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ON THE A.C. SPECTRUM OF THE 1D DISCRETE DIRAC
OPERATOR

SYLVAIN GOLENIA AND TRISTAN HAUGOMAT

ABSTRACT. In this paper, under some integrability condition, we prove that an elec-
trical perturbation of the discrete Dirac operator has purely absolutely continuous
spectrum for the one dimensional case. We reduce the problem to a non-self-adjoint
Laplacian-like operator by using a spin up/down decomposition and rely on a transfer
matrices technique.

1. INTRODUCTION

We study properties of relativistic (massive or not) charged particles with spin-1/2.
We follow the Dirac formalism, see [4]. We shall focus on the 1-dimensional discrete
version of the problem. In the introduction we stick to the case of Z and shall discuss the
case of Zy := 7Z N[0, 00) in the core of the paper, see Section 5.1. The mass of the particle
is given by m > 0. For simplicity, we re-normalize the speed of light and the reduced
Planck constant by 1. The discrete Dirac operator, acting on ¢2(Z,C?), is defined by

m d
Dm'_(d* m>7

where d := Id—7 and 7 is the right shift, defined by 7f(n) = f(n+1), for all f € £*(Z,C).
The operator D,, is self-adjoint. Moreover, notice that

A+m? 0
2 _
Do = ( 0 A+ m? > ’

where Af(n) :=2f(n) — f(n+1) — f(n—1). This yields that o(D2,) = [m?,4+m?]. To
remove the square above D,,, we define the symmetry S on ¢*(Z,C) by Sf(n) := f(—n)
and the unitary operator on ¢?(Z, C?)

(1.1) U:(_% f).

Clearly U = U* = U~'. We have that UD,,U = —D,,. We infer that the spectrum of
D,, is purely absolutely continuous (ac) and that

0(Dm) = 0ac(Dm) = [—Vm2 + 4, —m] U [m, vV/m?2 + 4].
We shall now perturb the operator by an electrical potential V = (Vy, V)t € £°°(Z, R?).
We set

o Vi 0
(1.2) H.Dm+< 0 V2)

Here, V; denotes also the operator of multiplication by the function V;. Clearly, the
essential spectrum of H is the same as the one of D,, if V tends to 0 at infinity. We turn
to more refined questions. The singular continuous spectrum, quantum transport, and
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localization have been studied before [2, 15, 3, 14, 12, 13]. The question of the purely ac
spectrum seems not to have been answered before. This is the purpose of our article.

We recall the following standard result for the Laplacian (the non-relativistic setting).
For completeness we sketch the proof in Section 6.

Theorem 1.1. Take V € {*(Z,R) and v € Z4 \ {0} such that

limn—>ioo V(n) = O7
(1.3)
Vi, —7

I |z,

€ 61 (Z+7 R)7
then the spectrum of A+ V is purely absolutely continuous on (0,4).

In the case of Z and for v = 1, the result has been essentially proved in [19] (in fact
in the quoted reference, one focuses only on the continuous setting). The proof for the
discrete setting can be found in [6, 17]. For v > 1, it seems that it was first done in [18].
Note that for instance, (1.3) is satisfied by potentials like V(n) = (=1)"W (n), where W
decays to 0. We refer to [9] and to [11] for recent results in this direction.

An amusing and easy remark is the difference between Z and Z. In the latter, it is
enough to assume the decay hypothesis on the right part of the potential. This reflects
the fact that the particle can always escape to the right even if the left part of the
potential would have given some singular continuous spectrum in a half-line setting.

We now turn to the main result of the paper. For sake of simplicity we present the case
of Z with electric perturbations. We refer to Section 3 for the main statements, where
we deal with a mixture of magnetic and Witten-like perturbations and also with Z*.

Theorem 1.2. Take V € (>°(Z,R?) and v € Z4 \ {0} with

hmn—)ioo V(n) = O7

Vi, =™V, €2y, R?),

Zy
then the spectrum of H is purely absolutely continuous on (—\/m2+4, —m)U
(m, m2—|—4).

To study H we reduce the problem to a non-self-adjoint Laplacian-like operator which
depends on the spectral parameter. This is due to a spin-up/down decomposition, see
Proposition 4.2. This idea has been efficiently used in the continuous setting, e.g., [5,
1, 10] and references therein, and seems to be new in the discrete setting. Then, we
adapt the iterative process to the non-self-adjoint Laplacian-like operator and follow the
presentation of [7]. We refer to [8] for a recent survey about this technique.

Finally we present the organization of the paper. In section 2 we recall general facts
about the free discrete Dirac operator and about hyperbolic geometry. Then in Section
3 we present the main results. Next in Section 4, we reduce the problem to a kind of
Laplacian and adapt the transfer matrices technique. After that in Section 5, we prove
the main results about absolutely continuous spectra. Finally we discuss briefly the case
of the Laplacian.

Notation: We denote by B(X) the space of bounded operators acting on a Banach space
X. Let Zy :=ZN [k, +oo| for k € Z and Z_ :=Z\ Z,. For A,B C C, we set A € B if
clA C intB, where cl and int stand for closure and interior, respectively.

2. GENERAL FACTS

2.1. The spectrum of the discrete Dirac operator. Let Zy := ZN[k, +oo[ for k € Z
and G € {Zy, Z}. We define d € B (¢*(G,C)) by

df(n) :== f(n) = f(n+1),
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for all f € £?(G,C) and n € G. Clearly d is bounded. Its adjoint is given by

X | f(n), if G =Z and n = k,
' f(n) = { fn)—f(n—-1), othervvis’ec

for all f € £3(G,C) and n € G . Now for m > 0 we define the discrete Dirac operator on
*(G,C?) by
(G) m d
poe (2 4.
It is easy to see that DI is self-adjoint. Let A(®) be the Laplacian on £%(G, C) defined

by

_ ) fn) = f(n+1), if G=27j and n =k,
(2.1) A© f(n) = { 2F0) = Fon—1) - f(nt 1) otherwis:

for all f € £2(G,C). We study first the discrete Dirac operator on Z, we have

(Dg>)2 _ ( A(Z);_m2 A<Z>0+m2 >
By Fourier transformation, we see that A is non-negative and that its spectrum is
[0,4]. Therefore, the spectrum of (Dg,@)z is [m?,4 + m?]. Relying on (1.1), we obtain
Proposition 2.1. We have
o (D%’) = Oess (D%)) =0 (D%”)
= chs( Z”) { vm ] [m, m?2 +4} )

Proof. We have (—D%’ - A)_l U (D(Z) ) 0y (—D%)) — Uy (D,(f)) U, for

all ¢ Borel measurable. Therefore, o (D(Z)> [— m2 +4,—m]| U [m,vVm? +4]. By

writing Z = Z_ UZ,, we see easily that O‘ess(D%)) = Oss( ,(,%”). To conclude, a direct
computation shows that D%Jr) has no eigenvalue. O

2.2. A few words about the Poincaré half-plane. We shall use extensively some
properties of the Poincaré half-plane. It is defined by

dz? + dy?
H:={z+iy|2z € R,y >0}, endowed with the metric ds® = Lzl/
Y
Recall that the geodesic distance is given by
-~ 1]z1 — 222 |21 — 29|
2.2 du(z1, 2 :cosh1<1+ < .
22) (21, 22) 23z - Sz S(21)/S(22)

We turn to the study of (hyperbolic-)contractions.
Lemma 2.2. Given a,b € cl(H) and ¢ > 0, we set

(2.3) Gane(z) = — (a —(b+ cz)*l) -

1t is a contraction of (H,dy).
Moreover, if a,b € H, then @q . is a strict contraction of (H, dw). More precisely, we
have

(2.4) du (@a,b,e(zl)a @a,b,c(ZQ)) < !

= TS s
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for all z1,z5 € H. Moreover we have

di (a,b,e(21); Pa,be(22)) < E

for all z1, 20 € H.

Proof. First, since z — cz is a hyperbolic isometry, it is enough to consider g = ©q.p,1-
Then, using that z — z 4+ w is a contraction when w € cl(H) and that z — —1/z is an
isometry, we obtain that ¢, ; is a contraction.

We turn to the second statement. A direct computation yields that if h € H then

i 1
2.5 —(h+H)  =B)| = H
(29 B = B0 (50573507 ©
Given C > 0, as in the proof of ([7], Proposition 2.1), if 21, zo € H with min (|21],|22]) < C
note that

du(z1 +a,22+a) < du(z1, 22).

C+S(a)

Since z — —2z~! is an isometry of H and z — —(b+ 2z)~! is a contraction of H, we use
(2.5) for h = b to have that

dH (waﬁb(zl), Qﬂa’b(ZQ)) = dH (a — (b + 21)71 ,a — (b + 22)71)

1

IN

—()dH (f b4zt — (b+ 22)*1)

< md]ﬂl (21, 22)

for all 21,2 € H. So we obtain (2.4). By (2.5) for h = a we know that — (a + H) " is
an Euclidean ball of diameter $(a)~!, hence

|Pab(21) = ¢ap(22)] < (S(a)
for all z1,29 € H. Given C > 0, if z € H with |z| < C' we have

&Y%
%(_ 1 )Z S(a) N
atz/)  (C+lal)
So if z € H, by (2.5) for h="b, | — (b4 2)~1 < (S(b)) ", so

S(a)

CORIN

S (pap(2)) =

So we obtain that

Z1 a.blZ 2
s (Pas(21), Pas(z2)) =cosh™ 1+ ;l@;;b Zi))s(gp’z(b(il)))
< Pab(21) = Pab(22)]
—\/S @ab Zl \/\S Pa,b 22))
_(Be™ i) a4 apa)?
B (%(a))2 (S(b) - S(a))?
for all z1, z9 € H. O

We shall also need the following technical lemma.
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Lemma 2.3. Suppose that a,b € cl(H), ¢ > 0, and z € H. We have

dii(ap.e(2),1) < (“b' +elzl)? 1> (8] +cl2l) (Ial + 3 ) 7")

Sz S (2)
Proof. First we have
1 1
|@a,b,e(2)] = — | <
a—(b+cz)”! %(a—(b—&—cz)*l)
3 ! Bt _ @l
B g(, (bJrcz)_l) Sb+ez) = S(2)

Then we obtain

S (Sﬁa,b,c(z)) =9

(_ ) )_ %(af(bﬂz)*l)

a—(b+ecz)"! ‘a—(b—i—cz)*lr

SO+ C;) <|a| +3 b+ cz)_1)72

\%

R (— b+ cz)_l)
>
(\al + |b+cZ|71>2 o btz

S (z)

>
> ..
(1ol + clz))? (Jal + (3 (2)) ")
Finally with (2.2) we infer
|§0a,b,c(z) — 1| < I‘pa,b,c(zﬂ +1

\/% (Pape(2)) \/% (¢a,b,c(2)) 7

which yields the result. O

dH(SOa,b,c(Z)v 1) <

Lemma 2.4. For all n € 71 there exist
A'ruBnndan S R[X1>Y17Z17 cee aXnaYnaZn]a
such that Cy(w) + Dy (w)¢ # 0 and

Ay (w) + Bp(w)¢
Cn(‘*”) + Dn(w)¢

for allw = (x1,y1,21, -, TnyYn, 2n) € (CI(H)2 X R*Jr)n and ¢ € H.

Pri,y1,21 ©° C Py ,yn,zn ¢)=~-

We point out that the continuity of A,,, B,,C,, and D,, with respect to the coeffi-
cients will be crucial in Proposition 4.8. The proof is straightforward. We give it for
completeness.

Proof. We prove the result by induction. Let n = 1, we have

_ -1 71__ y+Z< __Al('rayvz)+B1(xayaz)<
praclQ == (2= 0 207) = = Gy D Drle o)

with
Al(x,yvz) =Y, Bl(x,y,z) =2z Cl(xayaz) = xy*la and Dl(x,yaz) =Tz

Moreover

Ci(z,y,2) + Di(@,y,2)¢ = wy — 1+ 20 = (y + 2() <x y+1zC> 70
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for all (z,y,2) € cl(H)? x R% and ¢ € H because this is the product of two elements of
H.

Now suppose that we have proved the existence of A,, B,,C,, D, and prove the
existence of An+11, Bi1, Cry1, and Dpyq. Let w i= (1,91, 215+ + s Tnt 1, Ynt1, Zntl) €
(cl(]HI)2 X IR*;)”Jr and ¢ € H. Let @ := (z1,¥1,21,- -+, Tn, Yn, 2n), We have

O OWx 1, Ynt1,2n+1 (C) = Pa1,y1,21 © O Py yn,zn (w$n+1 Yn+1:2n+1 (C))

An (@) = B (@ )Al(mnﬂ’ynﬂ’%“) + B1(Zn+1, Ynt1, Zn41)¢
- C1(Tn+1,Yn+1, Znt1) + D1(@nt1, Ynt1, 2ng1)C
B
Cpn(@) — Dp(@) E$n+1ayn+172n+1))+ 1(x7l+1ayn+172n+1;§

9011,?/1,21

Tt 1, Ynt1s Znt1) + D1(Tnt1, Ynt1s Znt1
Ant1(w) + Bngi(w)¢

Cr1(w) + Dpga (w)¢’

with
Ans1(w) == Ap(@)C1(Tnt1,Ynt1, 2nt1) — Brl@) A1 (Tnt1, Ynt1s 2nt1),
Bn+1(w) = An(w)D1($n+17 Yn+1, ZnJrl) - Bn(~>B1 ($n+17 Yn+1, ZnJrl)v
CnJrl(W) = Cn(~ )Cl (anrla Yn+1, ZnJrl) - Dn(@)A1($n+17 Yn+1, Zn+1)7
Dpi1(w) := Cn(@)D1(Tnt1,Ynt1, Znt1) — Dn(@)B1(Tng1, Yns1s Zns1)-

Finally since ©g,.1.yni1,2000 15 @ contraction by Lemma 2.2, we have that
¢$n+17yn+172n+1 (C) € H a‘nd

Cn+1(w) + Dn+1(w)C = (Cn(d}) + Dn(dj)wwn+layn+l7zn+l (C))
X (Cl (-Tn-i-h Yn+1, Zn+1) + Dy (xn—&-la Yn+1, Zn+1)§) 7é 0,

by induction. This finishes the proof. ]

3. MAIN RESULTS

In this paper, we study a Jacobi-like version of Dr(f’ ) +V, given V = (V,1h)t €
(G, R?) and W = (Wq, Wa)t € £°°(G, C?), where G € {Z,Z}. Let

+V d
3.1 H® ™1
( ) m,V,W d* —m 4+ ‘/2 )

where d := d + Wy + War with 7f(n) := f(n+1) and d = Id — 7. Its study is motivated
by the fact that it is an intermediate model before the study of discrete Dirac operator
in weighted spaces, which would be the treated in another place. The perturbation in W;
is a magnetic/Witten-like perturbation. When the perturbation is purely magnetic, one
could simply gauge away the W. However, in some situations, even if one could remove
the magnetic perturbation, it is sometimes important to be able to lead the analysis till
its very end in order to be able to choose the best [sequence of] gauge[s]. Having W;
real is motivated by the fact that this corresponds to a discrete relativistic analog of the
Witten Laplacian.
We start with the main result on Z. It will be proved in Section 5.1.

Theorem 3.1. Take V € ¢°(Z,,R?) and W € (*°(Z,C?) with
(3.2) lim V(n) = lim W(n) =0,

n—oo n— oo
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then Uess(H,,(f}?W) = [—\/mZ +4, —m] U [m, vVm?2 +4|. Assuming also that there exist
vi,v2 € Z4 \ {0} such that
Wi(n) # -1 and Ws(n) #1, forallne€Zy;,
V-1V e MZ,,R?) and W —71v2W € (Y(Z,,C?),

then the spectrum of Hg},?w is purely absolutely continuous on (— m?2 + 4, —m) U

(m,vVm? +4).
We discuss briefly the necessity of the first line of (3.3).

Remark 3.2. Assume that there is ng such that Wi(ng+1) = —1 and Wa(ng+1) =1,

then the operator is a direct sum of Hf?}’;}}) and of a finite matriz. Therefore, it is easy

to construct embedded eigenvalues for this operator and this is an obstruction for the
result of the theorem. For instance suppose that Wi(k) = Wa(k) = 0 for all k # ng and
Vi = Vo = 0. Recalling that in a finite dimensional Hilbert space X the spectra of M N

- ) \?
and of NM are equal, for M, N € B(X), we have that the point spectrum of (Hm,g,W)
is exactly the one of

1 -1 0o ... 0 0

—1 2 -1 ... 0 0

214 N 0 -1 2 ... 0 0
m

{12 mo} 0 0 : :

0 0 0o ... 2 -1

0 0 0o ... -1 1

Therefore the point spectrum of Hff Jafw is contained in

{j:\/m2 + 4sin?(kn/2n0),k =0,...,n0 — 1} with total multiplicity 2ng.

We turn to the case of Z, we have this important symmetry of charge

(2) _ _g@
(34) UHm,V,WU — Hm,(—SVg,—SVl)t,(SWhTSm)t )

where U is given by (1.1).
Theorem 3.3. Take V € (>°(Z,R?) and W € £>°(Z,C?) with
lim V(n)= ngrﬂlzlooW(n) =0,

n—4oo

then oess(Hg)V,W) = [—\/m2 + 4, —m] U [m7 m2 + 4]. Assuming also that there exists
v1,v9 € Zy \ {0} such that

Wiln) # =1 and Wsy(n)#1, forallneZ,

(3.5)

V‘Z+ - V‘Z+ < 61(Z+’R2) and VV\ZJr - TVQVV\ZJr € El(Z-h(Cz)v
or alternatively
(3.6) Vi, =V, €lYZ_,R*) and W, —7"W, €/l (Z_,C?),

then the spectrum of anz,)vvw is purely absolutely continuous on (—\/m2 +4, —m) U
(m, m2—|—4).

Remark 3.4. Note that the second line of (3.5) and (3.6) are equivalent by using the
transformation U .
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4. A LAPLACIAN-LIKE APPROACH

4.1. Another form for the resolvent. The objective is to reduce the analysis of the
operator H (@ ) v on ??(G, C?) to the one of two operators which are similar to a Lapla—
cian. Take \ € H, V = (Vi,Va)! € £°(G,R?), and W = (Wy,Wa)! € £°(G,C?), w

define
~ 1

(G) ._ T
Al,)\,V,W = dmd — ()\ —m — ‘/1)
and
G T 1 s

Note that to lighten the notation we have dropped the dependency on m. However we
keep the one in A\. We first check their invertibility.

Proposition 4.1. Let A€ H, V = (1, Vo)t € 1°(G,R?), and W = (W, Wa)t €
0>°(G,C?), then A1 v and A2 \vw are invertible.

Proof. Forb € B ((*(G,C)), X,Y € {*(G,R) and p € Hlet A, xy = b* (1 — X) o+
Y, then

(4.2) S(f, Aupxy f) = H| <0

for f € £2(G,C). With the Numerical Range Theorem (e.g., ([1], Lemma B.1)) we derive
that we have H C p(A4,4 x,v), the resolvent set of A, p x,y. Since

6) _ . G) _ -
Al,)\,V,W = A)\7d*,V2—m,V1+m —A and A2,>\,V,W = AA,d,v1+m,v2—m —A
6) 6) : :
we get Ay, and A,y i, are invertible. |

We give a kind of Schur’s Lemma, so as to compute the inverse of the Dirac operator,
see also [5], [1], and [10] for some applications in the continuous setting.

Proposition 4.2. Let A € H, V = (V1,V,)t € (2°(G,R?), and W = (W1,Wy)! €
(>°(G,C?). Then

_ (©) - 7
(H(G) _ )\) ! — (AL)\,V»W) ! G 0 N 1 d)\Jrrisz .
v 0 N R AP ==

Proof. We set (Hff:%,ﬁw — A\)f =g. This gives

1 ~
{Giopemiei — o h = goagmle-d)
dfi+(Va=A=m)fa = g2~ fa = ;(QQ_J*JCI) 7
Vo—A—

A= —tr (it (g —dp)

L viarm \ T S e

1 = 1 7 ’

f2 T p—C Vl—)\+m(gl f2)

_ 1 - = 1
d———d* — (A —m — = EST—
Am—V, A=m =1 ) 1 nt A+m—Vy

B T L1
&————d—(A+m—V; = d'—

Aot A1) ) Nomon e

Since AgG/\) v, and A2 Av,w are invertible, we obtain the result. O
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4.2. Study of the truncated operator. Note that in (4.1), if we forget about the
terms in A\, V', and W, we obtain a Laplacian on Z,. Moreover, motivated by the results
of Sections 5.1 and 5.2, it is enough to focus the analysis on the study of Ag)t %/’W.
Therefore, we stress that we will not study Af)t %/,W at all. In fact, the latter leads to
some technical complications and is less natural, i.e., it is not a direct analogue of the
Laplacian on Z, .

As in [7], we reduce the problem to Zj, for k € Z. We define the truncated operator
d=d(n) € B((*(Z,,C)) by

d = d -|— W1 + WQT.
Now we define AV, . € B ((3(Z,,C)) by
1 -

———d— (A —Va, ).
)\_m_Vllzn ( +m 2‘Zn)

Again to lighten notation, we drop the dependency in m. We point out that

(0) _ AZy)
A)\,V,W = AQ,)tV,W'

(n) o
AA,V,W =d

Proposition 4.3. Let A € H, V = (V1,Vo)! € £>°(Z4,R?), and W = (W, Wa)t €
(>°(Z,C?), then Ag:l‘)/)w is invertible for alln € Z .

Proof. This is essentially the same proof as for Proposition 4.1. (|

We study the related Green function

Qp 1= <5n, (Ag:l‘)/,w)_l 5n> )

where d,(m) := 1 if and only if n = m and 0 otherwise. The objective is to bound ag
independently of A\. We give the first property of «,,.

Proposition 4.4. Take A € H, V € (*°(Z,,R?), and W € £>°(Z,,C?) then

ap = <5n, (A&’f‘),’w>7l 5n> cH

forallneZ,.
Proof. We have

1 F(am )7
x _ Cx
\S(Oén) - ‘S()‘) (H |>\ —m— Vvl\zn | d (A)\,V,W> 6”1

—1
So $(ay,) > 0 because A € H and (Ag\”‘),w) On # 0. O

We follow the strategy of [7] and express a;, with the help of a;,41. The aim is to use
a fixed point argument in order to recover some bounds on ag.
Proposition 4.5. Take A € H, V € (*(Z,R?), W € (>*(Z,C?) with W1 (k) # —1 for
allk € Zy, and n € Z,. By selting
-1
(%) 1= Pabmen(?) = = (an = bu+ea)™!)
an =X+ m—Va(n) € H,

(4.3) by = (A —m—Vi(n))|1+Wyi(n)|? € H,
1= Wan)
Cp = ‘1—|—VV1(7’7,) € R+,

we obtain ay, = Py (y41)-
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Proof. We define in ¢?(Z,,,C) and in ¢?(Z,41,C)

fi= (Agf‘)/’w)il 0, and g¢:= (A&n‘t%)% Ontts

respectively. Clearly «,, = f(n) and ap41 = g(n + 1). By definition f is the unique
solution in ¢?(Z,, C) of Ag\r’l‘)ﬂwf =0, ie.,

1+ Wy(k)
pp———7S) (L +Wa(k) f(k) + (=1 + Wa(k))f(k+ 1))
(4.4) 1—Wa(k—1)

N ik — 1) (1= Wa(k —1))f(k)
H(=1=Wi(k = 1) f(k—1)) = (A+m—Va(k))f(k) =0
forall k >n+1 and

1+ Wi(n)
(4.5) A—m—Wi(n) (L +Wi(n))f(n)

F(=1 4 Wa(n) f(n+1)) = (A +m = Va(n)) f(n) = 1.
We see that f), s solution of (4.4) for all k > n + 2 and

) i:lm_/l‘(/?é i)l) (1+ Wa(n+ 1) f(n+1)

(=1 +Wa(n+1))f(n+2)) = (A+m—=Va(n+1))f(n+1)

= B (1 Wa ) 0) + (-1 e+ ).
So we obtain that
Ag‘ﬁt’%ﬂ""“ - )m (L+Wi(n)f(n) + (=14 Wa(n))f(n+1)) i1

1
Because Ag\n;w),g = 0p4+1 We have

1 — Ws(n)

3w v (WD) £ (S Wa(n) f(n + 1) NG

(n+1)
AA,V,Wflzm

But AE\"‘J;%/I), is invertible, so

Fioris = 5 A (L W) 0) + (14 Wa() (0 + 1)
Note that
Fn 1) = 5 s (14 WA )+ (=1 Walo) £ + D) gl -+ 1)

Straightforwardly, using (4.5) we conclude that o, = f(n)=®,(g(n+1)) =P, (nt1). O

4.3. An iterative process. The key to the process relies on the fact that ®,, is a strict
contraction.

Proposition 4.6. Given A € H, n € Zy, V € £*°(Zy,C?), and W € (°°(Z,C?) with
Wi(n) # —1 and Wa(n) # 1. Then ®,, is a strict contraction. More precisely, we have
1

4. di (P (21), Pp(22)) < 2
(4.6) (®n(21), P )><1+(S(A)) (L4 [Will)

) dH (Zla ZQ)
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for all z1,z0 € H and n € Z,.. Moreover we obtain

(0 W) + SO0 (A +m + Vall.0))
SO

di (P (21), Pn(22)) <

forall z1,z0 e H and n € Z.

Proof. Using Lemma 2.2, we obtain that ®, = ¢q, b,.c, 18 a strict contraction. More
precisely, we get
1
dy (P, (21), Pr(z < —————dy (21,2
8 (B(2), 00(22)) < Trgyag e (20 )

1
< d 21722
S T O (1t W) 2 )

for all z1, 29 € H, and

o (B o1, 8, (o) < [ T 1 SN CRILANEE N (M +m 4 Vall.))
R O SO

for all z1, z9 € H. O

Now we have an asymptotic property. That is an analogue of ([7], Theorem 2.3). It
relies strongly on the fact that ®,, is a strict contraction.

Corollary 4.7. Take V € (*°(Zy,R?), and W € (>°(Zy,C?) with Wy(n) # —1 and
Wo(n) # 1 for alln € Z. Then for all X € H and ((,)n € HZ+ we have

dg—lim ®po---o0 (I)n(gn) = Qo,
n—oo
i.e., lim, o0 dg(Pgo--- 0D, (), 0) = 0.

Proof. With Proposition 4.4, for all n € Z we have a,, € H. With Proposition 4.6 there
exist d € (0,1) and 1 > 0 such that

du ((I)n(zl)a (I)n(ZQ)) < min (6dH (Z17 ZQ) 777)

for all n € Z, and 21,25 € H. So, using that a,, = ®,(a,+1) for all n € Z,, we obtain
that for n € Z

dig (Poo---0Py(Cn);) =du (Poo---0Py(Gn),Poo--- 0 Pp(atnt1))
< d"dy (©n(<n)> (bn(an-i-l)) <nd".
Therefore, dg-im, o Pgo -0 P, (¢n) = ap. O

From now on, set
V=1V V3.
Now unlike in ([7], Lemma 4.5) or in ([8], Proposition 3.4) we shall not rely directly on
a fixed point of &, but on one of &, 0---0®,,,, 1. The proof is unfortunately more
complicated but the improvement is real as we can treat potentials satisfying V —7"1V €
¢, Recall that with the approach of [7], one covers only the case v = 1. We localize in

energy and introduce
(47) Kzl’xz,g = (.%‘1,.’132) +i(078).

Proposition 4.8. Take x € (—\/m2 + 4, —m) U (m, Vm?2 —l—4), v € Zy \ {0}, and
assume that (3.2) and (3.3) hold true, then there exist x1,x2 € R such that x € (x1,x2)
and My,e > 0 so that

-1
dsz (00, 1) = dag (<50, (A@V)W) 50> ,i) <M



ON THE A.C. SPECTRUM OF THE 1D DISCRETE DIRAC OPERATOR 263

for all A € Ky, 2, . In particular there exists Mo > 0 such that
-1
(6o, (%50 w) o)

Proof. Using Lemma 2.4, there exist some polynomials A, By, By,C € R[Xq,..., X3,]
such that

< M

forall A € Ky, 2, c-

¢,0---0 (I)nJrV*l(z) = Pan,bu,en © % Panty_1,bntv—1,Cntr—1 (Z)
_ C(wnn) + Ba2(wn,n)z
Bi(wnx) + A(wn 2 )z

for all A € H and n € Z,, where

Wn,A = (ana bna Cnyevoeoy Ontv—1, bn+y—17 Cn+u—1>;
and where By (w) + A(w)z # 0 for all w € (cl(H)? x R% ) and =z € H.
We now work in a neighborhood of z. First notice that the fixed points of @z 4m z—m,1
are given by

x—m 1 r—m
4. — + —i 4 2 — x2).
(4.8) 5 21\/x+m( +m?2 — x2)

Then
O(Woo,x) + By (woo,x)'

_ O ... O _ —_ —
Pr+m,x—m,1 Pr+m,x—m,1 B, (Woo,z) T A(Woo,z)' s
v times
where weo o == (x+m,z—m,1,...,x+m,x—m,1), has at least (4.8) as fixed points. As

it is a homography it has exactly at most two fixed points. Note also that A(wee,) # 0,
because there are two different fixed points.
Now we would like to study the fixed points of

 C(w) + Ba(w)z

Bi(w) + A(w)z
with respect to z, for w being in a neighborhood of ws, ;. As the Inverse Function
Theorem does not seem to apply we rely on a direct approach. Since A is continuous,

there exists a neighborhood € of w » such that A(w) # 0 for all w € ;. We define on
91

(4.9) z@y:_BW0+3M”+H¢yﬂ@_<3dw+me>7

R(w, z) :=

2A(w) 2\ Aw) Aw)

where we have chosen the square root in order to guarantee that

. %Ow (B +Bz(w)>2 -

Aw) Aw) -
for all w € 5. A direct computation gives that Z(w) is a fixed point of R(w,-) on ;.
Since A, Bi, and By are polynomials with real coefficients, we infer that (2 (weo,»)) > 0,

by the choice of the square root. On the other hand Z(we ;) belongs to (4.8). Therefore
we infer that

r—m 1, |Jz—m
4.1 Z(Wooz) = — —i 4 2 g2 H.
(.10 (mea) = =25 4 I 0 €

In particular, since A, By, Ba, and C are polynomials with real coefficients,

oz (M) -

4 (4+m*—2%) > 0.
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Therefore there exists a neighborhood Qs C Q; of we ;. such that
Cw) (Biw)+Bw))’
4 — R_ for all Q.
Aw) < Aw) ¢ orall wel

We infer that we can take the principal value of the square root in the definition of (4.9)
when w € Q3. In particular, Z € C*°({22,C). Hence, recalling (4.10), there exists a
compact neighborhood €23 C Q3 of ws  and 01, My > 0 such that

$(Z(w))>m and |Z(w)| < M

for all w € Q3. Now there exist z1,z2 € R, ¢ > 0, and ng € Z4 such that z € (x1,x2)
and wy, \ € Q3, for all A € K, 4, and n > ng. We define now

2n(A) = Z(wp )
for all A € Ky, 2, and n > ng. Notice that
(4.11) S(zn(A)) > n1 and |z, ()| < M,
for all A € K, 2, and n > ng. Moreover, by definition of Z we have
(4.12) D001, 1(2,(N) = 2, ()
for all A € K, 2, and n > ng. Next, there is M > 0 such that
(lak — arpto| + 16k — brgv| + [k — Chyol)
< My (|V(R) = V(E+ )l + [W(E) = W(k+v)l)

for all A € Ky, 2, and k € Zy. Now since Z is C*(Q23,C) and Q3 is compact, there
exists a Lipschitz constant M3 > 0 such that

|2n40(A) — 20 (A)] < M3Hwn+v,>\ — wn |l
< M3 (|an+v(N) = an(N)] + [bntr(A) = b (M) + [entn () = en(A)] + -+
+|an+21/—1(/\) - an+u—1( )| + ‘bn+2v 1(>‘) - n+u—1()‘)|

13 oo 1) = ene 1 (V)
< MyM; Z (IVin+k+v)=Vn+E)|+[Wn+k+v)-Wn+E)|)
k=0

for all A € K, 2, and n > ng. By Corollary 4.7, for all A € K, , ., we have

dH(17 Oé(]) = nh_)néo dH(la (I)(] O---0 (Dn0+u(n+1)—1(zno+un()\)))

no+rv—3
< Tim (dH (i, o i) Z dg(Pg 0+ 0 Dy(i), Do o0 Bpyy (i)

+ dH(cI)O O0---0 (bnoJrV 2( ) cI)Ci ©:---0 (bnoJrV*l(zno))

+ ) da(®g o0 Py (1)1 (Zng k), Po

O:-+0 ‘I)no+u(k+2)fl(zn0+u(k+1))))
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no+rv—2
(4.14) < Y duli, Pk(d) + dii, Prpgv—1(2ny))
k=0
+ Z du(2no+vk> (pno+u(k+1) ©---0 (Dno+u(k+2)—1(Zn0+u(k+1)))
k>0
no+r—2
(4.15) = Z di (i, @x (1) + du (i, Prg+v—1(2n,)) + Z dia(Zno+vks Zno+V(k+1))
k=0 k>0
no+rv—2
(416) < > du(i, () + dis(i, Prgro1(2n,))
k=0

|an+Vk? - Zn0+u(k+1) ’

750 (3Caorri)"? (SCng1ohrn))

/2"

Here in (4.14) we have used the fact that ®, is a contraction, in (4.15) we exploited
(4.12), and in (4.16) we relied on (2.2).
Coming back to (4.3), one finds easily My, n4 > 0 such that

max (|an|, |bn]) < My and  my < ¢, < My
for all A € K, 4, and for all n € Z,. Then, Lemma 2.3 ensures that

(My + My|z|)? N 1) (Mylz| + My) (My + (naS(2)) 1)

71 (2) N1 (2)

(417) (@, (2),) < (

for all z € H, A € Ky, 4,6, and n € Z4. Finally combining (4.16) and estimates (4.11),
(4.13), and (4.17), we infer

2M,)? 2My (My +ny
dr(ag,i) < (ng+v —1) <(4)+1) 4( 4T Ty )
N4 V14
<(M4 + My M)? > (MyMy + My) (M4 + (’74771)71)
—+1
Nam V1am
Mo M.
+ % IV =7"ViL + W = 7"W1)
1
for all A € K, 4,.. The second point comes by recalling that A&?%/’W = A(Q’Z;’%/,W. (|

5. THE ABSOLUTELY CONTINUOUS SPECTRUM

We recall the following standard result, e.g., ([16], Theorem XIII.19).

Theorem 5.1. Let H be a self-adjoint operator of H, let (x1,x2) be an interval and
f € H. Suppose

(5.1) limsup sup |{f,(H — (z +ie)) " f)| < 400,
el0t  z€(z1,22)

then the measure (f,1.)(H)f) is purely absolutely continuous w.r.t. the Lebesgue measure
on (x1,x2).

5.1. The case of Z. In the previous section we have estimated the resolvent of A;Z;’ %/ we

Keeping in mind Proposition 4.2, we explain how to transfer the result to Hff J{,)W. We
start by reducing the study to a unique vector.
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Lemma 5.2. Given A C C\R bounded, V € (*(Z,,R?), and W € (>(Z,,C?) with
Wi(n) # =1 and Wa(n) # 1 for alln € Z. Suppose that there exists C; > 0 such that

(2o (1))

for all X € A. Then for all x1,y1,22,y2 € C and ny,ny € Z4 there exists Cy > 0 such

that )
1 (Z+) ) T2 <
‘<< Y1 )5"1’(Hm’v’w A> ( Y2 >5">‘ =G

~N-1/0
o= (HSw = X) ( ; ) .
We have clearly

0= (9 ) (D =) " () ) o)

for all A € A. By definition, f is the unique solution in ¢2(Z,,C?) of

(m+Vi(n) = X) fi(n) + (1 + Wi(n)) fa(n)
o =1+ Wa(n)) fa(n+1) =0,
(I+Wi(n) fi(n) + (=1+Wa(n—1))fi(n—1)
+(=m+Va(n) — A) f2(n) =0

<Cy

for all X € A.
Proof. Let

<Gy

for all n > 1 and of
{ (m +Vi(0) = A)f1(0) + (1 + W1(0)) f2(0) + (=1 + W2(0)) f2(1) = 0,
(14 W1(0)) f1(0) + (—m + V2(0) — X) f2(0) = 1.
So by induction on n € Z; there exists D,, > 0 such that
|[fi(n)| < Dn
for all A € A and i € {1,2}. Therefore we obtain that

0 (Z) -1/l

((0) o (i =2 (57 ) o)
=[5 oo (=7 (1) )
= |22 f1(n2) + y2fa(n2)| < (|22| + |y2|) Dn, =: Co

for all A € A. Now let
(@) T 2
g = (Hm,V,W >‘) < Yo )57127

w4 5 (2 )

for all A € A. By definition, g is the unique solution in ¢?(Z, ,C?) of

(m+ Vi(n) = A)gi(n) + (1 + Wi(n))gz(n)
o o +(=1+ Wa(n))ga2(n + 1) = z20n,(n),
(1+ Wi(n))gi(n) + (=1 + Wa(n —1))g1(n — 1)
+(=m + Va(n) — A)g2(n) = y20,,(n)

we have
<O

for all n > 1 and of

{ (m + V1(0) = A)g1(0) + (1 + W1(0))g2(0) 4 (=1 4+ W2(0))g2(1) = 20n,(0),
(1+W1(0))g1(0) + (=m + V2(0) — A)g2(0) = 420, (0).
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So by induction for all n € Z, there exists D}, > 0 such that
l9i(n)| < Dy,
for all A € A and i € {1,2}. Therefore we obtain that

T @)\ [ 7?2
'<<y1>5”“<Hm’V’W A> (y2>5"2>

= |z191(n1) + y1g2(m)| < (Jz1| + |91]) Dy, =: Cs,
for all A € A. This concludes the proof. O

We are now in position to conclude with our main result.

Proof of Theorem 8.1. Since D%Jr) — H,r(,f {/)W is compact, then Weyl Theorem gives the

first point. We prove the second one. Take z € (—vm? +4,—m) U (m,vVm? +4). By
Propositions 4.2 and 4.8 we have that there exists £,C > 0 and z1,x2 € R such that
x € (x1,22) and

O ) (=) () ) = [ it i) <

for all A € K, 4,,.. Then Theorem 5.1 and Lemma 5.2 conclude by density. g

5.2. The case of Z. Now we express Ag@,v,w with the help of Ag\o)

Lemma 5.3. Take A\ € H, V € (*(Z,R?), W € (>*(Z,C?) with W1(0) # —1 and
Wa(—1) # 1. Set
D21, 29) = — (a —(b4cz) = (b + C/ZQ)_l)il,
a:=XA+m—V5(0) € H,
b:=(A—m—Vi(0)|1+ Wy (0)|* €H,
Vi=(A—m—Vi(=1)]1 = Wy(-1)|"2 € H,

1—Wy(0)]? 1+ Wi(-1)?

— 7200 — 2 eR*,
1+ Wy(0) 1— Wa(-1) +

ery, ¢ ::‘

¢ ‘
we have
<50> (Az A, VW >

AO
<507 A (TV (TW)\Z+ 5O> )

o
[

X (r28V1,mSVe), (T—Tzsw%—fzswl)‘tz 50>>'
+

Proof. We define

-1
0)
ANV, W), ) 0o and
+ +

—1
. (0)
h = (A)\,(Tstl,TSVQ)t ,(77T25W2,7TQSW1)T 60'
z, Zy

s
Il
S
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Clearly
-1
(30, (A% ) " 0) = f10)
(0) -
<6O7A)\,(TV)Z ’(TW)\Z 60> _9(0)7
+ +

(0) _
<6O’ A)\,(‘r?’SV1,‘rS’Vg)‘tZ (T—T2SWo,—12SW1)! 5O> - h(O)
+

lz

By definition f is the unique solution in ¢?(Z,C) of Aé,zi,v,w = dy, i.e.,

1+ Wi(n)
m)i((l +Wi(n))f(n) + (=14 Wa(n)) f(n+1))
. + LWl =D (w0 — 1) f() + (<1 - Wiln— 1) f(n— 1)

A—m—Vi(n—1)
— (A +m—=Va(n))f(n) = do(n)

for all n € Z. Let f':= (7f),. , we see that f’ is solution of

|z,

1+ Wi(n+1) / /
A—m—Vi(n+1) (L4+Wi(n+1)f'(n) + (=1 +Wa(n+1))f' (n+1))
1 — Wa(n) , )
X—m—Vi(n) (1= Wa(n)f'(n) + (=1 = Wi(n))f'(n — 1))

—A+m—Va(n+1))f'(n)=0

for all n >1 and

% (14 Wi (D) F/(0) + (=1 + Wa(1) /(1)) = (A +m — Va(1))£'(0)
_ % (14 W3 (0)) £(0) + (=1 4 W5 (0)) £(1)) -
So we obtain that
,  1=T(0)
v o, = 5 gy (VO S0+ (0 )
Aiwi?&%D@1+MG@Dﬂ®4(1+W6@»fﬂDA$LVM#hWM+9

Since AE\?ETV)‘ (W), is invertible, we get
(5.3) % (14 W1(0)) £(0) + (~1 + Wa(0))£(1)) 9(0) = £'(0) = F(1).
Now let f” := (TSf)|Z+. We see that f is solution of

Y 1;W1x(/1_(n; 1)1) (L +Wi(=n=D)f"(n) + (=1 + Wa(=n —1))f"(n - 1))

Y gy (0 Waln =201

+ (1= Wi(=n=2)f"(n+1)) = A+ m = Va(=n —1))f"(n) = 0
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for all n > 1 and

(- W) 0+ (1= W2 ()
— (A m = Va(~D)F(0)
= B (- Wa-1)f0)+ (-1 - W) ).
By setting A := A(A%z SV, (r—riSWariswaf obtain
A" = Y (1= Wa-D)M(0) + (-1 Wi (- 1) (1) g
= D (1= W 1))+ (-1~ W= 1)f (1) B,

Since A is invertible, we infer
1+Wl(_1) e o
m((1—W2(—1))f(0)+(—1—W1(—1))f(—1))h(O)—f (0)=f(=1).

Straightforwardly, using (5.2) for n = 0, (5.3) and (5.4) we have that f(0) = ®(g(0), h(0)).
O

(5.4)

-1
Now with this Lemma we can obtain that <5O, (A(QZ/Q VW) §0> is bounded inde-
pendently of A with the Proposition 4.8.

Corollary 5.4. Take x € (f\/m2 + 4, fm) U (m, Vm?2 +4), V € (°(Z,R?), and W €
0°(Z,C?%) with Wi(n) # —1 and Wa(n) # 1, for all n € Z. Suppose that there exists
v € Z \ {0} such that (3.5) or (3.6) holds true. Then there exist C,e > 0 and 21,22 € R

such that x € (x1,22) and
—1
(o st 0

forall N € Ky, 4, .c.
Proof. Let

. (0)
ay = ( 0o, AA,(TV), (FW), do ) € H,
lz lz

I (0)
A= <6O’A)\,(T2SV1,TSV2) (T—T28Wa,—725W1)}, 50> € H.
+ +

iz
With Lemma 5.3 we have

‘<50, (Aé,zi,v,w> - 50>

_1‘*1

= ‘a — (b4 can) " = (b + )

< min ((S (— b+ ca/\)ﬂ))—l 7 (g (_ (b + c’a’/\)—l))ﬂ) .

Now if Vi, — 7"V, W, —7"W, € 0*(Z4,C?) with Proposition 4.8 there exist
Cy,e > 0 and z1, 22 € R such that = € (z1,22) and dg(ax,i) < Cy for all A € Ky 4,
so there exists Cy > 0 such that

ety <o
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. 1 2 . .
for all A € Ky, 2, Now if V|, — 71V, W), —7"2W,, € ¢(Z_,C?) with Proposi-

tion 4.8 there exist Cq,¢ > 0 and 21,2 € R such that « € (z1,22) and dy(a)y,i) < C4
for all A € K, 4, ., so there exists Cy > 0 such that

(i (888e) )| = (0 (-0 ™)) " <
for all A € Ky, y e D

Finally we conclude with the help of the symmetry of charge.

Proof of Theorem 8.3. Since D%) — Hg,)v,w is compact, then Weyl Theorem gives the
first point. We turn to the second one. Let n € Z, let x € (—\/m2 + 4, —m) U

(m, m?2 —|—4). Proposition 4.2 and Corollary 5.4 ensure that there exist 1,C7 > 0
and z1,z2 € R such that « € (z1,22) and

() (™ (3))
(0 )8 () (9 ) )

= ‘<507 (Aé%;,TW’V,T"W)7150>’ <Ci

for all A € K, z5.¢,- Then, Theorem 5.1 yields that the measure

(o (1))

is purely absolutely continuous on (z1,z2). Now we use U, see (3.4). Let
V' i= (=ST"Vo, —ST"V1)"  and W' = (ST, ST"_lm)t,

there exist €5,Co > 0 and 3, x4 € R such that x € (z3,24) and

() =" (1))
:<<3)%4mamﬂw—&4(é)%ﬂ
(8 ) ) ()

= (0. A5 ) 0] < €

for all A € K, 2,.¢,- Again Theorem 5.1 gives that the measure

(5 ) o1 (4 )o)

is purely absolutely continuous (z3, z4). Finally, remembering that x is arbitrary and by
an argument of density, we infer that Hff}?w has pure ac spectrum (—\/ m2 + 4, —m) U
(m,vVm? +4). O
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6. THE CASE OF THE LAPLACIAN

In this section we explain briefly how to adapt our proofs in order to prove Theorem
1.1. For the sake of clarity, we stick to the case A + V and compare our proof directly
to [7].

We start by the case of Z .

Theorem 6.1. Take V € (*°(Z1,R) and T € Z; such that

limn_)+oo V(n) = 0,
(6.1)
V -V e (M(Zy,R),

then the spectrum of A+ V is purely absolutely continuous on (0,4).

Apart from Proposition 6.3, our presentation is very close to the one of [7]. We start
with the truncated case. Set

= <5n, (A<n> +V, — A)_l 5n> cH,

where A is the Laplacian on Z,, see (2.1). As in Proposition 4.5 we have a, =
D, (ap41) with

Qn(2) == a_vmy1,1(2) = — <>‘ = V(n) -1+ Z)il)_l '

Note that @, is a contraction of H. However, unlike in Proposition 4.6, this is not a strict
contraction. However, ®,, o &, is a strict contraction, see also ([7], Proposition 2.1).
This infers

Proposition 6.2. Take V € (>(Z,,R), then for all X\ € H and ((,)n € H*+ we have

dg—lim ®po---0P,(¢,) = ap.
n—oo
Proof. See the proof of Corollary 4.7 and ([7], Theorem 2.3). |

Now unlike in ([7], Lemma 4.5) or in ([8], Proposition 3.4) but as in Proposition 4.8
we use the fixed point of &, 0---0®,,,, 1. We obtain

Proposition 6.3. Takexz € (0,4), V € £{°(Z+,R), andv € Z \{0} withlim, . V(n) =
0 and V — vV € (1(Zy,R). Then there exist 1,22 € R such that v € (x1,22) and
My, e >0 so that

dH (a07i) S Ml
forall A € Ky, 2, c-

Recall that K, s, - is defined in (4.7).

Proof. This is the same proof as in Proposition 4.8. We study the fixed points of ®,, o
-+-0®,, in a neighborhood of

Woo,z = (x,1,1,...,2,1,1).

The fixed points of ¢, 1,1 are

The rest remains the same. O
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Finally Theorem 5.1 concludes the proof of Theorem 6.1.
We turn to the case of the line. As in Lemma 5.3, we reduce the problem to the case

of Z+

where

because
’<5°’ (4 +v - A>_1 50> == VO - (1 +a) = (1+a5) )7
1
=S ran )

ay = <51, (A(Zl) + Vi, — )\)_1 51> c H,

-1
o = <5_1, <A(’Zl) VL, - A) 5_1> cH

with A1) and A(=%1) the Laplacian on Z; and —Z; respectively. This gives Theorem 1.1.
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