A is defined by (3.17) uniquely up to the
unitary equivalence.

Definition 3.10. The generalized resolvent (3.17) is called canonical if H = 9, ie., if
R(A\) = (A—X)"1 X e C\R, is the resolvent of the extension A = A* € C(H) of A.

As is known, canonical resolvents exist if and only if n4 (A4) = n_(A), while generalized
resolvents exist for any symmetric relation A.

Theorem 3.11. Let A be a closed symmetric linear relation in $ and let 11, = {Ho ®
H1,T0,T1} be a boundary triplet for A*. If T = {1, 7_} € Ro(Ho,H1) is a collection of
holomorphic pairs (2.9), then for every g € $ and A € C\ R the abstract boundary value
problem

(3.19) {f,\f+ g} € A,
(3.20) CoMLo{f, Af + 9t = Ci(ND{f,Af +91 =0, AeCy,
(3.21) Do(MTo{f, M + g} — DINT{f,A\f+g} =0, AeC_

has a unique solution f = f(g,\) and the equality R(\)g := f(g,\) defines a generalized
resolvent R(A\) = R;(X\) of A. Moreover, 0 € p(t4(A)+ My (N) ifa=+1,0 € p(7—(N\) +

M_(N)) if o = —1 and the following Krein-Naimark formulas for resolvents are valid:
(i) in the case a = +1

(3.22) Re(A) = (Ao = N) 71 =7 (N)(me(\) + Me(N) T2 (), A€ Cy;
(ii) in the case o = —1

(3.23) Re(N) = (Ag = )7 =5 (- () + M_(0) 41 (R), AecC_,

N Conversely, for each generalized resolvent R(X\) of A there exists a unique T €
Ro(Ho, Hi) such that R(A) = R-(A\) and, consequently, the equalities (3.22) and (3.23)

are valid.
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Moreover, R, ()\) is a canonical resolvent of A if and only if 7 € Eg(?—[o, H1). In this
case formula (3.22) takes the form

(3.24) (Ag =N = (A0 = X))+ (N0 = ML(N) 2 (A), A eCy,
where 0 € Self 1 (Ho, H1), 0 = —1+(X), A € Cy.
Remark 3.12. It follows from Theorem 3.11 that the boundary value problem (3.19)-

(3.21) as well as formulas for resolvents (3.22) and (3.23) give a parametrization of all
generalized resolvents

(3.25) RA) =R.(\)=Py(A"=N)"119H, AeC\R,

and, consequently, all ($-minimal) exit space self-adjoint extensions A= AT of A by
means of an abstract boundary parameter 7 € R, (Ho, H1).

Remark 3.13. (1) For the case a = +1 definition of the boundary triplet II, = II; and
the results of Subsections 3.1 and 3.2 are contained in [25]. The same results for the case
a = —1 can be derived from the obvious equivalence

M, ={Ho ® H1,T0, 1} is a boundary triplet for A*

— M_,={Ho®H1,ToW,-T1W} is a boundary triplet for (—A)*,

where WS, f'} = {f,— 1"}, (.1} € (—A)".

(2) If Ho = H1 := H, then the triplet II, turns into the boundary triplet (boundary
value space) I = {H,T, 1} for A* in the sense of [12, 22]. In this case ny(A) =
n_(A) =dimH, Ap(=kerTy) is a self-adjoint extension of A and according to [8, 22, 9]
the equality

(3.26)

[y [90(A) = M(MN)o [ 9 (A4), A € p(Ao),
defines the function M(-) € R[H], which is called the Weyl function of the triplet II.
Moreover, in this case the boundary parameter 7 in Theorem 3.11 is a Nevanlinna ope-
rator pair 7 € R(#) of the form (2.19). Observe also that for the triplet IT = {#, T, T'; }
all the results in Subsections 3.1 and 3.2 were obtained in [8, 22, 9, 6]. In the following
a boundary triplet II = {#H,Ty,T'1} in the sense of [12, 22] will be sometimes called an
ordinary boundary triplet for A*.

4. CHARACTERIZATION OF EXIT SPACE EXTENSIONS

4.1. Auxiliary results. Let A be a closed symmetric linear relation in $) and let §) be
decomposed as

(4.1) H=9H,PmulA,
where ), = H © mul A. The decomposition (4.1) induces the orthogonal decomposition
(4.2) A=grA, dmul A, mulA={0}&mulA,

where A; is a closed symmetric operator in £, (the operator part of A). It follows from
(4.2) that dom A, = dom A.

Next assume that A is a maximal symmetric (in particular, self-adjoint) extension of
A. Then mul A C mul A and, therefore,

A=A omulA,

where A’ € C($),) is a maximal symmetric extension of A,.
The following proposition is obvious.

Proposition 4.1. Let A € C($)) be a symmetric relation and let As be the operator part
of A. Then

(1) If A € C(§) is a mazimal symmetric extension of A, then A’ is an operator if
and only if mul A = mul A.
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(2) The following statements are equivalent: (i) A, is densely defined (that is, dom A, =
domA = §,); (i) mul A = mul A*; (iii) mul A = mul A for any exit space extension
A= A* of A.

(3) If A is mazimal symmetric (self-adjoint), then mul A = mul A* and A is a
mazimal symmetric (resp. self-adjoint) operator in $s.

Assume that A is a symmetric relation in $) and 114 = {Ho®H1,T0,'1} is a boundary
triplet for A* with Ho = Hi ® Ho. Moreover, let A, be a (densely defined) maximal

symmetric operator in a Hilbert space 9, and let ny (A,) =0, n_(A4,) = dimHs. Then
by Proposition 3.2 there exists a surjective linear mapping I', : A% — o such that

(43) (f;"?gr) - (f?“ag;") = 72‘(1—‘7‘};71_‘7"@\7“)7 ﬁ" = {fT7f7l'}7 §7’ = {gT'ag;'} € A:v

and Proposition 3.3, (1) yields kerT',. = A,. Let 9, := H D 9, and let 4, := AP A,.
Clearly, A, is a symmetric relation in §). and A} := A* @ A*. Introduce also the operators
IS A7 — Ho, j € {0,1} by setting

(44)  Tifo={PTof, PLof + T fr} (€ Hy @ Ha),
(45)  T{fe={D1f, §(PTof —T.f)} (€Hi@Hs), fo={f fr} €A aA]

Proposition 4.2. Let the above assumptions be satisfied and let My(-) be the Weyl
functions of the triplet 11 represented as in (3.9) and (3.10). Then the triplet 11¢ =
{Ho,T§, TS} is an ordinary boundary triplet for A% and the Weyl function M(-) of TI° is

(4.6) M) = <MO()\) ]\ZJ}ij\)> T H1 D Ha = H1 D Hay MAeCy
21t
(4.7) M) = <JZ\‘I4((AA)) J(}H > My B Hs = Hi ©Hay, AEC_.
_ LI,

Proof. The immediate checking with taking (3.1) and (4.3) into account gives the identity
(3.1) for the operators 'S and T'$. Moreover, the mapping I' = (['§,T') " is surjective,
because so are I' = (', T'1) " and I',. Hence I1¢ = {H,T'5, T} is an ordinary boundary
triplet for AZ. Next, for each A € C; one has Mi(4,) = {0} Therefore a vector f)\ e
‘)?A(Ae) admits the representation fA,e = {fA,O} with f>\ S ‘ﬁA(A) and the equahtles
(4.4) and (4.5) yield

(48) T§fse = {PiTofx. PoTofa} (€ Ha®Ha),  Tifxe = {T1fx, sPaLofi}(€ i Ha).
Let M()) be defined by (4.6) and (4.7). Then by (4.8) and (3.7) for each A € C; one
has

M(/\)F(C)J?A,e = {M+()\)Fof>\7 %Pzroﬁ} = {Flf/;u %PQFOJ/C\A} = FffA,e, .]/C\)\,e € ‘JA?A(Ae),

and (3.11) yields the equality M()\) = M*()), A € C_. Therefore M(:) is the Weyl
function of the triplet II¢. O

In the following proposition we provide a connection between different boundary
triplets and the corresponding Weyl functions.

Pr0p0s1t10n 4.3. Assume that 11, = {’H,g @ H1,T0,T1} is a boundary triplet for A*,

7—[0 is a Hilbert space, Hy is a subspace in 7—[0 and let

Jo = <_aZP2 _IH1> Ho D H1 — Ho @ Ha,

P 0

(4.9) B
Ja:< arr H1>:HO@H1—>HO@H1.

P, 0

Then
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(1) The the equality

o (1) - (G 32 ()

establishes a bijective correspondence between all boundary tmplets H = {7—[0@7{1, FO, 1"1}
for A* and all operators X = (X”)” 0 € [Ho @ 7—[1,7-[0 &) 7—[1] such that X*J, X = J,
and X Jo X* = J,.

(2) If My (-) are the Weyl functions of the triplet I1,,, then the Weyl functions Mi()
corresponding to the triplet I, are of the form:

(i) in the case a = +1

(4.11) My () = (X10 4+ X011 Mo (A)(Xoo + Xor My (M) ™Y, A e Cy,
(ii) in the case o = —1
(4.12) M_(2) = (X10 + X11M_(2))(Xoo + Xo1 M_(2))~", ze€ C_.

In the case @« = +1 and 7-[j = H;, j € {0,1}, the proof of Proposition 4.3 can be
found in [25]. In general case the proof is similar.

Corollary 4.4. Let T, = {Ho®DH1,To,T'1} be a boundary triplet for A* and let My (\) =
(M(N), Ny (N\) and M_(z) = (M(z),N_(2))" be the corresponding Weyl functions (3.9)
and (3.10). Then

(1) The triplet I, = {Ho & H1,Lo,T1}, where

(4.13) Tof = -Iif+PIof, T1f=PLof, feA*,

s a boundary triplet for A* with A\O( ker fo) Ay
(2) If T ={ry,7_} € R+(’H0,’H1) is a collection (2.9)~(2.11) and A = A7, then for
the triplet I1, one has A = AT, where 7 = {74, 7-} € R+('H0,H1) is given by

(4.14) 7N ={(Co(\), C1(V); K1}, A€ Cys 7 (V) ={(Do(N), Di(\)); K-}, AeC_,

415)  Co(N) = (CL(N), Con(N) : Hy @ Ha » Ky, Ci(N) = —Cor(¥), A€ Cy,

(4.16)  Do(N) = (D1(N), Do2(N)) : H1 & Hy — K_,  Di(A\) = —Dgi(N), AeC_.
(3) The Weyl functions of the triplet ﬁ+ are

(4.17) Mo(A\) = (=M (\), =M Y (A)NL(N) : Hy @ Ho — Hi, A€ Cy,

(4.18) M_(2) = (=M"(2), =N_(z)M'(2))T : H1 = H1®&Ha, z€C_.

Proof. (1) Assume that Iy, %, € [H1,Ho] is the operator given for each hy € H; by
Iy, 1oh1 = ha (i-e., Iy, 2, is the ”embedding operator” from Hq(C Ho) to Ho) and let

X X P, -1
(419) X = (xfﬂ Xﬁ) - (pf %1,H0> Ho & My — Ho & Hy.

Then X*J1X = Jy1, XJ41X* = J4; and the equality (4.10) holds with fj = fj and
X; taken from (4.19). Therefore by Proposition 4.3, (1) ﬁ+ is a boundary triplet for A*.
Moreover, the equality Ag = A; is implied by (4.13) and the second equality in (3.5).
(2) The immediate checking shows that

CoMTo — C1(ATy = Co(MTg — C1 (A1,  Do(AN)To — Dy(MTy = Do(A)Tg — Dy (A)T;.
Hence the boundary value problem (3.19)—(3.21) defines the same generalized resolvent
R(\) as the problem (3.19)(3.21) with C;(-), D;(-) and T'; instead of C;(-), D;(-) and
Iy, j€{0,1}.
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(3) It follows from (4.11) and (4.19) that the Weyl function of the triplet II is
My () = Pi(P = My (V) 7!, AeCy,

where M ()) is considered as the operator in Hg. Moreover, the immediate checking
shows that

(Po— M, (\) ' =M1 NP, — MY NN (NP, + P.
This yields (4.17) and (4.18). O

4.2. The case n_(A4) < ny(A). We start with the following basic theorem implied by
the results of [18, 20, 22].

Theorem 4.5. Let A € C($)) be a symmetric relation with equal deficiency indices
ny(A) =n_(A), let 11 = {H,Ty,T'1} be an ordinary boundary triplet for A* and let M(-)
be the corresponding Weyl function. Then

(1) The extension Ay = A5(=kerTy) of A satisfies mul Ay = mul A if and only if

(4.20) By (=s— lim X+ M(iy)) = 0.
y—oo Y
(2) The equality mul A = mul A* holds if and only if (4.20) is satisfied and
(4.21) ILm yIm(M(iy)h,h) = +o0, heH, h#0.
y—00

Generalization of Theorem 4.5 to the case of possibly unequal deficiency indices
n_(A) <n4(A) is given in the following theorem.

Theorem 4.6. Let A € C(9) be a closed symmetric linear relation in $ with n_(A) <
ny(A), let Iy = {Ho ® H1,T0,T1} be a boundary triplet for A*, let My (-) be the Weyl
function of Iy and let M(-)(€ R[H1]) be the operator function defined by (3.9) and
(3.10). Then

(1) The mazximal symmetric extension Ag(= kerTg) of A satisfies mul Ag = mul A if
and only if (4.20) holds.

(2) The equality mul A = mul A* holds if and only if (4.20) is satisfied and

(4.22) ygrfooy (Im (M- (i) ho, ho)#e + 51| Pohol?) = +oo,  ho € Ho, ho # 0.

If, in addition, mul A = {0} (i.e., A is the operator), then: (i) Ay is the operator if
and only if (4.20) holds; (ii) A is densely defined if and only if (4.20) and (4.22) hold.

Proof. Let A, be a maximal symmetric operator in 9, with ny(A,) =0 and n_(4,) =
dim H9 and let T',. : A* — H,. be a surjective linear mapping satisfying (4.3). Moreover,
let . := H D H, and let A. := A D A, (see the reasonings before Proposition 4.2).
Then according to Proposition 4.2 the operators (4.4) and (4.5) form a boundary triplet
IT° = {Ho, T'5,T5} for A% (= A* @A) and the corresponding Weyl function M(-) is given
by (4.6) and (4.7).

Since Ay is a maximal symmetric relation in §) and A, is a maximal symmetric operator
in 9, it follows from Proposition 4.1, (3) that mul Ay = mul A}, mul A, = mul A* = {0}
and, consequently,

(4.23) mul A, =mul A, mul A} = mul A",
(4.24) mul (A @ A,) = mul (4g @ A,)* (= mul Ap).

Let Ao = Aj,. € Extya, be given by Ag. = ker I'§. Since kerI'g = Ag and kerI';, = A;,
it follows from (4.4) that Ay & A, C Age. Therefore by (4.24) and Proposition 4.1, (2)
mul Ag . = mul (A9 A,) = mul Ay, which together with the first equality in (4.23) yields

(4.25) mul A =mul A4y <= mul A, = mul Ag.
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Moreover, applying Theorem 4.5, (1) to the boundary triplet II° for A} one obtains
(4.26) mul A, =mul 4y, <= By =0

and by Proposition 2.2 one has By =0 <= Bj; = 0. Combining this equivalence with
(4.25) and (4.26) we arrive at the statement (1) of the theorem.

To prove statement (2) note that in view of (4.23) mul A = mul A* if and only if
mul A, = mul A¥. Therefore by Theorem 4.5, (2) applied to the triplet II¢ the equality
mul A = mul A* holds if and only if (4.20) is satisfied and

(427) EI}} yIm(./\/l(zy)ho, ho) =400, hg€ Hy, hg#0.
y oo

Moreover, in view of (4.6) one has

(M(N)ho, ho) = (M1 (Mho, ho)w, + 5||P2hol|?,  ho € Ho, A€ Cy,
so that the condition (4.27) can be represented in the form (4.22). This yields statement
(2). Finally, the last statement of the theorem is obvious. O

Our next goal is to characterize exit space self-adjoint extensions in terms of a bo-
undary parameter 7 and the Weyl function. To this end we first prove the following
theorem.

Theorem 4.7. Assume that ny(A) = n_(A), II; = {Ho ® H1,T0,T1} is a boundary
triplet for A*, My (-) are the Weyl functions of I1y and Ag is the extension (3.5) of A.

Moreover, let 0 € Self 1 (Ho, H1), let Ag = A} € C($) be an extension of A and let
Po(N\) := PL(0—M, . (N)7L, AeCy; Dp(\):=P5(N) = (0 —M_(\)"' [ Hy, AeC_.
Then ®g(-) € R[H1] and the following equivalence holds:

(4.28) mul Ag C mul Ay <= Bs,(=s— lim #Pi(§ — My (iy))"') = 0.

Yy—r—+o0

Proof. Tt follows from [24, Proposition 3.6] that 6 admits the representation § =
{(Cby, C1); H1} with operators Cy = (Co1, Coz) : H1 @ Ha — H1 and Cy € [H4] satisfying

(429) —Olc{)kl + C()lCik + iCOQCSQ =0, C’le + 001061 + COQCSQ = IHU
(430) Cf001 — 08101 =0, C{‘Cl + 081001 = IHU
(131) 25,Cln = I (Ci1 —iC})Ci = 0.

Using such a representation of 6 introduce the operator
Ho

(X0 Xo1\._ [(Cou Co2 | OO ., 557
(4.32) X_(Xlo Xﬂ) =0 i ‘001/.(7-[1@%2)@%1—”—[1@%1.

Let fj : A* — Hq, j € {0, 1}, be the mappings defined by (4.10) or, equivalently, by
(4.33) Ty =Colo+ CiTy, Ty = (—CiPy +iCoaPa)To + Corly.

Then a collection II = {H1, fo, fl} forms an ordinary boundary triplet for A*. Indeed,
in this case the operators (4.9) take the form

0 0 |y, o o
J+1= 0 —iIH2 0 :(Hl@Hg)@H1—>(H1€BH2)@H1,
\Iv, 0 [ 0]

jV:ja: 0 —Iu, TH1 D HL — H1 D H
Iy, 0

and the immediate checking with taking (4.29)-(4.31) into account shows that X*JX =
Ji1 and XJ11X* = J. This and Proposition 4.3, (1) give the required statement con-
cerning II.
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It follows from (4.33) and definition (3.4) of Ay that Ag(= kerI's) = Ay. Moreover,
by (4.32) and Proposition 4.3, (2) the Weyl function of the triplet II is

(4.34)  M(\) = (~C1 Py +iCo2Ps + Cor My (V) (Co + C1 M (V)7L A e Cy
Let us show that M (\) satisfies
(4.35) B+ CiM(A)Cy = @(A)(= Po(0 — My (\) ™), AeCy,
with some B = B* € [H;]. Since § = 6*, it follows from [24, Proposition 3.1] that
0 ={{—(C7 +iCiy)h1,Co1h1} - hy € Hi}.
Moreover, by [25, Proposition 4.1] one has
0 € p(Co + CLM, (V) 1 p(Cly + My (\(CF +iC5)
and Lemma 2.1 in [23] yields
(0 =M (\)™" = —=(Co+ CLM(N) ' C1
= —(Cf +iCg,)(Cy + My (\) = (Cf +iCg,)) ™Y, A e Cy.
Combining of (4.34) and (4.36) gives
CrM(N)Cy

(4.37) = C7(=C1Pi+ iCozPr+ Cor My () (C11 +iC,) (Coy + My (V) (C +iCy)) ™

= C[-C107 = CoaCp+ Cor My (W) (CF + iC)|(Ciy + M (A)(C1 +iCp)) ™

It follows from the first equality in (4.30) that the operator B := —CjCp; satisfies
B = B*. Now by using first (4.37) and then the second equality in (4.29) one obtains

B+ C{M(A)C, = —CfCoy + C;[~C1Cf — CoaCliy + Cor My (W) (CF +iC)]
% (Coy + M (N)(CF +iC)) ™! = =C5[Cor (Cay + My (A)(CF +iCF))
+ (C107 + CoaCly — Cor M (N)(C +iC,)1(Coy + Mo (A)(CF +iClp)) ™"
= —Cf (Co1Cgy + CLCF + Co2Cg,) (Coy 4+ M (V) (CF +iCgy))
= —CF(Coy + My (N)(Cf +iC3,))

This and (4.36) yield the equality (4.35).
Next assume that A’ is a symmetric extension of A given by

(4.36)

(4.38) A= AgnAg={fe A :Tof =0 and C\T,f =0}.
Moreover, let H) be a closure of ran C; and let H{ = ker C7, so that
(4.39) Hi=H) o HY.

Let us prove the equality

(4.40) A ={feA :Tof=0 and T',f € H/}.

Let f € A’, so that [yf = 0 and C1T'yf = 0. Then by (4.33) Tof =0, I'1f = Co1T1f
and in view of the first equality in (4.30) one has

CiT1f = C;Cn Ty f = C5CiTy f = 0.
Hence I'1f € HY. Conversely, let f € A* satisfies Tof = 0 and I'1f € HY{. Then
C{T1f = 0 and the first equality in (4.29) yields Cg,I'1 f = 0. Therefore by (4.29)
(441) ClC{)"lflf: 0 and 001C§1f1f: flf
Since the mapping I' = (I'o, 1) T is surjective, there exists § € A* such that I'yg = 0 and

g = C§ Ty f. Tt follows from the first equality in (4.41) that C1T'1g = 0 and , therefore,
g € A’. Moreover, combining of (4.33) with the second equality in (4.41) yields

Tog=0=T0f, T1g=Cylg= 001C§1f1f: T.f.
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Hence f = g+ ¢ with some ¢ € A C A’ and, consequently, f € A'. This completes the
proof of (4.40).

Now applying [6, Proposition 4.1] to the boundary triplet I = {H, fo, fl} for A* and
decomposition (4.39) of H; one obtains the following assertion: there exists an ordinary
boundary triplet I' = {H},T},T} for (A’)* such that kerTy = kerI'y = Ay and the
corresponding Weyl function M’(-) is

(4.42) M'(\) =Py, M(\) | H}, AeC\R.

Moreover, application of Theorem 4.5 to a symmetric relation A’ and the boundary
triplet II' for (A’)* yields the equivalence

(4.43) mul Ag = mul A’ <= By (=s— yli_)rrolo »M'(iy)) = 0.
In view of (4.42) and the equality ran C; = H} one may rewrite (4.35) as
(4.44) B+ CyM'(\)Cy = ®p(N), XeCy.

It follows from (4.44) that ®y(-) € R[H1] and the equivalence

(4.45) By =0 <= By, =0

is valid. Observe also that in view of (4.38) mul A’ = mul Ag N mul Ay, so that the
equality mul Ay = mul A’ is equivalent to mul Ay C mul Ag. Combining this fact with
(4.43) and (4.45) we arrive at the required equivalence (4.28) O

In the following theorem we extend statement of Theorem 4.7 to exit space extensions.

Theorem 4.8. Assume that A is a closed symmetric linear relation in ) with n_(A) <
ny(A), Iy = {Ho ® H1,T0,T1} is a boundary triplet for A*, My(-) are the Weyl func-
tions (3.9) and (3.10) and Ag is the mazimal symmetric extension (3.5) of A. More-
over, let 7 = {1, 7_} € Ry(Ho,H1) be a collection of holomorphic pairs (2.9) and let
AT € C($) be the corresponding exit space self-adjoint extension of A (see remark 3.12).
Then

(1) The equalities
(4.46) @, (N): :—P1(7+()\)+M+(>\))‘1 =P (Co(\)—Cr( MM (N\)"rCi(\), AeCy,
(447) - (N) :=—(T1(\) + M_(X) ™" [ Ha

= (Dox(A) — ( JM(X) = iDo2(NN-(X)"'D1(A), AeC-,

where Do;(N), j € {1,2}, are taken from (2.11) define the operator function ®,(-) €
R[H1]. Hence there exists the strong limit

B :=Bgp, =s— Er-ir-loo iPl(Co(iy) — O (iy) My (iy)) "+ C1 (iy)

=s— lim & (Doi(iy) — D1(iy) M (iy) — iDo2(iy) N—(iy)) " Dy (iy).

Yy——

(4.48)

(2) If% is decomposed as% = HDH1 (with H1 = 5;)@.6), then the following equivalence
holds:

(4.49) mul A7 C mul 4y & $; < B, = 0.
Proof. Put 7—70 =HoD$H1 and 7—71 =H1®91. According to [25, Theorem 4.4] the adjoint
linear relation of A in the space $ is

L= A" e N

and the operators

~ T 0 . ~ r 0 *
Fo—(oo GO)G[A @® 97, Ho D H1), Fl—(ol G1>€[A @© HT, Hi © H1]
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with Go{h1,h1} = by and Gi{hy, hi} = hy, {hi, i} € $H2, form a boundary triplet
I, = {7—[0 @& Hq, Lo, T 1} for A* Moreover, for this triplet
(4.50) Ag(=kerTy) = Ag & ({0} @ $1)

and the corresponding -fields are

@51) AL\ = (Wy) 0 ) NeCy Fo(2) = (7—0(2) 0 ) ceC..

‘[331 Iﬁl

Next, according to Proposition 3.3 the extension AT is parametrized in the triplet II as
AT = Aj with some 0 € Self ;1 (Ho, H1). It follows from the formula (3.24) for the triplet
II that the canonical resolvent (A™ — A\)~1(& [$)]) admits the representation

(4.52) (A" =07 = (A =)' +F3 (N0 - My(N) 17 (X), AeCy,
where M+() is the Weyl function of the triplet IL. Moreover, (4.50) yields

- _ —1
(453) Go-n = (W) D) isen o0
Now combining (4.52) with (4.51) and (4.53) one gets
(4.54) P, (AT = N) 71 [ 91 = Py, (0 — My (N) ™' [ 951, AeCy.

It was shown in the proof of Theorem 4.4 in [25] that
Pay (0 — My (X)) ™' I H1 = (7. (A) + My (V) ™h, A€ Cy.
Therefore by (4.46) one has

(4.55) Py, (60— My(\) " [ Hy = D)), AeCy.
By using (4.54) and (4.55) we obtain
(4.56)
N b T (PN o )
P5(N) =Py (0 — ML(N) = ( . Py, (A7 — 2)~1 ffh) tH1 B H1 = Hi D,

ﬁl ﬁl
for all A € C,(the entries * do not matter). Since ®5(-) € R[H,], it follows from
(4.56) that Im®.(A) > 0, A € C;. Moreover, by the first equality in (4.47) one has
®,(\) = ®x(N\), A € C_. Therefore ®,(-) € R[H1].
Using formula (2.3) from [26] one can easily prove that
(457) Ti(X) = {(D()l()\), D1(>\)P1 + iDQQ()\)PQ); IC,}, reC_.

Applying Lemma 2.1, (2) from [23] to the first equality in (2.9) and (4.57) one obtains
the second equalities in (4.46) and (4.47).
Next, combining (4.56) with the known equality

°T yglfoo ipﬁl(‘? —iy) ' 15 =0

and taking Proposition 2.2 into account one gets the equivalence
(458) B‘I’g =0 < BT(: Bq;.T) =

Moreover, by (4.50) mul Ay = mul Ag ® H; and application of Theorem 4.7 to the triplet
IT and the extension A™ = Az yields

(4.59) mul A7 C mul A4y @ $H; < By, = 0.
Now combining (4.58) and (4.59) we arrive at the equivalence (4.49). O

In the following theorem we describe in terms of the boundary parameter 7 exit space
self-adjoint extensions A" of A satisfying mul A" = mul A.
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Theorem 4.9. Let the assumptions of Theorem 4.8 be satisfied. Then
(1) The equality

(4.60)  @,(A) = M(N)(Do1(A) — D1(A)M(\) — iDoa(A)N_(X) "' Dos(A), AeC_,

where Doj(N), j € {1,2}, are taken from (2.11) defines the holomorphic operator function
D, (-): C_ — [H1] such that Im®,(A) <0, A € C_. Hence there exists the strong limit

(4.61) B :=s— lim 3 M(iy)(Don(iy) = Di(iy)M(iy) — iDo>(iy)N-(iy)) ™" Don (iy).
(2) The exit space extension AT satisfies mul A" =mul A if and only if B, = ET =0

(here B is defined by (4.48)).
(3) If , in addition, mul Ag = mul A, then

(4.62) mul A" =mul 4 < B, =0.
(4) If mul A; = mul A, then
(4.63) mul A" = mul 4 < B, =0.

Proof. Let ﬁ+ = {Ho & H1, fo, fl} be the boundary triplet (4.13) for A*. Applying to
this triplet Theorem 4.8 and taking Corollary 4.4 into account one gets the following
assertions:

(i) The equality

&, (\) = —(D1(\) = Dot (N)M~H(A) + iDoa(N)N_ (N M1 (A\) 1D (A), AeC-,
defines the holomorphic operator function ®,(-) : C_ — [#;] such that Im®,(\) < 0,
A € C_. Therefore there exists the limit B; := limy_, i‘bT(iy);

(ii) The following equivalence holds:
(4.64) mul A C muldA; @ $H < ET =0.
The assertion (i) gives statement (1) of the theorem.

Next, combining of (4.49) and (4.64) yields
(4.65) mul A7 C (mul Ay ® H1) N (mul A; & H,) < B, = ET =0.
Since mul Ay C $ and mul A; C $), it follows that

(mule @f)l) N (mu1A1 D f)l) = (mule n mulAl) @f)l = mul (AO N Al) @5’)1
Moreover, by (3.5) and Proposition 3.3, (1) one has AgNA; C A and hence AgNA; = A.
Therefore the equivalence (4.65) can be written as

(4.66) mul A" C mul A @, <= Br =B, = 0.

Since the extension AT is $H-minimal, the equality mul AT N $1 = {0} is valid. This and
the inclusion mul A C mul A™ yield the equivalence

(4.67) mul A7 € mul A @ mul$); <= mul A” = mul A.

Now combining (4.66) and (4.67) we arrive at statement (2) of the theorem.

Statement (3) follows from (4.49) and (4.67). Finally, statement (4) is statement (3)
for the triplet II. O

The following corollary is immediate from Theorem 4.9.

Corollary 4.10. Let the assumptions of Theorem 4.9 be satisfied and let B, and [?T be
given by (4.48) and (4.61) respectively. Assume also that A is the operator. Then
(1) A" is the operator if and only if B, = B, =0.
(2) If , in addition, Ay is the operator, then A" is the operator if and only if B, = 0.
(3) If Ay is the operator, then A" is the operator if and only if B, =0.
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Remark 4.11. If ny(A) = n_(A) and II = {#,To,T'1} is an ordinary boundary triplet
for A*, then the boundary parameter 7(-) is a Nevanlinna operator pair (2.19), 7(\) =
—771(\), M(A\) = —M~1()\) and the equalities (4.48) and (4.61) take the form

By = lim (=;(r(iy) + M(iy)) ™) = lim 7(Coliy) — C1(iy) M (iy)) ' C1(iy),

v Y00 1Y
B, = lim (77" (iy) + M~ (iy)) ™" = lim LM (iy)(Co(iy) — C1(iy) M (iy))~' Co(iy),
Yy—00 y—00

where M (-) is the Weyl function of the triplet IT and all the limits are understood in
the sense of the strong operator convergence. Note that for this case Theorem 4.9 was
proved in [6, 7).

4.3. The case n;(A4) <n_(A). By using (3.26) and the results of the previous subsec-

tion one can easily prove the following two theorems for the case ni(A) < n_(A).

Theorem 4.12. Let A € C($)) be a symmetric relation with ny (A) <n_(A), let II_ =
{Ho @ H1,T0,T1} be a boundary triplet for A*, let M_(-) be the Weyl functions of TI_
and let M(-)(€ R[H1]) be the operator function defined by (3.15) and (3.16). Then

(1) The extension Ag(= kerTy) satisfies mul Ag = mul A if and only if (4.20) holds.

(2) mul A = mul A* if and only if (4.20) is satisfied and
ygglooy (Im(M_(iy)ho,ho)HU - % |P2h0”2) =400, hg€Hy, hog#0.

Theorem 4.13. Let A and I1_ be the same as in Theorem 4.12, let My (-) be the Weyl
functions (3.15) and (3.16), let 7 = {74, 7_} € R_(Ho, H1) be a collection of holomorphic

pairs (2.9)-(2.11) and let A™ be the corresponding exit space self-adjoint extension of A.
Then
(1) There exist the strong limits

Br:=s— ygriloo 7 (Co1(iy) — C1(iy) M (iy) + iCo2 (iy) Ny (i)~ C1 (i)
=s— lim_Pi(Doliy) = Diiy)M—(iy)) ™" Di(iy),
Br:=s— lim LM(iy)(Coi(iy) — C1(iy)M (iy) + iCo2(iy) Ny (iy)) ~ Cor (iy).

Yy—r+o00o

(2) The equality mul A" = mul A holds if and only if B, = ET =0.
(3) If in addition mul Ay = mul A (resp. mul A; = mul A), then equivalence (4.62)
(resp. (4.63)) is valid.

5. APPLICATIONS TO SYMMETRIC SYSTEMS

5.1. Preliminary facts about symmetric systems. In this subsection we recall
briefly some results on symmetric systems from [1].
Assume that H and H are finite dimensional Hilbert spaces, let

(5.1) Hy=HoH, H=HyoH=HoH®oH,

and let J € [H] be operator (1.15). A first order symmetric system of differential equa-
tions on an interval Z = [a,b), —00 < a < b < oo, (with the regular endpoint a) is of the
form

(5.2) Jy'(t) — Bt)y(t) = A()f(t), teT,

where B(t) = B*(t) and A(t) > 0 are the [H]-valued functions on Z integrable on each
compact interval [a, 8] C Z. Below we assume that the system (5.2) is definite. The
latter means that for any A € C each common solution of the equations

(5.3) Ty (t) - B)y(t) = NA®)y(2)
and A(t)y(t) = 0 (a.e. on 7) is trivial, i.e., y(t) =0, t € Z.
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Denote by £3(Z) the semi-Hilbert space of Borel measurable functions f(-) : Z — H
such that [(A(t)f(t), f(t))rdt < co and let § be the Hilbert space of all equivalence
classes in £ (Z). Denote also by 7 the quotient map from £3 (Z) onto .

With each system (5.2) one associates the minimal and maximal linear relations Tpmin
and Tmax in £3 (Z), which generate in turn the relations Tiin = (7 @ ) Tmin and Tax =
(7 @ 7) Tmax in 9 [13, 21, 28]. It turns out that Ty, is a closed symmetric relation with
finite not necessarily equal deficiency indices ni (Tiin) and Tmax = Ty, -

Next assume that

(5.4) U:C“luuﬂ:H@ﬁ@Heﬁ@H
Ug Uy Ug

is the operator such that ranU = H & H and
iuguy — uruz +uguy = ilg, iusuy — uguz +ugu] = 0, dusug + uguy — ugug = 0.

One can prove that the operator (5.4) admits an extension to the J-unitary operator

(5.5) U= HoH®H > H®H® H.

For each function y € dom Tpax decomposed as y(t) = {yo(t), ¥(t), y1(¢)}(€ H Heo
H), teZ, welet

(5.6) TCoqy = uryo(a) + ugy(a) + uoy1(a),

(5.7) Loy = wyo(a) + uf(a) + usyi(a), Tiay = uayo(a) + usH(a) + ugys (a).
Clearly, T,y(€ H) and T'1,y(€ H) are determined by the operator U, while Toay(€ H) is

determined by the extension U. Moreover,with the operator U we associate the operator
solution ¢(-, A) = @y (-, A)(€ [Ho,H]), A € C, of Eq. (5.3) with the initial data

Uug Tuy N N
wula,\) = | —iuf  ub -HOoOH -HHDH.
* - ——— ————

—Uy Tl Ho H

One can easily verify that Upy(a,A) = (Ig,,0)T : Hy — Ho ® H for each J-unitary
extension U of U.

In the following we suppose that n_ (Timin) < 14 (Tmin). In this case there exist a finite
dimensional Hilbert space Hgp, a subspace Hip C Hop and a surjective linear mapping

(5.8) Ty = (Do, Do, Tip) T = dom Tonax — Hop @ H & Hyy
such that for all y, z € dom Tpax the following identity is valid:

1%1“3/(75), 2(t))) = (Copy, T1p2) — (T1y, Tov2) + i( PasLovy, PasTov2) + i(Toy, To2)
(here Py is the orthoprojector on Hop onto Hap := Hop © Hip)-

By using (5.6), (5.7) and (5.8) one constructs a boundary triplet I, = {Ho @
H1,To, T4} for Thnax, where H; = Ho @ H;p, j € {0,1}, and

(5.9) Lo{#, f} = {~T1ay +i(Ta — Tb)y, Topy}(€ Ho ® Hop),
(510) Fl{gv f} = {Fan + %(fa + fb)ya _Flby}(e HO ® Hlb)a {277 f} € TIH&X
(in [1] such a triplet is called decomposing). Moreover, the equalities

T= {{f‘/va f} € Thax : I'1ay =0, /F\ay = fbya Ty =Ty = O}a

(5.11) . T ~
T = {{ya f} € Thmax : Thay =0, Tgy = Fby}



ON EXIT SPACE EXTENSIONS 289

define a symmetric extension 7T of Ty, and its adjoint 7% and the collection lL_ =
{Hoo @ H1p, Lo, T'1} with

(512) FO{ﬁ? .]?} = FObya ]-L‘l{ga f} = 7F1by7 {ga f} € T

forms a boundary triplet for 7.

Definition 5.1. A boundary parameter 7 (at the endpoint b) is a collection 7 =
{r+,7-} € Ry-(Hop, H1p) of holomorphic operator pairs
(5.13)

7+(A) ={(Co(N), C1(N); Hop}, A€ Cyy 7-(A) ={(Do(N), D1(N)); Hup}, A€ Co

with CO(A) € [7‘[01)]7 Cl(>\) S [Hlb,HOb], DO()\) € ['HObalHlb} and D1(>\) € ['Hu,].
Application of Theorem 3.11 to the boundary triplet f[+ gives the following theorem.

~

Theorem 5.2. ([1]). Assume that U is the operator (5.4), Iqy and I'1,y are defined by
(5.7), Ty is the mapping (5.8) and T is the symmetric relation (5.11). If 7 = {ry,7_} is
a boundary parameter (5.13), then for every f € LA (Z) the boundary value problem

(5.14) Jy' — B(t)y = MA(t)y + A(t)f(t), teT,
(5.15) Ty =0, Lay=Tm, AeC\R,
(5.16) CoMNTopy +C1(MNT1y =0, AeCy,
(5.17) Do(MTopy + Di(MT1y =0, A e C_

has a unique solution y(t,\) = ys(t,\) and the equality

RS =n(ys(-N), [€ILi(@). fel. AeC\R,
defines a generalized resolvent R(A\) =: R.(\) of T. Conversely, for each generalized
resolvent R(X) of T there exists a unique boundary parameter T such that R(A\) = R, (\).

According to Remark 3.12 boundary value problem (5.14)—(5.17) gives a parametriza-
tion of all exit space self-adjoint extensions T = T7 of T' by means of a boundary
parameter 7 € Ry (Hop, H1p). Denote also by F,(-) the spectral function of T' generated
by T7.

Definition 5.3. Let £, be the set of all f € § such that A(t)f(t) = 0 on some interval
[8,b) C T (depending on f) and let 7 be a boundary parameter. A nondecreasing
left-continuous operator function 3,(-) : R — [Hp] is called a spectral function of the

boundary value problem (5.14)—(5.17) if, for each f € $);, the Fourier transform

(5.18) Fs) = / ch(t AW (D) dt, feT
satisfies
(519)  ((F-(8) — Fo(a)f, P = /[ @F. T, (o) B

It follows from (5.19) that the mapping V' f = f, originally defined by (5.18) for f e,
admits a continuous extension to a contractive map V : § — L?(3,; Hy) (for definition
of the Hilbert space L?(%,; Hp) see [10, Chapter 13.5]). Moreover, V | mulT = {0},
so that o := $H © mulT is the maximally possible subspace of $ on which the Fourier
transform V' may be isometric.

Definition 5.4. [1] A spectral function ¥,(-) of the boundary value problem (5.14)—
(5.17) is referred to the class SFy if the operator V | £ is an isometry from £ to
L2(S,: Hy).
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The class SFy seems to be especially interesting, because in the case 3, (-) € SFp for
each f € $o the inverse Fourier transform can be calculated by

f=m (/R ou(:,s)dE,(s) A(S)) :

5.2. Description of spectral functions. According to [1] for each boundary parameter
T there exists a unique spectral function ¥, (-) of the boundary value problem (5.14)—
(5.17).

In the following theorem we give a parametrization of all spectral functions ¥, (-) (in
particular, of the class SFp) immediately in terms of the boundary parameter 7.

Theorem 5.5. Let the assumptions of Theorem 5.2 be satisfied. Assume also that Uisa
J-unitary extension (5.5) of U, that To,y is defined by (5.6), that 11y = {Ho®H1,To,T'1}

is the decomposing boundary triplet (5.9), (5.10) for Tymax and that
mo(A)  Mayp (M)
5.20 M.(\) = ol + : Ho ® Hop — Ho® Hip, )€ Co,
( ) +(N) <M3+()\) Moy (V) 0 D Moo 0D Hip +
mo(A) 2-(A)
5.21 M_(\) = : H — H , xeC_
(5.21) (M) (M?)_(A) M4_(A) 0@ Hip o ® Hop

are the block matriz representations of the corresponding Weyl functions. Then, for each
boundary parameter T = {14, 7_} of the form (5.13), the equalities

(5.22)  m,(A) = mo(A) + May (N)(Co(A) — L) Mas (W) CLA) My (V), A€ Co,

1 s—0
(5.23) Y:(s) = lim lim f/ Imm, (o + ic) do
d—=+0e>+0T7 J_55

define a spectral function ¥(-) of the boundary value problem (5.14)—(5.17) and the
following statements are valid:

(1) Let Hop be decomposed as Hop, = Hip & Hop with Hop 1= Hop © Hip, let Pjy be the
orthoprojector in Hoy, onto Hjp, j € {1,2}, and let

Do(A) = (Do1(A), Do2(N)) = Hip © Hap — Hip, A€C_,
My (N) = (Mg(N\), Ny (M) T = Hay — Hap @ Hop, A€ C_
be the block representations of Do(-) (see (5.13)) and My_(-). Then there exist limits
Br= lim 7 Puo(Coliy) — C1(iy) May (i) ' Ca (iy)

= lim i(DOl(iy)—Dl(iy)M4(iy)—iDog(iy)N4_(iy))_lDl(iy),

y——oo
B = lim_ 2 Ma(iy)(Dox(iy) — Di(iy)Ma(iy) — iDoa (iy) Na—(iy)) ™ Dox (iy)
and the following equivalence holds:
(5.24) S.() € SFy < B, =B, =0.
(2) If in addition
(5.25) ylggo iM4(zy) =0,

then the equivalence ¥..(-) € SFy < B, = 0 is valid.
(3) Each spectral function ¥, (-) belongs to SFy if and only if (5.25) is satisfied and

ygrfooy (Im(Mayy (iy)h, B)3y, + 5||Pavhl||?) = +o0, h € Hop, h#0.
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Proof. Formulas (5.22) and (5.23) are implied by Theorems 5.5 and 6.5 in [1].

Next assume that T is the exit space self-adjoint extension of T corresponding to the
boundary parameter 7. Then according to [1] one has

(5.26) ¥,() € SFy <= mulT” = mulT.

Consider the boundary triplet 1T, = {Ho, @ Hip, Lo, I'1} for T* given by (5.12). Since
the Weyl functions M4 (+) of the decomposing boundary triplet II; have the block repre-
sentations (5.20) and (5.21), it follows from [1, Proposition 2.10] that the Weyl functions
of the triplet T, are My(\) = My+()\), A € Cx. Now applying Theorems 4.9 and 4.6
(1) to the boundary triplet I, and taking (5.26) into account one obtains statements (1)
and (2) of the theorem. Finally, statement (3) follows from Theorem 4.6 (2), Proposition
4.1 (2) and equivalence (5.26). O

Remark 5.6. (1) According to [1, Proposition 4.4] the operator functions mg(-) and
M;.(-), j € {2,3,4}, in (5.20)—(5.22) are expressed in terms of the boundary values of
respective operator solutions of (5.3).

(2) The operator function m,(-) in (5.22) is the m-function of the boundary value
problem (5.14)— (5.17) and hence m,(-) € R[Hy| (for definition of the m-function for the
system (5.2) and its properties see [1]). Moreover, (5.23) is the Stieltjes inversion formula
for the function m.(-). Observe also that mg(-) is the m-function of the boundary value
problem (5.14)— (5.17) with Co(A\) = Iy,,, C1(A) =0 and Do(N\) = Py, D1(N\) =0.

(3) In the case of equal deficiency indices 14 (Timin) = Nn—(Tmin) Theorem 5.5 was
proved in [1].
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