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ON CONTACT INTERACTIONS AS LIMITS OF SHORT-RANGE
POTENTIALS

GERHARD BRAUNLICH, CHRISTIAN HAINZL, AND ROBERT SEIRINGER

ABSTRACT. We reconsider the norm resolvent limit of —A + V, with V, tending to a
point interaction in three dimensions. We are mainly interested in potentials V; mo-
delling short range interactions of cold atomic gases. In order to ensure stability the
interaction V4 is required to have a strong repulsive core, such that lim,_, [V, > 0.
This situation is not covered in the previous literature.

1. INTRODUCTION

Quantum mechanical systems with contact interaction, or point interaction, are treated
extensively in the physics literature, in connection with problems in atomic, nuclear and
solid state physics. In two and three dimensions such point interaction Hamiltonians
have to be defined carefully for the simple reason that the Dirac J-function is not rela-
tively form-bounded with respect to the kinetic energy described by the Laplacian —A.
Mathematically this can be overcome by removing the point of interaction from the
configuration space and extending —A to a self-adjoint operator. This leads to a one-
parameter family of extensions in two and three dimensions. One way to pick out the
physically relevant extension is by approximating the contact interaction by a sequence
of corresponding short range potentials V;(x) such that the range ¢ converges to zero,
but the scattering length a(Vy) has a finite limit @ € R. The corresponding self-adjoint
extension is then uniquely determined by this a.

The mathematical analysis of such problems is extensively studied in the book of
Albeverio, Gesztesy, Hoegh-Krohn and Holden [1]. Among other things the authors
show that —A + V, converges in norm resolvent sense to an appropriate self-adjoint
extension of the Laplacian determined by a. As one of their implicit assumptions the
L'-norm of V; goes to zero in the limit £ — 0. This assumption can be too restrictive for
applications, however, as explained in [3].

Indeed, one major area of physics where contact interactions play a significant role
are cold atomic gases, see e.g. [11, 12, 3]. The corresponding BCS gap equation has a
particularly simple form in this case. However, in order to prevent such a Fermi gas from
collapsing and to ensure stability of matter, the contact interaction has to arise from
potentials V; which have a large repulsive core (such that limg_,o [ V4 > 0) in addition
to an attractive tail. The strength of the attractive tail depends on the system under
consideration, ranging from a weakly interacting superfluid (where —A + V; > 0) [10, §]
to a strongly interacting gas of tightly bound fermion pairs (where —A + V; typically has
one negative eigenvalue) [12, 7, 6].

Having such systems in mind, the present paper is dedicated to the study of contact
interactions arising as a limit of short range potentials V; with large positive core and,
in particular, a non-vanishing and positive integral f V; in the limit £ — 0. The simplest
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form of such a V; we can think of is depicted in Figure 1. We shall generalize a result of
[2, 1] and show that for (k) > 0

o 2 T l0s) (o
ATV, — k2 TA—k2 al gk IRIR
in norm, where gi(x) = ﬁ%“m, and a = limy_,0 a(Vp) is the limiting scattering length.

The main mathematical obstacle we have to overcome is the fact that the corresponding
Birman-Schwinger operators are “very” non-self-adjoint, which requires a refined analysis
to get a hand on the corresponding norms. One important ingredient of our analysis is
a useful formula for the scattering length a(V;) which was recently derived in [9].

Throughout the paper, we adopt physics notation and use (- |-) for the inner product
in L2(R3), | f)(f]| for the rank-one projection in the direction of f, etc.

2. MAIN RESULTS

In the following, we shall consider a family (V)¢ of real-valued functions in L*(R?)N
L3/2(R3). We use the notation V1/2(x) = sgn(x)|V (2)|"/? and write V,* for the positive
and negative part of the potential V; in the decomposition

Ve=V," =V, supp(V;") Nsupp(V; ) = 0.
Further we will abbreviate
_ (1L Vi=0, . _
Jir = {_1 Vy <0 ie. Jo(z) =sgn (Vi(x)),

1 _ _ 1,
Xe= ViP5Vl 2 X = (V) P (V)Y
p p
so that the Birman-Schwinger operator reads

1
1/2
(2.1) By =V, F'VAW = Ji X, .

For a given real-valued potential V € L*(R3) N L3/?(R3), it was shown in [9] that the
scattering length can be expressed via

(22) a(v) = (V]2

v

1+V1/2p%|V|1/2 '

This assumes that 1+ ‘/1/210i2|V|1/2 is invertible, otherwise a(V') is infinite.
Throughout the paper we will use the notation

< 00.

_ - 1
[f=0()=0< hr?jélp ‘ )

For our main theorem we will need to make the following assumptions.
Assumptions 1. (A1) (Vy)eso € L¥2(R?) N LY (R?, (1 + [z]?)dx).
(A2) There are sequences ey, e, € R such that e, # 0, limy_,oe, =0, e, = O(e,) and
—“A+AV, and —-A-XTV]
have non-degenerate zero-energy resonances for A = (1 —e;)~! and A\~ = (1 —
e, )1, respectively. All other A, A\~ € R for which —A + AV, and —A — A"V~

have zero-energy resonances are separated from 1 by a gap of order 1.
(A3) [|[Ve|/zr is uniformly bounded in £ and ||V, ||z1 = O(er),

(A9 [ Wilo)l kel = O(ct) amd [ V7 (@)l of? @% = O(e)),
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FiGURE 1. Example of a sequence of potentials V.

(A5) the limit
1 _ L 1/2 —1y,1/2
(2:3) a = lima(Vy) = — lim ([Vi['/2[(1 4 B,) 7'V, "7)
exists and is finite.
Remark 1. Assumption (A2) can be reformulated in terms of the corresponding Birman-

Schwinger operators. Recall that —A + ﬁV has a zero-energy resonance if and only

if 14+ VY QP%\VP/ 2 has an eigenvalue e. Therefore (A2) is equivalent to the following
assumption:

(A2)" The lowest eigenvalues e; and e, of the operators 1+ J; X, and 1 — X", respec-
tively, are non-degenerate, converge to 0 as £ — 0, with e, = O(e(), and all
other eigenvalues are isolated from 0 by a gap of order 1.

The fact that ey # 0 means that 1+ By is invertible. For simplicity, we also assume that
the limit in (2.3) is finite. We expect our result to be true also for a = oo, but the proof
has to be suitably modified in this case.

We are now ready to state our main theorem.

Theorem 1. Let (Vi)iso be a family of real-valued functions satisfying Assumptions 1.
Then, as £ — 0,

1 1 47

2.4 — k>0 k#£14
(2.4) ATV, R — A2 a_1+ik\gk><gk|7 Sk >0, #ija
in norm, where gi(x) = ﬁeig\zl :

Remark 2. The simplest example of potentials satisfying Assumptions 1 is shown in
Figure 1.

By simple calculations it is immediate to see that (A1), (A3) and (A4) hold, with
ee = O(¢). By fine tuning the strength of the negative part of Vp, it is possible to meet
a resonance condition such that (A2) holds. The corresponding scattering length can
be calculated explicitly in this case, verifying (A5). (See [3, Appendix] for such explicit
calculations in the case where ¢, < £.)

Remark 3. In case a = 0, the fraction (a=! + ik)~! has to be interpreted as 0.

Remark 4. One consequence of Theorem 1 is that in the case 0 < a < oo the smallest
eigenvalue of —A + V, converges to —a%, with the eigenfunction tending to ,/%T’Tg,; Ja()

in L2. Moreover, all other eigenvalues necessarily tend to 0.
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Remark 5. The resolvent on the right side of (2.4) belongs to a Hamiltonian of a special
point interaction centered at the origin. More precisely, for 6 € [0, 27) let (Hg, D(Hg))
be the self-adjoint extension of the kinetic energy Hamiltonian

~ Al @ oy
with the domain
22,3 0 eiVEiz]|
D(Hp) = Hy"(R*\{0}) ® (4 + ), pu(x) =
r € R*\ {0}, S(VEi) >0,
such that Hy (1, + e ) =itpy —ie?sp_. Then, if 6 is chosen such that
—a7l = cos(m/4)(tan(6/2) — 1),
we have by [1, Theorem 1.1.2.] that

1 1 am
2.5 = — _
(2:5) Hy—k2 p2—k2 o'+ ik'gk><gk|
Hence Theorem 1 implies that the operator —A + V; converges to (Hy, D(Hp)) in norm
resolvent sense.

Ar|z| 7

Remark 6. Let us explain one of the main difficulties arising from potentials with large
L'-core compared to the situation treated in [1], where the L3/?-norm of V; is uniformly
bounded and hence the L!-norm tends to zero. One of the necessary tasks in the proof
of Theorem 1 is to bound the inverse of operator 1 + By, where B, denotes the Birman-
Schwinger operator defined in (2.1). One way to bound the norm of this non-self-adjoint
operator is to use the identity

1
1+ By

1 1/2
1+ x20,x12 "

=1-JX,"?

)

which implies for its norm

1
1+ X,20,x,?

1
<1 X
[ <1+

The Hardy-Littlewood-Sobolev inequality implies that || X,|| can be bounded by a con-
stant times ||Vp||;3/2, and with le/ngX;/Z being isospectral to By = Jy; X, we obtain

that

1

‘1+Bz

This shows that ||(1 + B¢)~!|| < O(Jeg|™") for sequences V; used in [1], which turns out
to be sufficient. However, in our present situation we are dealing with potentials V,
with strong repulsive core satisfying Assumptions 1, where the corresponding L3/? norm
diverges and typically is of the order of O(1/]e|). Hence the inequality (2.6) only implies
a bound of the form

1 _
H 1+ B, H < Ofeel™).

which is not good enough for our purpose. To this aim we have to perform a more refined
analysis.

Remark 7. For related work on two-scale limits in one-dimensional systems, see, e.g.,
[4, 5].

The following lemma turns out to be very useful in the proof of Theorem 1.
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Lemma 1. Let V = V, — V_, where V_,V, > 0 have disjoint support. Denote
1, V>0

J = {_17 V<o X = |V|1/2p%|V|1/2 and Xy = Vi/QI%Vi/? Then for any

¢ € L?(R3), we have

(2.7) V2 [[@llz2 | (J + X)gll 2 > (B(X4 +1 - X_)g).

Proof of Lemma 1. Decompose ¢ = ¢ + ¢, such that supp(¢_) C supp(V_) and
supp(¢4) Nsupp(V_) = 0. By applying twice the Cauchy-Schwarz inequality,

[(J +X)ollr2ll¢+]lre = R+ [(J + X))
= (b4 ](1+ X )by) + R(p4 V2LV 20,
17+ X)@llrell¢—llr2 = R((T + X)o| — o)
= (p-1(1 = X_)p_) — R(oy V2 LVI2.).
We add the two inequalities to get rid of the cross terms

17 + XMLz (Io+]c2 + llo-Ilz2)
> (P+](1+ X4 )4) + (o |(1 = X)o-) = (B[(X4 + 1= X))
Finally, we use that ||¢, ||p2 + |#— |22 < v/2||¢||z2, which finishes the proof. O

(2.8)

One difficulty in proving Theorem 1 is that the operator 1 4+ By is not self-adjoint
and the norm of its inverse cannot be controlled by the spectrum. One consequence of
Lemma 1 and our assumptions is that the norm of (1 + B,)~! diverges like é The
following statement identifies the divergent term in terms of the projection onto the
eigenvector to the lowest eigenvalue of the Birman Schwinger operator.

Consequence 1. Let (Vy)eso satisfy (A1)-(A4) in Assumptions 1. Then the operator
(1+By)~'(1 - P)

is uniformly bounded in ¢, where

1
(2.9) Py = WWDUMA

with ¢ the eigenvector to the eigenvalue ey of 1 + By.

Another consequence of Lemma 1 is the following set of relations, which the proof of
Theorem 1 heavily relies on.

Consequence 2. Let (Vy)eso be a family of real-valued functions which satisfy (A1)-
(A4) in Assumptions 1. Then
(1) Jos 12l [Ve(z)] d®z = O(er),
(ii) (Jedelpe) = =1+ O(ey),
(iii) (|Vel'?[lgel) = Olee|'/?),
(iv) fs 2] Ve(@) 2 [pe(2)| A2 = O(|ec]*?).

The proof of these facts will be given Section 4.

3. PROOF OF THEOREM 1

Let k € C with &'k > 0. Following the strategy in [1] our starting point is the identity

1 1 1 1 e 1
3.1 = — V|12 .
( ) p2+Ve*k2 p2*k'2 p27k2| | 1+‘/41/2p21k2|W|1/2 14 p27k2

@ P (&)
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Note that the operators (@ and (@ are uniformly bounded in ¢. In fact,

which is uniformly bounded due to our assumptions on Vy. We will first show in Lemma 2
that pgikz [Ve|'/2 is, up to small errors of O(|es|'/?), equal to the rank one operator

lgx) (|Ve|'/?|. Together with the formula (2.2) for the scattering length this will lead us
finally to (2.4).

1V, e,

1
Tl < v, = e

k2| él

Lemma 2.
1 1
(3:2) H( ,kmvﬂ—|gk><|ve|1/2\)1+—3m”2>\LZ Offeel?),
1
62 (g - ) g = 0t

Proof. We make use of the decomposition
S P

1+ By B €y ¢ 1+ By
where we first treat the contribution of the second summand to (3 2a) and (3.2b). This
is the easier one thanks to Consequence 1, which tells us that 5 v B (1 — Py) is uniformly
bounded in ¢. Note that the integral kernel of the operator p2_k2 [VelY2 — |gi){|Ve |3
in (3.2a) and (3.2b) is given by the expression

(gr(z —y) — gr (@) Ve ()
An explicit computation shows that

ik|z| —ik|z— :
Fk(y) ::/ € || e ‘ yl d3x _ C\271' efg(k')ly‘ Sln(éR(k)‘yD )
re |z Jo—yl S(k) R(F)lyl

From this one easily obtains the bound

2 13 2 1 (R ()|
3.4 —y) — Bz =—"_ (F,(0)—F 1
B [l —) - @ o= 25 (0) - R < o= (14 58 b Yl

Hence we infer from Consequence 2(i) that the Hilbert-Schmidt norm of this operator is
bounded as

(3.3) (1-Pp),

AL ViI1/2 H
| =gVl ~la va |

< |5 (1 giy) [ Witallel 2] T oged)

Thus the contribution of the last term in (3.3) to (3.2a) gives a term of order |e|

(3.5)

1/2.

With Vzl/ 2@ being a uniformly bounded operator we also infer that the same holds
true for (3.2b).

It remains to estimate the contribution coming from the first term on the right side
of (3.3). With P( defined in (2.9), the norm of the corresponding vector in (3.2a) is

1/2 1/2 1/2
| Gl =t var 2 2 )|,
5 1/2
d3x>

(/.

1/2
( [ ol G o) d3zd3w) ,

(IVe| /2| ¢e)
ee(Jede|de)

_ (IVe|'/?|¢0)
dmer(Jede|de)

(36) =

V2000 (01l = ) = o) €
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where
Ouzvw) = (4 [ (o = 2) = o)l = w) = gula)) d*s
= Fk(w — Z) + Fk(O) - Fk(w) - Fk(Z) .
The bound (3.4) implies that

1L RGN
(0] < 5 (1 R ) (21 + )

Together with Consequence 2(iii) and (iv) we are thus able to estimate (3.6) by
O(le¢|*/?). This implies (3.2a). In order to get (3.2b) we make use of (3.5) and Conse-
quence 2(iii) and evaluate

< NVl 2160l + || (= Vel = o) Vil 21 )|
[(Velléa)] + O(leel/2) = O(led] ).

L2

|t 2160,

This completes the proof. ([l

Since the norm of (2) diverges in the limit of small ¢ we need to keep track of precise
error bounds. In order to do that, we start by rewriting the term (@ in a particularly
useful way, which is presented in the following lemma.

Lemma 3.

1 1 1 1/2 1/2 1 1
3.7 =(1- 1% V|2 )) —— ,
(3.7 1+V41/2p£k2|Ve|1/2 ( %+4W(W)1+Be| eIV |)1+Q61+Be
where
1 1 1 1/2 1/2
3.8 = Re(1— 4 Vel
(38) @=175 f( +4m(w)1+3‘ HIVel™]
and where Ry is the operator with mtegml kernel
ik .
(3.9) R(w,y) = — -V, (@)r(iklx —y)| Vi (y)
with r(z) = ﬁ.
Moreover, Qg satisfies
(3.10a) 1Qe]l = OClecl’?),
1
1 1/2 /2,
(3.100) ot 5w ] = ot

Proof. The integral kernel of the operator (p2 — k%)~ is given by gi(x —y). We expand
this function as
Letklel 1 1 ik ik

R ik
ar |z T dr |z| 4w 47rr(2 =),

gr(T) =

ef—1—2
z

where r(z) = . We insert this expansion in the expression for (2) and thus obtain

the identity

1+v1/2p |V\1/2—1+Be+*|V1/2><\V|1/2|+RE
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with R, defined in (3.9). We further rewrite this expression as

(+80 (14 15 (Vv + ve) )

1 Zk 1 1/2 1/2
= (14+B) (1 R, = V') .
(1+ 0( v B 1+B[|v1/2><|vw2>( T mir g e NIV

The inverse of the operator in the last parenthesis can be calculated explicitly, and is
given by

ﬁ 1 1/2 1/2 - 1 1 1 1/2 1/2
(1 g V) =1 s A

at least whenever a(Vy) # i/k, which we can assume for small enough ¢. Hence (3.7)
holds, with @, defined in (3.8).
We will now prove (3.10a) and (3.10b). We have

1 1

! 1/2 1/2
< |[—=5Re|| + R v -
1l = |, R g+mmeHﬂzﬁ+&u )| el
1/2 1 1 1 1/2 1
HQel‘FB p* —k? Hl—ingREH-BZ ¢ P2 k2
1 1 1/2 1 1/2 1 1/2
+ R v _l
|5 +4ma(V)] H1+Bz SE AR Vel 55,V

The norm ||Vp||z: is uniformly bounded by assumption, and it follows from Lemma 2

that also Hﬁ“/dlm - |Vel/2 H is uniformly bounded. Hence it suffices to bound
the following expressions:
1

11
(3.11a) I3, Bl
3.11b VA
(3.110) Fentasiak!
1 12 1
11
(3.11¢) H1+Be ‘T+B, ¢ P22

To this aim we again use the decomposition (3.3). For (3.11a) note that
L
(4m)?
2\k|2 3., 43

7 [ Vel =PVl d% oy
402|I€|2
(4m)?

using |r(z)| < c|z| for Rz < 0 and some ¢ > 0, as well as Assumptions (A3) and (A4).
Since the last term in (3.3) is uniformly bounded by Consequence 1, || ﬁ(l —P)Ryll2 =

O(eg) and ||Rgﬁ(1 — Py)||]2 = O(eg). On the other hand

| R, Jedpe|| 2
[(Jedelde)|

1Rl = / Ve(@)llr(iklz — y)I?|Ve(y)| d*x d®y

(3.12)

HWMH/|W )| 22 4% = O(e2),

[PeRe|| =

where

(Rigo0(@) = g [ Vi@ 2r(=ible — sDIVi)2ont) o
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Using again the above pointwise bound on r, it follows from Consequence 2 that
(3.13) 1PeRell = O(lee]'?) -
Thus (3.11a) = O(|e,|'/?).

Finally, we estimate (3.11b) and (3.11c). Proceeding as above one also shows that
HRgﬁH = O(|e|'/?). Hence, in the decomposition (3.3) for the vector

1 #| 1/2>
1+ B, “1+ B,

and the operator
1 1 12 1

1+ By 61+Bz Eop2 k2
we see that the only parts left to estimate are

Lo = L (V1600
(3.14a) %PeRePAV ) = ?<J£¢Z|Rl¢£> Tebaoul]? 9e),
V2L
(3.14b) *PZRZPKVE/Q%/#: 12<Jz¢e|Re¢z>|¢é><¢Z” Ahs:

[(Jede|de))?

Using again Consequence 2 and the pointwise bound on r we obtain [{Jepe|Rede)| =
O(e?). In particular, we conclude that the L?-norm of the vector in (3.14a) is of order
O(lee|*/?). The same argument applies to the operator in (3.14b) after using (3.5). This
shows that (3.11b) and (3.11c) are of order O(|e¢|'/?), and completes the proof. O

The estimates (3.10a) and (3.10b) suggest that for small £ we may drop Q¢ in @ in
(3.1). With the help of the identity (3.7) and the expansion 1+Q =1- 1+1Q[, Qy the

second summand on the right side of (3.1) decomposes into two parts, namely

1 1/2
V|2 f =1, + 1,
S 12 1/2 2 _ 1.2
k +V£/ ink2|Vd1/2 P k
with
1 1 1 1/2 1 1/2 1
I = — vil'/2(1 - VNIV V. !
‘ p’—k = IV 4%+47ra(Ve)1+Be| e NIVl 1+B; " p?—k?
1 1
I V1/2< 3 1/2 V1/2>
o= i (- e T Vv
1 1 12 1

x 1+Q2Q£1+Bz k2

The term I, contains the main part, whereas I[, vanishes in operator norm for small /.
This is the content of the following lemma, which immediately implies the statement of
Theorem 1. Its proof relies heavily on Lemmas 2 and 3.

Lemma 4.

47
15 ot =gyt = Ol
(3.15a) e+ V)T ng (k||| = O(lec] /=),
(3.15b) [T|| = O(Jec|'?).

Proof. We first show (3.15a). We can write

1 1
1/2 V1/2
| 1+B, ¢ p2—k2
1 1 1 1/2 1 1/2 1
+ Vo2 —— 1V, IARE 1% .
%+47T&(W)p2_k2|e| 1+Be|£ ><| Z‘ |1+BZ £ p2—k‘2

I[:_ 2_k2‘ J4
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It turns out that both summands converge in operator norm to the projector |gx){gxl,
multiplied by numbers which add up to — More precisely, we are going derive to
the following asymptotic behavior

1 1/2 1 1/2 1 H
|2 HMI1+&W e~ Ama(Vi)lgn) (o

*I—Hk

1 1
_ 1/2 9 V,l1/2 V1/2 H
H eVl g Ve g eVl |1+B‘ ) on!
(3.16a) < H /2 _ 1/2 1 1/2 H
< |V 2 = Vil ) Ve
12 1 1/2
o014 )
= O(Jee|'/?)
and
(3.16b)
1 1 2
| = 2uwz+&W%qﬂﬁHﬂvW W—WMWM%MM
< 12 1/2 1/2 1/2 1/2 H
<|(G=gv I%MWIIL+BHf>WN Y s

1 1/2
a0 o V21 (Vi e - )l
+ oV land (Ve 2| 5 (Vo = V)
= O(lec|'?),
where we made use of the expression a(Vy) = £ (|V;|'/2 175, ’V1/2> for the scattering

length. The bounds (3.16a) and (3.16b) are in fact simple consequences of Lemma 2.

Eq. (3.16a) follows immediately from (3.2a) and (3.2b). To see (3.16b) we apply (3.2a)

twice, once to the first vector in the first term on the right side, and once to the second.
In order to show (3.15b) we simply bound I, by

1 1 1 1/2
U el O vV g |
H F” — 2 2‘ €| %+4ﬂa(W)1+Bz| 4 ><‘ €| | 1+Q€
1
<@t Vi | < OCled ),

1+Bg p? — k2

where we used that the first term is uniformly bounded because of (3.2a), whereas the
second term vanishes like O(|e/|'/?) thanks to (3.10b). O

4. PROOF OF CONSEQUENCES 1 AND 2
Proof of Consequence 1. We pick some v € L?(R?) and set
1
4.1 =——1—-FP)y = Je(1 — Py
(4.1) ® 1+J4Xg( 0)Y e o( )

Below, we are going to show that there exists a constant ¢ > 0 such that for small
enough /¢

(4.2) (el(1 = X, o) > cllolzs-
In combination with Lemma 1 this inequality yields
V2llellll(Je + Xo)oll 2 (@l(1 = X)) 2 cllel®,

which further implies that

[ = 1Je(1 = Pe)yl| = I(Je + Xe)ll = (1+Be)~' (1 = Pl

Ellwll = \ﬁ\l
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proving the statement.
It remains to show the inequality (4.2). To this aim we denote by ¢, the eigenvector
corresponding to the smallest eigenvalue e, of 1 — X, and by P¢>; the orthogonal pro-

jection onto ¢, . By assumption, the Birman-Schwinger operator X, corresponding to
the potential V,” has only one eigenvalue close to 1. All other eigenvalues are separated
from 1 by a gap of order one. Hence there exists ¢; > 0 such that

(1-X,)(1-P

¢;) Z C1

and, therefore,

(pl(1 = X )p) = crlpl(l = Py )o) + e (| Py -0)

= ciflelliz + (eg — c1){@lPy-¢)-
With Pj,4, = |Jede)(Jege| being the orthogonal projection onto Jy¢, we can write

¢ = (1= P, ),
simply for the reason that, because of (4.1) and the fact that P, commutes with By,

Prigp = Prog, (14 Be) ' (1 = Py = Py, (1= Po)(1+ By) ™' = 0.
Consequently,
1Py, 0 = (Pl(1 = Preg) Py 9] < llpl221(1 = Pr, )Py |
= lell2= (1 = Prs)¢7 I = l@ll72ll(1 = Py ) Jedell -

To estimate ||(1 — P¢>Z)Jf¢5”’ we apply Lemma 1 to ¢, and obtain

V2er = V2|(Je + Xo)gel = (bel (1 = X )be) = (Jegel (1 = X ) Jebe)
eg [(Jedel & )1* + (1 = Py-)Jedel (1 = X7 ) (1 = Py) Jede)
> eg (Jedelog )+ eall (1= Py-) Jedel
This shows that [|(1 — Py,g,)Py-|l = O(le¢|*/?) and consequently (4.2) holds for small
enough /. ]

Proof of Consequence 2. (i) Simply bound |z| < 1(|es| + [#]?/|e¢|) and use Assumptions
(A3) and (A4).
(ii) Lemma 1 applied to ¢, implies that

(ol (Vi) 225 (V7Y 200) < VBlerl + I |,
(4.3)
<<M(1 B (Vé_)lpé(ve_)lp)be < V2lef],

where we used 1 — (V[)UQP%(V[) /2 > e;. Note, that by 1 |e;| = O(es). Now (ii)
follows from the following argument. Because of (2.8) we know that
V2led = V2I(Je + X)gelle = (67 [(1+ X )ep) + (67 10— X, )ey)
=l 22 + (671X 60D + (@ (1 = X)),
where ¢, = qﬁj + ¢, with supp(¢, ) € supp(V, ) and supp(qﬁj) Nsupp(V, ) = 0. Using
that 1 — X, has e, = O(ey) as lowest eigenvalue, we conclude that

<1+2Jg

(4.4) beloc) = 197 132 = Ofeo).
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(iii), (iv) For ¢ =0, 1 we evaluate
[ It gl @ = V217l + V)1 - Pl
= (V2] | (1 Tl + (V)2 1] e
< V- PRl (14 T 4] PV 2,
which is O(|eg|'/?) for ¢ = 0 and O(|eg|*/?) for ¢ = 1 by Assumption (A4) and (4.4). O
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