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NONZERO CAPACITY SETS AND DENSE SUBSPACES IN SCALES
OF SOBOLEV SPACES

MYKOLA E. DUDKIN AND VOLODYMYR D. KOSHMANENKO

ABSTRACT. We show that for a compact set K C R™ of nonzero a-capacity, Co (K) >

o
0, a > 1, the subspace W*2(Q), Q = R? \ K in W®2(R") is dense in W™2(R"),
m < a — 1, iff the m-capacity of K is zero, Cy,(K) = 0.

1. INTRODUCTION

This paper was stimulated by the following problem.
Consider a couple of Hilbert spaces H 1 K, where 1 denotes a dense and continuous
embedding. Besides we assume that the norms in H and /C satisfy the inequality

lelln < llellc, v ek

Let I be decomposed into an orthogonal sum of nontrivial subspaces
(1) K=MaN, M#{0}+N.

Under what conditions one of these subspaces, say M, is dense in H? That is we ask,
under what conditions on A in (1) the following embedding are both dense:

HIOK, HIOM?

In other terms this question arises in the operator theory and various applications to
mathematical physics. For example, the above problem has an important motivation in
the theory of self-adjoint extensions of symmetric operators.

Indeed, let A be a self-adjoint operator in H. Set K = DomA equipped with the norm

el == lA¢lln, ¢ € DomA.
Consider some restriction of A to a linear set,
A:=A1D, DcDomA.

Under what conditions, A is a densely defined symmetric operator with nontrivial defi-
ciency indices? Evidently this is so, if the closure © in the Hilbert space K = DomA
defines some subspace M which is dense in H. Of course it may happen that © is dense
in K. Then A is essentially self-adjoint and the above question has no sense.

We remark that in an abstract setting, the problem of density in H of a proper subspace
M from K (under the assumption that K already is densely embedded in #H) has been
investigated in a series of publications (see, for example, [2, 3, 6, 14]) in terms of rigged
Hilbert spaces.

Let a triplet of Hilbert spaces,

(2) H_ Mo 3 My
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constitutes a rigged Hilbert space [4]. This means (for details see [4, 5, 14]) that both
embeddings H_ 3 Hg, Ho 3 Hy are dense and continuous, the norms in H_, Ho, H4
satisfy the inequalities

A=< 11 flo < I+ I+
and the spaces H_, H are mutually conjugate with respect to Hy. Due to the last
condition there exists a bounded map

D,)+ : H+ — H,

such that
ID—+ell- =lelly, @€y,
<Wﬂ<p>*,+ = (W7D*,+(p)f = (I+,7W7§0)+7 weH-,
where I _ = D:}+ and (-,-)_ 4 stands for the dual inner product between H_ and H ..
Note that

<fvg>*,+ = (f? 9)07 fvg € H()'

The operators D_ ; and I, _ are called the Berezansky canonical isomorphisms.

In what follows H, plays a role of K. Assume that H, is decomposed into an orthog-
onal sum of subspaces, Hy = M & N,. Our starting results read as follows (for deeper
statements see [2, 3, 6, 13, 14]).

Theorem 1. Let in (2) Hy = My &Ny, No # {0}. Then the subspace M is dense
in Ho, if and only if the subspace N_ := D_ L Ny of H_, which is the image of Nt with
respect to the Berezansky canonical isomorphism D_ , consists of only those vectors
which do not belong to Hg, except for zero,

(3) HO:M+ <1:>me%0:{0}.
Proof. Let N_ NHy = {0}. Take a vector ¢» € Hg such that p L M, in Hy. Then
0=, M) =Pp,My) 4= (D:}+¢7M+)+~
This means that Iy 1) € Ny and thus ¢ € N_. Therefore ¢) = 0 since we assume that
N_NHy= {0}.
Let us prove (3) in the other direction. Assume that M is dense in Hy and take
w € N_N%Hg. Then

(w,My)— = (W, My)o = (I4-w,My)y =0
due tow € N_ and I4 _w € Ny. Thus w L M in Hj and therefore w = 0. This proves

that N_ NHo = {0}. 0
Theorem 2. Let us have two rigged Hilbert spaces, i.e., (2) and

(4) H_ O Ho I H,,

such that

H_OH_IHo I HL IH,.
And let Hy = My @ Ny, Ny # {0}. Then the subspace M is dense in H if and only
if the subspace N_ := D_ L Ny has a trivial intersection with H_,

(5) H,e OM, <= N_NH_={0}.
Proof. Let M be dense in H. Then for w € N_ NH_ we have
(WMip)_ o =wMp) =T+ -w, M) =0
due tow € N_ and I, _w € N,. But with I, _, there corresponds to (4)
0= <W7M+>—,+ = (I~+7_w,./\/l+)+,
which implies that f+7_w =0 since M. CHy. Thusw=0and N_ NH_ = {0}.
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Conversely, let N NH_ = {0}. Assume for a moment that M. is not dense in H.
Then there exists a vector 0 # ¢ € H, such that
0=(p,My), = <D7.,+90»M+>7,+ = (w,My)— 4.
This means that 0 # w = D_H_go € N_ N#H_ which is a contradiction. (]
In the present paper we develop and apply the above abstract results in the case where

the spaces H_, H_, H,, H, are taken from the Sobolev scale of spaces and the subspace
N_ is generated by distributions supported on a set of zero capacity.

2. ON DENSE SUBSPACES IN THE SOBOLEV SCALE OF SPACES

The above general results have applications to the problem of constructing dense
subspaces in scales of functional spaces, in particular, for a scale of Sobolev spaces.

Let us consider the scale of the Sobolev spaces (see [1, 4, 5, 15])

Wk g LX(R", dz) 3 W2 = WR3(R™), k> 0.
Let K C R™ be a compact set. In what follows we denote the complement K¢ =R"\ K
by €. We are interested in the following question corresponding to the previous abstract
[e]

problem. Under what condition is the set W*2(Q) dense in W™2, m < k—1? We recall
that by definition (see, for example, [4]), the Sobolev space W*:2(€2) is the closure of the
set C5°(2) in Wk2. The answer we will give using the notion of capacity for a compact
set K which is a fruitful tool in such kind of problems. So, we need some preparations.

At first we recall the notion of capacity for sets which are small in some sense (for
more details and generalizations see [1, 15, 17, 16]).

Definition 1. The positive value
(6) Ca(K) = cap, (K) = inf{[l¢[fyaz | ¢ € C3°, 0 > 1 on K}
is called a-capacity of a compact set K C R™.

In (6) the set C§° can be replaced by the Schwartz space S(R™), and ¢ > 1 can be
replaced with the condition ¢(x) =1 for z € K.

Denote
) M, (Q) :={w e WP2|(w, ) 1k =0, Vo € WF2 suppy C K}
={w e W2 | suppw C Q}
and define
(8) Mi(Q) = (I, kM (),

where I, _p, : W—k2 — Wk2 stands for the Berezansky canonical isomorphism (see
[14]). By construction My () is a subspace in W*2(R™). Let us remark that in [11] the
abstract version of the capacity concept is presented using [8, 16, 17].

As a first step of our investigation we discuss the following question. Under which
condition is the subspace My, (Q) a strict one in W*2 ie., My(Q) # W*2 and is dense
in Lo (R™)? The next theorem gives a simple answer to this question.

Theorem 3. Let k > n/2. Then for each compact set K C R™ of zero Lebesgue measure,

(9) A(K) =0,
such that
(10) Cr(K) >0,

the subspace My(), Q = R"\ K is a strict one in W*2(R") and dense in Lo(R™).
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Proof. By the well-known Sobolev embedding theorem, W*2(R") C C(R") if k > n/2.
Hence for each point y € K the linear functional Is, () := (6, ©)—kk = ©(y), ¢ € WF?
is continuous. Thus all distributions spanned by the set {w = d,|y € K} belong to the
space W52 and moreover due to (9) the subspace

N_ = (span{w =6, | y € K})*~*

has a zero intersection with La(R™) (cl,-k denotes the closure in W~=%2 ). Even more,
from (7) it follows that the subspace Ny (K) = Ij, _xN_j is orthogonal to My (),

Ni(K) L Mg ().
Therefore one can use Theorem 1. O

Let us denote
OPK)={peSR") |¢>1on K}, a>1.
Let ®1%(K) be the closure of ®(K) in W2, The next result is well-known in potential
theory (see, for example, [1], theorem 2.2.7).

Theorem 4. Let K C R" be compact. Assume that for some a > 1 the a-capacity
of K is strictly positive, Co,(K) > 0. Then there exists a unique extremal element
o € & (K) such that

Ca(K) = llokfyas.
Moreover, there exists an a-capacity measure pux € W~%2 supported on K such that
pk (K) = Co(K).
Clearly px = D_j rpK, and therefore
or = I —kpx = Ga * (Ga * i),

where G, denotes the Bessel integral operator, and
(Gt ac)e) = [ Gale =) dpacy) € L")

[e]
It is easy to see that the extremal element x is orthogonal to the subspace W*:2(Q)
in W2,

PK 1L Wa’z(ﬂ).

Indeed, let ¢, € ®(K) be a minimizing sequence in (6) which converges to ¢g. Then,
obviously

(e Plwez = lim (pn, ) =0, Ve € C57(9).

Therefore in our case, when C,(K) > 0, the orthogonal compliment to W*2(Q) in W2
consists of a nontrivial subspace which we denote by N, (K). Surely the extremal element
vk belongs to N, (K). Thus, we can write

W2 = Ma(Q) @ Na(K), Ma(2) = W*3(Q).

Denote by N_,(K) the dual subspace to N, (K) in W~%2. This subspace is connected
with N, (K) by the Beresansky canonical isomorphism D_, o : W2 — W2,

N_o(K) = D_g o No(K).
The next proposition gives a deeper description of this subspace.

Proposition 1. Let Co(K) > 0. Then the subspace N_o(K) consists of the distributions
w € W2 supported by K,

N o(K)={we W *? | suppw C K}.
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Proof. The statement is based on and follows from Theorem 9.1.3 and its Corollary 9.1.6

in [1]. So Theorem 9.1.3 says that W®2(Q) coincides with a set of functions p € W2
such that

(11) (D) [ K =0, 0<|B/<a—1.
Hence for w € W~*2 with suppw C K we have
(12) <w7 <P>—a,a =0,

for all ¢ € W*? with condition (11) since all such functions admit an approximation
with sequences ,, € C§°(Q). Certainly, if w € W %2 and satisfies (12), then obviously
suppw C K. O

For a deeper understanding of the above result we remark that the subspace M, (Q2) =

o]
W2(Q2) can be described in terms of the vector-valued operators Trf% defined on W2
by the expression

Trbe = {DPp | K | o € W2 for |B] <a—1},
where § is a multi-index. Clearly, from (12) it follows that

(13) We2(Q) = Ker(Tr).

Now we can formulate our main result, which is similar to Theorem 3.
Theorem 5. Let K C R™ be a compact set of nonzero a-capacity, Co(K) > 0, where
a > 1 is integer. Then M, () = V?/O‘Q(Q), QO =R"\ K is dense in W™2, m<a—1if
and only if the m-capacity of K is zero,
(14) W2 5 WE(Q) = Cou(K) = 0,

Proof. At first we remark that by the Sobolev embedding theorem the m-capacity of a
single point « € R™ is strictly positive, C,,({z}) > 0, if m > n/2. Hence, the condition
Cm(K) = 0 is possible only if m < n/2. Thus, let m < n/2 and C,,(K) = 0. Then the
following statement is true (see Theorem 9.9.1 [1]). For each h € W™2 any ¢ > 0, and
every neighborhood V' of a compact K there exists a function

peCE(V), 0<p<1, ¢)=1, z€kK,

such that [|@h||ym.2 < e. Consider now a sequence of functions ¢,, satisfying the above
condition with ¢, — 0, n — oo,

(15) lenhllwm> < éen.

By (15) for the sequence Ry, := nh we have that h, — 0 in W™2. Then the sequence
hn = (1 — p,)h € W™2 converges to h as well as for h = h,, + h,,. In fact, each element

h, € W™2(Q), since by the construction Trgh, = 0, i.e., h, € KerTr} (see (13)).
Take now a sequence of functions ¢, € C§°(€2) such that ||, — hn”‘/‘{/m , < En. Since
P, € WT(Q), due to h, — 0, we obtain that |4, — hy|[yym.2 — 0, n — co. This proves
the density W*?2(Q2) in W™?2 that is, the implication from (14) in one direction is true.

o
Let us prove the inverse implication. Let W*2(Q) C W™?2. Assume that C,,(K) > 0.
Then by Theorem 4, in W™?2, there exists an element px belonging to the subspace

N (K) which is orthogonal to M., (K) = W™2(Q2). This gives (¢r, W*%(Q))m = 0
since W*2(Q) c W™2(Q). However for ¢ # 0 this is impossible due to density of
Wm2(Q) in W™2. Thus we obtain a contradiction and therefore C,, (K) = 0. O
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In applications to mathematical physics (see, for example, [12, 13]) the reduced variant
of Theorem 5 is usually used.

Example. Let K = {y; € R"}._,, | < co. Then C,(K) > 0 for all & > n/2. In this
case the subspace W*2(R" \ K) is dense in W™ 2(R"), m < a — 1 if m < n/2.

We refer to [9, 10] and also [7, 11] for similar results connected with the notion of
capacity.
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