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ON REGULARITY OF LINEAR SUMMATION METHODS OF
TAYLOR SERIES

M. V. GAEVSKIJ AND P. V. ZADEREY

ABSTRACT. The paper specifies necessary and sufficient conditions for regularity of
an infinite matrix of real numbers, which determines some summation method for
a class of functions that are analytic on the unit disk and continuous on the closed
circle.

s
Let L be the space of integrable 27-periodic functions with the norm || f||, = [ |f(¢)|dt,
—
and let C' be a subspace of L that consists of continuous functions with the norm
I fllc = r[nax | f|- Let also A = {)\gcn)}7 n,k = 0,1,..., be an infinite matrix of real
te|—m,m
numbers, which determines some summation method. With every 27-periodic continuous
function f € C with the Fourier series

oo

a .
fz) ~ 30 + ];)(ak cos kx + by sin kx)

we associate a series

Un(f,Ayz) = )\g") % + Z )\,(cn)(ak cos kx + by sin kx).
k=0

We say that the Fourier series of a 2m-periodic continuous function f € C' is summable
by the A-method in a point x to the value f(x), if all the series on the right-hand side
of the above relation are convergent at this point, and

The summation A-method is regular in the space of 2m-periodic continuous functions
C, if, for any 27-periodic function f € C' and any =z, its Fourier series is summed by this
method to the f(x).

Karamata and Tomi¢ [1] proved that the summation A-method defined by an infinite
matrix is regular in the space C' if and only if the following conditions holds:

(A) for any k =0,1,2,...

lim A" = 1;

n—oo

(B) for any n, there exists a number M,, (possibly depending on n) such that, for all

m,
/0 KN + ,;:1 A cos kx’da: < My;
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(C) the total variation of the function
x (TL)

( [eS)
K,(z) = lim { —i—Z)\ coskx} :07 Z—smkw

m—o0

is uniformly bounded, i.e.,
| ik <
0

(Here and below, M means some absolute constants which are, perhaps, different in
different formulas.)

For triangular matrices A, i.e., matrices, for which )\,(:) = 0 for n < k, these conditions
become simpler [2], [3]. In this case, for the regularity of the summation method A, it is
necessary and sufficient that condition (4) and the following condition be valid:

(B) /

Let D ={w € C: |w| < 1}. By A(D), we denote the space of functions f(-) analytic
in D and continuous in D = {w € C : |w| < 1} with the norm

1£lLacp) = max | (2)]-
zeD

(n) n-l

Z )\,(c") cos kx‘dm < M.

If the infinite matrix A = {)\,(C")Ln, k=0,1,..., of real numbers )\,(C") is given, then
any function f € A(D) with the Taylor series
(1) flz)=> ¥, zeD
k=0

can be associated with a sequence of series,

o0

(2) Un(f, A, 2) = Z )\(")ckz z€D.
k=0
We say that the series (1) is summable by the A-method at the point z € D to the
value f(z), if all series (2) are convergent for any n = 0,1, ..., and the following relation
holds:
3) lim Un(f.A.2) = f(z), z€D.

The summation A-method is called regular in space A(D), if, for each f € A(D) and
any z € D, series (1) is summed by this method to f(z).

If the summation method is regular in the space A(D), then, for each f € A(D),
series (2) converges uniformly, and the convergence in (3) is uniform, i.e., there is the
convergence in the norm of the space A(D).

For triangular matrices in the space A(D), L.V. Taikov [4] obtained the following
result:

The triangular matriz of real numbers A is regular in the space A(D) if and only if it
satisfies the condition (A) and the following condition:

(D) there exists M > 0 and such a decomposition /\gl) = Oé](gn) +ﬂ](€n) into real numbers

Oz;vn) and [3(") (k=1,2,...,n) that

/ZW )\(")
0

He also pointed out that the conditions for the regularity of the A-method in the space
A(D) are weaker than the conditions for the regularity in the space C.

+Zo¢k coskz+ﬂ smka:)dx§M (n=1,2,...).
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Here we consider the question of the conditions for the regularity of the method A in
the space A(D) in the case of infinite matrices. It will also be shown that the conditions
for the regularity of the method A in the space A(D) are weaker than the conditions for
the regularity in the space C.

The main results were presented at the International Conference ” Approximation
theory and its applications” (May 28—June 3, 2012, Kamianets—Podilsky, Ukraine) [5].

Theorem 1. For the regularity of the summation A-method in the space A(D), it is
necessary and sufficient that condition (A) and the following conditions be satisfied:
(E) there exist numbers M, > 0, perhaps, dependent on n and the decomposition

AV =M, k=1,2,...

into real numbers ozk ) and ﬁk such that each of the functions

)\(n) m . .
) (z) = 074—2(042 )coska:—f—ﬁ,(C )sinkx), n=0,1,..., m=0,1,...,
k=1

satisfies
27
/ 1t (@) |de < M, n=0,1,...,
0

where M, is independent of m;
(F') the total variation of the functions

)\ n n .
K(z) = n}gnoo (OT + Z(O‘l(g ) cos kt + ﬁ,g ) sin kt))dt
k=1
A S "
= OTJJ + Z %(al(C ) sin kx — ,6’2 ) cos kx)

k=1
is uniformly bounded on [0, 27],

27 27 (n) o0
)\ n n .
/ |dK, (x )|—/ 0 +Z(al(€)coskzx+/6’l(€)smkx) dx < M.
0 0

Proof. Necessity. Let A-method be regular in A(D), i.e., for each f € A(D) and for any
z € D, series (2) are convergent, and relation (3) holds. Let us show that relations (4),
(E), and (F) hold.

Let, for each f € A(D),

Um,n(f): m,n f7AZ Z)\ CkZ

— 1 (n -1
~ om t]=1 <Z>‘k tk+1+z )

Un(f) = lim Uy, o (f).

m—r o0

Here ué"), k=1,2,...,m;n=0,1,..., are arbitrary complex numbers.
For fixed z = €7, the last expressions are linear functionals on A(D) and can be
represented as

(4) Um’n(va’eiT) _ % i f(e l(T+0)) p(n) (6)de,
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where .
b () = )\(()n) + Z (/\](;L)efike i M;n)eik(a);
k=1
L (77 it t0) )
AT\ 13 i i(T+ n
o) U6y = tim o [ RO @),
F. Riesz [6] showed that there exist complex numbers /jl(cn),k =1,2,....m; n =
0,1,..., such that
[Unmnll = sup [Unu(fs A el am)
1 £lamy=1
© L L[
= min — b (0)]|d0 = — b, (0)|do
mingz [ W@ =5 [ DO
where
[_)(n) (n) +Z< (n) —zk0+ﬂ(") me)
Then the functionals U, ,,(f) and Un( f) can be written as
. 1 [ _
g Unalf e = 5o [ 5@ 00 ()as
27T 0
1 27 . _
(8) Un(f,A €)= lim —— [ f(e' )b (0)do.

m—oo 27T 0

The convergence of series (2) for each f € A(D) at a fixed point z € D is the con-
vergence of functionals (4) to the continuous functional (5). According to the Banach—
Steinhaus theorem [7, p. 266], the sequence {U,, ,,(f)} converges on A(D) as m — oo to
the continuous functional U, (f), if and only if

a) norms U, »(f) are bounded in aggregate,

1 2m
Unall =55 [ 185 @)1ds < M,

2T 0

where M,, depends, perhaps, on n, but not on m;
b) the sequence {Uy, (e “’T)} converges to U, (e?7) for any v = 0,1,... (linear com-
binations of the functions 7, v = 0,1,..., are dense in A(D)),
T\ (n) vt _ \(n) vt _ T

(9) n}gn Unn(e™7) = W%gn A =\ e"T =U,(e™7).

1t 5™ = 7\ + i7", then
b () = Reb{™ () + ilmb{™ (z)

(10) = )\é") + Z()\,(ﬂn) + n,gn) ) cos kx — Z n(") sin kx
k=1

—i(

Ms

- 771c )sinkx — Z e ) cos kx)

k=1 k=1
Since
1 271' _ 1 1 27\' _ 1 271' _
— > (n) - (n)
I O /O IReB™ ()| dz + 277/0 b (2)] e
and

1 2 B 1 2m B
g/o IReb™ (z)|dx = g/o |Reb™M (—z)|dz,
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1 27 B 1 27 B
2 b () de = / B (—a)|dar,
27T 0 27T 0
we have
1 2 B 1 27 B 1 2 _
= / Rebp) (2)ldr = o / [Reb( (2 ld + < / IReB(™ ()| da
T Jo T Jo T Jo
(12) _ 1/% Reb(™ () |dar + 1/% IReb(™ (—2)|dz
87T 0 m 87T 0 m

1 2m _ _
> 1 / ReB(™ () + Reb(™ (—z)|da.
87 Jo

Similarly, we obtain

1 27 _ 1 27 _ _
(13) - / [Tmb(™ (2)|da > o / Tmb{™ (z) — Tmb{™ (—x)|d.
T Jo T Jo
We note that
1, - _ A8
1 (Rebg’j) (x) + Rebfﬁ)(—x)) = 07 + Z 5(/\5C )+ 77,(C )) cos kz,
(14) o=
1 _ _ 1, (n _(n)y .
1 (Imb%") () — Imbﬁf;)(—x)) =— Z 5()\EC ) 771(c )) sin kz,
k=1
then, assuming
1 n —(n n 1 n —(n n
(15) SO+ = el and SN - ) = A7,
)\(n) m
(16) t) (z) = OT + Z (aé") cos kx + A" sin kx),
k=1
relations (6) and (11)—(14) yield
1 2w N
3 | H @
1IN S
< = Ao n
(17) < 271_/0 5 + ;ak cos kx‘d:r
1 27 m ( )
+ — B sinkw‘dm <N Umnll-
2T 0 ; k )

So, the convergence of series (2) implies that norms (6) are bounded, and, hence,
condition (E) is fulfilled by (17). Due to (9), equality (3) ensures that condition (A4)
holds.

With regard to relations (10), (15) and (16), it is easy to obtain that

(18) B (2) = 2607 () +1 Y et
k=1

where

= A(") m m .
bﬁff)(fﬂ) = OT + Za,(gn) cos kx — 226,(c Y sin ka
k=1 k=1
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Since f € A(D), we have fo% eyt ﬁ,ﬁ")eik“’de = 0. Then functionals (7)
and (8) can be written as

(20) V(g Mem) = 2 [ g oy,
0
2 _
(21) Un(f, A ™) = Tim ~ [ F(eT+0)50) (6)dp.

m—oo T [o

Let us represent by )(.13) in the form

1

B (@) = Tt () + a4 ().

Then the functionals U, ,(f) and U, (f) take the form

2m .
Unonf) = / P (A0 0) + D (-0))do

T
1 1
e / P L0 )
™ Jo
1 27 ( )
=5 g-(0)t,) (6)d6,

where

Obviously, if f € A(D), then g, € A(D).
It is known [8, p. 125] that the linear functional on the space of continuous functions
can be represented as a Stieltjes integral, so functionals (20) and (21) can be written as

2
Uninlf) = 3= [ 0480,

) 1 27 N
Ui = Jim o= [ 0008 0)

where
BM (@) = (22—p+ 3 " sinkf — B cos k) ) =t (6).
(B0 = (5043 5 (o ))

In view of convergence of series (2) and, hence, the uniform boundedness of the norms
[[Um nll, the functions B (#) have uniformly bounded variation, according to (17).

According to the Helly theorem on the limit transition under the sign of a Stieltjes
integral [9, p. 366], we obtain

1 27
(22 U= o= [ 9:(0)iK, 0)
™ Jo
where the functions
AN &1
_ 1 (n)(gy — 20 : (n) o
K, (0) = lim BY(0) = 25 9+k§_1k( sink — 3 cosk@)

have uniformly bounded variation, i.e.,

/2W|dK (0)] < M.
0
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The necessity is proved.

Sufficiency. Let conditions (A), (E) and (F') be fulfilled. We will show that series (2)
converge at each point z € D, and equality (3) holds.

Indeed, relations (6), (16) and (18)—(19) yield

1 2r 1 2m _
[Vl = 5 / B @ < 5= [ B @)l
1

(23) -=/ " (@) + 10 (—) — () (&) — 100 (—a))
1 27‘(
<1 / 11 ()| e
™ Jo

According to (23), condition (E) implies that the norms ||U,,. | are bounded. The
sequence {Up, ,,(e®7)} converges to Uy, (e®7) for any v = 0,1,... by condition (4), i.e.,
it converges on a dense set of polynomials in the space A(D). Therefore, according to
the Banach—Steinhaus theorem, series (2) converge at each point z € D. Moreover, the
function K, (x) has bounded variation. So, by (22) the functionals U, (f) defined on
A(D) have the norms

2
U < M/o K (8)].

In view of condition (F), the sequence of norms of the functionals U, (f) is uniformly
bounded, and, according to (4), equality (3) is valid for any polynomial. Therefore, by
the Banach-Steinhaus theorem, equality (3) holds for any f € A(D) .

The theorem is proved. (Il

Let us show that the conditions for the regularity of the A-method in the space A(D)
is weaker than regularity conditions in the space of C.
It is known [10] that the sum of the trigonometric series

o0
COS VX

Inv
v=2

is a function f € L, and

2 ™ IS cosva
= = 1).
/0 |Sn(f,x)|dx /0 VE:2 T ’dx o(1)

In addition, the function ¢(x) = %(f(as + g) — f(x — g)) € L, and

B i 1)"*lsin (2v + 1)
N n(2v+1)

Moreover, we have

o T I (D) sin Qv+ Dy,
| sutpaiao= [ > Tt e o)

At the same time, the partial sums of the series

i (—1)"*cos (2v + 1)z
et In(2v 4+ 1)

are unbounded in L.
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Indeed,

["“]

v=1

and

1) leos(2v+ 1)z 1
S[n+1 -
2 2V + 1) 2

sinv(x

sinv(z — %

3) 1

v=2

VZ:2 Inv

Inv 2

" sinv(z +

In

27 1 27
| tSep@lar =5 |

n
v=2

sinvx

%)‘dx

-3
)
v=2

Inv

\Z
lz

Inv

sinvx

Inv

B sinv(x — )
Zz

X

‘dsc

Inv

sinv(x + m) ’d:c

Inv

sin v x—i—w

)

sinv(z + 5

63

z:zsmux’d +O(/W ;2 ’d)

We note that the sequence {=} is convex, and, for the conjugate Fejer kernel

2 v= 2
Fp(z) = z”: (1 - L) sinva
- n+1

Inv

the estimation
Dsin(x+7) —sin(n+ 1)(z + )
4(n+ 1)sin® 2T

n+2

| <
— 2w
4(n +1)sin”

|z + )| = \(7”

holds for || < 7. Then, using the Abel transformation, it is easy to obtain the estimation

/’5 z":sinu(x—l—ﬂ)‘deM.
== Inv
2 v=2
Hence,
m 2 sinvx

|18 e = 3000 o)

Y : T v=2
According to the results of [11], the partial sums of the series Y > , S1YZ are un-

bounded in L:
Let the coefficients of the series Y .- | a, sinvz satisfy the condition

[v/2]

Z\AaV\JrZ‘Z

v=2 k=1

Aau k — Aav+k

’ < oo, where Na, =a, —a,41.
Then the partial sums of the series are bounded in L if and only if, for any m € N,
| amk]
m-+k

— <M
> s
k=1

and

- lay|
ZaTy<oo

v=1
sinvz

The last condition for the series Y.~ , 222 is not fulfilled. Note that this condition
is not required for the boundedness of partlal sums of Y > | a, cosv.
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We define the matrix A = {)\,(,”)} as

1— 4, forv<n,
)\l(/n) - 0, when v >n and v = 2k,
(_1)k+1

when v > n and v = 2k + 1.

Inv

Note that the polynomial 14 ZZ (1= n+1) cosvr = F,(z) is Fejer kernel, and the
relation 1 f x)|dx = l o " F,(x)dz = 1 holds.

It is 0bv10us that A 1 as n — oo for any fixed v. Let us show that condition (B)
of the Karamata and Tomi¢ theorem is not satisfied. Let m > n

ks

(n) m

Z /\(") coS kl"dI

:/ 14_2( _ni—i-l)wbkx—i— i /\,c coskx‘dm

0 k=1 k=n-+1

2m m 2T
2/ Z )\,(gn) coskx’dzf/ |F (x)|dx
0

0 k=n+1

2m m
= / Z )‘5?4)-1 cos (21 + l)m’dx -M

0 oit1=n+1

2 [mil (_1)l
:/O S o (20+1)

27 2w

0 2 0

We now set A = o™ 4 [3(" where

cos (21 + l)m’dx -M

S[g](z)‘dx—M—)oo, as  m — oo.

o — 1—%“, for v < n,
v 0, whenv >n

and

n) 0, forv<norv>nandv=2k,
ﬁy = (—1)FH1 _
when v > n and v = 2k + 1,

Inv

and check the conditions (E) and (F).
Let m > n, then

2
/0

m

)
— + Z (”) cos VT + ﬂ(”) sin v ‘dm
2m 2m
S/ +Za(") cosw:’dx-i—/
0
2 v
S/O 2+;<1m) cosyx’dz

21 21
+ / oy 2))de + / 1S, (i, 2)|dx = O(1).
0 0

Hence the condition (E) of the theorem holds.

Al

m

Z B0 sin wc‘dac

v=n

)\(”)
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For any m, we have

27 )\(n) m
/ | 0 +Z () cosva + B sinve) |de = O(1).
0 v=1
Then the condition (F) of the theorem also hold.

In the following theorem, we indicate simpler, although sufficient conditions for the
regularity of the summation method. The verification of conditions (E) and (F) of
Theorem 1, that is, checking the boundedness of integrals of the absolute values of
functions, causes certain difficulties. Further, these conditions are replaced by the test
for the boundedness of certain sums, which is much simpler.

Theorem 2. Let the number )\,(gn) be represented in the form /\Egn) = Oz,(:) + ﬂ,(gn) where

the real numbers ozggn) and ﬂ,(cn) k=1,2,..., satisfy the conditions
(24) Si .—Z\Aa |+Z|A5 | <M,
(25) §y$%<M
P
k=1

and

[v/2] (n) oo [v/2]

A

(26) Z’Z @y u+k‘ Z‘Z B Bu+k < M.

v=2 k=1 v=2 k=1

Then, in order that the summation A-method be regular in the space A(D), it is ne-
cessary and sufficient that condition (A) and the following conditions be satisfied for any
m e N:

(G) Z| m+k|+‘ k| <Mn,

k
k=1
where M, is independent of m, and

moa g _ g
(H) Z | m—k - m+k| +Z | - m+k| < M,
k=1 k=1

Proof. The proof uses Theorem 1. We note that if relations (24) and (26) hold, then, for
any m € N, the following quantities are finite (see. [14, p. 73]):

m—2 qi,m TL (n)
Aa A
Sy = E (

i AR — DB,

Z k itk +

i=2 \| k=1 k=1 k
0o (4] n n (4]
_ Z i Aav(n)ﬂ' E Aa'(m)+1+k n Z ABm«H E A6m+z+k
, k k ’
i=2 \| k=1 k=1

where g = min((3], [75]). B

Necessity. Let the summation A-method be regular in the space A(D). Then con-
ditions (A), (E), and (F) hold and yield conditions (G) and (H), if relations (24)—(26)
hold.

By [12, p. 453], condition (E) yields
27 lim o{™ =0 and lim g{") =
(27) im a and  lim By, 0

k—o0
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By virtue of relations (24)—(27), the series
)\(”) >
OT + ;(af,") cosva + B sinve)
is a Fourier series [13, §1]. On the basis of condition (E), its partial sums are bounded
in L. It was shown in [11] that condition (G) is necessary and sufficient in this case. This
yields the necessity of (G) in Theorem 2.

Consider now condition (F). Let relations (24)—(27) be satisfied. For any m € N, we
have [14, Theorem 1]

27 e o] )
’/ ((")cosuaH—ﬂ( sinvx) ‘dx——zgk—Q Z 18" |‘

k=2m-+1
where

)\(n)

< M(S5; +S2 +53),

& = €(B7 0l =l 2 + (B3 — 852 ),
and the function (¢, u) is defined as

£(tu) = Zlt],  for|u| < ¢,
arcsmn || + Vu® —t<, for < |ul.
’ t|arcsin | £| + Vu? — 2, for |t

Therefore, a necessary condition is
> &<
k —
k=1
Then, using the estimations [14, Lemma 5], we obtain
(28) ul <&(tu) < |t| + Jul < M(Jt] + Ju])-

Considering this inequality and the relatlon

1 1
§|t| + §|u| < V12 +u?,

we have
m m (n) o™ )2+ (6(71) _ B(n) )2
gk m+k m—k m—+k
IS
k k
k=1 k=1
S 1 Zm 77? - ag:zllﬂ + ‘@S;LZk - 57(:4)rk|
-2 P k )

The necessity of (H) is proved.

Sufficiency. Suppose that conditions (24)—(26), (G) and (H) are satisfied. Let us show
that the conditions of Theorem 1 are satisfied.

Indeed, condition (G) yields (27), and relations (24)—(27) imply that the series (see

[13, §1])

o0

e Z(af,”) cos v + B sin v)

v=1

is the Fourier series of an integrable function. Condition (G) provides the boundedness
of its partial sums in the metric of L (see [11]), i.e.,

2m
/0

)\(”) m
5 + Z ozk coskzx—i—ﬁk sinkz)|dx < My,
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and this condition is (E).
Since the series

/\(n) S
A 3ol e 5 s

is a Fourier series, it can be integrated over any interval. Thus, there exists a function
with bounded variation

K,(z) = /0 (0— (™ cos vt + B sin ut))dt

2 v=1
/\(") b
= OTJ? + ;(a,(/") sinvz — BV cosvz).
v=1

Then, for any m € N in view of [14, Theorem 1] and inequality (28), we have

/027T|df<n<x>| /

(n)
—Z§”+2 Z |8y |+M(Sl+52+53)

)\(") 0
5 + (™ cosva + B sinvx) |da
v=1

<
v
v=2m-+1
(n) o™ n) (n)
Q,, +
§M12| '”+k|k Pt = Pl vr, 4 aa(s, 4 551 85,
k=1
As is seen, condition (F) is valid, if conditions (24)-(26) and (H) are satisfied.
This proves the theorem. ([l
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