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EXISTENCE THEOREMS OF THE w-LIMIT STATES FOR CONFLICT
DYNAMICAL SYSTEMS

VOLODYMYR KOSHMANENKO

ABSTRACT. We introduce a notion of the conflict dynamical system in terms of
probability measures, study the behavior of trajectories of such systems, and prove
the existence theorems of the w-limit states.

1. INTRODUCTION

The notion of a conflict dynamical system takes its beginning in [16, 17] and was used
in [18, 19] for construction of abstract models describing the behavior of complex systems
with internal conflict interactions. In fact a big collection of dynamical systems with the
conflict phenomenon have been investigated by a number of authors both on abstract
level (see, for example, [15, 27, 28]) and in various applications [3, 7, 11, 24, 14, 23] (see
also [9, 10, 26] and references therein). The mostly known dynamical system with various
variants of conflict interactions are named as the pray-predator model. Its study has a
long and rich history (for more details see, for example, [10, 26]). In the mathematical
setting this model is described by a system of Lotka—Volttera equations.

In our approach presented in a series of publications [1, 2, 6, 16, 17, 18, 19, 20] we
pass to the probability interpretation of the conflict interaction for complex dynamical
systems with arbitrary many regions. We assume that opposite sides of a conflict are
alternative and non-annihilating. Our main result states the existence of a limit fixed
point (a limit compromise, equilibrium state) for each trajectory of the system.

The simplest version of our model of the conflict dynamical system may be written
in terms of coordinates of the stochastic vectors p,r € Ri, d > 2, corresponding to the
opponent sides:

%Pi =pi© — 7, %Ti =r®—7, i=1,...,d,
where © = O(t) describes a power of conflict interaction and 7; corresponds to the local
confrontation. In the standard sample we set 6 = (p,r) be the inner product between
vectors p,r, and 7; = p;r;. Then it was proved in [16, 17] that each trajectory {p(t),r(t)}
starting with any couple of stochastic vectors {p,r} converges with ¢ — oo to an w-limit
fixed point {p>°,r>°}. That is, the limit state {p>°,r>°} is a compromise in the sense
that p> L r°°. This state is uniquely determined by the starting couple {p,r} and has
an explicit representation in its terms. In the subsequent publications [12, 18, 19, 21, 22]
we generalized our construction to the cases of piece-wise uniformly distributed measures
and structural-similar, in particular, self-similar measures.

The problem of getting an appropriate general formulae of conflict interaction in terms
of arbitrary probability measures was open up to now.
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In this paper we propose a variant of the required formulae without any additional
restrictions on measures. The general structure of these formulae is actually the same
and, in the case of discrete time N =0,1,..., has the form

pn+1(A) = pn(A) + pn (A)On — v (4),
vn+1(A) = vn(A) + vn(A)On — v (A),

where we omit a normalization denominator and where A stands for a measurable subset.
It is important to make the right choice of forms for a power of the global conflict
interaction Oy = ©(uy, vn) and for the local confrontation 7 (A).

In the present paper we find general appropriate requirements on © and 7 which allows
us to prove the existence theorems for w-limit points for trajectories starting with any
couple of probability measures i, v. Besides we are able to describe the limiting measures
in terms of the Hahn-Jordan decomposition of the starting signed measure w = p — v.

To be more specific, let the evolution of the dynamical system in terms of measures
be governed by a nonlinear law of the conflict dynamic as follows:

d  pe-—-r7 d v — 71

at” > a2
(cf. with [7, 11]) where u, v denote an initial couple of probability measures on a compact
. Here © = O(p, v) is a positive quadratic form which fixes a so-called conflict exponent
of the global conflict interaction, the measure 7 = 7(u, ) has a sense of the occupation
exponent, and finally z stands for a normalization. Then our main result states the
existence of the fixed points pu™ = lim; oo p(t), v = lim; o v(t) which coincide
with normalized components of the classical Hanh—Jordan decomposition of the signed
measure w = p — vV = w4 — w_, i.e.,
o _ W+ o W

T T T @

2. NOTATIONS AND DEFINITIONS

Let € be some metric space and R be a og-algebra of Borel subsets of . And let A
be a fixed o-additive measure on R. One can think that 2 C R is compact and A is the
usual Lebesgue measure.

We denote by M(Q) the family of all o-additive finite signed measures on Q. The
subset of positive measures on Q we denote by M™¥(2). If 1 is probability then we write
p e M (Q).

Let us fix a couple of measures p, v € M (Q), p # v, and consider the signed measure
w:=p—v € M(Q), which we call sometimes a charge.

According to classical results of measure theory (see, for example, [29, 8]), each charge
w determines the Hahn decomposition of £ onto two subsets

(1) =, Jo., o )2-=0 0,09 €Rr,

such that

(2) w(A4) >0, VAL CQy; w(A_)<0, VA_CQ_, (A ,A_€R)
or, equivalently,

(3) WAL > v(Ay), pA ) <u(A), A CO., A CO..
Thus, one can define a new couple of positive measures on R setting

(4) wy=w [ Qp, w_=-w [ Q_

with w4 (Q-) = w_(24) = 0. Clearly the Hahn decomposition (1) is non-unique, if
there exists a nontrivial set Ay such that pu(Ag) = v(4g) = 0. However the measures
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w4, w—_ in (4) are uniquely defined and their sum provides the Jordan decomposition of
the signed measure w

Ww=w4 +w_.
In the sequel instead of wy,w_ we use the normalized probability measures
W4 w_

X L T e

We want to show that this couple of measures, uy,v_, appears in another natural way,
namely, as the w-limit state (a fixed point) of the conflict dynamical system. Before our
constructions we need in some definitions and preparations.

At first we introduce the conflict exponent ©® = O(u,v) for a couple of measures
w,v € Mf(Q) It is a non-negative real-valued function which characterizes the power
of the conflict interaction between u and v. There are several variants for definition of
O (see [2, 6]). Here we present one of them.

Assume the measures u, v are absolutely continuous with respect to A

H(A) = /,4 px) dNz), v(A) = /A o(x)d\z), AER,

where the densities p(x),o(x) > 0 are defined as the Radon—Nikodym derivatives of p, v
with respect to A. Then © may be defined as

6)  Ouv) = /Q Vop@)o (@) dA(z) = / (@) dA() = (9,9) 120, a)-

Here the positive functions o(r) = /p(z), ¥(z) = \/o(x) belong to L?(Q, d)\) since
obviously

(7) lellZ2(, any = 1(Q) =1=v(Q) = V)72, ar)-

Besides we introduce a notion of (local) occupation exponent 7. It is a suitable positive

measure, such that 7(A) < inf{u(A),v(A)}, A € R. Below we define

(8) T(A) =v(F)+ u(G), F,GeR,
where F', G are such that w(F') = supgc 4 w(F), —w(G)=suppc4(—w(F)). In fact,
9) T(A) =v(Ay) +p(As), ALy =ANnQ,y, A_=ANQ_.

In any case we suppose that
0<7(4)<1l, AeR.

In particular, the global meaning of the occupation exponent, W := 7(2), satisfies the
inequalities

(10) 0<W<1l, W:=7(Q) =v(Q4)+pu-).
We also recall a well-known notion of the total variation distance between p, v
(11) D = D(u,v) i= sup [u(A) — v(4)]
AER
It admits the representation by the densities p, o in the form
(12) D= 1/2/ [p(A) — a(A)|dA = 1/2/ [h(A)|dX, h=p—o0.
Q Q

Proposition 1.

(13) 1-D<©<1-D2
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Proof. Let H denotes the Hellinger distance [13] between pu, v

H = H(uv) = 5 ([ Vo =V Pan) " = ol = vl

Obviously

(14) HQ(IUWV):l*@(:U’?V)a
where we used (7). Besides we have
H? = / (A N[Pdx < 1/ [((A) =D (N))(p(A) + (M) dA
- /\ >>|dA—1/2/\,o )= ol dr =D,

Thus, by (14) we get H?> = 1 — © < D. That proves the left part of (13). Further,
according to (12),

—1/2/|90 Ml = 1/2(f.9)mss f=lo—t ] g=o+.

Now by the Cauchy—Schwarz inequality
D?* <14 flz,lglZ,=H*(1+0)=(1-0)1+6)=1-067
where we take into account that H? =1/2 f||7, and || g ||7,= 2+ 20. This proves the
right part of (13). O
Finally we define the local difference between p, v,
A(A) = A(p,v; A) = p(A) —v(4) =w(Ad), AeR.
Proposition 2.
(15) D= AQ)) = ~AQ) = w(Q)) = ~w(@).
Proof. Due to (12) we have

D=3 [ o =atmar= [ e -t

= 3 [#00) @) —we ) 1@

Now using p(24) + p(Q-) =1 =v(Q4) + v(2-) we obtain
D= p(@,) ~ (@) = AQ) = (@)~ u(Q) = ~A(Q),

3. CDS IN TERMS OF MEASURES
Now we are ready to introduce in M7 () the non-commutative composition
B1=poXv, Vi =VX N,

which determines a rule of the conflict interactions between p, v and which we call the
law of conflict dynamic. We define

1

(16) pa(4) = L) (0 +1) — r(4),
(17) n(A) = %[V(A) (©@+1)—7(4), AeR

with 2 =0 4+ 1 — W where ©,W are given by (6) and (10) resp. Recall our assumption
that p,v are absolutely continuous with respect to A. By (16), (17) it follows that
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p1,v1 are also absolutely continuous and probability, i.e., u1,v1 € M7 (). The triple
{Q, MT (), %} we call the Conflict Dynamical System (CDS).

A consecutive iteration of the non-linear transformation % generates a trajectory of
CDS in terms of couples of probability measures

(18) {”N }i>{ HN+1 } N=01,...,

VN UN+1

where p® = p, ° = v and

v (4) = [ (4) @ +1) ~ 7 (4)],
(19) v
vn+1(A) = E[VN(A)(QN +1) —7n(4)], A€ER,
where, in according with (6), (9),
(20) ™(A) =vNn(AL) +pn(A-),
(21) ox = [ Vox@o @ diz)
and

N =0ONn+1=Wy, Wy =pun(Q-)+vn(Q4).

Here pn(z),0n(z) denote as above the Radon-Nikodym derivatives of pn, vy with re-
spect to A. Therefore

(22) On = /QSDN@WN(I) d\(z) = (N, VN) L2, dA)s

if we denote

en(x) =Vpn(2), Un(z)=+on(2)

We remark that CDS defined by (19) has two separate sets of fixed points. The first
set contains all couples of measures p,v € M (Q) which is identical, u = v. Then
© =1, D =0 and therefore uy = u = vy = v for all N. The second set is composed
by measures u,v € MT(Q) which are orthogonal, i L v. In the later case © =0, D =1
and it is easy to see that uy = p = vy = v too.

Theorem 1. Each trajectory (18) of the conflict dynamical system starting with a couple
of probability measures jig = ju,vp = v € M7 (Q) (1 #v) converges to the w-limit state
fhoo
Voo
(23) too(A) = lim pun(A), veo(A)= lim vy(A), AeR.
N—oc0 N—o00
That is the measures oo, Voo € MT(Q) coincide with the normalized components of the

Hanh-Jordan decomposition of the charge w = p—v (see (5)). It means that for each
AeR

20 “”(A):Mw:w(fl), VOO(A):_(“—’/)(,#Q*)

where D stands for the total difference for an initial couple of measures p,v.

= v_(4),

Before proving of the theorem we state several propositions.
Naturally we assume that the measures u, v are not orthogonal. Then clearly

0<7(Q)=W=pQ-)+r(Q4) <1, 0<O<I.
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Proposition 3. Assume that for some A € R the local difference A(A) is strongly
positive, p(A) —v(A) > 0. Then the sequence An(A) = un(A) —vn(A) is monotonically
increasing

AN+1(A) > AN(A), N >0.

Proof. By (19)

Oy +1

since 0 < Wy < 1 for all N. O
Corollary 1. Under the same condition, u(A) — v(A) > 0, there exist the limit
A (A) = lim Ay(4) <1.
N —o00

In particular, for A = Q4 and for A = Q_ we obtain due to pu(Q2y) > v(24) and

w(Q-) < v(Q2-) the existence of the limits
A (Q4) = ]\}im An(Q4) <1, —Ax(2-) = lim —Ax(Q-) <1
—00

N—o00

Moreover it is easy to see that
Ap(4)=1=-Ar(Q-).
Proposition 4.
(25) pn () =1, pn(2-) =0, vn(Q4) =0, vn(Q-) =1, N — oo,
and therefore
(26) Wn =0, 78(Q) —0, N —oo.

Proof. By the Hahn-Jordan decomposition, pu(24) > v(24). Moreover, the similar
inequality pn(24) > vy (Q4) is true for all N since from (19) by induction we have

. Oy +1
(27) Ant1(Q24) = AN(Q+)m > An(924)
due to 0 < W =7n = pun(22) + va(Q4) < 1. Similarly,
1
pn+1(02-) = ;[NN(QJ(@N +1) — v (92-)]
_ Oy +1—7n(Q22)/un(022) . On

since 7 (2-) = pun(Q-) and 0 < Wy < 1. In the same way we find that vy1(Q4) <

vn(Q4). It follows that Wy decreases as N — oo. Therefore puy(Q-), vn(Q24) converge

to zero, and pun(2y), vN(Q-) converge to 1. So we prove the convergence of all terms

in (25). Now (25) implies (26). O

Proposition 5.

(28) Dyy1 > Dy

for all N.

Proof. Recall that by definition A(A) = A(u,v; A) = u(A) — v(A) = w(A). Therefore
An(Q4) = pn(Q4) —vn(Q4) =Dy, N 20.

Now the inequality (28) follows from (27). O

Proposition 6. There is at last a subsequence of time moments such that

(29) Onr <On, N">N'

Proof. By (28) and (25) Dy — 1. Therefore (29) follows from (13). O
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In what follows without lost of generality we assume that (29) is fulfilled for all N.

Proof of Theorem. Let A € Q4 V) _. In the general case we decompose each A onto the
union of Ay = ANQ4 and A = ANQ_ and take into account the additive property of
measures. So in what follows we shall consider A, and A_ separately.

Let A=A, CQy. Then p(44) > v(Ay).

If n(Ay) = v(Ay) #0, then un(Ay) = vy (A4) — 0 as N — oo. Indeed by induction
for all N > 0 we have

pn+1(A+) = v (Ag)

1
= E[VN(AH(@N +1) —7(Ap)] =vn(Ay)
On
= A —_—
vn ( +)@N+1_WN
since TN (A+) = vn(A4) and 0 < Wy < 1. Thus un(Ay) = vy(44) — 0, because of

s — 0 due to Wy — 0 by (26).

On +1—-7(Ay)/vn(Ay)
On+1-Wy

< MN(A+)7

Let now p(A4+) > v(Ay). Then from (19) it easily follows for all N > 0:
1 On +1
A Ay)=— Ay)—vn(A4)] = An(Ay) ————— > An(A
(30) v () = lun(Ar) = v (4] = Av(Ay) g =75 > An(44),

due to Wy > 0. It means that the difference Ay(A;) monotonically increases with
N — oo. Obviously this sequence is bounded, Ay (A4) < 1. Therefore it is convergent.
Thus there exist a limit

(31) As(AL) = lim An(Ay) <1,
N—o0

Further, by u(Ay) > v(A4) > 0 it follows that the relation Ry (A4) = un(A+)/vn(A4)
creates a monotonically increasing sequence, Ryy1(Ay) > Ry(A4). Indeed,

_bint1(Ay)  pn(A4)(On + 1 —vn(A4)/nn(Ay))

Ava) =0 @) = on(A)®n + 1) — valAy)
(32) (A O +1— v(A) /()
VN(A+)®N

— Ry(A )y = R(AL) kK1 -k,

where
_ 14+0n —vn(A4)/un(As)
= > 1,
On
since vy (A4) < pun(A4) and therefore vy (A4)/pun(Ay) < 1.
Let us show now that
(33) l<k<ki<---<ky<--

At first we observe that

kn

140 - (A u(Ay)

k
S}

> 1.

Therefore
Ri(Ay) > R(A4) > 1.
Let us show that at least k < k;. By construction we have
_14+61—n(Ay)/m(Ay)  O1+e
0, 0, ’
where e1 =1 —v1(A4) /1 (AL) =1 — (R1(A4)) 7! satisfies the inequality
(35) 1>¢>0.

(34) k1
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This implies
ki = 1—1—61/@1 > 1+E/@1 > 1+E/@: k,
where ¢ = 1—(R(A1))~!, and where we used the obvious inequalities 1 > € and ©; < ©.
By the way, the latter one follows from Proposition 5. Now (33) we get by induction.
Thus, we proved that Ry(Ay) — 0o, as N — oco. Then, with necessity vy (AL) — 0,
and for the sequence puy (A4 ) there exists a limit

poo(As) = lim pun(A+) = Aoo(Ay) >0,
—00
where we take into account that v (Ay) = 0.
In a similar way we prove that uy(A_) — 0 for each A_ C Q_, and that
Voo(A_) = lim vy(A_) = —-A(A_) > 0.
N—o00
We have to prove else that the limiting measures i, Voo coincide with puy,v_. To this

end consider a couple of subsets A1, Ay C Q4 such that w(A;) # 0 # w(Az). Then we
observe that thanks to (19), the ratio Ay (A;)/An(Az) does not depend on N. Indeed

Ay(Ay) (u(A1) —v(A1))(©+1)  A(Ay)

Ai(Az)  (u(A2) —v(A2))(©+1)  A(Ag)
And by the same construction,
A(41) _ An(A)
A(42)  An(Az)
So we can go to infinity and get for N — oo that
A(A1) _ Ax(Ar)

A(42)  Ax(A)
Further, due to peo(A+) = Ax(AL), we obtain

(A A(A
foo(A2)  A(Ag)
From (36) we conclude that the values oo (A4 ) for AL C Q. are proportional to A(Ay).
Therefore poo(Ay) = kuA(A4), where the coefficient &, is independent of A, C Q.

From this and due to supp pioo € Q4 and peo(Q4) = 1 we find
B = 1/AW©) = 1w ().

Thus

n(As) —v(Ay)
w(Ap)="—"—"——— = Ay), AL C Q.
foo (At) Wy (Q) pt(As) + +
Similarly, for By, Bo € Q_, w(B;1) # 0 # w(B3) we prove that

Voo(B1) _ A(B1)
37 =
o v(B) BB
and that v (B) = k, A(B), where the coefficient k, is independent of B C Q_. As above
we show that k, = —1/A(Q_) = —1/w_ (). Therefore

=v_(B), BCQ_.

This proves (24) since supp fhoo, supp i+ C Q4 and supp Ve, supp v— C Q_. By the same
reason the limiting measures pio, Voo compose the w-limit state. This concludes the proof
of the theorem. O
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4. ON AXIOMATIC APPROACH

In this section we study the conflict dynamical system in terms of abstract signed
measures:

(38) {wN} i) {LUN+1}, NZO,l,...

Here the starting point wg = w = u — v is given by a couple of various measures u,v €
MT(Q) The signed measures wy1 are defined as wy1 = pn+1 — VN1, Where the
measures pn1,”N+1 are constructed by an iterative procedure,

v 41 (A) = %ww (On +1) — 7w (A)),
(39)
I/N+1(A)=$[Z/N(A)(@N+1) —TN(A)], AeR.

In (39) we suppose that the measures 7 (A4) € MT(Q) are constructed as some linear
combination of py,vy. For instance,

TN(A)=c - [un(ANQ)+vn(ANQL)], ¢>0,

where Q_, Q, correspond to the Hahn decomposition of ) generated by w. In particular,
below for simplicity we put ¢ = 1. Thus, in what follows

(40) n(A) = pn(ANQ_) + un (AN Q).

Further, Oy in (39) is defined as O = O(wy,wn), where © is a strongly positive
quadratic form on M(2). Now by our assumptions it is easy to see that uV(A), vV (A)
in (39) are o—additive functions of A € R. Moreover, we require for uy,vy to be
probability measures. To ensure this condition it is sufficient to put

(41) ZN =On+1—-Wy, Wy := TN(Q).
In this section we will show that our main result is true without any additional specific

conditions on Oy and Ty.

Theorem 2. Each trajectory of the conflict dynamical system (38) starting with a signed
measure wy = w = p — v, where p,v € MF(Q), u # v, converges to the w-limit state
Woo = floo — Voo With oo, Veo € MT(Q). In addition,

(42) Moo = K45 Voo = V—,

where p4,v_ are the normalized components of the Hanh-Jordan decomposition of w.
Proof. Let wo(A) = p(A) —v(A) > 0 for some A € R. Then wyy1(A) > wy(A4) for all
N > 0. Indeed, by (39) we have

. Oy +1

CON+1-WN'

By the construction (see (40), (41)), the sequence W = 7(2) = pun(Q-) + vn(24)
satisfies the inequality 0 < Wy < 1. Thus, kxy > 1 for all N > 0. This proves that the

values wy (A) are monotonically increasing when N — co. Since wy(A) < 1, there exists
the limit

wN+1(A) :kNwN(A), kN

lim wy(4) =we(4), 0<ws(A) <1
N—o00

Consequently, we get ky — 1, and Wy — 0. That is, W, = 0.

In a similar way we prove the existence of the limiting values —1 < wq.(A4) < 0 for all
A € R such that w(A4) < 0.

In fact, there exist all limits
m vy(A) =ve(4), AeTR.

N ) = oo (), i
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To prove this we begin with A =Q, or A =Q_. So, by (39)

S}
(43) UN+1(Q4) = VN(Q+)m

where we used two facts: 7v(24) = vn(24) and 0 < Wy < 1. Let v (24) denotes
the limiting value of the decreasing sequence vy (). We assert that v (Q4) = 0
because the assumption v (21) > 0 leads to a contradiction. Indeed, in this case
the equality (_)wfliiwm = 1 have to take place due to (43). However it is impossible
since Wy, = 0. Therefore uy(Q_) converges to zero, i.e., uoo(2—) = 0. This implies
im0 N (24) = 1100 (£24) = 1 since all above measures are probability.

Similarly we get limpy 0o vn(Q24) = 0 and voo (Q-) = 1.

Let now Ay C Q4 and v(A;) > 0. Then as above by (39) we have

On +1-7n(As)/vn(Ay)

< VN(Q+)’

vn+1(A4) = vn(A4)

Oy +1-Wn
S}
= VN(AJr)m <wn(A4),

where we used that 75 (Ay) = vy (A4). This shows that the sequence vy (Ay) is mono-
tonically decreasing. So there exists the limiting value

voo(Ay) = Jim wy(Ay).

Obviously this value is zero since by construction v, is an additive function and we
already proved that v (€24) = 0. This implies that peo(At) = weo(A4) > 0 since now
w(A4) > 0 and weo(A+) = poo(A4) + Voo (Ay). Repeating the same way for A C Q_
with p(A_) > 0 we get oo (A—) = 0 and the existence voo(A_) = —w(A_) > 0.

In the general case we decompose each A € Rinto A=A, UA;, AL CQy, A CQ_
and use the additivity property.

If for Ay € R the equality u(Ag) = v(A4p) # 0 is fulfilled, then py(Ag) = vy (Ag) — 0
as N — oo. Indeed

pUn+1(Ao) = vn41(Ao) = %[VN<AO)<®N +1) — 7(Ao)]

@N‘FI*T(AQ)/I/N(A()) @N
= A = Ay) ——
VN( 0) Oy +1—-Wy VN( 0)®N+1_WN
since now TN(AO) = Z/N(AQ) = /,LN(AQ) Thus ,U/N(AO) = VN(AO) — 0.
Let w(A) #0, w(A’) # 0 for A, A’ € R. Then obviously for any N

< /’LN(AO)v

wn(4) _ w(4)
wn(4)  w(A)
and therefore
w(d) = we(A)

W(A)  weo(A)
This implies that wy = k - w with some k > 0. In particular, taking into account that
Voo (4) =0 = poo(2-) and w(24) = D = w(2_) we have
oo 24) = e R4) =1 = k() = k- D.
Thus k=1/D and forany A€ Rand Ay =ANN;, A_=ANQ_

o) = L85 — (), ()= A ),

O

Finally we remark, that proven theorem is valid for any strongly positive quadratic
form ©, so, it is possible that ©,, # 0.
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