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ON GENERALIZED RESOLVENTS AND CHARACTERISTIC
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ABSTRACT. We study general (not necessarily Hamiltonian) first-order symmetric
system Jy' — B(t)y = A(¢)f(¢) on an interval Z = [a,b) with the regular endpoint
a and singular endpoint b. It is assumed that the deficiency indices n+(Tmin) of
the corresponding minimal relation Ti,i, in LQA(I) satisty n— (Tmin) < 14 (Thin)-
We describe all generalized resolvents y = R(A)f, f € L2A (Z), of Tmin in terms
of boundary problems with A-depending boundary conditions imposed on regular
and singular boundary values of a function y at the endpoints a and b respectively.
We also parametrize all characteristic matrices Q(\) of the system immediately in
terms of boundary conditions. Such a parametrization is given both by the block
representation of Q(\) and by the formula similar to the well-known Krein formula
for resolvents. These results develop the Straus’ results on generalized resolvents and
characteristic matrices of differential operators.

1. INTRODUCTION

Let H and H be finite dimensional Hilbert spaces and let H := H @ H @ H. Denote
also by [H] the set of all linear operators in H. We study first-order symmetric systems
of differential equations defined on an interval Z = [a,b), —c0 < a < b < oo, with the
regular endpoint a and regular or singular endpoint b. Such a system is of the form [3, 13]

(1.1) Jy' = Bty =AM f(), teT,

where B(t) = B*(t) and A(t) > 0 are [H]-valued functions on Z and
0 0 —Iy R R

(1.2) J=10 iz O HeoH®H—-H®HDH.
Ig 0 0

With (1.1) one associates the homogeneous system

(1.3) Jy' — B(t)y = AMA(t)y, XeC.

We assume that system (1.1) is definite (see Definition 3.1). Recall also that system
(1.1) is called a Hamiltonian system if H = {0} and hence

(1.4) J<IO _éH>:H@HaH€BH.
H

A function-theoretic approach to systems (1.1) can be found in the works of Kogan
and Rofe-Beketov [18], Krall [19], Arov and Dym [2]. Another approach is based on the

extension theory of symmetric linear relations (see [4, 9, 10, 17, 20, 27] and references
therein). According to [17, 20, 27] the system (1.1) generates the minimal linear relation
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Timin and the maximal linear relation Thay in the Hilbert space L2 (Z) of all functions
() : T — H satisfying || f]|A = [(A®)f(t), f(t))mdt < oo. It turns out that T, is a
7

closed symmetric relation and Tihax = T3,
of Tinin satisfy dim H < ng (Tipin) < dim H.
According to [6, 9, 29] each generalized resolvent R(\) of Tinin admits the representa-

tion

(RA)f)(x) = /IYo(rm N(QA) + gsgn(t — ) )Y (6 NA®)f(t) dt,  f=f(-) € LAD).

Moreover, the deficiency indices ni(Timin)

Here Yy(+, A) is an [H]-valued operator solution of Eq. (1.3) satisfying ¢(a,A) = Iy and
Q(-) : C\R — [H] is a Nevanlinna operator function called a characteristic matrix of the
system (1.1) corresponding to R(A). By using the matrix Q(-) one constructs a spectral
function generating an eigenfunction expansion of the system (1.1) (see e.g. [10]).

A somewhat other approach in the theory of generalized resolvents of Ty, is based on
an application of boundary problems for the system (1.1). Namely, assume that (1.1) is
a Hamiltonian system and that Ty, has minimal deficiency indices ny (Tiin) = dim H.
Then for each A € C\ R there exists a unique operator solution v(¢t, \)(€ [H, H & H]) of
Eq. (1.3) such that v(-,\)h € LA (Z), h € H, and

(1.5) v(a, \) = <m(A)

i
Equality (1.5) defines a Nevanlinna operator function m(-) : C\ R — [H] called the
Titchmarsh-Weyl coefficient (see e.g. [16]). Moreover, the following holds: (1) for each
generalized resolvent R(A) of Tinin there exists a unique holomorphic operator function
Cy(-) : C\R — [H @ H, H] satistying

(1.6) ranC,(\) = H, dm\-C,(\)JC*(\) >0, C,(\)JC:(\) =0, Ae€C\R
and such that a function y(t) = (R(\)f)(t), f = f(-) € LX(Z), is an LZ%-solution of the
following boundary problem with A-depending boundary condition:

(1.7) Jy' = B(t)y = AA(t)y + A(t)f(t), teT,

(1.8) Co(Ny(a) =0, AeC\R.

>:H—>H€BH, AeC\R.

(2) The characteristic matrix (-) corresponding to R(\) is of the form

(m) = m) )+ mO) T m() — 1+ m(A)(rA) + m(3) !
(1.9) QW‘( —1 4 (7(A) + m(A) " Tm(N) —(7(\) + m(A) ! )

where 7(\) := ker Cy (), A € C\ R, is a Nevanlinna family of linear relations in H.

Statement (1) readily follows from the results of [11, 30], while statement (2) was
proved in [9] (for the Sturm-Liouville operator see [28]).

Note that the case ny (Timin) = n— (Tmin) > dim H is more complicated, because in this
case only one boundary condition (1.8) at the endpoint a is not sufficient for construction
of a spectral function of the system (1.1).

In the present paper we extend the above statements to general (not necessarily Hamil-
tonian) symmetric systems (1.1) with n_ (Tinin) < 14 (Tmin)- Our main result is a descrip-
tion of all generalized resolvents and characteristic matrices of such systems immediately
in terms of boundary conditions. We describe all characteristic matrices by analogy
with formula (1.9) and also by the formula similar to the well known Krein formula for
resolvents.

To simplify the presentation of our results we assume within this section that system
(1.1) satisfies 4 (Tmin) = N— (Tmin)- We show that in this case there exist a finite-
dimensional Hilbert space H; and a surjective linear mapping I'y : dom Ty, — H such
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that
[ya Z]b(: ltl%(Jy(t)a Z(t))) = (Jbrbyv sz)a Y,z € dom Tmax-

Here Hy = Hy @ H ® Hp and Jp is an operator in H given by

0 0 —Iy, N N
(1.10) Jp = 0 i]ﬁ 0 T Hy S HOHy > Ho ®HDH, .
Iy, 0 0 H, H,

In fact, 'y is a singular boundary value of a function y in the sense of [12, Chapter 13.2]
(for more details see Remark 3.5 in [1]).

Assume that Hp and I'y are fixed and let H = H @ Hao Hp. With each Nevanlinna
family of linear relations (in particular operators) 7 = 7(\) in H we associate a pair
of holomorphic operator functions C,(A) = Cr,(N)(€ [H, H]) and Cp(N) = C-p(N)(€
[Hp, H]) satisfying for all A € C\ R the relations (cf. (1.6))

(1.11) ran (Cy (), Cp(N)) = H,
(1.12) dImX - (Co(N)JTCG(N) = Co(N)SC(N) 20, Ca(N)JCZ(A) = Cy(N)JyCy (V).

We show that for each generalized resolvent R(A) of Tryin there exists a unique Nevanlinna
family of linear relations 7 = 7(\) in H such that a function y(t) = (R(\)f)(t), f =
f(-) € LX(Z), is an LA -solution of the following boundary problem (cf. (1.7), (1.8))

(1.13) Jy' — B(t)y = AA(t)y + A@) f(t), teT,
(1.14) CraNy(a) + Crp(MNTpyy =0, AeC\R.

Note, that (1.14) is a boundary condition imposed on boundary values of a function
y € dom Tp,ax (more precisely, on the regular value y(a) and singular value I'yy). One
may consider 7 = 7(\) as a (Nevanlinna) boundary parameter, since R(\) runs over the
set of all generalized resolvents of Ty, when 7 runs over the set of all Nevanlinna families
of linear relations in . To indicate this fact explicitly we write R(\) = R,(\) and
Q(A) = Q. () for the generalized resolvent of Ty, and the corresponding characteristic
matrix respectively.

The boundary problem (1.13), (1.14) defines a canonical resolvent R;(A) of Tiyin if
and only if 7 = 7*. In this case C; 4(A) = C,, Crp(X) = Cp and the operators C, and
Cy satisfy

(1.15) ran (Cy, Cy) =H and C,JC; = CJCy.
Moreover, R, (\) = (I™ — A)~! with T7 = (T7)* given by the boundary conditions
(1.16) 17 = Hy. f} € Thnax : Cayla) + Col'vy = 0}

Thus, the equalities (1.16) and (1.15) gives a parametrization of all self-adjoint extensions
T =T of Thin in terms of boundary conditions. Note that in the case of the regular
endpoint b (1.15) and (1.16) take the form of self-adjoint boundary conditions from
[3, 13]. Moreover, for Hamiltonian systems with singular endpoint b the description of
all extensions T = T* of T, in the form (1.15), (1.16) was obtained in [19].

It turns out that for each boundary parameter 7 there exists a unique [H]-valued
operator solution Z,(-, ), A € C\ R, of Eq. (1.3) such that Z,(-,\)h € L4 (Z), h € H,
and the following boundary condition is satisfied:

CT,G()‘)(ZT(av )‘) + ‘])h + CT,b()‘)Fb(ZT('a )‘)h) = Oa h e Ha AeC \ R.
Moreover, the characteristic matrix Q,(-) is

(1.17) Q:(\) =Z-(a,\)+3J, AeC\R



ON GENERALIZED RESOLVENTS AND CHARACTERISTIC MATRICES 331

and the following inequality holds:
(1.18) (ImA\) ™! - TmQ, () > / ZEt, A Z, (¢, \)dt, X C\R.
z

Note that definition of the characteristic matrix 2, (-) by means of (1.17) is similar to that
of the Titchmarsh-Weyl coefficient m(-) by means of (1.5). Observe also that formula
(1.18) is similar to well-known formulas for various classes of boundary problems (see
e.g. [14, 5)).

The main result of the paper is a parametrization of all characteristic matrices Q(+)
of the system (1.1) immediately in terms of the boundary parameter 7. This result can
be formulated in the form of the following theorem.

Theorem 1.1. There exist operator functions Qo(A)(€ [H]), S(A)(€ [H,H]) and a
Nevanlinna operator function M(X)(€ [H]), A € C\ R, such that the equality

(1.19) Q) = Q) = Q(N) — SA)(F(A) + M(A)718*(R), AeC\R

establishes a bijective correspondence between all (Nevanlinna) boundary parameters T =
7(A) and all characteristic matrices (+) of the system (1.1). Moreover, for each boundary
parameter T the corresponding characteristic matriz Q(A) = Q- (X) admits the represen-
tation

(1.20) Q) = X2 (\)X*, AeC\R,

where X € [H & H,H] is a certain operator (see (4.84)) and Q.(-) : C\ R — [H & H] is
a Nevanlinna operator function given by the block matrix representation (cf. (1.9))
) 8, 00= (MO MO AN I s MO0 M)
. =3+ (T(\) + M(N) T M(N) —(r(N) + M)~

Note that the operator functions Qo(-), S(-) and M(:) in (1.19) are defined in terms
of the boundary values of respective L%-operator solutions of Eq. (1.3) at the endpoints
a and b. Observe also that in the case of the Hamiltonian system (1.1) with ng (Tinin) =
dim H one has H = H, X = Iy, M(\) = m(\) and hence Q(\)(= Q,(A\)) = Q,(N\). This
implies that equality (1.9) is a particular case of (1.20), (1.21).

In conclusion note that an analog of Theorem 1.1 for differential operators of an even
order was proved in our paper [25].

2. PRELIMINARIES

2.1. Notations. The following notations will be used throughout the paper: ), H de-
note Hilbert spaces; [Hi,Hz] is the set of all bounded linear operators defined on the
Hilbert space H; with values in the Hilbert space Ho; [H] := [H,H]; Cy (C_) is the
upper (lower) half-plane of the complex plane.

Let H be a Hilbert space and let H be a subspace in H. We denote by P (€ [H,H))
the orthoprojection in H onto H. Moreover, we denote by Hﬂ( [H, ’H]) the embedding
operator of the subspace H into H. Tt is clear that P* =1,

Recall that a closed linear relation from Hgy to 7—[1 is a closed linear subspace in
Ho @ Hi. The set of all closed linear relations from Ho to H; (in H) will be denoted by
C(Ho,H1) (C(H)). A closed linear operator T' from H, to Hy is identified with its graph
grT € C(Ho, H1).

For a linear relation T' € C~('Ho, ‘H1) we denote by dom T, ranT, ker T" and mul T the

domain, range, kernel and the multi-valued part of T respectively. Recall that mul T is
a linear manifold in H; defined by

mulT := {h; € H; : {0,h1} € T}.
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Recall also that the inverse and adjoint linear relations of T are the relations 7! €

C(H1,Ho) and T € C(H1, Ho) defined by

T = ({h.ho} € Hy @ Ho = {ho, I} € T},

D [k ko} € My @ Ho ¢ (ko ho) — (k1 hy) = 0, {hosn} € T,

For a linear relation T € C(H) we denote by p(T) := {\ € C : (T — \)~! € [H]} the
resolvent set of 7.

Recall also that an operator function ®(-) : C\R — [#] is called a Nevanlinna function
if it is holomorphic and satisfies Im A - Im®(\) > 0 and ®*(\) = ®(\), A € C\ R.

2.2. The classes Ry (Ho,H1) and R(H). Let Ho be a Hilbert space, let H; be a
subspace in Ho and let 7 = {74, 7_} be a collection of holomorphic functions 74(-) :

Cy — 5(HO,H1). In the paper we systematically deal with collections 7 = {74,7_}
of the special class E+(H0,H1). Definition and detailed characterization of this class
can be found in our paper [26] (see also [23, 25, 1], where the notation R(Ho, H1) were
used instead of Ry (Ho,H1)). If dimH; < oo, then according to [26] the collection

T ={74,7-} € Ry (Ho,H1) admits the representation

(22) 74 (A)={(Co(A), C1(N)); Ho}, A€ Cp; 7-(A)={(Do(A), D1(A)); Ha}, AeC
by means of two pairs of holomorphic operator functions

(Co(A),C1(N) : Ho®H1 — Ho, A€ Cy, and (Do(N),D1(N)) : Ho®H1 — Hi, A€ C_
(more precisely, by equivalence classes of such pairs). The equalities (2.2) mean that

T+(A) = {{ho, b1} € Ho @ H1: Co(Mho + C1(A)hy =0}, AeCq,

(2.3) 7_(A\) = {{ho, h1} € Ho ® H1 : Do(M\)ho + D1(M\)hy =0}, XeC_.

In [26] the class R (Ho, H1) is characterized both in terms of C(Ho, H1)-valued functions
7+(-) and in terms of operator functions C;(-) and D;(-), j € {0,1}, from (2.2).

If Hy = Ho =: H, then the class R(H) := Ry (H,H) coincides with the well-known
class of Nevanlinna C(H)-valued functions 7(-) (see, for instance, [7]). In this case the

collection (2.2) turns into the Nevanlinna pair
(2.4) T(A) ={(Co(A), C1(N)); 1}, A€ C\R,

with Co(A),C1(A) € [H]. Recall also that the subclass R(H) C R(H) is defined as
the set of all 7(-) € R(H) such that 7(A) = 6(= 67), A € C\R. This implies that
7(-) € R°(H) if and only if

(2.5) 7(\) = {(Co, C1):H}, AeC\R,

with some operators Cy,Cq € [H] satisfying Im(C1C) = 0 and 0 € p(Cy £ iC4) (for
more details see e.g. [1, Remark 2.5]).

2.3. Boundary triplets and Weyl functions for symmetric relations. Recall that
a linear relation A € C(9) is called symmetric (self-adjoint) if A C A* (resp. A = A*).
Let A be a closed symmetric linear relation in the Hilbert space $, let 915 (A4) =
ker (A* — \) (A € C) be a defect subspace of A, let 9Ny (A) = LA fen(A)} and
let ny(A) :=dimMy(A) < oo, A € Cy, be deficiency indices of A.
The following definitions are well known.
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Definition 2.1. The operator function R(-) : C\R — [)] is called a generalized resolvent

of A if there exist a Hilbert space $ D $ and a self-adjoint relation AeccC ($)) such that
A C A and the following equality holds:

(2.6) R(\) = Ps(A=N)"11H, AeC\R
The relation A in (2.6) is called an exit space extension of A.

Definition 2.2. The generalized resolvent (2.6) is called canonical if H = 9, ie., if
R(\) = (A—=X)"1 Xe C\R, is the resolvent of A = A* € C(§), A D A.

Clearly, canonical resolvents exist if and only if n4 (A4) = n_(A).

Next we recall definitions of boundary triplets, the corresponding Weyl functions, and
~-fields following [8, 21, 24, 26].

Assume that Hg is a Hilbert space, H is a subspace in Hg and Ha := Ho © H1, so
that Ho = H1 & Ho. Denote by P; the orthoprojection in Hy onto H;, j € {1,2}.
Definition 2.3. A collection IIy = {Ho & H1,To,I'1}, where I'; : A* — H,;, j €
{0,1}, are linear mappings, is called a boundary triplet for A*, if the mapping I : j?%
{Fof, I f}, fe A* from A* into Ho®H, is surjective and the following Green’s identity

(f,9) = (£:9) = C1f.Tod)ae — (Do f.T19)2, + i(PTof, PaT0d) s
holds for all fz {f£, '}, 9=19,9'} € A*.

Proposition 2.4. ([24]). Let II. = {Ho ® H1,T0,T1} be a boundary triplet for A*.
Then

(1) d1m’H1 = n_(A) S n+(A) = dlmHo

(2) kerToNkerT'y = A and T'; is a bounded operator from A* onto H;.

(3) The equality Ag := kerT'g = {fe A* Fofz 0} defines a mazimal symmetric

extension Ag of A such that C C p(Ap).

Proposition 2.5. ([24]). Let I = {Ho @ H1,T0,T'1} be a boundary triplet for A*.
Denote also by w1 the orthoprojection in $ @ $ onto $H @ {0}. Then the operators Ty |
‘)A’IA(A), A€ Cy, and PiTg | ‘ftz(A), z € C_, isomorphically map s’J\‘(A(A) onto Ho and
&Z(A) onto Hi respectively. Therefore the equalities

Y+ (A) =11 (To T‘JA?/\(A))ﬂv reCy,

(2.7) A
v-(2) = m (PTo [ M(A)™, zeC_,

(2.8) My (Mho = Ti{y+(MNho, v+ (Mho},  ho € Ho, A€ Cy

correctly define the operator functions v4(-) : C1 — [Ho, 9], v-(-) : C_ = [H1,9] and
My (4) : Cy — [Ho, Hi], which are holomorphic on their domains. Moreover,

(2.9) My () = MEN)Pr+iPy = (p = Ny (N)vs (), pd e Cy,

where My (u) is considered as an operator in Ho (it is possible in view of the inclusion

Hq, C 7'[0)
It follows from (2.7) that
(2.10) Lo{v+(MNho, v+ (ANho} = ho,  ho € Ho.

Definition 2.6. ([24]). The operator functions v4(-) and My (-) defined in Proposi-
tion 2.5 are called the v-fields and the Weyl function, respectively, corresponding to the
boundary triplet 11, .
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Remark 2.7. (1) If Ho = Hy := H, then the boundary triplet in the sense of Definition
2.3 turns into the boundary triplet II = {#H, 9,1} for A* in the sense of [15, 21]. In
this case ny (A) = n_(A)(= dimH), Ao(= kerI'y) is a self-adjoint extension of A and the
functions 4 (-) and M (-) turn into the ~-field v(+) : p(Ao) — [H, $H] and Weyl function
M(-) : p(Ap) — [H] respectively introduced in [8, 21]. Moreover, in this case M(-) is a
Nevanlinna operator function.

To avoid misleading with using other definitions, a boundary triplet IT = {#,T¢,'1 }
in the sense of [15, 21] will be called an ordinary boundary triplet for A*.

(2) Along with II we define in [26] a boundary triplet II_ = {Ho @& H1,T0,T'1} for
A*. Such a triplet is applicable to symmetric relations A with n(A) < n_(A).

3. DECOMPOSING BOUNDARY TRIPLETS FOR SYMMETRIC SYSTEMS

3.1. Notations. Let Z = [a,b) (—00 < a < b < o0) be an interval of the real line
(the symbol ) means that the endpoint b < oo might be either included to Z or not).
For a given finite-dimensional Hilbert space H denote by AC(Z;H) the set of functions
f(-) : T — H which are absolutely continuous on each segment [a,3] C Z and let
AC(T) .= AC(Z;C).

Next assume that A(:) is an [H]-valued Borel measurable functions on Z integrable
on each compact interval [a,3] C Z and such that A(t) > 0. Denote by £ (Z) the
semi-Hilbert space of Borel measurable functions f(-) : Z — H satisfying ||f|[2 =
JA@) [ (@), f(t))mdt < oo (see e.g. [12, Chapter 13.5]). The semi-definite inner product
I

)
(,-)a in LA(Z) is defined by (f,g9)a = [(A@)f(t),9(t)udt, f,g € LA(T). Moreover,

z
let LA (Z) be the Hilbert space of the equivalence classes in £3%(Z) with respect to the
semi-norm || - ||a and let 7 be the quotient map from £3 (Z) onto L% (Z).

For a given finite-dimensional Hilbert space K denote by £3 [KC, H] the set of all Borel
measurable operator-functions F(+) : Z — [K, H] such that F(t)h € L3 (Z) for each h € K
(this condition is equivalent to [ ||Az(¢)F(t)||>dt < oo). Moreover, we let L3 [H] :=

z

L2 [H, H.

3.2. Symmetric systems. In this subsection we provide some known results on sym-
metric systems of differential equations following [13, 17, 20, 27].
Let H and H be finite-dimensional Hilbert spaces and let

(3.1) Ho=HoH, H=HyoH=Ho®H®o H.

In the following we denote by Py, P and P; the orthoprojections in H onto the first,
second and third component in the decomposition H = H & HoH respectively.

Let as above 7 = [a,b) (—o00 < a < b < o0) be an interval in R . Moreover, let
B(-) and A(-) be [H]-valued Borel measurable functions on Z integrable on each compact
interval [a, 8] C Z and satisfying B(t) = B*(t) and A(t) > 0 a.e. on Z and let J € [H]
be operator (1.2).

A first-order symmetric system on an interval Z (with the regular endpoint a) is a
system of differential equations of the form

(3.2) Jy' = B(t)y = A@)f(t), teL,
where f(-) € L% (Z). Together with (3.2) we consider also the homogeneous system
(3.3) Jy'(t) — B(t)y(t) = NA(t)y(t), te€Z, XeC.

A function y € AC(Z;H) is a solution of (3.2) (resp. (3.3)) if equality (3.2) (resp. (3.3)
holds a.e. on Z. A function Y(-,A) : Z — [K,H] is an operator solution of equation (3.3)
if y(t) = Y(t,\)h is a (vector) solution of this equation for every h € K (here K is a
Hilbert space with dim K < 00).
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As is known there exists a unique [H]-valued operator solution Y5(-, A) of Eq. (3.3)
satisfying Yp(a, \) = Iy. Moreover, each operator solution Y (-, A) of Eq. (3.3) admits
the representation

(3.4) Y(t,\) = Yo(t, )Y (a, ), teT.

In what follows we always assume that system (3.2) is definite in the sense of the
following definition.

Definition 3.1. ([13]). Symmetric system (3.2) is called definite if for each A € C and
each solution y of (3.3) the equality A(t)y(t) =0 (a.e. on Z) implies y(t) =0, t € Z.

As it is known [27, 17, 20] definite system (3.2) gives rise to the mazimal linear relations
Tmax and Tiay in £ (Z) and L3 (Z), respectively. They are given by

Tmax = {{y, f} € (LA(Z))? : y € AC(Z; H) and
Jy'(t) — B(t)y(t) = A(t)f(t) a.e. on T}

and Tiax = {{my,7f} : {y, f} € Tmax}. Moreover the Lagrange’s identity

(3.5)

(36) (fa Z)A - (yag)A = [ya Z]b - (Jy(a), Z(a’))7 {ya f}a {ng} € Tmax
holds with
(3.7) ly, 2] := lti%l(Jy(t), z(t)), v,z € dom Thax-

Formula (3.7) defines the skew-Hermitian bilinear form [, -], on dom 7Tpax. By using this
form one defines the minimal relations Tmin in £3 (Z) and Trin in LA (Z) via

Tmin = {{y, f} € Tmax : y(a) =0 and [y,z], =0 for each z € dom Trax}

and Tomin = {{my,7f} : {y,f} € Tmin}. According to [27, 17, 20] T, is a closed
symmetric linear relation in L% (Z) and T

min — Tmax-

Remark 3.2. Tt is known (see e.g. [20]) that the maximal relation Tyax induced by the

definite symmetric system (3.2) possesses the following property: for any {y, f} € Tiax
there exists a unique function y € AC(Z;H) N L34 (Z) such that y € § and {y, f} € Tmax

for any f € f. Below we associate such a function y € AC (Z; H) N L% (Z) with each pair
{i/: f} € Trnax'

Denote by Ny, A € C, the linear space of solutions of the homogeneous system (3.3)
belonging to £3 (). Definition (3.5) of Trax implies

Ny =ker (Thax — A) = {y € EQA(I) Yy, Ay}t € Tmax)s A €C,

and hence N C dom Tpax. As usual, denote by ny(Tinin) := dim 9y (Tmin), A € Cy,

the deficiency indices of Tiin. Since the system (3.2) is definite, TNy = My (Tinin) and

ker (m [ Ny) = {0}, A € C. This implies that ni(Thin) = dim Ny < dimH, A € Cx.
The following lemma will be useful in the sequel.

Lemma 3.3. ([1]). For each operator solution Y (-,\) € LA[K,H] of Eq. (3.3) the
relation
(3.8) K3h— (YO =Yt \h e Ny

defines the linear mapping Y (\) : K — Ny. Moreover, if F(\) := 7Y (\)(€ [K, LA(Z))),
then

(3.9) F*(A)f:/IY*(t,)\)A(t)f(t) dt, felIi(T), fef.
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3.3. Decomposing boundary triplets. We start this subsection with the following
lemma.

Lemma 3.4. ([1]). If n—(Twmin) < 74 (Timin), then there exist a finite dimensional Hilbert
space Hyp, a subspace Hy C Hyp and a surjective linear mapping

Cop
(3.10) Ty= | Ty | : dom Trax — Hp @ H & H,
I

such that for all y, z € dom Tmax the following identity is valid:
(3.11) [y, z]o=Tovy, I'12) 57, — (T1ey, LTovz) 37, +1(Ppt Tovy, Ppyr Dov2) g, +i(Tyy, Th2)
(here Hi = Hy © Hyp). Moreover, in the case Ny (Tmin) = n—(Tmin) (and only in this
case) one has Hy = Hp and the identity (3.11) takes the form
[y, 2o = (Cobys T162)30, — (C16ys Tov2)ae, + i(Toy, Toz) -
The following proposition is immediate from [1, Proposition 3.6].
Proposition 3.5. Assume that n_(Tmin) < ny (Tmin). Moreover, let
3.12 )= {yo(t), §t), ()N e H® H® H), tel,
(3.12) y(t) = {yo(t), (1), ()} (e H® H @ H)
H

be the representation of a function y € dom Tpax in accordance with the decomposition
(3.1) of H and let Ty, be the surjective linear mapping (3.10) satisfying the identity (3.11).
Assume also that Ho and H1(C Hop) are finite dimensional Hilbert spaces defined by

(3.13) Ho=H@HOH, = Hy®Hy, Hi=H®HOH, = Hy®Hy
N—— N——
HU HO

and T'; : Tmax — M, j € {0,1}, are the operators given by
(314) FO{:}L f} = {_yl(a’)7 Z(@\(a‘) - fby)7 FOby}(e He I:j @ ﬁb)v
(3.15)  T1{7, f} = {wo(a), 3(@(a) +Toy), TuyHe HeHSHy), {7.f} € Tmax
(here yo(a),y(a) and yi(a) are taken from the representation (3.12) of a function y €
dom Trax, which corresponds to {y, f} € Tmax according to Remark 3.2). Then the
collection Iy = {Ho @ H1,T0,T1} is a boundary triplet for Tmax and the (mazimal
symmetric) relation Ag(= kerTy) is
(3.16) Ao = {7, f} € Timax : 91(a) = 0, §(a) = Tpy, Topy = 0}.

If in addition ny (Tmin) = n—(Tmin), then II turns into an ordinary boundary triplet
IT={H,To,T1} for Thmax, 7,~uz'th H = Hyo®Hyp and the mappings U, Ty : Tiax — H, given
by (3.14) and (3.15) with Hy = Hp. Moreover, in this case Ag = Aj.

Definition 3.6. The boundary triplet IT; = {Ho & H1,T0,T'1} constructed in Proposi-
tion 3.5 is called a decomposing boundary triplet for Tiax.

In the sequel we suppose (unless otherwise stated) that the following assumptions are
fulfilled:
(A1) The system (3.2) satisfies n_(Timin) < g (Tiin);

(A2) H, and Hp(C 7-7;,) are finite dimensional Hilbert spaces and T’ is a surjective
linear mapping (3.10) such that (3.11) holds.

The following two propositions directly follows from [1, Propositions 4.4 and 4.5].



ON GENERALIZED RESOLVENTS AND CHARACTERISTIC MATRICES 337

Proposition 3.7. (1) For every A € C\ R there exists a unique operator solution

vo(+,A) € LA[Ho, H] of Eq. (3.3) such that
(317) Prvo(a,N) = —Puyn,  i(Puo(a, ) —Tyvo(A) = Py 5, A€ C\R;
. Lopvo(A) =0, A€ Cy; Py, Topvo(A) =0, reC_.

(2) For every A € C4 (A € C_) there exists a unique operator solution ut(-,\) €
LA [Hy, H] (resp. u—_(-,\) € LA[Hs, H]) of Eq. (3.3) such that
(3 18) Plui(aa A) =0, i(ﬁui(a7 >\) - fbui(A)) =0, A€ Ci;

' Popup(\) =1z, A€Cq; Py lou-(N)=1Iy,, reC_.

Here vg(A) and us(N) denote linear mappings from Lemma 3.3 for the solutions vo(-, \)
and ug (-, A), respectively.

Proposition 3.8. Let vg(-,A) and ux(-,\) be the operator solutions from Proposition
3.7, let Z,(-,\) € LA[Ho,H] and Z_(-,\) € LA[H1,H] be the operator solutions of Eq.
(3.3) given by

(3.19) Zo(t,A) = (vo(t,N), up (8, 0)) : Hy® Hp — H, e Cq;
(3.20) Z_(t,\) = (vo(t,A), u_(t,\)) : Ho@Hp —» H, AeC_

and let Zy(\) be the linear mappings from Lemma 3.3 for the solutions Zy (-, \). More-
over, let Iy = {Ho ® H1,T0,T1} be a decomposing boundary triplet (3.13)—(3.15) for
Tinax- Then the ~-fields v (-) of the triplet 1 are

(3.21) Y+(N) =7ZL(N), AeCyq; v-(N)=7Z_(N), reC_
and the corresponding Weyl function My (-) admits the block-matriz representation

(322)  M.(\) = ( AZ(;((AA)) %ig%)  Ho@Hy — Ho @My, AeCy

Ho Hi
with the entries defined by

(3.23) mo(A) = (Po+ PJuo(a, N) + §Pg,  Mer(N) = (Po+ Plus(a, ),
(3.24) M3y (A) = =T'pvo(A),  Mar(A) = —Tpup(A).

Moreover, for each A € C_ the following equalities hold:

(3.25) my(N) = (Po + Pluo(a, \) + 2Pg, Mz (X) = (Po + Phu_(a, \).
In (3.23) and (3.25) Py € [Ho) is the orthoprojection in Hy onto H.

Corollary 3.9. ([1]). Let ny(Tmin) = n—(Tmin) and let Ag = A be the extension (3.16)
of Trnin. Then for every A € p(Ayp) there exists a unique pair of operator-valued solutions
vo(+,A) € LA[Ho, H] and u(-,\) € LA [Hp, H] of Eq. (3.3) satisfying

Prvg(a, ) = —Pryn,  i(Puo(a, ) —Tyvo(A) = Py 5. Topvo(A) =0, A€ p(Ag);
Pru(a, A) =0, i(Pu(a, A) —Tyu(N) =0, Topu(N) = Ir,, A€ p(Ag).

Assume, in addition, that 1 = {H,Ty,T1} is an ordinary decomposing boundary triplet
(3.13)—(3.15) for Tmax. Then the corresponding Weyl function M(-) is

mo(A)  Ma(N) :
(3.26) M) = (M(;(/\) M4(/\)> cHo@Hy = Ho®Hp, A€ p(Ao);
(3.27) mo(A) = (Po + Puo(a,\) + 2Py,  My(\) = (Py + P)ula, ),

(328) Mg()\) = 7].—‘11,1}0()\), M4(>\) = 7].—‘1511,()\), A E p(A())
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4. GENERALIZED RESOLVENTS AND CHARACTERISTIC MATRICES OF SYMMETRIC
SYSTEMS

4.1. Generalized resolvents.
Definition 4.1. Let H and H; be finite dimensional Hilbert spaces (3.13). Then a
boundary parameter 7 is a collection 7 = {7},7_} € R4 (Ho, H1) of the form (2.2).

In the case of equal deficiency indices ny (Timin) = n— (Tmin) one has ’;qb =Hp, Ho =
H, =: H and a boundary parameter is an operator pair 7 € E(H) defined by (2.4). If
in addition 7 € }N%O(H), then a boundary parameter will be called self-adjoint. Such a
boundary parameter T admits the representation as a self-adjoint operator pair (2.5).

For each boundary parameter 7 = {7, 7_} of the form (2.2) we assume that

(4.1) Co(A) = (Coa(N), Co(N), Cop(N) : H® H @ Hy — Ho, A€ Cy,
(42) 1) = (C1a(V), C1(N), Cuu(N) : H® HeHy — Ho, A€ Cy,
(4.3) Do(A) = (Doa(A), Do(N), Doy(N)): H® H @ Hy — Hy, AeC_,
(4.4) Di(A) = (D1a(A), Di(\), D1p(\): H® HeHy — Hi, AeC_

are the block matrix representations of C;;(A) and D;(\), j € {0,1}.
If 4 (Tmin) = n— (Tmin), then for each boundary parameter (2.4) we assume that

(4.5) Co(N) = (Coa(N), Co(N), Cop(N)) : HBGH®Hy —H, AeC\R,
(4.6) Ci(A) = (C1a(N), C1(N), Crs(N)) : H® HdHy —H, AeC\R

are the block matrix representations of Cy(A) and C;(A).
In the case of a self-adjoint boundary parameter (2.5) the equalities (4.5) and (4.6)
take the form

(4.7) Co=(Coa, Co, Cop) : HOHOMy = H, C1=(Cha, C1, Crp) : HEHSHy, — H.
Lemma 4.2. Let ﬁb be decomposed as ﬁb =Hy @ Hé‘ and let
Hy:=Hy ® H S Hy =Hy ® (Hi @ H) ® H,

0 0 —Iy,
48) Jh=| 0 iluog 0 | Hyo(Hy @H)OH, = Hy® (Hy © H) O Hy .
I'Hb 0 0 H H,
b b

Then the equalities

(4.9) Co(\) = (—Chq N):HeHaeH—MH, MeCy,

(4.10) Cy(N) = (Cop(A ):Hy® HeHy — Ho, AeCy,
A

S
>

( ), —Coal(
), —iC, ) )

(4.11) Du(N)=(=D14(N), iDy(\)—2D1(N), =Doa(N)) : H@® H® H — My, AeC_,
(4.12) Dy(N) = (Dop(N), —iDo(X) — 1D1(N), Dip(N) : Hy ® H ® Hyy — Hi, A€ C_

establish a bijective correspondence between all boundary parameters T = {14, 7_} of the
form (2.2) and (4.1)~(4.4) and all collections of holomorphic operator functions

(413) (Ca(>\), Cb()\)) : HoH, — Ho, A € (C+; (Da()\), Db(>\)) :HeH, - Hqi, A€ C_
satisfying

(4.14) ran (Cy (), Cp(N)) = Ho, A€ Cy; ran(Dy(N), Dp(N)) = Hi, A e C_;
(415) ((CaNICEN) — CNVRCEN) 2 0, i(Da(NID5N) — Dy(NJDE(N)) < 0.
(4.16) Co(N)JIDE(N) = Cy(N)JyDi(N), M€ Cy.
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If in addition ny(Tmin) = n—(Twin), then Hir = {0}, H, = H, @ Ho Hy, Jy takes the
form (1.10) and the equalities

(4.17) Ca(N)=(=C1a(N), iCo(\)=L2C1(\), ~Cou(N): H®H® H —H, A€ C\R,
(4.18) Cy(\)=(Cop(\), —iCo(N)—1Ci(N), Cro(\) : Hy @ H® Hy — H, A€ C\R

establish a bijective correspondence between all boundary parameters T of the form (2.4)
and (4.5), (4.6) and all holomorphic operator functions

(4.19) (Ca(N), C(N) :H@H, »H, A€ C\R

satisfying for all X € C\ R the relations (1.11) and (1.12). Moreover, in the case
Ny (Tinin) = n—(Tmin) the equalities

(4.20) Co = (~Cha, iCy— 1C1, —~Coo) : HOH® H — H,
(4.21) Cy = (Cop, —iCo — LC1, Cup) : Hy ® H D Hy — H

give a bijective correspondence between all self-adjoint boundary parameters T of the form
(2.5) and (4.7) and all operators (C,,Cyp) : H® Hy, — H satisfying (1.15).

Proof. Tt follow from (3.13) that Ha(= Ho © H1) = Hj-. Therefore by (4.1) and (4.3)

Co1(N) = Co(A) T Hi = (Coa(N), Co(N), Cop(N) [ Ha),
Co2(A) := Co(A) | Ha = Cop(N) | My,
Do1(A) := Do(A) | H1 = (Doa(N), Do(N), Doy(N) | Hy),
Dos(X) := Do(A) [ Ha = Dop(N) | Hyy

and the immediate calculations give

2Im(C1 (M) C1 (V) + Co2(A)Coa(A) = i(Ca(N)JC(A) = Co(A) SoCy(A)), A€ Cy,

2Im(D1(A)Dg1 (A)) + Do2(A)Dga(A) = i(Da(A)J Dy (A) = De(A)Je Dy (A)), A€ C,
C1(N) D51 (A) = Cor (N D7 (X)) +iCo2(A) Dgp(A) = Cy (M) Jy Dy (A) = Ca(A) JDG (A), A € Cs.
Moreover, the following equivalences are obvious:

ran (Co(A), C1 (X)) = Ho <= ran(C,(N), Cp(N)) = Ho,
ran (Do(A), D1(A)) = H1 <= ran(Dy (), Dy(X)) = H;.

This and [1, Proposition 2.5] yield the desired statements. O

Let 7 = {74,7-} be a boundary parameter defined by (2.2) and (4.1)—(4.4) and
let Cy(N), Cyp(N) and Dg4(N), Dp(A) be the operator-functions (4.9)—(4.12) (hence the
relations (4.14)—(4.16) hold). For a given function f € L% (Z) consider the boundary
problem

(4.22) Jy — B(t)y = Aty + At)f(t), teT;

(4.23) Co(MNy(a) + Co(MNThy =0, A€ Cq; Dy(Ny(a) + Dpy(MTpy =0, AXeC_.

A function y(+,-) : Zx (C\R) — H is called a solution of this problem if for each A € C\R
the function y(-, \) belongs to AC(Z;H) N £ (Z) and satisfies the equation (4.22) a.e.
on Z (so that y € dom Tayx) and the boundary conditions (4.23).

If ny (Tmin) = n—(Tmin) and 7 is a boundary parameter defined by (2.4) and (4.5),
(4.6), then the boundary conditions (4.23) take the form

(4.24) CaNyla) + Co(MIhy =0, A e C\R,



340 VADIM MOGILEVSKII

with Cy () and Cp(N) given by (4.17) and (4.18). Moreover, if 7 is a self-adjoint boundary
parameter (2.5), (4.7), then (4.24) becomes a self-adjoint boundary condition

(4.25) Cay(a) + Cpl'yy = 0,

where C, and C} are the operators (4.20) and (4.21) (hence they satisfy (1.15)).
In the following theorem we describe all generalized resolvents (and, consequently, all
exit space self-adjoint extensions) of Tini, in terms of A-depending boundary conditions.

Theorem 4.3. Let 7 = {73,7_} be a boundary parameter defined by (2.2) and (4.1)-
(4.4) and let Cy(N), Cp(N) and Dg(N), Dp(N) be given by (4.9)—(4.12). Then for every
[ € LA(Z) the boundary problem (4.22), (4.23) has a unique solution y(t,\) = ys(t,\)
and the equality

RS =n(ys(,N), [eLi(@), fef, AeC\R
defines a generalized resolvent R(A) =: R (\) of Tmin. Conversely, for each generalized
resolvent R(X) of Tmin there exists a unique boundary parameter T such that R(\) =
R, ().

If in addition ny (Tinin) = n—(Tmin), then the above statements hold with the boundary
parameter T of the form (2.4), (4.5), (4.6) and the boundary condition (4.24) in place of
(4.23). Moreover, R (\) is a canonical resolvent of Ty if and only if T is a self-adjoint
boundary parameter (2.5), (4.7). In this case R, (\) = (I™ — \)~L, where T7 is given by
(1.16) with the operators C, and Cy of the form (4.20), (4.21).

Proof. Let 111 = {Ho ® H1,T,T'1} be the decomposing boundary triplet (3.13)—(3.15)
for Tinax. Then the immediate checking shows that

(426)  CoNTo{7. [} = CLNT1{Z, f} = CaNy(a) + CoNTo(w), {7} € Tanax.
Hence the boundary problem (4.22), (4.23) is equivalent to the following one:

(4.27) {705+ I} € T,

(4.28) CoMNTo{7, A + F} = CLAT1 {7 Ag + f} =0, A€ Cy,

(4.29) Do(NTo{§, AT+ f} = DiNT1{g, \j+ f} =0, AeC_.

Now application of [26, Theorem 3.11] gives the required statement. O

4.2. Characteristic matrices. The following theorem is well known (see e.g. [6, 10,
29]).

Theorem 4.4. Let Yo(-,A) be the [H]-valued operator solution of Eq. (3.3) satisfying
Yo(a,A) = In. Then for each generalized resolvent R(\) of Twin there exists a unique
operator function Q(-) : C\ R — [H] such that for each f € LA (T A(Z) and X e C\R

T = ([ 36O + fsmle - )% (£ DAO @), T,
Moreover, Q)(+) is a Nevanlinna operator function.

Definition 4.5. ([6, 29]). The operator function () is called the characteristic matrix
of the symmetric system (3.2) corresponding to the generalized resolvent R(\).

In the following the characteristic matrix £2(-) will be called canonical if it corresponds
to the canonical resolvent R(\) of Tiin.

Since Q*(A\) = Q(X), A € C\R, it follows that the characteristic matrix Q(-) is uniquely
defined, in fact, by its restriction onto C,.

Let the assumptions (A1) and (A2) from Subsection 3.3 be satisfied, let Ho and H;
be finite dimensional Hilbert spaces (3.13), let 7 be a boundary parameter and let R, (\)
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be the corresponding generalized resolvent of T, (see Theorem 4.3). In the following
we denote by €2, (-) the characteristic matrix corresponding to R, (-).

It follows from Theorem 4.3 that the equality Q(A) = Q.()) gives a parametrization
of all characteristic matrices of the system (3.2) in terms of the boundary parameter 7.
In the following theorem we represent this parametrization in the explicit form.

Theorem 4.6. Let Ay be the mazimal symmetric extension (3.16) of Tnax and let M (+)
be the operator function (3.22)—(3.24). Moreover, let Pg € [Hyg] be the orthoprojection

in Hy onto H (see (3.1)) and let

_1
(430)  Qo(N) = ( mo(A) 2IH7H0> ‘Ho® H — Hy® H, AeC\R,
_§PH0,H 0 N—— ——
H

@31 Si(\) = (mO(A}D‘zPH M?g@)) . Hy®Hy — Hyo H, AeCy,

—41"Hog,H N——_—— —

Ho

N+ EPs —1
4.32 Sy = (MW T3 Pr )  goa gy AeC,.
( ) 2() ( M3+()\) 0 0D H — Hy D Hp, e Cy

Ha

Then: (1) Qo(-) is the characteristic matriz corresponding to the generalized resolvent
R( ) (AO - )7 A€ (C-i-a Omeln
(2) For each boundary parameter T = {14,7_} of the form (2.2) the operator Co(\) —
C1(AN)M4(N), X € Cy, is boundedly invertible.
(3) The equality

(4.33) Q) = 2 (A) = Q(A) + S1(N) (Co(A) — CLNM; (V) CL(NS(N), A €Ty

establishes a bijective correspondence between all boundary parameters T = {74, 7_} de-
fined by (2.2) and all characteristic matrices Q(-) of the system (3.2).

Proof. Let 7 = {74, 7_} be a boundary parameter (2.2). Since by Proposition 3.8 M, ()
is the Weyl function of the decomposing boundary triplet IT = {Ho & H;,To,T'1} for
Tinax, it follows from [26, Theorem 3.11] that (7 (\) + M ()™t € [H1,Ho], A € Cy.
Hence by [22, Lemma 2.1] the operator Cy(A) — C1(A) M4 (N) is boundedly invertible and
(4.34)  Tr(A) == — (1 () + Me (V)7 = (Co(V) = CLNML(N) 7' C1(N), A€ Cy.

Next assume that Ag(= kerT'g) is the extension (3.16) of Ty, and that vy () are the -
fields of the triplet IT. As it was mentioned in the proof of Theorem 4.3 the generalized
resolvent R.(A) is generated in fact by the boundary problem (4.27)—(4.29). Therefore

according to [26, Theorem 3.11] the following Krein formula for generalized resolvents
holds:

(4.35) Re(A) = (Ao = N7+ (N (W)= (V), e Cy.
Let us show that for each f € L2 A(Z)and A e C4
(430) (40-3"F=r ( [ Yol V(00N +senlt-2) ¥ (€ DAWS @) ) . f€

It follows from [1, Theorem 6.2] that the equality

(437) (Ag—N"'f=m (/I Go(-, t, VA f(t) dt) . felLi@), fef, reCy

holds with the Green function Go(,-, A) of the form

vo(z, A) o*(t,A), x>t

z , AeC,.
oz, N oj(t,N), x<t *

(4.38) Gola,t,\) = {
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Here ¢(+, A) is the [Hy, H]-valued operator solution of Eq. (3.3) satisfying

ola,\) = (Ig°> Ho—Ho® H, MeC

and vg(-, \) € LA [Ho, H] is the operator solution from Proposition 3.7. Let

(4.39) Yi(t,A):=(e(t,A),0): Ho®Hy — H, XeCy,

(4.40) Y_(t,A) := (p(t,\), 0) : Hy®Hy — H, e C_

and let Zy (¢, A) be given by (3.19) and (3.20). Then (4.38) can be represented as

(4.41) Golz,t,\) = { AeC,.

Yi(z,\) Z5(t,\), <t

Since

{(Po+Pvo(a,N)  (Po+ Plus(a,N)
Z£(a,A) = < Oplvo(a?)\) Oplui(af)\) > » A€Cy,

it follows from (3.23), (3.25) and the first equalities in (3.17) and (3.18) that

Zo(a,\) = (mo(A)_zpﬁ M26(A)) Ho®Hy — Ho® H, AeCy,

(4.42) L .
Z (a,)) = (mﬂw — 2 M3+(A)) Hy®Hy, > Hyd H, AeC_.
—Pyy 1 0
Therefore
(4.43) Zi(a,\) =S1(N), Z_(a,\) = S5()\)

and (3.4) yields
(4.44)  Zi(t,N) =Yo(t,\)S1(N), ANeCy; Z_(t,\) =Yo(t,\)S5(N), XeC_.
Moreover, by (4.39) and (4.40)

Y+(a,)\) = IHO 0 ZH()@H[, —>H0@H, Y_(a,’)\) = IHO 0

0 0 0 0
and (3.4) gives Yy (t,A) = Yo(t,\)Y,(a,A) and Y_(¢,A) = Yo(¢, A)Y_(a, ). This and
(4.41) imply that

) cHo®Hy — Ho® H

Y. Y*(a,N)Yg (¢, X t

(4.45) Gol,t, ) = 0(x, A)(S1(N)Y(a, X)) Yq ( aé), x> Caec,.
Yo(x, \)(Yi(a, \)S2 (M) Y5 (t, A), =<t

Observe also that the operator J can be represented as

(4.46) J=(Pa T, Ho® H — Hy® H
Pry m 0

and the direct calculations with taking (4.30) into account give
S1 Y (a,N) = Qo(N) — 57, Yi(a,\)S2(N) =Qo(N\) +3J, XeCy.
Combining these equalities with (4.45) and (4.37) one gets (4.36). Hence statement (1)

holds.
Next in view of 1) and (4.44) v_(\) = mZ_()\). Therefore, by Lemma 3.3 and the

(3.2
second equality in (4.44), for each f € L4 (Z) and X € C, one has

VNS = 2, A)A(t)f(t)dt=/ISz(A)Yo*(tvx)A(t)f(t) dt, fef.

z
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This and the first equalities in (3.21) and (4.44) imply that for each f € L% (Z) and
AeCy

(44 2T T = ([ Vol NS NE NS0 (6 DAG @) ). S € T

Now combining (4.35) with (4.36) and (4.47) we obtain the equality

/\)f:ﬂ' (/I YO(?)\)(QT(A)_'_% Sgn(t_x)J)YO*(t>X)A(t)f(t) dt) ’ f~€ LQA(I)v A€ (C+7

where Q,(-) is the operator function (4.33). Thus .(-) is the characteristic matrix of
the generalized resolvent R,(\), which in view of Theorem 4.3 yields statement (3) of
the theorem. 0

Let as before M4 (A\), A € C4, be given by (3.22)—(3.24). With each boundary pa-
rameter 7 = {7,,7_} of the form (2.2) we associate a holomorphic operator function

Q. (-) : Cy — [Ho @ Ha, H1 @ Ho| given by

(4.48)  Q.(\) = @283 gjgg) Ho B Hi — Hy & Ho, AECy,

(449)  B(A) = My (3) — My (\)(re () + Mo (1)~ M (),

(450)  a(N) = —3 o, + My (\)(me () + My (A) 7L,

(451)  B(A) = — g+ (ry (V+ M () ML (), Ba(A) = —(r (V)M (A) L
It follows from (4.34) that the equalities (4.49)—(4.51) can be represented as

)
= M (A)(Co(A) — C1(AN)M4(N) " Co(N),

~—

(4.52) T1(N)

(4.53) D2(N) = =3, — My (N)(Co(A) — CL(A) M4 (V)M Ca(N),
(4.54) @3(A) = 313, — (Co(A) = CL(A) M4 (A) " Co(N),

(4.55) B4(A) = (Co(N) — C1 (N M4(N)TLC1(N).

In the following proposition we give a somewhat other parametrization of all charac-
teristic matrices Q(\) (cf. (4.33)).

Proposition 4.7. Let Py € [Hy| be the orthoprojection in Hy onto H and let

(4.56) X1 = (P”1=H° 2PﬁPH°vH°) My ©Ho— Hy® H,
0 PHO,H N——

H
(457) XQ = PHO’HO §PI§PH17HO : HO D Hl — HO O H
0 P’Hl,H N—_——

H

(clearly the operators Py, m, and Py, n make sense, because in view of (3.13) H C
Hy C Hj, j €{0,1}). Then for each boundary parameter T = {74, 7_} the corresponding
characteristic matriz Q(A) = Q. (X) of the system (3.2) admits the representation

(4.58) Q,(\) = X,1Q,(VX3, AeC,.

Proof. Let Tr(\) be given by (4.34). Since

(4.59) X;( i?’oﬂop IO >:H0@H%7-Lo@7-l1,
) Ho, H1 [/_\I H,Hq

it follows from (4.56) and (4.48)—(4.51) that

W1(>\) CUQ()\)

(4.60) X9, (N X5 = (wg,()\) wa(A)

)IHQ@H*)H()@H, )\E(C+,
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where
wi(A) = mo(A) + Pry, e My (NT-(N My (N) | Ho + § Pry 1y My (N T7(N) | Ho - Py
— $Pg Py i, Tr (N My (N) | Ho + 5Py Pro 1, T-(N) | Ho - Py,
wa(N) = =115 g — Py 1o My (NI (N) | H + £P5 Py i, Tr (V) | H,
ws(N) = =L Py it — Prg i Tr (N Mo (V) | Ho — Py To(N) | Hy - P,
wa(A) = Py, uTr(N) [ H

(in the equality for w;(A) we made use of the relation mg(A) = Py, g, M+(A) | Ho
implied by (3.22)). Next, in view of (3.22) the equalities (4.31) and (4.32) can be written
as

(4.61) Si(\) = (PH1,H0M+_(§D)H— ;PI?PHOJIO) :Ho — Ho @ H,
(462) SQ()\) = (M+()\) [ Ho + %IH0>H1Pﬁ7 _IH,'Hl) cHy® H — H;.

This and (4.33) yield
R

1
_§PH0,H 0

P Mi(\) — EP5P ;
(P MO0 SFaPHoM ) (3) L 0 1 o 300 P T

05

and the immediate calculations show that
wi(A)  wa(A)

4.63 QN = cHy®H —- Hy® H, MeC,.

( ) ( ) (w;g()\) w4(>\) 0D oD +

Now comparing (4.60) and (4.63) we arrive at the equality (4.58). O

Theorem 4.8. Assume the hypotheses of Lemma 4.2. Moreover, let 7 = {14,7_} be a
boundary parameter defined by (2.2) and (4.1)—(4.4) and let C,(X) and Cy(N\) be given
by (4.9) and (4.10). Then

(1) For each A € Cy there exists a unique operator solution Z,(-,\) € LA[H] of Eq.
(3.3) satisfying the boundary condition

(4.64) CaN)(Zr(a,N) + J) + Cy(MTpZ,(A) =0, A eCy
(here Z. () is the mapping (3.8) for Z;(-,\)).
(2) The corresponding characteristic matriz Q. () satisfies
(4.65) Qr(\) =Z:(a,\) +3J, AeCi.
(3) The following inequality holds
(4.66) (ImA) ™! - ImQ, () > / ZEHtNA®M)Z, (8, N dt, X eCy.
z

Proof. (1) Let 114 = {Ho @ H1,T0,T1} be the decomposing boundary triplet (3.13)—
(3.15) for Tinax and let My (-) and v4(-) be the Weyl function and the ~-field of Il
respectively. Moreover, let Z (-, \) € L% [Ho, H] be the operator solution of Eq. (3.3)
defined in Proposition 3.8 and let

(4.67) Zo(t,N) = —Zo (£, \)(Co(N) — CLOVMA (V)" 1Ca(\)J, A e Cy.

Clearly, Z-(-,\) € LA[H] and Z, (-, \) is an operator solution of Eq. (3.3). Let us show
that Z,(-, \) satisfies (4.64).
Assume that h € H, hg := —(Co(A) — C1(A\) M4 (\))"1C,(N)Jh and
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Then by (4.67) §y = 7Z4(\)ho and the equality (3.21) yields
(4.69) 7= 7+ (Who.
Combining (4.68) with (4.26) one gets
(470)  CoNT{TAT) — CLNT T AT = (CalN)Ze (0, A) + GV Z ().
On the other hand, combining of (4.69) with (2.10) and (2.8) yields I'o{y, Ay} = ho and
{9y, \y} = My (\)hg. Therefore

CoMTo{y, Ay} — C1(NT1{y, Ay} = (Co(A) — C1(A) My (AN)ho = —Co(A)Jh.
Comparing this equality with (4.70) one obtains

Co(N)Z-(a,\) + Co(MNTpZr(N) = —Co(N)J, AeC,.

This implies (4.64).

To prove uniqueness of Z, (-, \) assume that Z,(-,\) € £ [H] is another solution of
Eq. (3.3) satisfying (4.64). Then for each h € H the function y = (Z-(¢t,\) — Z(t, \))h
is a solution of the homogeneous boundary problem (4.22), (4.23) (with f = 0). Since
by Theorem 4.3 such a problem has a unique solution y = 0, it follows that Z.(¢,\) =

Z:(t, ).
(2) Assume that S3(\) is given by (4.32) and that
(4.71) Zo(t,A) == (Z4(t,\) | Hp, 0) : Hye H - H, XeC,.

Then by (4.42)

Zo(a,)\): mo()\)—§P’\ 0 HQ@H—)H()EBH
—Pyyy 0
and the equalities (4.30) and (4.46) yield
(4.72) Zo(a,A) = Qo(A) — 2J, NeCi.

Next we show that
(473) Zo(t,0) = Zo(t,\) + Z4 (£ M) (Co() — LM (V) LG (NS (N), A€ Cs.
Since by (4.9)
Ca(N)T = (=Coa(N), =Co(N) = 2C1(N), Cra(N) : H® H ® H — Hy,
it follows from (4.1) and (4.2) that
(4.74) Ca(N)Jh = —Co(A)(Poh + Ph) — LC1(\)Ph + C1(A\)Pih, h e H.
Let Py g, (€ [H, Ho]) be the orthoprojection in H onto Hy (see (3.1)) and let as before

Pz (€ [Ho]) be the orthoprojection in Hy onto H. Then Poh + Ph = Py g, h, Ph =
Pg Py g,h and the equality (4.74) can be written as

Ca(A)Jh = —Co(N) Pa,sroh — 2C1(N) P P, yh + C1(N)P1h,  h € H.
Moreover, by (4.62)
Sa(A)h = My (A Pam.h + % PgPag,h — Prh, heH,
and combining of the last two equalities yields
Ca(N)Jh = =(Co(A) = CL(A) M4 (N)) Pa o h — C1(A)S2(A)h,  h € H.
This and (4.67) imply that for each h € H
(475)  Zo(t Nh = Z (80 Psigh + Z4 (6, \)(Co(A) — C1(N) My (V) "L C1 (V) Sa(\) .

Since by (4.71) Zy (¢, \)Pa u,h = Zo(t, \)h, it follows from (4.75) that Z, (¢, \) admits
the representation (4.73).
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Now combining (4.73) with (4.72) and the first equality in (4.43) and then taking
(4.33) into account one obtains the equality (4.65).
(3) Let us show that

(4.76)  Qo(n) = Q5(N) = (= NV M), Si(w) = S5N) P = (1= Ay W)+ (),
where p, A € C;, Py = Py, 3, is the orthoprojection in #y onto H; and

(4.77) 1(A) = (4 () [ Ho, 0) : Hy & H — LA().

The first equality in (4.76) is immediate from (2.9). Next, by (4.62) one has

S5\ Py = <PHO,H0M1(§D)H— EIPﬁPHl,Ho> P = (PHU,HoMi()\)Iiz —HSPﬁPHo,Ho) 7
1, 05

which in view of (4.61) yields

(4.78)
Sy (1)~ SN P = (P i Ho Mo it) = Prto, o ME(WP 1) Mo Ho® H, u\eCy.

Since Hy C H1, it follows that Hy L Ho and hence Py, g, P> = 0. Therefore application
of the operator Py, m, to the identity (2.9) yields

PH1,H0M+(1U‘) - P'HOVHOMJ*r(A)Pl = (M - X)PHO,HO’Yi(A)’V+(N)7 1y A€ (CJr'

Combining this equality with (4.78) one gets the second equality in (4.76).
Now application of [25, Lemma 21] to the representation (4.33) of Q. (-) with taking
(4.76) and (2.9) into account yields

(479) ImQT()\) > ImA - 7:()‘)77'(/\)’ Ae (C-‘m
where
(4.80) (A =1 (A) + 7+ (M) (Co(A) = CL(N) M1 (V) T1CL(N)S2(N), A e Cy.

Since by (3.21) v+ (A) = 7 Z4(X), it follows from (4.77) and (4.71) that v (A) = 7Zp(A).
Combining these equalities with (4.80) and (4.73) we obtain

(4.81) Ye(A) = 7Z-(N),
where Z,(A) is the mapping (3.8) for Z, (-, A). Therefore by Lemma 3.3

(4.82) VT = / ZX(LNAW (), FeIA®@), fe T,
and combining of (4.79) with (4.81) and (4.82) gives (4.66). O

4.3. The case of equal deficiency indices. In the case of equal deficiency indices
Ny (Tiin) = n—(Tmin) the above results can be rather simplified. Namely, the following
theorems are immediate from Theorems 4.6, 4.8 and Proposition 4.7.

Theorem 4.9. Let ny (Tmin) = n—(Tmin) (S0 that Hy, = Hyp), let H = Hy & Hyp, let
Ay = A} be given by (3.16) and let M(-) be the (Nevanlinna) operator function defined
by (3.26)—(3.28). Moreover, let Qo(-) be the operator function (4.30) and let

4.83) SO\ = (mO(A) —2P Mz(A)) Ho®Hy, = Ho® H, AeC\R.
—Py, 0 0 —— ——

Then: (1) Qo(-) is the characteristic matriz corresponding to the canonical resolvent
(Ag — N) 7! and the equality

Q) = Q- () = () + SA)(Co(N) = CLtM(N) ' C1(N)S*(X), A€ C\R
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establishes a bijective correspondence between all boundary parameters T of the form (2.4)
and all characteristic matrices Q(-) of the system (3.2). Moreover, the characteristic
matriz Q(-) = Q,(-) is canonical if and only if the boundary parameter 7 is self-adjoint.

(2) For each boundary parameter T = 7(\) the corresponding characteristic matriz
Q(N) = Q- (X) of the system (3.2) admits the representation

Q,(\) = XQ-(M)X*, AeC\R,

with the Nevanlinna operator function Q,(-) : C\ R — [H @& H]) of the form (1.21) and
the operator X € [H @ H,H] given by

(4.84) X = (P”dHo 2PgPHvH°) HOH - Hyd H.
H,H —_——

Theorem 4.10. Let ny(Tmin) = n—(Tmin), let Hy = Hp ® Ho Hy and let J, be the
operator (1.10). Moreover, let T be a boundary parameter defined by (2.4) and (4.5),
(4.6) and let Co(N) and Cy(X) be the operator functions (4.17) and (4.18). Then for each
A € C\R there exists a unique operator solution Z,(-,\) € LA[H] of Eq. (3.3) satisfying
(4.64) (with A € C\R). Moreover, Q,(\) = Z-(a,\) + 1J, A € C\R, and the inequality
(4.66) is valid for all A € C\ R.

If in addition T is a self-adjoint boundary parameter, then the following identity holds:

(0~ %) = (=N [ Z:ENAOZ (L de. preC\R

This implies that for the canonical characteristic matriz Q. (+) the inequality (4.66) turns

into the equality, which holds for all A € C\ R.
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