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CONTINUOUS DUAL OF c¢,(Z, X, \,p) AND ¢(Z, X, \,p)

RITI AGRAWAL AND J. K. SRIVASTAVA

ABSTRACT. A bilateral sequence is a function whose domain is the set Z of all integers
with natural ordering. In this paper we study the continuous dual of the Banach space
of X-valued bilateral sequence spaces co(Z, X, \,p) and ¢(Z, X, X, p).

1. INTRODUCTION

We know that bilateral sequences play a vital role in various branches of mathema-
tical analysis, for instance, in theories connected to the representation of the functions by
hypergeometric series, Laurent series and Fourier series which are among many others.
Saavedra and Rodriguez, in [13] has worked on the complex bilateral sequence space £2(Z)
to obtain various results on hyper-cyclic bilateral weighted shift. In [9], Menet generalized
this result to the complex bilateral sequence spaces ¢P(Z) with 1 < p < oo and ¢,(Z) and
afterward, to the complex weighted spaces 7 (v, Z) and ¢, (v,Z). Shkarin, in [12] and [11]
used the bilateral sequence spaces £ (Z), £,(Z) with 1 < p < oo and ¢(Z) to obtain
various results associated with weighted bilateral shift on these spaces and also used
{f;}jez, asequence of elements of B where 3 is a Banach space. Further utility of bilateral
sequences can be found in Simon and Marko [4] which deals with the characterization of
various types of operators connected to the Banach space X —valued bilateral sequence
spaces ¢, (Z", X), £,(Z", X) and oo (Z™, X)) where the domain of bilateral sequences is Z"
(see also [1, 8, 10, 14, 15, 16]). In this direction, we have also introduced and developed
certain vector valued sequence spaces in [5, 6]. Also we find it interesting that our
spaces ¢o(Z, X, \,p) and ¢(Z, X, \, p) reduce to Maddox paranorm spaces ¢, (p) and ¢(p)

if Z, X, A= (\,)__ and p = (p,)__ are replaced by N, C, A=e=(1,1,1,...) and
D= (pk)ooo

2. PRELIMINARIES

A bilateral sequence is usually denoted by a = (ak)io. Let p = (]Jk)io be a bilateral
sequence of strictly positive real numbers, \ = ()\k)ic be a bilateral sequence of non-
zero complex numbers, X and Y be Banach spaces over the field C of complex numbers

and B(X,Y) be Banach space of all bounded linear operators from X into Y. For
T € B(X,Y), the operator norm of T is defined to be

||| = sup{||Tz[| : = € S},

where S = {x € X : ||z|| < 1}. The zero element of the Banach spaces X,Y and B(X,Y)
will be denoted by 6 and X* denotes the continuous dual of X i.e., B(X,C) = X*.

By the convergence of the bilateral series > aj to s written as Y > ay = s, we
mean the convergence of the sequence (s,,)> | to s, where s,, = Zr_Ln ay, is the n-th partial

sum of the bilateral series > > ay.
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The following classes of Banach space X-valued bilateral sequences have been intro-

duced by the authors in [5]:
co(Z, X, N, p) ={z = (xk)ic cxp € X,k € Zy || Mgz |Pr— 0,
as k — —oo as well as k — oo}
and
c(Z, X, \,p) ={7 = (;Uk)io cxp € X,k € Z and there exist 1, ls € X such that
[| Az — 11]|Pr— 0 as k = —oo and || Mgz — l2]|P»— 0 as k — oo}.
Also we shall frequently use
l(Z,R)={a=(a,) _:a,€R, keZ, sup |lag| < 0o}

This paper is in continuation of our papers [5] and [7]. In [7] we have introduced
the Kothe-Toeplitz duals of a class of vector valued bilateral sequences. Here our aim
is to investigate the continuous dual of ¢, (Z, X, 5\7;6) and ¢(Z, X, 5\,13) with the help of
Kothe-Toeplitz duals, characterized in [7]. The related results are as follows.

Throughout the work, we denote pgl =r, and M = max(1, supgpk). We shall denote
by Z(m,n), the open integer interval defined as

Z(m,n) = {

{m+1m+2,....n—2,n—1} ifm+1<n-1,

o, otherwise
and its complement by Z\Z(m,n).

Definition 2.1. Let X and Y be Banach spaces and (A,C)(io a bilateral sequence of
linear, but not necessarily bounded operators A; on X into Y. Suppose E(X) is a
non-empty set of X-valued bilateral sequences. Then the a-dual of E(X) is defined by

oo

EY(X) = {A = (Ak)io : Z ||[Agzy|| converges for all Z = (z,)__ € E(X)}

and the g-dual is defined by

Ef(X) = {fl = (Ak)ic : ZAk:ck converges in the norm of Y, for all z € E(X)}

Now corresponding to K-space and AK-spaces for scalar sequences (see Wilansky [3]
and Kamthan and Gupta [2]), we define their generalized versions as follows:

Definition 2.2. Let E(X) be the linear space of the normed space of X-valued bilateral
sequences T = (ac,ﬁ)cio and x € X. We define
(i) §, () =(...,0,2,0,...), where x is at nth place, n € Z;
(ii) E(X) equipped with the linear topology 7T is said to be a GK-space if the map
P :E(X)— X,P,(z)=u=,,is continuous for each n € Z.
A GK-space is called
(iii) a GAK-space if for each 7 € E(X), 5 (Z) — Z as n — oo with respect to T,

where 5 (Z) = (..., 0,2, .., & gy Tyyeros @, 0,...).

Theorem 2.3. A € ¢2(Z, X, \,p) if and only if

(i) there exist m,n € Z such that Ay, € B(X,Y) for all k € Z\Z(m,n),
(ii) there exists an integer N > 1 such that Zkez\z(mm) Ak H|AR||N ™% < oo.

Proof. Suppose (i) and (ii) hold and Z € ¢,(Z, X, \,p). We choose integers ¢ and r,
where ¢ <m < n < r such that |[A\yzg|[P» < 4+ for all k € Z\Z(g,r). Now, we easily get
that Y™ ||Agxy|| is convergent and hence A € ¢%(Z, X, A, p).
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Conversely suppose that A € ¢2(Z, X, \,p). If (i) fails, then there exists a sequence
(k(i)) such that k(i) € Z\Z(m,n) and Ay ¢ B(X,Y). For our convenience we assume
that for each 4 > 1, k(i) > 0. Thus for each ¢ > 1, we can find z,(;) € S such that

oo

[ Ak zrey ] > |Ak(i)|irk<i>. Now we define = (z,)__ by

o A;(li)f’"w»zk(i), if k= k(i), i > 1,
p =
0, otherwise.

We easily see that € co(Z, X, \,p). But for each i > 1, [|Ak)zreyl] > 1 and so
> ||Agak|| = oo which contradicts that A € ¢2(Z, X, A, p).
Similarly we can prove (ii). This completes the proof. |
If in the above theorem (Theorem 2.3) Aj € B(X,Y) for all k € Z then we have
Corollary 2.4. If Ay, € B(X,Y) for all k € Z then

Cg(ZaXajﬁﬁ) = MO(ZvB(X7 Y)75‘7ﬁ)a

where
M.(Z,B(X,Y),\p) = | J {A —(4,)7_ A, € B(X,Y), k€ Z,
N>1
S I THIA N < oo}

Theorem 2.5. Let p € £oo(Z,R). Then A € cg(Z,X, X\, p) if and only if
(i) there exist m,n € Z such that Ay, € B(X,Y) for all k € Z\Z(m,n),
(ii) ||Rmn(A N)|| < 0o for some N > 1, where

Royn A\ N) = (. AN N1 A AN A AENT™ A,

» Ym—1
—1 —Tn
AN AL ).

Proof. Suppose (i) and (ii) hold and || Ry, (A, N)|| = H < 0c. Let Z € ¢o(Z, X, A, p). For
a given € > 0 choose 0 < 1 < 1 so that nH < co. Then there exist K, Ky € Z\Z(m,n)
where K7 < m and Kz > n such that || A\gxy|[Pr < n™ /N for k € Z\Z(K1, K3). Now for
g, such that ¢ < Ky, r > K5 we have

IS Aall < 1Ry N) | mas |\ N7 | < Hyp < e
k€Z(q—i,r+5)\Z(q,r)
Now by the completeness of Y, we easily get that Eiooo Ajxy is convergent in Y and
hence A € cg(Z,X, A\, D).

Conversely, (i) can easily be proved. Now suppose that A € c£(Z, X, p) but
[|Rmn(A N)|| = oo, for each N > 1. Then ||Ry.(X, N)|| = oo for each N > 1 and
for every g,r such that ¢ < m and r > n. Thus we can find a sequence (k(N)),N > 1
in Z\Z(m,n) and k(N) < k(N 4+ 1). Without loss of generality we can assume that
n=k(1) < k(2) < k(3) <--- such that

(2.1) Y AN TR Az > 1
kES(N)

for each N > 1 where 2z, € S,k € Z and S(N) = {k(N —1), k(N —1)+1,...,k(N) -1},
N > 1. Now the sequence z = (:ck)ic defined by

N {A,;lzv—rk 2, ifk€S(N),N>1,
k pr—
9

, otherwise
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belongs to ¢o(Z, X, \,p) as [|[Agax||Pr = %, k € S(N), N > 1, but from (2.1) for
each N > 2, |[32;c(n) Ararl| > 1 shows that >oo¢ Agay does not converge in Y, and

consequently > ™ Az does not converge. Hence A ¢ e (Z, X, \,P), a contradiction.
This completes the proof. O

If we take Y = C, i.e., B(X,C) = X*, the space of all bounded (continuous) linear
functionals on X. we define

Mo(ZaX*aj‘vi)) = U {f: (fk)ojoo :fk EX*vz‘/\HilekHNirk < OO}

N>1

Theorem 2.6. If fi, € X* for all k € 7Z then we have
CS(Z7X75‘7]§) = Cf(Z7 X75‘7p) = MO(Z7X*75\7]5)7

where

Mo(Z, X Ap) = |J {F = (7.t e € X0 D Il IAIN T < oo}
N>1 —00
Proof. By Corollary 2.4, we immediately get c2(Z, X,\,p) = Mo(Z,X*,\,p). Fur-
ther since C is complete therefore c¢%(Z, X, \,p) C cf(Z,X,Xﬁ). We now prove that
cf(Z,X, \,p) = Mo(Z,X*,\,p). Suppose on the contrary f € COB(Z, X, \p) but f ¢
Mo(Z,X*,\,p) and so > |Ae| Y| fxl[N~™ = oo for each N > 1. Then we can
choose n = k(1) < k(2) < k(3) < --- such that > ;g INe| 7Y fel|[ N~ > 2 where
S(N)={k(N—-1),k(N-1)+1,...,k(N)—1}, N> 1.
Moreover for each k € Z, there exists 2z € S such that ||fx|| < 2|fr(zr)|. Thus the
bilateral sequence T = (xk)(io defined by

} {sgn(fk(zk))uk—ljv—mzk, if ke S(N),N > 1,
k p—

0, otherwise
is in co(Z, X, A\, p) but S0 fa(xr) > Sox_, 1. This shows that f ¢ ¢2(Z, X, \,p).
Hence cg(Z,X7 A\, p) C Mo(Z,X*,\,p) and it completes the proof. O

Theorem 2.7. A € ¢*(Z, X, \,p) if and only if
(i) there exist m,n € Z such that Ay € B(X,Y) for all k € Z\Z(m,n),
ii Ml " AR||N~"r < 0o for each N > 1,
kEZ\Z(m,n)
(ili) > kezz0m.n) IAe| 7| Ax(2)]| < oo for every z € X.

Proof. Since c*(Z,X,\,p) C ¢2(Z, X, \, p) therefore the necessity of (i) and (ii) follows
from Theorem 2.3 and necessity of (iii) follows from the fact that for every z € X, 7 =
(A, 'z) "o € e(Z, X, N\, p). Now suppose (i), (i) and (iii) hold. Then from (i) and (ii)
we get that A € ¢¥(Z, X, \,p) (see Theorem 2.3). Let # € ¢(Z, X, \,p). Suppose for
l1,l € X we have ||[M\yxp — l1]|P+ — 0 as k — —oo and || Mgz — I2||P» — 0 as k — oo.
Thus for given N > 1 there exists K; < m and K > n such that

1 _ 1

Ak — L ||Px < + forall k<K and |z — A | [Pe < Nl
1 1

| Apzr — o] |Pr < N forall k> K, and |z — A\, 'l|[Px < NP

Hence
% kel = S5 llAkzell + S5 1 Awanl| + %, llAxell
< S ARk = AT+ X5 AN Ll + 5 [ Aw|
B B +Z}><02 [|Ak(zx — )\,;112)|| + 2?2 ||Ak)\gllz|\ < 0.
Hence A € ¢®(Z, X, A\, p). This completes the proof. O
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Theorem 2.8. A € ¢?(Z, X, \,p), if and only if

(i) there exist m,n € Z such that Ay € B(X,Y) for all k € Z\Z(m,n),
(i) S %A P Ag(x) and S00° A\t Ay () are convergent in Y for every x € X.

Proof. To show (ii) is necessary, let © € X. Then considering the bilateral sequences
z=(z,) _andy=(y,) _ defined by

A, if k<,
T = .
0, otherwise,

and

At ik >,
Yk = 0, otherwise.
We see that z = (xk)io and y = (yk)ie are in ¢(Z, X, \, p), and we immediately get the
necessity of (ii).
For the converse part let Z € ¢(Z, X, \, ). Then there exist I;,lo € X such that
[|Azr —11]|Px — 0 as k — —oo and || A\gxr —l2||P* — 0 as k — co. Consider the sequence

= (uk)io, defined by

zp — A\ My, if k< m,
up =140, m<k<n,
zp — A o, if k>

Clearly 4 € co(Z, X, \,p) and therefore by Corollary 2.4 37 Apuy is convergent in Y.
Further by (ii) we have 3" A1 Ag(l) and >°°° A, ' Ax(l) are convergent in V. We

now easily get that > > Ay is convergent in Y because

o o n—1 —oo oo
S Apze = Agur+ Y Agwk+ YN Ak(l) + >N Ak(l)

m—+1 m n

and all the four series on the right hand side are convergent. This completes the proof. [

Corollary 2.9. Let Y =C and f € X* for all k € Z. If
(a) fT € MO(ZaX*7X7§)7
(b) > A6l fr(2)] < oo for every z € X,
(¢) S5 A fr(x) < oo for every z € X.
Then
(i) f € c*(Z, X, p) if and only if (a) and (b) hold and
(i) f € P (Z,X, N, p) if and only if (a) and (c) hold.
Proof. Tt can easily be proved with the help of the Theorems 2.7 and 2.8. O

The topological linear space structures of co(Z, X, \,p) and ¢(Z, X, \,p) have been
studied in [5], when the topology is induced by the natural paranorm

Py 5(z) = sup || Ay |[Pe/M.
k

Lemma 2.10. c¢,(Z, X, )\, p) is a linear space with co-ordinate-wise vector operations
ie, 7+§==(a, +yr) _ and az = (az;,)”_ if and only if j € Lo (Z, R).
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Proof. Let p € lo(Z,R) and T = (xk)io,y = (yk)ie € ¢(Z,X,\,p). Then
[|Akzk||Pr— 0 as k — —oo as well as k — oo. Now considering

[ (e gl < [l [P 4 Ayl

we see that ||\ (zx + yr)|[Pr/™M — 0 as k — —oo as well as k — oo and hence T + 7 €
co(Z, X, )\, D). Also, it is clear that, for any scalar «, aZ € ¢o(Z, X, A\, p), since

[l [P/ = JafPe/M | Ay [P < Aa)|[Apae| [P/

for each k € Z. Conversely if p ¢ (- (Z,R), then without loss of generality we can find a
sequence (k(n)), k(n+1) > k(n) such that for each n > 1, p, ., > n. Now taking z € X,

oo

we define a sequence 7 = (x,)__ by

oy — {)\k(ln)n_rkm)z, if k=k(n),n>1and

0, otherwise.

Then we see that Z € ¢.(Z, X, \, p) but for the scalar a = 2

n

1 2
[ Ak (n) (Qg(n))|[PRD = |2|p’“(">ﬁ > . >1, foreach n>1
This shows that aZ ¢ c.(Z, X, \, p). This completes the proof. a

Similarly we can prove that p € Lo (Z,R) is a necessary and sufficient condition for
the linearity of ¢(Z, X, A, p) also. Therefore throughout the next section we shall take
D € l(Z,R).

3. CONTINUOUS DUAL OF cy(Z, X, \,D) AND ¢(Z, X, )\, D)

In this section we shall investigate continuous dual of the spaces ¢, (Z,X, )\, p) and
c(Z, X, \, D).

Theorem 3.1. Let p € ((Z,R). Then c‘g_(Z,X,j\,ﬁ), the continuous dual of
(co(Z, X, A\, p), Py ), is isomorphic to Mo(Z, X*, A, p).

Proof. Let F € ¢5(Z, X, \,p) and T € co(Z, X, A\, p). Since (co(Z, X, A, p), Py ;)isaGAK-
space therefore 5") — & as n — oo where 5" = (..., 0,2 _p, T pi1s. . T1,T0,T1, ...,
T, 0,...). Hence for oy (z)=(...,0,2,0,...), x € X is at k*'-place, 3 =3"7_  op(y)
and

N T )y _ 1 _
(3.1) F(z) = lim F(5™) nlggoZF(%(xk)) _ka(:vk),
where we write F(0;(z)) = fr(x), k € Z. Clearly for each k € Z, fj is a linear functional
on X.

Further if #; — 6 in X as i — oo then & (x;) — 6x(0) = 0 in ¢o(Z, X, A, p) with respect
to Py ; and so F(0x(z;)) — F(0) = 0 i.e., frp(z;) = 0 as i — oo whence fr € X*, for
all k € Z. Thus f = (f,)__ is a bilateral sequence in X* and by (3.1) Y>> fi(xy) is
convergent for every Z € ¢o(Z, X, A\, p) ie., f € gf(Z, X, \,p), so by Theorem 2.6, we have
[ € Mo(Z,X*,\,p). Hence each F' € c5(Z, X, A, p) determines an f € Mo(Z, X*, A, p).

On the other hand if f € My(Z,X* A, p), i.e., there exists N > 1 such that
S el I fell N7 < oo, then by Theorem 2.6, Y.>  fi(z)) is convergent for
every T € ¢o(Z, X, A, p). Now define F on ¢o(Z, X, \,p) by F(z) = >>_ fi(zy). Clearly
F is linear. For the continuity of F, let (z(™) be a sequence in ¢, (Z, X, \, p) converging
to 6 with respect to Py ;. Now for € > 0 and N > 1 choose 0 < n < 1 such that

oo
—oo
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N M7 I fxl] N7k < €. Thus for n N™YM > 0, (M = max(1,supj px)) there
exists ne such that for all n > n,

Py (™) = Sup ez [[Ps /M < pN =M

This implies that for all n > n,
IFE) < Sl < S ]
— 00 — 00

<SRl N e < S Tl [N <

ie., |[F(z™)| < ¢ for all n > n,. Thus F(z"™) — 0 as n — oo and hence F €
c5(Z, X, X, p). This shows that each f € M,(Z, X*, \,p) corresponds to an F € c¢X(Z, X,
A\, p). Now, ¢ : c5(Z,X,\,p) — M.(Z, X*,\,p) defined by ¢(F) = f clearly defines an
isomorphism of ¢5(Z, X, \,p) onto M,(Z, X*, A, p). This completes the proof. |

Theorem 3.2. Let p € {oo(Z,R) with d = infyp, > 0. Then F € c*(Z,X, 5:7 p), the
continuous dual of (c(Z, X, \,p), Py ;), if and only if there exists f € Mo(Z, X*, \,p) and
g and h € X* such that

F(z) = g(l) + h(l2) + Y frlwr)

for every & € c¢(Z, X, \,p), where l1,ly € X satisfy ||[\pxr — l1||P* — 0 as k — —o0 and

[| Az — I2]|PF — 0 as k — oo.

Proof. Let F € ¢*(Z, X,\,p), & € ¢(Z,X,\,p) and I, Iy € X satisfying |[Apxp — Il |[Px —
0 as k — —oo and |[A\gxp — l2||P» — 0 as kK — oo. We know that ¢*(Z, X, \,p) C
¢5(Z, X, X\, p) and therefore F € c%(Z, X, \,p). Consider Z = (z,) _ such that

L zp — A\, k<0,
"T ok = A, k>0,

clearly Z € ¢o(Z, X, A, p). Now the existence of f € My(Z, X*, X, p) such that F(j) =
> . fryk is convergent for all § € ¢o(Z, X, A, p) follows from Theorem 3.1 and so in

particular for z = (zk)io €co(Z,X,\p), F(2) = Z frzk is convergent.

Further since f € My(Z, X*, \, p) therefore >.>° |Ag|™! ||fx]| N™" < oo, for some
N > 1 and hence using infy, p, = d > 0, we have Y>> |\; ' fr(2)] < 00, ie., 32 fr(\, 'z)
is convergent for each z € X. Now consider @ = (uk)io and ¥ = (vk)io defined by

M, k<0, 0, k<o,
Ug = Vg = 1
0, k>0, A, k> 0.

We easily see that T = Z + @ + © where z,% and © € ¢(Z, X, \,p). Further since F is
linear we get

F(z) = F(z) + F(u) + F(0)

=F(a)+ F(0)+ Y frtr — _ka(A,Zlh) =Y A )
— 00 0 1
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= [F@) = Y- /O] + [FE) = D 505 )| + 3 S
0 1 —o0o

=g(l) +h(l2) + Y frxx,

where we write g(l1) = F(@) — Y5 ™ fr(A\; 1) and h(l2) = F(0) — 325 fr(A\; 'a).
Clearly g and h are linear on X. Now we prove continuity of h. Suppose w,, — 6 in
X as n — oo. Consider @™ where

w(n) — )\lzlw’f“ lf k =n,
B 0, otherwise.

Then we easily see that @™ € c(Z,X,\,p) for each n > 1 and
PX,;?(@(”)) = Sup H)\k/\;?lwnllp’“/M < Hwan’“/M < ||wn|‘d/M
k

shows that @™ converges to 6 in (¢(Z, X, A, p), P5 ;) and hence F(w(™)) will converge to
0 as n — co. Moreover

> )
1

< | (N el 1Al IN )
1

implies that >7° A\, " fx(w,) converges to 0 as n — co. Thus h(w,) — 0 as n — oo and
hence h is continuous on X. Similarly we can prove that g is continuous on X.

For converse suppose that g and h € X* and f € Mo(Z,X*,\,p). Then there exists
an integer N > 1 such that Y™ [Ag| Y| fx]|N "% < oo. Now define F on ¢(Z, X, \, p)
by

F(@) = g(l) + h(l) + Y filax),

where for z € ¢(Z, X, \,p), || \ezr — Li|[Px — 0 as k — —co and ||A\gzp — lo|[P* — 0
as k — oo. By Corollary 2.9, F' is well defined and F' is linear. Let 0 < € < 1 and
T € ¢(Z, X, A\, p). Suppose that Py ;(T) = supy, | Aezp||Pe/™M < S [ Aeze — L||P»/™M < 5
for all k < Ko and |[Agzy, — lo|[P+/M < § for all k > Go. Then for k < Ky

11117/ < Ak = Ll [P+ [ [P/ < ; + % — €
implies that ||l1]| < e. Similarly we can show that ||l2|| < e. Therefore

F(@)] < lg()] + h(2) | + | Y fulan)|

< lgll 112all 4RI+ D7 1Al el %] PAwl N7 N7

—00

< gl 1l 1 e+ (3 Pl 1Al =75 ) sup(wae | 37)

< ellgl] + el Il + N D7 Ak Il IN )

— 00

< efllgll+ 100+ NS eI ) .
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Thus taking L = [[lgll + |All + NY/4( 25 NIV )], we see [F(@)] < eL,
where L is independent of Z. This shows that F' is continuous on (c(Z,X,X,ﬁ),PXﬁ)
whence F € ¢*(Z, X, \,p). This completes the proof. O

4. CONCLUSION

In this paper we have generalized the conventional Maddox type sequence spaces in
which sequences are defined on the set of natural number to the bilateral sequence spaces
in which the sequences are defined on the set of integers. We have investigated their linear
space structures and have also characterized their a- and - duals in our other papers.
With the help of these properties, in this paper we have investigated continuous dual of
the above defined spaces.

Further we may obtain matrix transformation for these bilateral sequence spaces. We
may study these spaces in the theory of weighted bilateral shifts and also in the operator
theory in future.
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