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SOME REMARKS ON HILBERT REPRESENTATIONS OF POSETS

V. OSTROVSKYI AND S. RABANOVICH

To 70-th birthday of our Teacher Yu. S. Samoilenko

ABSTRACT. For a certain class of finite posets, we prove that all their irreducible
orthoscalar representations are finite-dimensional and describe those, for which there
exist essential (non-degenerate) irreducible orthoscalar representations.

1. INTRODUCTION

Let S be a finite partially ordered set (poset). A representation of S in a linear space
V is a collection of subspaces V,, g € S, for which V; C V}, if g < h, and one considers
representations V; in V' and Vq’ in V' to be equivalent if there exists an invertible operator
T:V — V' such that V; =TV, g € S. Representations of posets have been extensively
studied by A. V. Roiter and his colleagues (see [1, 2] and others), in particular, classes
of posets of finite type, tame type and wild type were described.

In the case of a Hilbert space H, a representation of S'is a collection of closed subspaces
Hy, g € S, for which H; C Hj, if g < h, and they are studied up to a unitary equivalence:
representations H, in H and H é in H' are equivalent if there exists a unitary operator
U: H — H' such that Hy = UHy, g € S. It appeared that posets of (Hilbert) tame
type (x-tame type) have a very simple structure [3], — they are chains or semichains. In
Section 2 we provide a short description of them (Section 2.1). Also, in Section 2.2 we
introduce and describe a class of unitarily one-parameter poset (for them, the continuous
series of irreducible representations naturally depend on a single parameter) and calculate
the spectrum of a linear combination of the corresponding projections (Section 2.3).

On the other hand, it was discovered in several recent papers ([4, 5, 6] and others) that
in the case of primitive posets, an additional condition of orthoscalarity (see Section 3.1
for the definition of orthoscalar representations) leads to results very similar to the ones in
a linear representations theory. Moreover, it was shown in [7, 8] that this similarity can be
extended to some cases of non-primitive posets by using a unitarization technique; there
exists a correspondence between classes of linear representations in V' and orthoscalar
representations in H.

Therefore, it is still a problem to develop results on orthoscalar representations of
posets in the non-primitive case. In this paper, we study orthoscalar representations of
the class of posets which can be decomposed into a union of two unitarily one-parameter
posets. We start with the simplest example of the primitive (1,1,1, 1) poset (Section 3.2),
orthoscalar representations of which are four-tuples of projections in H whose linear
combination is a scalar operator. Here we summarize some results of [9, 10, 11], and give
explicit formulas for representations similar to the ones established in [12]. The main
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result is that any irreducible orthoscalar representation of any poset which is a union of
two one-parameter posets, is finite-dimensional (Section 3.3).
In Section 5 we consider examples of such posets and their orthoscalar representations.

2. POSETS OF #-TAME TYPE

2.1. Description of #-tame posets. Recall that given a finite poset S, its (Hilbert)
representation is a collection of subspaces S 3 g — H of closed subspaces of some Hilbert
space H, such that H, C Hy, for g < h, g,h € S. Obviously, each subspace H is uniquely
determined by an orthogonal projection P, onto Hg, g € S, therefore, representations
of a poset S are described by representations of a x-algebra generated by projections
P,, g € S, such that PyP, = Py, g < h, and vice versa. Notions of indecomposable,
irreducible representations and unitary equivalence of representations are standard for
representations of x-algebras and thus can be applied to Hilbert representations of posets
as well.

For Hilbert representations of posets, it is well-known that (1) and (1, 1) are posets of
tame type, and the posets (1,2) and (1,1, 1) are of *-wild type.

Proposition 1. A poset S is of tame type if and only if its width is 1 or 2 and S does
not contain the (1,2) poset.

Proof. If S contains the (1,2) poset, it is evidently of x-wild type. If the width of S is 3
or more, it contains the (1,1, 1) poset and is again of *-wild type [9].
It S is of width 1, the corresponding algebra is commutative, therefore S is of tame

type.
Let S be of width 2 and does not contain (1,2). It is easy to see that in this case

S =5 U---US, such that each S; is either (1) or (1,1),¢=1, ..., m, and S; > Sk,
j < k. The latter means that and for any f € S;, g € S, we have g < f. But in this case
any representation of S is a tensor product of representations of S;, i =1, ..., m. (]

It is easy to see that any irreducible representation of a poset of *-tame type is one-
or two-dimensional (see, e.g., [3]), moreover, two-dimensional irreducible representations
exist if and only if the poset is of width 2. As noticed above, any poset S of tame type
can be represented as

(1) S:SIU"'USma
such that each S; is either (1) or (1,1),i=1, ..., m, and S; > Sy, j < k.
2.2. One-parameter posets. We introduce the class of one-parameter posets. For

these posets, the set of irreducible representations consists of a finite number of one-
dimensional and a one-parameter continuous family of two-dimensional representations.

Definition 1. We say that S is a (unitarily) one-parameter poset if it is of tame type
and in its decomposition (1) exactly one set S; is of width 2.

In other words, unitarily one-parameter posets are those having the following Hasse
diagrams:
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Remark 1. In the theory of linear (non-unitary) representations of poset, the class of one-
parameter posets is defined in other terms and differs from the one introduced above.
Below, speaking of one-parameter posets we mean unitarily one-parameter posets unless
specified explicitly.

The description of irreducible representations given in [3] in the case of one-parameter
posets can be specified as follows.

Let S be a one-parameter poset, and let k be the unique index for which Sy in (1)
is of width 2. Then S;, j # k consists of a single element g;, while Sj consists of two
elements gx, 1, gk,2-

Proposition 2. Any irreducible representation of S > g — P, has dimension one or
two. There exists a finite number of one-dimensional irreducible representations, Py, =
pg € {0,1}, where

pr < - <pr_1 <

Pk,1 + Pk,2
B a— <pPrg1 < < D,y

and a one-parameter family of two-dimensional irreducible non-equivalent representa-
tions,

P =--=P_1=0,

L0 T 7(1—17)
P = P o= 1
k,1 <0 0>a k,2 ( 7_(1_7_) 1- 7 )a 0<1< )

Pey1=--=P,=1.

2.3. Linear combinations of projections. The latter proposition enables one to ob-
tain in a standard way a spectral decomposition of an arbitrary (reducible) representation
into a direct sum or integral of irreducible ones. We use such a decomposition to describe
the spectrum of the operator »_ g.cs s Ps, which will be used below.

Proposition 3. Let S > g — P, be a Hilbert representation of a one-parameter poset S.

Denote
> P
gs€ES
Then
Y+ _
o(A) CA=A4U (lowk,1 ak272|,ak,1 + O‘k,2),
where

(2) Ad:{07am)am—l +am7"-aak+l+"'+am7
Q1+ Qg1+ Qy Qg2 + Qpgl + 0+ oy Qg1 + Q2 + Qg1 + 000+ Oy
g1+ a1 +apo+ Qppr + -+ Qup,y e
a4t tag Fage tag + o+ and,
(3) Y= Qg1 +Ozk72+220£j.
i>k

Moreover, the parts of the spectrum in the continuous area corresponding to the plus and
minus signs have the same type and multiplicity. In particular, the number (X + \)/2,
lag1 —ak2| < A< agi+agse, is an eigenvalue if and only if (X — X)/2 is an eigenvalue
of the same multiplicity.
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Proof. In the case of a two-dimensional irreducible representation, by routine calculations
we obtain that the spectrum o(}_, g, Ps) consists of two points,

(ag1 + ago) £ \/a%l + i o+ 20102027 — 1)
2

)\ = + Z Oéj.

i>k
Since the parameter 7 can take arbitrary value in (0, 1), in the general case these repre-
sentations give two segments symmetric with respect to the point W +2 5k %

1
3 ((ak,l + ago) £ (Joak1 — aral, ok + ak,2)) + Z aj.
i>k
The rest of the possible points of o(> g.€5 asPy) arise from one-dimensional representa-
tions. ‘ O

Given A € 0(A), A € (X £ (Jag1 — agz2l, a1 + ax2))/2, we can restore the corres-
ponding projections. Indeed, let
(Zj>k Qj + Qg1 — )‘)(Z]‘>k aj +agz —A)
k1002 '

If A € 0(A) is an eigenvalue corresponding to the continuous part of A, then in the
corresponding eigen-basis of A, we have

1 1+¢ —/1—¢€ 1/ 14+e +/1-¢€
Pk,l =3 P} ) Pk,? =35 2 )
2\—v1—¢ 1—e 2 l1—¢ 1—-¢€
where after routine calculations,
o= 2= Cu—ana)(akg takg) 207 — (20 — akg)(ak + ako)
1= , €= .
a1 (20 — a1 — ak2) ag2(2p — ok — g 2)

Here p=XA—3", ;.

3. ORTHOSCALAR REPRESENTATIONS OF FINITE POSETS

3.1. Definition of orthoscalarity. Let S be a finite poset, S > g — P, be a collection
of orthoprojections which form its representation, i.e., P,P, = Py, g < h.
We use the term character for a positive function on S, S 3 g — a4 > 0.

Definition 2. We say that a representation S > g — Py, PP, = Py, g < h, is
orthoscalar with a character o = (o) ges, if

D agPy =1

geSs

Orthoscalar representations of primitive posets (in terms of orthoscalar representations
of graphs or quivers) were studied in [4, 5, 6] and other papers, some results for the non-
primitive case are obtained in [7, 8] and others.

Notice the following simple properties of orthoscalar representations.

L If 37 cg @y <1, there are no representations.

2. If Y csag=1 thenall Py=1,g€S.

3. If ag > 1 for some g € S, then P, = 0.

4. If ay = 1 for some g € S, then in any irreducible representation either P, = 0 or
Py=1.

To exclude these degenerated cases, in what follows we assume that 0 < ay <1,g € S,
and } g > 1.

In this paper we study the class of finite posets .S, such that S = S; U Sy, where S;
and Sy are unitarily one-parameter posets of tame type. We admit that some elements of
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S1 can be comparable with some elements of S5, however, we do not use such relations,
and they should be taken into account to narrow the result obtained without them.

3.2. Orthoscalar four-tuples of projections. The simplest case of poset of such a
kind is the (1,1,1,1) poset that is a primitive poset consisting of four elements, any two
of which are non-comparable. An orthoscalar representation of this poset with character

a = (a1, s, as,ay) is a four-tuples of projections, Py, ..., Py, in some Hilbert space H,
for which
(4) Ot1P1 +O[2P4+043P3+OL4P4 =1.

Such four-tuples have been studied in [9, 12, 10, 11] and others. In particular, the
following theorem has been proved (see also [13]).

Theorem 1. Any orthoscalar irreducible four-tuple of projections is finite-dimensional.

Here we give an independent proof of this fact, which involves constructions which we
will apply in a more general case.

3.2.1. Case of a1 + as + az + ay4 = 2. Continuous series.

Proposition 4. Let Py, ..., Py be an irreducible family of projections in H satisfying
(4), for which ker P; Nker P, = {0}, ran P; Nran Py, = {0}, ker P; Nran P, = {0}, j # k.
Then a1 + as + a3z +ag =2 and dim H = 2.

Proof. Introduce operators A1 = a1 Py + as Py, Ay = a3P3 + a4Py. The orthoscalarity
condition means that A; + Ay = I. The conditions that the kernels and the ranges of the
projections are zero imply, due to the structure theorem for a pair of projections, that
the space H can be decomposed as H = H ® H = C2 ® H so that

_apta 1 0 22— — -1 0
(5) A1—21+<O 1>®01, A2—21+(0 1)®01,

where wl < (C; < %L is a self-adjoint operator in H. Applying the same
structure theorem to Ps, Py, we conclude that As can be represented (probably for
another decomposition H = C? @ H') as

a3+a4I (—1 0 los —
0

: A

Ay = 3

1.

Comparing this to (5), we have a; + as + az + ag = 2.
2
It is easy to see that the operator (Al — %I) = I ® C? commutes with P, and

P,. In the same way, the operator (4 — 2224 1)? = | ® C? commutes with P3, Pj.
Therefore, I ® C? commutes with Py, ..., Py, and therefore, is a scalar operator in an
irreducible representation. Thus, C; = ¢l for some
lon — o] a1 + oo |z — o] az+ oy
ce ( S)n( )
2 2 2 2
and the irreducibility implies H = C. |

Remark 2. One can obtain explicit formulas for the corresponding two-dimensional re-
presentations. Write the projections P;, P, in the form

1L/1+Nn J1-N L 1+d  —1-XA3
(6) Pl_* ,PZZ*_ )

2 \V/1T- 1 2\—/1-X2 1-X
with
Alza%—a§+4cz )\Qza%—a%+402

4econ 4eag
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so that A1 = a1 P + oo Py = c((l) 91)- The projections P3 and P, can be represented as

1 — )2 1 _ 2
) P3< 1+Xs /1 )\3), P4< 1+ /1 )\4>’

2\7W/1-XA 1-X3 2 -1 — M2 1— X
with 2 2 2 2 2 2
As:w’ /\4:w7 | = 1.
4cas 4deay

Therefore, the set of two-dimensional irreducible representations, for which ker P; N
ker P, = {0}, ran P; Nran P, = {0}, ker P, Nran P, = {0}, j # k, is described by
two continuous parameters, ¢ and 7.

3.2.2. Case a1 + as + ag + ag = 2. Discrete series. Now consider the case where at
least one of the subspaces ker P; Nker Py, ran P; Nran Py, ker P; Nran Py, ran P; Nker P,
j # k, is nonzero. We obviously can assume j = 1, k = 2. Introduce sets

Arg=1{0,a1,02,0q0 + a2}, Ay .= (0,01) U (a2, 0n + az),
Ng g =1{0,a3, 04,03+ a4}, Ag .= (0,a3) U (0w, g + aa),
Al = [0,0&1] U [042,041 -+ O[Q], AQ = [O,ag] U [044,013 + 014],

so that Ay = Al,d @] Al,c; Ay = Ag’d U Ag)c.

Then there exists a number A\g € Ay 4 which is an eigenvalue of the operator A;. Let
fo be the corresponding unit eigenvector. Since A; + Ay = I, fy is also an eigenvector
of Ay, Asfo = pofo, where g = 1 — Ag. The following two cases can arise.

(i) po € Ag 4. Then the space spanned by fo is invariant w.r.t. Py, ..., Py, and due
to the irreducibility, is the whole H, dim H = 1, and
(8) Py =61, Py=062, P3=03, Py=0d4, 01,02,03,64 €{0,1}.

Notice that in this case there exists such permutation o of indexes, that
Op(1) T Op(2) = Qg3) + Qga) = 1.

(i) po € Age. Then g = ag + aq — po is also an eigenvalue of Ay with some unit
eigenvector fi.

In the latter case, since A; + As = I, the vector f; is an eigenvector of A; as well,
Aif =T —A2)f = M f1, A1 =1 — p1. Since a1 + as + a3z + a4 = 2, one can see that
A1 € Aq q. Indeed, otherwise A\; € Aj . and a3 + a2 — A1 = Ao € Ay . which contradicts
the initial setting Ag € Ay 4. Therefore, H is spanned by (fo, f1). The projections are

P 01 0 P—l 1+7  J1-7

1= 1_51 9 3_2 /1_7_12 1_7_1 )
P — 52 0 P—l 1+T2 —\/1—7'22
2 1-6,) "7 2\-\/1-72 1-7 )’

where 61,62 € {0,1} are defined from ;91 + @202 = Ao € A1 4, and

o

(9)

o

as(2up — as — ay) ’ ay(2p0 — a3 — )
Lo = 1-— )\0 S AQ’C.

205 — (2p0 — 3) (3 + ag) o 25 — (2p0 — o) (3 + aug)

3.2.3. Case a1+ as+ ag+ay # 2. In the case where o + as + s+ a4 # 2, for A1 there
can be two possibilities.
(1) A1 € Aq,4. Then the space spanned by (fo, f1) is invariant w.r.t. Py, ..., Py, and
due to the irreducibility, is the whole H, dim H = 2, the projections are given by (9).
(ii) A1 € Aqc. In this case, Ao = aq + ag — A1 is also an eigenvalue of A; with some
unit eigenvector fs.
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In the latter case, since Ay + Ay = I, the vector fy is an eigenvector of A, and we
proceed as above.

Consider two sequences, Ag, A1,..., and po, i1, ..., constructed from Ay by the fol-
lowing rules. For j = 2k, k > 0 let i =1-— )\j, Bi+1 = a3 + g — [y, )\j+1 =1-p;q1,
)\j+2 =1 + g — )\j+1. ‘We have

Aok :)\0+]€(OZ1 + a2+ as+ oy —2),
/\2k+1 =1+ oy — g — (k‘—|—1)(0¢1 —|—0¢2—|-043—|-Oé4—2),
por =1 —Xo — k(aq + oo + ag + oy — 2),
pgkﬂ:)\o+a3+a4—1+k(a1+a2+a3+a4—2), k>0.
Then the arguments above imply that o (A1) C (Ax)32g, 0(A2) C (k)72 Since o(A;) C
Ay, 0(A2) C Ag, then for o + as + a3 + ay — 2 # 0 only finite number of A\ may belong
to (A1), and the same number of p; may belong to o(As).

Therefore for a1 + as +az +as —2 # 0, 0(A1) = (Me)Pg, 0(A2) = (pr)ity, where
m > 0 is determined by the following conditions:

(10) m=2l: A€l 1<k<m,
€ Ao, 0SE<m—1, fun € Agg;
(11) m=2l+1. X\ GALC, 1<k<m-1, A\, eAl,d)

pr € Age, 0<E <m.
The dimension of the space H is equal to m + 1.

3.2.4. Description of representations. As we already shown, in the case where a1 + ag +
as+ag—2=0,0r a; +as +az+ag —2#0, dim H < 2, the projections are given by
the formulas (6), (7), (8) or (9). Now assume oy + @z +as+ oy —2# 0, dimH > 2. In
order to give explicit formulas for the projections, let us introduce projections in C?

1L/ 1+7 V1-—72 0 _1 1+71 —V/1—=72 e 1)
2 \V1—172 1—7 )’ T2 \=V/1-=72 1—7 ’ e

In the case m = 2, I > 1, the space H = C™*! spanned by the joint eigenvectors fo,
<y fm, of A; and As, can be written as C®C? @ --- ®C? oras C2 @ --- @ C2 3 C, so
—_——— —_————

(12) P =

[ times [ times
that the projections take the form
(13)
Pl=6®P @ ®P,, P=08Q,d ®Q, H=CaoC’a - &C?
[ times
Py=P ® &P, @6, P=Qs(® - ®Q,_,®d, H=C’a--- 0 C*aC,
[ times

where 81,02, 83,04 € {0,1} are defined from the conditions
101 + apdy = Xg € Ay g, @303 + 0404 = pim, € Ag g,

and
b — 20351 — (2hj-1 — o) (a1 + o) .- 22351 — (2X2j-1 — o) (a1 + )
J Ckl(Q)\Qj,l — 1 — 0[2) ’ J 0[2(2)\2]',1 — Q1 — 042) ’
1< <,
. 203, — (2p2; — as)(az + ay) . 203, — (2p2; — aa) (s + ay)
i = CI T ’

a3(2/1’2j — Q3 — Oé4) a4(2/1'2j — (3 — 044)

0<j<l—1.
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The conditions (10) are equivalent to
ag+ag+agt+as—2=(1-X—pau)/l,

k
Ao+ —(1—Xo— tm) € Aq e,

l
k
Hm"’j(l_)\o_ﬂm)eAZm 1§/€§l,
where Ao € Ay g, m € Az 4 (total of 16 possibilities).
In the case m = 2] — 1, [ > 1, the space H spanned by fo, ..., fm can be written as
CoC?’® - -®C? @ C,oras C*@ --- @ C2 so that the projections take the form
—_—— | ———
[ — 1 times [ times
(14) Pl=6®P, ® - DP, , Do,
Py=83®Qq @ Qg , ®du, H=CoC’®---aC*aC,
—_———
I — 1 times
PBZPTO@”.@PTlfla
Pi=Qs® - ®Qs_,, H:C2@~~@C2,
—_———
[ times

where 01, 02, 93,04 € {0, 1} are defined from the conditions
0101 + a2 = Ao € Arq, 0103 + a2dy = Ay € Ay g,

and

) 2051 — (2A2j-1 — a1)(u + ag)
j f—

)

a1(2A2j1 — a1 — )
5 = 2X5; 1 — (g1 — a2) (a1 + ag)’ l<i<i_1
a2(2Xgj—1 — a1 — a2)
25, — (2p125 — a3 )(@v3 + aa)
a3(2p9; — a3 — aa)
2055 — (225 — o) (a3 + )

6 — 0<j<l—1.
! ag(2ugj —az —as)

)

Ty =

The conditions (11) are equivalent to
1
a1+ +ag+ay—2= 7((11 + g — A\ —)\m),

/\0+§(041+042_)\0_/\m)6A1,C> l<k<i-1

N Y K S Y R}

where Ao, A, € Aq g (total of 16 possibilities).

3.3. Main theorem. The main result of this paper is the following.

Theorem 2. Any irreducible orthoscalar representation of a finite poset S such that S
can be decomposed into a union of two unitarily one-parameter sets as described above,
is finite-dimensional.

Proof. Let S 5 g — P, be an irreducible orthoscalar representation of S with character
a = (ag)ges-
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Introduce operators

(15) A1 = Z ang, AQ = Z ang

geSL gES>L

and let Ay, Ay be the corresponding sets described by Proposition 3, so that o(A;) C Ay,
o0(As) C As. Then the orthoscalarity condition is equivalent to A; + Ay = I. We also
write 3 and g for numbers (3) corresponding to S; and Ss respectively.

First, we show that A; has an eigenvalue. Let Ao € 0(A1). Then, since Ay + Ay =1,
Mo = 1—Xg € O'(AQ) C As.

For g there can be two possibilities. If ug lies in the discrete part of Ag, then pg is
an eigenvalue of A and therefore, \g is an eigenvalue of Aj;.

If 119 lies in the continuous part of Ag, then py = 3o—1 € 0(As), and since A;+A45 =1,
A =1—p € 0(A41) C Ay If Ay belongs to the discrete part of Ay, then it is an eigenvalue
of Ay, otherwise Ay = X1 — A1 € 0(A4;) etc.

Thus, we have the following sequence of numbers:

Ao = po=1—Xg— p1 =%z — pig

(16) —>)\1:1—/1,1—))\2221—)\1—>,u2:1—>\2—>...,

and we terminate this sequence as soon as A hits into the discrete part of Ay or uy hits
into the discrete part of Ay which would mean that all the numbers A are eigenvalues
of A1, and puy are eigenvalues of As. Introduce A = 31 4+ 39 — 2, then simple calculations
yield

Ao = Ag + kA,
Aok+1 = 21 — Ao — (kK + DA,

por =1 — g — kA,
M2k+1222_1+)\0+k/\7 k:071,....

(17)

If A # 0, these sequences are unbounded, therefore, assuming Ay € o(A1), pr € o(As)
we conclude that the sequence (16) terminates, therefore, it consists of eigenvalues of A
and As. If A =0, then (24; — $1)? = (242 — $3)? commutes with all P;, g € S, and
due to the irreducibility is a scalar operator. Then o(A;) = 1 — 0(A3) consists of two
points, which are eigenvalues.

This way, we have shown that in the case where A # 0 one can assume that A; has
at least one eigenvalue in the discrete part of A;. Taking this eigenvalue as Ay in (16)
and repeating the argument above, we conclude that the spectrum of A; consists of a
finite number of eigenvalues, \g, ..., A\,. Moreover, similarly to the case of quadruples of
projections considered in Section 3.2 one can construct a series of corresponding eigen-
vectors fo, ..., fn, span of which is an invariant subspace for all Py, g € S and thus is
the whole space H.

If ¥y + Y5 — 2 = 0, we have that either ug = 1 belongs to the discrete part of Ay and
irreducible representation is one-dimensional, or pg = 1 belongs to the continuous part
of Ag, then \y =2—3%9 =2—3%; — Yo+ 3; = ¥, belongs to the discrete part of A; and
irreducible representation is two-dimensional. (Il

Remark 3. The proof in fact establishes a method to describe all irreducible representa-
tions of S, their dimensions and explicit formulas for the projections.

Remark 4. For the case where Ngeg, ker Py # {0}, the value of A enables one to obtain
a rough estimate for the dimension of irreducible representations: for dimension k > 2,
one can see that A >0, 1 — (k — 1)A > 0, which implies ¥ < A= + 1.
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4. ESSENTIAL POSETS
Let S be a poset, and let S > g — Py be its orthoscalar representation,
> agPy =1
geS

If P, = 0 for some h € S, then the corresponding term can be excluded from the sum
above, and the family P,, g # h forms an orthoscalar representation of the S\ h poset.
The same way, if P, = I for some h € S, then

Z 1ag Py =1,
gE€S,g#h T an

and the family P,, g # h forms an orthoscalar representation of the S\ h poset.

Also, if h < k and P, = Py, then the family Py, g # h, forms an orthoscalar represen-
tation of the S\ h poset with ay, replaced by o) = ap + ay.

In all these cases, the representation of S is essentially determined by a representation
of a smaller poset S\ h.

Definition 3. We say that an orthoscalar representation S > g — Py of S is essential,
if Py #0, Py #1 forallg € S, and Py # Py, for allg,h € S, g < h. We say that a poset
S is essential if it possesses an irreducible essential orthoscalar representation.

Theorem 3. Let S be an essential poset which is a union of two unitarily one-parameter
posets. Then S is one of the following posets:

.,/\..,\/..,*..,Y,.,/\/\,\/v.

Proof. We keep the notations used in the previous Section. First consider the case where
A = 0. Then any irreducible representation is one or two-dimensional. If S possesses two
elements g < h, then either P, = I, or P; = 0, or Py, = P, i.e. irreducible orthoscalar
representation is not essential. Therefore, for A = 0, the only poset with essential
irreducible representations is S = (1,1,1,1), the poset considered in Section 3.2.

From now on, we assume A # 0. In this case we can assume that o(A;) contains
an eigenvalue A in the discrete part of A;. Then the argument used in the proof of
Theorem 2 implies that there can be the following two possibilities.

(i). Dimension dim H = n + 1 is even, )\, lies in the discrete part of A;, other

eigenvalues Ay, ..., A\,_1 lie in the continuous part of Ay, all ug, k=0, ..., n, lie in the
continuous part of A,.

(ii). Dimension dim H = n + 1 is odd, eigenvalues A1, ..., A, lie in the continuous
part of Ay, eigenvalue pu,, lies in the discrete part of Ay, all other pg, k=0, ..., n—1

lie in the continuous part of As.

Consider the case (i). Let hq, ho be a (unique) pair of incomparable elements of Ss.
Since all pg, k =0, ..., n, lie in the continuous part of Ay, we see from the structure
theorem for a pair of projections Py, , Pp,, that P, = 0forany h < hy, h < he,and P, =1
for any h > hy, h > hy. Therefore, an essential irreducible orthoscalar representation of
S exists in even dimension only if Sy consists of two incomparable points, Sz = (1, 1).

For the set S7, we have the following. Let g1, g2 be a (unique) pair of incomparable
elements in S;. By the structure theorem for a pair of projections Py, , P,, we decompose

H=C'9C?’®.---aC?>qC!
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into invariant with respect to Py, g € S, irreducible subspaces. Then

szdl@IQ@"'@I2@62a 9>ag1, 9> 92,

18
( ) Ph:53@02@"'@02@(54, h<gi, h<gs,

where 01,92, 3,04 € {0,1}. Moreover, to exclude the cases Py, = I and P}, = 0 we assume
that d; + 92 < 2, 63 + 04 > 0. In each of the two invariant one-dimensional blocks, the
sum P,, + Py, can take values 0, 1, or 2, and the following cases can arise.

1). In the both blocks the sum is 0. Then for P, in (18) we can have d; + d2 = 0,
or §; + 62 = 1, thus there can be at most two different nontrivial projections Py, , Py,,
gs > g1, g3 > g2, ga > g3. For P, we have 63 = §, = 0, thus there are no nonzero Pj.

2). In one block the sum is 0, and in the other one it is 1. Then for Py in (18) we have
01 + 02 = 1, and there can be at most one nontrivial projection Py, g3 > g1, g3 > go.
For P, we again have d3 = §4 = 0, thus there are no nonzero P.

3). In the both blocks the sum is 1. Then for P, in (18) we have 6; + d2 = 2, and for
Py, we have 63 = 04 = 0, thus there are no P, # I, P, # 0.

4). In the first block the sum is 0, in the second one the sum is 2, or in the first block
the sum is 2, in the second one the sum is 0. For P, in (18) we have §; + J; = 1, and
for P, we have d3 + d4, = 1. There can be at most one nontrivial projection P, h < g1,
h < g2, and at most one nontrivial projection Py, g > g1, g > ga.

5) In one block the sum is 2, in the other one the sum is 1. Then similarly to the case
2 there can be at most one nontrivial projection P, h < g1, h < g2. For any g > g1,
g > g2 we have Py = 0.

6) In the both blocks the sum is 2. Then similarly to the case 1 there can be at most
two different nontrivial projections Py, Pp,, h1 < ¢1, h1 < g2, he < h;. For any g > g1,
g > g2 we have P, = 0.

Therefore, an essential irreducible orthoscalar representation of even dimension can
exist only for the following posets (we use the notation from [14]):

ay. . . ., CLQ/\ Cey aﬁ)\ Cey ag<> Cy

and the posets dual to as and ag

vy

We show that the ag poset arising in the case 4 above is not in fact essential, i.e., any
its irreducible orthoscalar representation is not essential. Indeed, in the case 4 above
assume that in the first one-dimensional block P,, = P,, = 0, and in the second one
P, = P,, =1, then 6, = 03 = 0, do = 04 = 1, and in essential representation o(A4;)
contains 0 and a4 + g, + g, + 5. Then the sequence (16) is
)\0:0—>,LL0:1—>[L1222—1—>)\1=2—22—>)\2:A—>...
— font1 = Mo — L4+ nA = Aop1 = oy + g, + g, + .

Since we have already shown that an essential orthoscalar representation of the ag poset
must have dimension more than 2, we conclude that Ay € o(A4;) and therefore A > 0. On
the other side, since Aog41 = X1 — (kK + 1)A, we have Ay > A3 > -+ > Agp41, therefore

Aont1 S A =31 — A <ag+ag +ag,.
In the case (ii) of odd dimension, similar arguments lead to the following posets:

ap. . . ., a4/\ /\,
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and the poset dual to a4

In the following section we will show that all posets listed in Theorem 3 admit essential
irreducible orthoscalar representations, and therefore they are essential ones.

5. EXAMPLES

As was shown above, the essential posets that are unions of two unitarily one-parameter
posets may have 4, 5 or 6 elements. Let S = 57 U S5 be one of them with S; N Sy = 0.
Obviously S and S92 U Sy are isomorphic. Therefore we consider only the posets in which
S1 has two comparable elements. The operators A; and A, will be defined by the for-
mula (15), where P, is the orthoprojection corresponding to the element g € S in an
essential orthoscalar irreducible representation of S. Note that in all posets as, a4 and
ag below the element g5 (or gg) is the maximal element of S;. Whence the ranges of A;
and Ps (or Pg) coincide. Thus if A; is invertible, then Ps; = I (or Ps = I) and hence the
representation is not essential. Therefore A; is singular for every essential representation
of as, aq, ag. Let A = X1 + X9 — 2.

1) Representations of az. Let ag = S1 U Sa, S1 = {91,92,95 | 95 > 91,95 > g2}, S2 =
{93, 94} and orthoprojections P, ..., Ps form an essential orthoscalar representation of
as with character a = (o, a9, ag, g, ). The operator A; is singular so there exists fo
such that A;fo = Aofo = 0. According to Theorem 2, the sequence \; obtained by the
formulas (17) consists of eigenvalues of A; and the sequence 1 consists of eigenvalues of
Ay fori=0,1,...,m" and 7 =0,1,...,m' with some positive m’. Let fo, f1,..., fm be
the corresponding eigenvectors. This consequence can be obtain from fy using special
linear combinations of P;. Let Di(x) = Py + ¢(x) Py, Do(x) = P53 + ¢(x) Py, where

(6] ()\ — Qg — 015)

_ T _044(A—Oé4)
8o) = ey W)= S

043(043 — )\) ’
Then fi1 = Da(p0), f2; = D1(A2j-1), f2j+1 = D2(p2;). Assume that

(19) Aoi € (a5, a1 + a5) U (ag + as, a1 + as + as)

and

(20) p2j—1 € (0,a3) U (aq, a3 + ay),

where 4,7 = 1,...,m. There exist only two cases in which the representation can be

reconstructed: Ao,i1 € {as, a1 + a5, + a5} with m’ = 2m + 1 or pay, € {0,a3,a4}
with m’ = 2m. We consider both cases in details.
(i) Aomt1 € {as, a1 + a5, a2 + as}. The subspace

(21) Span(f07f17f27~'~af2m+1)

is invariant under the act of Py, ..., P5s for ay # «ag. Operators Py, Ps, ..., Ps are restored
up to unitary equivalence: Ps = 0® Iay,, Pi,..., Py have the form (14) with 6; = d3 =0,
and dy = 04 = 0 if gy 1 = a5 o1
1 if )\2 1 = Q5 + Q1
bo=1—04= roL ’
2 4 { 0, if Aom+1 = a5 + Qo.
The parameters p;, g;, 15, s; are calculated by A; and p; after the substitution \; =
)\i — Q5.
Let now a1 = ag, then Agpy41 = a1 + a5 = as + a5. Note, that

A1 fomt1 = (1 + a5) foms1 = (o1 + a5)(Pr + P2) fomy1-
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So fin 11 = P1fomy1 is an eigenvector of A; too. Therefore we get two non-equivalent
representations of as with the same formulas on P; as above except the relation

s L i fo 0 = fomy,
U Y e
The vector f5,,,; must be a multiple of f3,,41 since otherwise f3,,,, does not belong
to the subspace (21) and hence we have a new eigenvector of A; and the elements of
the sequence \; are eigenvalues of Ay with ¢ > 2m + 1. It is easy to see then that
Xomti = Aomt3—i and fomyi = flamt3—i. S0 if Aomyt1 = 5 OF tom, € {0, a3, as}, then
the relation (19) or (20) does not hold. If at last Ag,,+1 = 0, then the subspace

span(fa,, 1> D2(am+2) fomr1> D1(M2m+3) Da(pizma2) fomi1s - - - »
Do(pi2my) D1(A2my—1) - - - D2(p2m+2) fami1)

is invariant under the act of Py,..., P5 and so the representation is reducible.
(ii) p2m € {0, as,a4}. The subspace
(22) Span(f07flaf2""5f2m)
is invariant under the act of Py, ..., P5 for ag # «a4. Operators Py, Ps, ..., P5 are restored

up to unitary equivalence and has the form (13) with 6; = d2 = 0, and 03 = 64 = 0 if
Hom = 0 or
(53:1—54:{1, if,uQm:OéSa
0, if Hom = Oy,
and Ps = 0 @ Iz,,. Note that the parameters p;, g;, r;, s; are calculated here also after
the substitution \; = A\; — as.
As above in (i), we get two different irreducible representations for ps,, = az = ay.
The formulas for P; are the same except the relation

1, if f5,, = m»
63:1—54:{0 if;ZnLZSQ

where 5, = Psfom. The vector f3,, must be a multiple of fs,, since otherwise we obtain
an invariant subspace with smaller dimension or the violation in (19) or (20). The proof
of the fact is similar and we leave it to the reader.

Thus we proved that with fixed coefficients «; there exist at most two non-equivalent
essential representations of as. The most simple way to construct the examples is to put
= =az3=a4=1/2+¢ a5 =1/(2m +5) — 2¢ + 8¢/(2m + 5). Then Ag;mi1 = as,
(19) and (20) hold for small irrational € and hence we obtain one essential representation
of ay of dimension 2m. If we put a5 = 1/(4m) — 2¢ — 3¢/(2m), then Agpmi1 = g
and we have two non-equivalent representations of as of dimension 2m. It easy to see
that if a5 = 1/(4m) — 2e — €¢/(2m), then ps, = 1/2 + € = a3, that is we have two
essential representations of as of the dimension 2m + 1 in this case. For last case we put
as = 1/(2m) — 2¢, then ps,, = 0 and for small irrational €, the poset as has the only one
up to unitary equivalence essential representation in the dimension 2m + 1.

2) Representations of ay. Let ag = S1 U S, S1 = {91,92,95 | 95 > 91,95 > 92},
Sa = {93,94,96 | 96 > 93,96 > ga} and orthoprojections Pi, ..., Ps form an essential
orthoscalar representation of a4 with character « = (a1, s, ag, g, as, ). The operator
A; is singular so we can construct the sequences \; and p; of eigenvalues of 4; and A, as
we did for the representations of as. Note that A, is also singular since otherwise Py will
be the identity matrix. Therefore there exist m such that (19) and (20) hold for every
1,7 = 0,...,m and ps9,, = 0. Whence there exists only one up to unitary equivalence
representation. The operators P; are restored by the formulas (13) where d; = 0, the
parameters p;, q;, 7;, s; are calculated by A; and p; after two substitutions A; = A\; — as
and Mi = W3 — O, P5 :O@Igm and PGZIQm@O
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To find an appropriate character we set
(23) ar=ay=az3=a4=1/2+4¢ a5=¢/2.

Then the relation pa, = 0 yields ag = 1/(2m) — 5¢/2. The inclusions (19) and (20) hold
for small e.

3) Representations of ag. Let ag = S1US2, S1 = {g1,92, 95,96 | g6 > g5 > 91,95 > ga},
S2 = {g3, g4} and orthoprojections P, ... Ps form an essential orthoscalar representation
of ag with character o = (o, a9, a3, ay, as, ag). The operator A; is singular, hence we
have again the sequences A\; and ;. If Agppy1 # g for every m, then Ps = P5. Really,
the operator A; is a sum of four nonnegative operators and if ag ¢ o(A1), then every
nonzero number of o(A;) is greater or equal to a5 + ag. So the ranges of A;, Ps and FPg
coincide. Whence P; = Fs.

Thus Agmy1 = ag for some m > 0 and we have only one up to unitary equivalence
essential representation of ag. The operator P;, i = 1,...,4 have the form (14) with
0; = 0 and the parameters pj, g;, 75, s; calculated by X\; and p; after the substitution
)\i = /\1 — Q5 — Qg. The operator P5 = O@Igm @0 and P6 = 0@I2m+1-

To find the character for which the orthoscalar representation exists we set «; as in
(23) and ag = 1/(2m + 1) — (bm + 2)e/(2m + 1). Then Agpmy1 = ag and for small € the
inclusions (19) and (20) hold.

4) Representations of dual to a;. All essential representations of the posets dual to
as, ay and ag can be calculated from the described representations using duality and the
formulas Q4 = I — F,.
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