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ON LARGE COUPLING CONVERGENCE WITHIN TRACE IDEALS
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Dedicated to V. D. Koshmanenko on the occasion of his seventieth birthday

ABSTRACT. Let £ and P be nonnegative quadratic forms such that £ 4+ bP is closed
and densely defined for every nonnegative real number b. Let Hj be the selfadjoint
operator associated with £ + bP. By Kato’s monotone convergence theorem, there
exists an operator L such that (Hp 4+ 1)™! converges to L strongly, as b tends to
infinity. We give a condition which is sufficient in order that the operators (Hp+1)"1
converge w.r.t. the trace norm with convergence rate O(1/b). As an application
we discuss trace norm resolvent convergence of Schrodinger operators with point
interactions.

1. INTRODUCTION

We shall explain the goal and the content of the present note with the aid of an
example.

Example 1.1. Let b be a positive real number (the so called coupling constant) and let
(an)nez be a family of positive real numbers. Let d, be the Dirac measure with mass at
a and

By Kato’s monotone convergence theorem, the nonnegative selfadjoint operators Hj in
L?(R) converge in the strong resolvent sense to the Laplacian —% in L?(R) with Dirich-
let boundary conditions at every point of Z, as b tends to infinity. While it may be very
difficult to analyze the operators Hy, it is trivial to derive the properties of the limit H .
Thus if the coupling constant b is large, one may replace Hy, by Hs, and try to estimate
the error one makes in this way. This leads to the following two questions:

1. In what sense do the operators Hj converge?

2. How fast?

The answer depends on the coefficients a,,. Let us consider three cases.
(1) ap, — 0, |n| —
The operators Hj, do not converge in the norm resolvent sense, cf. [3].
(2) 0 <infhez < sup,eza, < 00
The operators Hp converge in the norm resolvent sense and the rate of conver-
gence is of the order O(1/b) (cf. [3]), but the resolvent differences do not belong
to the trace class.

(3) ZnGZ — <X
_ OGn
There exists a finite constant ¢ such that

I (Hy +1)7" = (Hoo + 1)1 1<

C
- b>0
b7
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(]| - |1 denotes the trace norm and || - |2 the Hilbert-Schmidt norm). In par-
ticular, the absolutely continuous parts of H, and H,, are unitarily equivalent.
Since the spectrum of H is a discrete set, it follows in this special case that the
absolutely continuous spectra of the operators H; are empty, too.

The assertion about the trace norm in the third case has not been known before. In
this note we shall present new general results on large coupling convergence and show
that the mentioned assertion about the trace norm easily follows from these general
results. Perturbations of Schrodinger operators by surface measures and by differential
operators of the same order have been treated in [1] and [7], respectively. We expect that
our general method can also be used in order to extend some of the results from [1] and
[7].

2. A TRACE NORM ESTIMATE

Let H be a nonnegative selfadjoint operator in the Hilbert space (H, (+,-)) and let £
be the closed quadratic form in H associated with H, i.e.

DH)={heD(E):3f e HVge D) :&E(h,g) = (f,9)},
E(h,g) = (Hh,g), g€ D(E), he D(H);

above implicit definition of Hh is correct, since, by Kato’s representation theorem, D (H)
is dense in (D(€),&;). Put

(2.1)

(2.2) G=(H~+1)7", &(f,9):=£Ef9+(f9). fgeDE).
By (2.1) (with & replaced by &),
(2.3) Gf=h, if, andonlyif & (h,g9)=(f,g9), g€ D).

Let J be a closed operator from the Hilbert space (D(£),&;1) to the auxiliary Hilbert
space (Haux; (s *)aux), such that the range ran(J) of J is dense in H,ux and the domain
D(JG) of JG is dense in H. Since ran(G) = D(H) is dense in (D(£),&;) and D(JG)
is dense in H, the domain D(J) of J is dense in (D(£),&1). Thus JJ* is a nonnegative
selfadjoint operator in the Hilbert space H,ux. Since the range of J is dense in H,yx, the
kernel ker(J*) of J* and hence also the kernel of JJ* is trivial. We put
(2.4) H:=(JJ)~ L
Note that H is an invertible nonnegative selfadjoint operator in Haux.
For b € (0,00) let
D(EM) = D(J),
EY(f.9) = E(f,9) +b(Jf, T@awxs f.9 € D(J).

Along with € and J also the quadratic form £ in H is closed. Let Hj, be the nonnegative
selfadjoint operator associated with £/, By Kato’s monotone convergence theorem, there
exists a nonnegative selfadjoint operator L in ‘H such that

(2.5) (Hy+1)"'f — Lf, as b—o00, f€H.

In this section we shall discuss the following questions:

1. In which sense do the operators (Hy, + 1)~! converge?

2. How fast?

In the next section we shall show that our general results cover the example in the
introduction.

Let h € D(J*). For every f € D(JG)
(h, JGf) =& (J*h,Gf) = (J*h, f).
Thus
(2.6) D(J*) c D((JG)*) and J*h=(JG)*h, he D(J").
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Let f € D(JG). For every g € D(J)
1 —1
bJ _ox( = *
&t (Gf J (b . ) JGf,g)
=E1(Gf,9) +b(JGf, TG)aux — EL (BT (1 +bJT*)"LIGS, g)
—b(JJ*A+bJT) L IGF, Jg)aux
= (f,9) +b[(JGf, Jg)aux — (L + bJT*) " IGf, Jg)aux
- b‘]‘]*(l =+ bJJ*)ilefa Jg)aux} = (f7 g)
By (2.3) (with & replaced by £7) this implies that

B 1
(Hy+ 1)~ f=Gf —J (g

By (2.2), (2.4) and (2.6), this can be rewritten as

+ JJ*)_lJGf.

(27) (H+1)"f— (H+ 1)) = (e (; + 7)) IS, [eDo).

Put

(2.8) Dy:=(H+1)"~(Hy,+1)7', Dof:= Jim Dyf,  feH.

Since Dy, is a bounded selfadjoint operator in H and || Dy, ||< 2 for every b € (0, 00), the
same holds true for D.,. Note that

(2.9) (Hy+1)' ~L=Dy — Dy, be(0,00).

Let (Ez(M\)acr be the spectral family of the selfadjoint operator H. Note that
E (M) = 0 for every nonpositive A, since the operator H is nonnegative and invertible.
Let f € D(JG). Let 0 < b < b < oo. Then it follows from (2.7) and (2.8) that

@ -pos = (o) - (5om) Jaos e

1 1 ) 2
— _— — —|d H EQ(A)JGf Haux .
[

The integrands increase pointwise to ;‘—jb, as b’ increases to infinity. By the monotone
convergence theorem and since Do, f = limy oo Dy f, we get now that

)\2
2.10 Do — D =
@) (Dx-DIfD) = [
Since Do — Dy is bounded and selfadjoint, D(JG) is dense in H, and Ey(A) = 0 for
every A < 0, it follows that the operator Dy, — Dy is nonnegative.

Since D(J@G) is dense in H, we can choose an orthonormal basis (e)rer of H such
that e, € D(JQ) for every k € I. By (2.10),

bA?
b3 (Deo — Dy)ex, cx) = Z/HdeE NJIGer 2. -

kel kel

aux

d| Eg(NJG |fuer [ € D(JIG).

By the monotone convergence theorem, it follows that

(2.11) 5> ((Doo — Dy)ex, ek TZ/V | Eg(\)JGey |20, as b7 ooc.

kel kel

Since the operator Do, — Dj is nonnegative, bounded and selfadjoint, it belongs to the
trace class if, and only if, >, . ;((Dos — Dp)ey, ex) < co. If this is true, then

(2.12) | Doo = Dy 1="> _((Doo — Dy)ex, ex).
kel

Moreover

(2.13) / N2 | Eg(NJIGS =l HIGS |2
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if JGf € D(H).

Lemma 2.1. ([5, Theorem 1.1]). Let P be the orthogonal projection onto the orthogonal
complement of the kernel of J, where ’orthogonal’ refers to the Hilbert space (D(E),&1).
Let & be the closed quadratic form in Haux associated with H. Then

(2.14) D(&;) = ran(J)
and
(2.15) &i(Jf, Jg) = E1(Pf, Pg), f,g€ D(J).

Corollary 2.1. The operator H'/2JG is bounded,

(2.16) D(HY?JG) = D(JG),
and
(2.17) | H'2JG ||I<)| G |'?< 1

Proof. (2.16) follows immediately from (2.14), since D(H'/?) = D(&;). By (2.15),
| T2 IGS (2 = E(JGF, TG f) = E1(PGf, PGf)
<&(GLGH =GN LIGIIFI? feDUG). O

Theorem 2.1. Suppose that D(H'Y?) = Hauw and that HY/2HY2JG is a Hilbert-
Schmidt operator. Then (Hy 4+ 1)~1 — L is a trace class operator for every b > 0 and

(2.18) bl (Hy+1)" =L |11 HY2HY2JG |2, as b1 oo

Proof. Let (eg)rer be any orthonormal basis of H such that e € D(JG) for every k € 1.
By (2.9) and (2.11)-(2.13),

bl (Hy+ 1)~ L ot Y | HIGey |2=] HYV?H2IG 3, as btoo. O

aux
kel

Corollary 2.2. Suppose that D(HY?) = Hauy and that HY? is a Hilbert-Schmidt ope-
rator. Then (Hy +1)~' — L is a trace class operator for every b > 0 and

(219) sup b | (Hy+ )7 = L 1< G [ AV 5.
>

Proof. (2.19) follows from (2.17) and (2.18). O

Remark 2.1. a) Theorem 2.1 extends Theorem 2.3 in [4].
b) If Haux # {0}, then there exists a ¢ with 0 < ¢ < oo such that

bl (Hy+1)""—L|te, as btoo
(cf. [2]) and hence it is not possible that the numbers || (H, + 1)~ — L || converge to
0 faster than ¢/b. Thus Theorem 2.1 gives a condition that is sufficient for trace norm
convergence with maximal rate of convergence.
3. POINT INTERACTIONS
Let D be the classical Dirichlet form in L?(R), i.e.
D(D) == H'(R),

D(f,g) r=/f’g’dx, f,9 € D(D).

Let || - || be the norm in L?(R) and —A the selfadjoint operator in L?(R) associated with
D. Put G := (—A+1)7! and

Fu ==l —u" +ul, weD(=A).
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Let (an)nez be a family in (0,00) and p := ) . an6,. By Sobolev’s embedding theorem,
every f € D(D) has a unique continuous representative f . We define the operator J,

from (D(D),Dy) to L3(R, ) as follows

D) {f € D) [ 17Pdn < oo,
Juf = fuae , fe D(Jy,).

Let (f,) be a sequence in D(J,) such that (f,) converges to f in (D(D),D;) and (f,)
to g in L2(R, u). Then, by Sobolev’s inequality, the sequence ( fn) converges uniformly
to f Thus f = g p-a.e. and hence f € D(J,). Thus the operator J, is closed. The
space C§°(R) of smooth functions with compact support is contained in the domain
of J, and it is dense in (D(=A),|| - ||g2) and G is a unitary mapping from L?(R) to
(D(=A), || - llz2). Thus D(J,G) is dense in L*(R).

Let H,, be the Laplace operator in L?(R) with Dirichlet boundary conditions at every
point of Z. For every b € (0,00) let —A+b} , a,6, be the selfadjoint operator associ-
ated with the closed quadratic form D*/+. By Kato’s monotone convergence theorem, the
operators —A+b) , a,d, converge in the strong resolvent sense to the operator He.

By the preceding considerations, the general hypothesis at the beginning of the pre-
vious section is satisfied, if we put

o H=L*R),
e H=-A =D,
L Haux = LQ(R,‘LL),
o J=1J,,
o Hy=—-A+ bZnGZ anln,
o L=(Hy+ 1)71.
Put H, := (JuJj;)~! and let D; be the closed quadratic form in L?(R, u) associated
with f{u-
e—1 ) 2e
Lemma 3.1. Let k=2 and j = . Then
e+1 ez —1
D) = {f € LR, p) : 3 |f () < oo},
(3 1) nez
Di(f,f) =k 1P+ D |f(n+1) = fM)P, feDD).
nez nez

Proof. Let P be the orthogonal projection onto the orthogonal complement of the kernel
of J,, (Corthogonal’ refers to the Hilbert space (D(D),D,)). By Lemma 2.1,

D(Dl) =ranJ,,
Dl(J,uf7pr):]D)l(Pfan)a fGD(D)
Put

2
€ —|z| 1
e

u(z):=4¢ e2 -1 Ce2—
03 |ZL'| > 1

sl el <1,

and u, := u(- — n) for every n € Z. Integrating by parts, we get that

(3.2) Dy (un, f) =0, f€ker(J,), neZ.
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An elementary computation yields

e2+1
2 y n=m,
ez -1
f— 2
(33) Dl(un7um) _ 2767 |n — m‘ = 17
et —1
0, |n —m| > 1.

Let f € D(D). By Sobolev’s inequality, >, ., |f(n)]? < co. By (3.2) and (3.3), this
implies that the series »_ _, f(n)u, converges in the orthogonal complement of the
kernel of J,. Since f -3 ., f(n)u, € ker(J,), this implies that

(3.4) Pf=3 f(n)u., feDD)

nez
By (3.3), it follows that

Dy (Jyf Juf) = Da (3 Fmun, Y- Fm)unn)

nez mEZ
n,meZ
e?+1 9
ne”Z
2e = - = ~
> o (Ffm+ D)+ fn+1im),
e —1
nez
241 2
and, since k 4 2j = 2 e+ and —j = —76, the lemma is proved. O
e —1 e2 -1

Remark 3.1. D is the so called trace of the Dirichlet form Dy w.r.t. the measure .
General results on how to compute the trace of a Dirichlet form can be found in [6]. In
the special situation of the lemma it is, however, easier to determine the form D; directly.

Theorem 3.1. Let < 00. Then there exists a positive real number ¢ such that

neEZ ay,

-1
(35) bl (-A+bD adu+1) —(Ho+1)7 it e, as bioo,

nez
andc <y s k+2 (as before k = 2 Z;i and j = 622i 1).
Proof. Put for every m € Z
1 —
en(n) = V' n=nm,
0, n # m.

(€m)mez is an orthonormal basis of L?(R, u) and hence

s 1/2 s 1/2 < k+2j
H HM ||§: Z ” Hu €m ||%2(R7M): Z Dl(emaem) = Z < 003

a
mEZ meZ mez "

the last step follows from Lemma 3.1. The Theorem follows now from Theorem 2.1 and
Corollary 2.2. O

The proof of the assertions in the introduction is completed by the following example.

Example 3.1. Suppose that S := sup,cy a, < co. Let b € (0,00). Then the operator
(“A+bY, cpanbp + 1)1 — (Ho + 1)~ does not belong to the trace class.
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Proof. Choose any u € C§°(R) such that u(0) # 0 and u(x) = 0, if |z| > 1/2. Put
vp i=u(-—n)/ || u | g2 and e, := —v!! + v,. Then (e,)nez is an orthonormal system in
L*(R), Ge,, = v, for every n € Z, v,(m) = 0, if n # m, and there exists a positive real
number ¢ such that v,(n) = ¢ for every n € Z. Thus

(3.6) | JuGen 2@ < eV'S, n €.

For notational brevity put Hy := —A +0b) ., a,0, and for every n € Z denote by i,
the measure with distribution function

dpn(N) =d || EH“(/\)JMGen 2@y, AER
By (3.6) and since H, « 1s an invertible nonnegative selfadjoint operator,
(3.7) fin(R) = p1n((0,00)) < €28.
By Lemma 3.1,

< 1/2
(3.8) / My (V) =\l Hy TG 1325 0> ke > 0.

Put a := k/(2S) and o := min(1/2,a/(2b)). Then for every n € Z

((Hy + 1) — (Hoo + 1) Demsen) = / P () 2 /[ N ()

>« (k:02 - / )\dun()\)) > a(kc® — ac®S) > 0;
(07(1)

in the first step we have used (2.9) and (2.10), in the second and third step the fact that
tn((—00,0]) = 0, in the third step (3.8), and in the fourth step (3.7). Thus

S ((Hy+ 1) — (Hoo + 1) e e0) = 00
nez

and the nonnegative selfadjoint operator (Hy +1)~! — (H + 1)~! does not belong to
the trace class. g
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