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SPECTRAL PROBLEM FOR A GRAPH OF SYMMETRIC STIELTJES
STRINGS

V. PIVOVARCHIK AND O. TAYSTRUK

Dedicated to Yury Samoilenko on the occasion of his 70th birthday

ABSTRACT. A spectral problem generated by the Stieltjes string recurrence rela-
tions with a finite number of point masses on a connected graph is considered with
Neumann conditions at pendant vertices and continuity and Kirchhoff conditions at
interior vertices. The strings on the edges are supposed to be the same and symmet-
ric with respect to the midpoint of the string. The characteristic function of such
a problem is expressed via characteristic functions of two spectral problems on an
edge: one with Dirichlet conditions at the both ends and the other one with the
Neumann condition at one end and the Dirichlet condition at the other end. This
permits to find values of the point masses and the lengths of the subintervals into
which the masses divide the string from knowing the spectrum of the problem on the
graph and the length of an edge. If the number of vertices is less than five then the
spectrum uniquely determines the form of the graph.

1. INTRODUCTION

In this paper we describe finite-dimensional analogues of the results in [20].

The notion of a discrete Laplacian (see [4]) is closely related to the notion of adjacency
matrix of the classical spectral graph theory [3], namely, for a simple connected graph
with no loops,

L=1-T"12ATY2

where L is the discrete Laplacian, T = diag{d(v1),d(v2),...,d(vp)}, d(v;) is the degree
of the vertex v;,4 = 1,...,p, A is the (p X p) adjacency matrix, p is the number of vertices
in the graph.

The quantum graph theory (see [5]) considers spectral problems generated by Sturm-
Liouville or Dirac equation on metric graph domains. The mentioned equations on the
edges of a graph with boundary and matching conditions (usually continuity and Kirch-
hoff conditions) at the interior vertices generate an operator which is called continuous
Laplacian.

Under the conditions of equal lengths of the edges and equal potentials on the edges
and symmetry of the potential with respect to the middle of an edge the problem for
a continuous Laplacian can be reduced to the problem for a discrete Laplacian ([1], [6],
[2]). This approach has been widely used (see, e.g. [14], [17], [18], [20]).

A finite-dimensional analogue of this theory occurs in description of small vibrations
of mechanical systems (nets of Stieltjes strings, of springs connecting point masses [12],
[8], [9]).

After M. G. Krein [13], [11] we call Stieltjes string a weightless thread bearing point
masses {my}7_, (n < co,my > 0) at points {xx}7_; (0 < xp < z441). We will consider
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only strings with a finite number of masses and denote by I, = z;+1 — x the intervals
between them. Then [ = ZZ:O lj is the total length of the string.

We consider small transverse vibrations of a graph consisting of symmetric Stieltjes
strings. If point masses are present at each interior vertex then the spectral problem
can be reduced to the spectral problem for a discrete Laplacian on the corresponding
graph. If our graph is a tree then the problem is related with the so-called tree-patterned
matrices [15], [16], [7], [19]. These matrices are generalizations of Jacobi matrices.

It should be mentioned that absence of masses at the vertices of our graph makes the
problem a bit more complicated than in [8], [15], [16], [7] because instead of the equation
(M — L)Y =0, where L is the discrete Laplacian, we have the equation (AM — L)Y = 0,
where M > 0 is a diagonal matrix.

We use the idea of a connection between the continuous Laplacian and discrete Lapla-
cian to reduce the more complicated discrete operator of the problem of small vibration
of a graph of symmetric Stieltjes strings to a simpler finite dimensional operator to solve
the related direct and inverse problems. We show how to find the form of the graph and
values of the point masses and the subintervals of the Stieltjes string on an edge using
the spectrum of the whole graph and the length of an edge.

In Section 2 we describe well known results on Stieltjes strings vibrations including
the method of recovering values of the point masses and the lengths of subintervals using
two spectra and the total length due to [11]. In Section 3 we show that in case of a
Stieltjes string, which is symmetric with respect to the midpoint, it is possible to find
values of the point masses and the lengths of the subintervals using only one spectrum
of the Dirichlet problem and the total length of the string. In Section 4 we describe
the problem of vibrations of a graph of symmetric Stieltjes strings. In Section 5 we
express the characteristic function of the spectral problem on the graph via characteristic
functions of the Dirichlet-Dirichlet and Neumann-Dirichlet problem on an edge of the
graph (Theorem 5.1) and find its form in the particular case when the graph is bipartite
(Theorem 5.2). We show that the spectrum of the problem on the graph and the length
of an edge uniquely determine values of the point masses and the subintervals into which
the masses divide the string (Theorem 5.3), and show how to find these values (proof
of Theorem 5.3). We also discuss the question whether one can judge on the form of
the graph knowing the spectrum of the main spectral problem (Corollary after Theorem
5.3).

2. STIELTJES STRINGS

Let us consider a Stieltjes string bearing n point masses my, ma, ..., m, (mg > 0), let
loyl1,...,ln (I > 0) be the intervals into which the masses divide the total length I of
the string (Y ;_, Ik = 1).

Denote by Vj(t) the small transverse displacement of the mass my, at the time ¢. Then
we have [11]

(1) Vie(t) = Vi1 (?) N Vie(t) = Vier1(?)

-1 L
Substituting Vi (¢) = Ure* into (1) we obtain
Upg —Uk—1 Up —Ugqa
(2) l S
k—1 k

+mkaH(t):07 k=1,2,...7n.

=mgzUx, k=1,2,...,n,

where U}, is the amplitude of vibrations of the mass my, z = A2 is the spectral parameter.
If the ends of the string are fixed (Dirichlet-Dirichlet problem) then V() = V,,41(t) =0
and, consequently,

(3) UO = Oa



166 V. PIVOVARCHIK AND O. TAYSTRUK

(4) Ups1 = 0.
The sequence {v;}7_; (0 <wvi <wvp <--- <wy) of eigenvalues of problem (2)-(4), i.e.,
the values of z for which there exists an eigenvector {Uy, Ut,...,U,,U,tr1} # 0 is said

to be the spectrum of (2)—(4).
Following [11] we look for a solution in the form

Uk:Rzk_z(z)Ul, k=1,2,....,n4+1,

where Roj_2(2) is a polynomials of degree k — 1. Then the spectrum of problem (2)—(4)
coincides with the set of zeros of the polynomial

I z
Ron(z2) = — 1——).
2 (Z) lo IE ( Vi )
Next, we introduce the polynomials of an odd index,
_ Rop(2) — Ragp—2(2)

(5) Rog—1 = 7 .
k
The polynomials R;(z) satisfy the following recurrence relations:
(6) ng(z) = lkRzk_l(Z) —+ ng_Q(z),
(7) Roip—1(2) = Rog—3(2) — mpzRar_2(2)
with the initial conditions
1
5) Ro(s) = o
0

The Neumann condition at the right end which corresponds to the situation where the
right end of the string is free to move in the direction orthogonal to the equilibrium
position of the string is

(10) Unsr = Up.

The spectrum {ug}y_; of problem (2), (3), (10) coincides with the set of zeros of the
polynomial

1 z
(11) Rop—1(2) = lokli[l(l - ﬁ>
It is known [11] that
(12) O<pr < <o <vog < o < fhy < Up.
The Neumann condition at the left end is

(13) Uy =Us.
We look for a solution of (2) which satisfies (13) in the form

Uk = Qar—2(2)U1, k=1,2,...,n,

where Qax—2(z) are polynomials of degree k —1 (k =1,2,...,n) which together with the
polynomials of an odd degree,

_ Q21(2) — Qar—2(2)

(14) Qak—1 ; ;
k
satisfy the recurrence relations
(15) Qar(2) = kQar—1(2) + Q2r—2(2),

(16) Qa2k-1(2) = Q2-3(2) — MEAQ2k—2(2)
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with the initial conditions
(17) Qo(2) =1,

(18) Q-1(z) =0.
The zeros {nx}}_, of

(19) Qun(2) = r_[ (1-2)

are eigenvalues of Neumann-Dirichlet problem (2), (4), (13). Therefore,
O<m < <m<ry< - <Ny < Vp.
Let us denote by {{x}7_, the set of zeros of

Qun-1(2) =2 [] (1 - ;) >,
k=2 R/ k=1

which are eigenvalues of the Neumann-Neumann problem (2), (10), (13). It is known
(see [11]) that

O0=&G <m <& <m < <& <,
§1 < <& < pp < - <& < UUn.
The Lagrange identity is

(20) Rap-1(2)Qar(2) — Rok(2)Qak-1(2) = %

The following theorem gives an algorithm for recovering the sets {my}7'_; and {lx}}_,
using the spectra {ux}7_, and {v}7_,; and the total length [ of the string.

Theorem 2.1. ([11]). For two sequences of positive numbers {ux}i_, and {vi}i_, to
be spectra of problems (2), (3), (10) and (2), (3), (4), respectively, it is necessary and
sufficient that they are interlaced in sense of (12). Under this condition the collection of
the corresponding sets {my}}_, and {li.}_, is unique for a given value of the total length
of the string I > 0. The masses and the subintervals can be found using the continued

fraction
Rgn(z) 1
Pk S ln + T
Rgn_1(z) —Mp2 + Tt 1
" —mp_1z+...+ L 1
11+ T
—nllz+w

3. SYMMETRIC STIELTJES STRING

In the sequel we consider Stieltjes strings symmetric with respect to their midpoints.
This means that
1) if n is even then:

n
mr = Mnp—k+1, k:L”"§7
n
lk:ln_k, k:O,,Efl
2) if n is odd then:
n
me = Mp—k+1, k:17a|:§:|7
n
lk:ln—ka k:()".'7|:§i|’

where [a] denotes the integer part of a.
For a symmetric Stieltjes string pg = ny for all &, therefore, with account of (11) and
(19) we obtain
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Lemma 3.1. If the Stieltjes string is symmetric then

(21) Ron-a(2) = 1 Qun(2).

Using (21) we see that the Lagrange identity (20) for a symmetric Stieltjes string
attains the form
1

(22) %an(@ - & = Ban(2)Qainr (2).

Proposition 3.2. Any sequence of distinct positive numbers {vi}7_, is the spectrum
of a Dirichlet-Dirichlet problem for a symmetric Stieltjes string of n masses and of a
prescribed total length. The spectrum {vi}i__,, 4o of the Dirichlet-Dirichlet problem
(2)-(4) and the total length | > 0 uniquely determine the point masses {my}7_, and
subintervals {li};_o of a symmetric Stieltjes string.

Proof. 1. In the case of even n we easily obtain
(23) Ron(2) = 2R, (2)Rp—1(2).

Since the zeros of R,,_1(z) and of R,(z) interlace we have

lo ;= Vak-1
I 3
Rt = 5 1 (1- )
lo = Vok
and, consequently,
R, (2 1
Rn_l(z) mnz + [P T
2 —mizt7-

2. In the case of odd n, we obtain, instead of (23), that
Ron(2) = Ran)(2)(2Rgn)-1(2) — Ropn)(2)mn)412).

Since zeros of Ry[n)(2) and (2Rgn)_1(2) — Ra(nj(2)mz)112) interlace,

lo ;= Vok
(51+1
2R2 n _1(2) — Rg[ﬂ](z)m[ngz = l (1 - i >
k1 : : lo ;= Vak—1

and, consequently,

(3] 2
Ron(2) 1 | (1 - E)
2Rag11(2) — Ropg (Imigrnz - 2 (1- =)
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4. GRAPH OF SYMMETRIC STIELTJES STRINGS

Now we consider an oriented connected plane graph G each edge of which is the same
symmetric Stieltjes string bearing n point masses. The graph is stretched and vibrate
in the direction orthogonal to the equilibrium plane of the graph. The orientation of the
edges of the graph is arbitrary.

Denote the vertices of G by v;,7 =1,2,...,p, where p is the number of vertices in G,
by e; the edges of G (j =1,2,...,g where g is the number of edges).

For each i denote by d(v;) the degree of the vertex v;, by d*(v;) the indegree, i.e.,
the number of edges incoming into v;, by d~ (v;) the outdegree, i.e., the number of edges
outgoing from wv;.

Let J be the set of pendant vertices, K the set of interior vertices of G, Wi+ the set
of numbers of edges incoming into v; and W,  be the set of numbers of edges outgoing
fromv; (i =1,...,p).

We enumerate the point masses my (kK = 1,2,...,n) and the subintervals I (k =
0,1,...,n) on an edge successively in the direction of the edge.

We assume absence of point masses in the vertices. For a point mass indexed by k
which lies on the edge 7 we have

Vi) = Vi_ () Vi) -V (¢ .
(1) k( ) k—l( ) + k( ) k+1( ) _ mkajN(t),
lk—l lk
where k =1,2,...,n,7=1,2,....¢, ij(t) is the transverse displacement of this mass.

Let the pendant vertices (if any) be free to move in the direction orthogonal to the
equilibrium position of the graph. Then we impose the Neumann condition at a pendant
vertex with an incoming edge,

(2) Vi) = Vi ®)
and at a pendant vertex with an outgoing edge,
(3) Vi )=V ().
At an interior vertex v; we impose the continuity conditions
Jr Jy Ta=(op) iy Js Tt o

4 VW H=vt==V () = Vi) =Viia () = - = V.50 (1),
where {ji",....J -0} € Wi {f, ... ,j;(vi)} € W;" and the balance of forces condi-
tion

+ (v + + ~ (v, — —
5 dﬁf“dmkw—uﬁﬁw_ﬂﬁfh&“ay—w“%w_0

In lo o
m=1 m=1

Substituting Vi (t) = Ule’" into (1) — (5) we obtain the following spectral problem:
UL -0l , Ui= Ul

(6) + = —msz,z,
lk—1 Uy
,+ 4+
™ Ui = Uiy,
(8) ug = v,

- +
- i~ i 4+ 4 j
J1 _7rd2 _ d=(vy) _ rrdn _grl2 _ dt(vy)
(9) Uyt =0y =---=U, C=UN =02 = =00,
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a*(vi) () €59 d=(03) 77(j,m) (Gm)
Un m/) __ U’I’L m (t) U m/) __ U m
(10) > B

m=1 n m=1
where k = 1,2,...,n;i = 1,2,...,p;j,, € W, ,m = jl_,...,jd__(w);j,t e WrHm =
G j;ﬂv,_) and U} is the amplitude of vibrations of the mass my, located on the edge

€j, 2 = p? is the spectral parameter.

5. MAIN RESULTS

It is convenient to introduce the following solutions of (6):

(1) i) = 2o et

where A7, BJ are constants independent of k and z. These solutions exist for all z which
are not zeros of Rap(%).
In view of (8) and (9), equation (6) for k¥ = 0 implies R_5(z) = 0 while in view of (17)
and (18) equation (15) implies Q_o(z) = 1. Substituting these into (11) we have
Bj — A‘]QQH(Z)
RQH(Z)

Rok_2(2) + A7 Qap_2(2),

(12) Ui(2) = R_3(2) + A1Q_a(2) = AV,

In the same way, for k =n+ 1,

(13) Vi) = T B R ) 4 A0 Qua() = B

Accounting for (9), (17), (11) and (12), the Neumann condition at a pendant vertex
with an outgoing edge attains the form

. ; AjQQn(Z) — B
Ul(z) —Uj(z) = ————F——=0.
0( ) 1( ) Rgn(z)
Using (5), (14), (20), (11) and that [,, = lp, the Neumann condition at a pendant
vertex with an incoming edge become

- Aj — lnBjRanl(Z)

14 Ul(z) - U, = =0.
( ) n('z) n+1(’z) RQn(Z)
Continuity conditions (9) look now as
(15) Al — Ad2 — ... = Aawn = BIT — Bi2 — ... = Blat) —. (I)('Ui)~
Balance of forces equation (10) with account of (12), (13), (15) attains the form
dt (vi) ‘ oA () ‘
(16) > (InB Rop-1(2) = A) = > (B = AVQan(2)) = 0.
m=1 m=1
Using definition (15) of ®(v;) and (21) we rewrite (16) as follows:
d* (vi) d™ (vi) _
Z (ln®(vi)Ron-1(2) — A7) — (B? = @(v3)Q2n(2))
m=1 m=1
d* (vi) _ )
= ((b(vi)QQn(z) - A]) - (Bj - q)(vi)QQn(Z)) =0
m=1 m=1
or
an(z)d(vi)q)(vi) - (I)(Ul) =0.

VUG
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Finally, we obtain using the notation ( = Qa,.(2), F = {®(v1),...,®(vp)}T, T =
diag{d(v1),...,d(vp)} and denoting by A the adjacency matrix of our graph that

(17) (TF — AF =0.

Let zp be not a zero of Ra,(z), then it is an eigenvalue of problem (6)—(10) if and
only if (o =: Q2,(20) is an eigenvalue of the matrix equation (17). This means that the
spectrum of problem (6)—(10) consists of zeros of Ry, (z) and of zeros of the polynomials
Q2n(2) — a5, where a; are (s =1,2,...,p) the eigenvalues of (17).

Since there are no isolated vertices in our graph, i.e., d(v;) > 1 for each vertex, the

matrix 7T is invertible and there exists T~1/2. Therefore, equation (17) can be rewritten
as

(CI - A)F = Oa
where

A=T7"1247712 F=T:F
The spectrum of the matrix A consists of p eigenvalues, counting the multiplicities.
Thus, if Ron(zr) # 0, then z; is an eigenvalue of problem (6) — (10) if and only if
Qan(zr) = a; for some s, where o (s < a1, s =1,2,...,p) are zeros of the polyno-
mial P,(z) = det(z] — A) of degree p.
This means that the characteristic polynomial of problem (6)—(10) is

¢(2) = R3,"(2)Pp(Q2n(2))-

Theorem 5.1. The characteristic polynomial of problem (6)—(10) is of the form

$(2) = RE,”(2)(Qan(2) — 1) Pp-1(Qan(2)),
where 15p_1(§) is a polynomial of degree p — 1 with P, 1(1) # 0.
Proof. Tt was shown in [4] that for the eigenvalues {Xk}i;(l) of the discrete Laplacian
L = I — A the following inequalities are true:
0=Xo<x1 << xpo1 <2
It is clear that
Xe—1=1— 2,

where z;, (21 > 22 > -+ > z,,) are eigenvalues of A.

Since our graph is connected, its adjacency matrix is irreducible with all elements

being nonnegative. Therefore, by the Frobenius theorem ([10], p. 335), we obtain that
z1 = 1 is simple. Theorem is proved. (|

Theorem 5.2. The representation
$(z) = B3, " (2)(Q3,(2) = D@51 (2) Poom 1 (@3, (2)),

where m € N U{0},m + p is an odd number, P¥_1 is a polynomial of degree P5™ —1

with ]AD%fl(l) £ 0, is true if and only if the graph is bipartite.

Proof. Let the graph be bipartite. With an account of the previous theorem we need to
prove that z, = —1.

Since the graph is bipartite, we can attribute the value +1 to the vertices of one part
and —1 to the vertices of the second part. We direct the edges from the vertices with 41
to the vertices with —1.

Let us consider a Neumann-Neumann problem, i.e., the problem generated by (2) with
conditions (10), (13) on one edge.
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It is known ([10]) that according to the Sturm oscillatory theorem the eigenvector
corresponding to the eigenvalue z; changes the sign of its elements k& — 1 times. In par-
ticular, it is true for the second eigenvector which we denote by Uy = {ug, u1, ..., Unt1}-
Due to the symmetry of our string we may assume that vy =1 and u,41 = —1.

Now placing such eigenvectors on edges of our graph such that ug appears at each ver-
tex assigned +1 and wu,11 at each vertex assigned —1 we obtain an (n+ 2)q -dimensional
vector

U= (UO,’U,l,. oy Un4+1,U0, ULy oo o s Up+1y .- -5 U, ULy - - - ,un+1).
This vector is an eigenvector of problem (6) - (10) because, by the construction, it
satisfies (6) on each edge, it satisfies the continuity conditions at the interior vertices
because at these vertices we have vg = 1 or v,41 = —1, respectively, on each incident
edge. Moreover, since ug = uy and 1,41 = u, on all edges, both sums in (10) are equal
to zero, thus, (10) is true. Since u,y1 = Qon(zr)ur and up41 = —1 and ug = 1 we
conclude that for this z; we have Qa2 (2r) = —1.

Now let 2z be an eigenvalue of problem (6)—(10) and @2, (2x) = —1. Then by (21),
Ron_1(zr) = —% and (22) implies that Ra,(zx) = 0. Then any component of the
eigenvector of problem (6)—(10) corresponding to zx, being of the form (C;1Q-a(zx) +
Cj’2R72(Zk-), Cj,lQQ(Zk)+Cj72R2(Zk), ey Cj)ngn(Zk)+Cj72R2n(Zk))T, attains the values
Cj1Q-2(z) = Cj1 and C}1Qan(2) = —Cj 1 of the opposite signs. This means that the
graph is bipartite. Theorem is proved. O

Theorem 5.3. Let G be a cyclically connected not bipartite graph with the same edges,
which is not a simple cycle. Let the same even number of masses be placed on each edge
symmetrically with respect to the midpoint of each edge. Then the spectrum of problem
(6)-(10) and the length of an edge uniquely determine the masses {my}y_, and the
subintervals {l}_, between them.

Proof. We need to identify the zeros of Ry, (2) among all the zeros of ¢(z). Each zero
of ¢(z) is a zero of at least one of the polynomials Ry ¥ (2), (Q2n(2) — 1), (Q2n(2) — o)
(k=1,2,....,p—1).

Let {vx}}_, be the zeros of Ry, (z). Then (22) implies

an(uk) = +1.

Location of the zeros {zj}7_; of ¢(z) is given in Fig. 1.

zeros of R, (z)

zeros of Q, (z) zeros of Q, (2) R.(@
FIGURE 1
It is clear that
21 <22 S...<Zp+1 :...:Zg < ee Szg+p_1 Szg-‘rp:.”:ZQngl < eee,

Here the zero z; is the lowest zero of the polynomial @2, (2) — ¢, = Q2,(2) — 1, the zeros

22,23,...,%p are the lowest zeros of the polynomials Q2 (2) — ap_1, Q2n(2) — ap_2, ...,
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Q2n(z) — a1, respectively. To the right of them, we have a zero of Ra,(z) of multiplicity
p —q. Also it is clear that {zi,}7_, belongs to the set of zeros of Ra,(z). Then using
the procedure described in the proof of Proposition 3.2 and the known value of the edge
length we can construct the sequences {my}}_; and {lx};_,. Theorem is proved. O

Corollary. If the conditions of Theorem 5.8 are satisfied and in addition to the spectrum
of problem (6)-(10) and the length of an edge, the number p of vertices is given then we
can find the number of edges g in the graph. If p < 5, then the form of the graph is
determined by these data.

Proof. Using Theorem 5.3 we can find the multiplicity of z4, because
vV = Zg, Vy = 22¢g, ey Vp = Zng-

According to Theorem 5.1 this multiplicity equals g — p. Therefore, knowing the number
of vertices, p, and the multiplicity of z, (= v1) we can find the number of the edges, g.

Knowing the sequences {my}7_, and {lx}}7_, we can solve the direct problem for
an edge and find the characteristic polynomial Q2,(z). Then we can find all oy (k =
1,2,...,p—1):

(077 :QQTL(Zp*kJrl)? k:]-v?a"'vp*]-'

In case of p < 5 using ay, (k= 1,2,...,p—1) and o, = 1 we can find the form of the
graph according to [3], Sec. 6.1. |
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