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CHARACTERISTIC MATRICES AND SPECTRAL FUNCTIONS OF
FIRST ORDER SYMMETRIC SYSTEMS WITH MAXIMAL
DEFICIENCY INDEX OF THE MINIMAL RELATION

VADIM MOGILEVSKII

ABSTRACT. Let H be a finite dimensional Hilbert space and let [H] be the set of all li-
near operators in H. We consider first-order symmetric system Jy' —B(¢)y = A(t) f(¢)
with [H]-valued coefficients defined on an interval [a,b) with the regular endpoint a.
It is assumed that the corresponding minimal relation Ti,;, has maximally possible
deficiency index ny (Thmin) = dimH. The main result is a parametrization of all
characteristic matrices and pseudospectral (spectral) functions of a given system by
means of a Nevanlinna type boundary parameter 7. Similar parametrization for
regular systems has earlier been obtained by Langer and Textorius. We also show
that the coefficients of the parametrization form the matrix W(X) with the pro-
perties similar to those of the resolvent matrix in the extension theory of symmetric
operators.

1. INTRODUCTION
Let H and H be finite dimensional Hilbert spaces and let
H:=H&H® H.

Denote also by [H] the set of all linear operators in H. We study first-order symmetric
systems of differential equations defined on an interval Z = [a,b), —00 < a < b < 00,
with the regular endpoint a and regular or singular endpoint b. Such a system is of the
form [4, 11]

(L.1) Jy' = B(t)y = A@)f(t), teT,

where B(t) = B*(t) and A(t) > 0 are locally integrable [H]-valued functions on Z and
0 0 —Iy ~ ~

(1.2) J=[0 if; o | -HeHeH-sHeHoH
Iy O 0

(the operator function A(t) is called a Hamiltonian). With (1.1) one associates the
homogeneous system

(1.3) Jy' — B(t)y = AA(t)y, X eC.

We assume that system (1.1) is definite (see Definition 3.1).
Let $ := L% (Z) be the Hilbert space of functions f(-) : Z — H satisfying
J(A@)f(), f(t))mdt < co. As is known system (1.1) generates the minimal linear rela-

7
tion Tp,;n and the maximal linear relation Ti.x in $. It turns out that T, is a closed
symmetric relation with finite deficiency indices ny(Timin) < dimH and Tiax = 10

min*
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Moreover, according to [5, 8, 32] each generalized resolvent R(A) of Tpi, admits the
representation

(RA)f)(x) = LYO(fv N(QM) + gsgn(t — ) N)Yg (E AR f(B) dt,  f=f(-) € LAD).

Here Yo(-,A) is an [H]-valued operator solution of (1.3) satisfying Yy(a,A\) = Iy and
Q(-) : C\R — [H] is a Nevanlinna operator function called a characteristic matrix of the
system (1.1).

Next, the following definition was introduced in our paper [28].

Definition 1.1. A non-decreasing left continuous function X(-) : R — [H] with X(0) =0
is called a pseudospectral (resp. spectral) function of the system (1.1) if the Fourier
transform

(1.4) 7O = (Vef) () = / Yo (L VAW (B i, f e 5

defines a partial isometry Vx from $ to L?(3;H) with ker Vs = mul T}, (resp. an
isometry Vs from § to L?(X;H)). Here mulTyin = {f € 9 : {0, f} € Tinin} is the
multivalued part of Thni, and L?(3;H) is the Hilbert space of all functions g(-) : R — H
satisfying [(dX(X)g(N), g(A)) < oo [9]. Moreover, the integral in (1.4) converges in the

R
norm of L?(¥;H).

Motivation of the above definition of a pseudospectral function can be found in [28].

Recall that system (1.1) is called regular if the coefficients B(¢) and A(t) are defined
and integrable on a compact interval Z = [a,b]. A description of all characteristic matri-
ces and pseudospectral functions of a regular system is given by the following theorem
obtained by Langer and Textotius in [20, 21, 22].

Theorem 1.2. Let system (1.1) be regular. Then
(1) The equality

(15) Q) = —5(Ca(N) + C(N)Yo(b, M) (Ca(N) = Co(N)Yo(b,A))J, A e Cy

establishes a bijective correspondence between all pairs of holomorphic operator functions
Ca(A), Cu(A)(€ [H]) satisfying

(1.6)  iCa(N)JCE(N) > iCy(N)JCE(N),  rtan (Ca(N), Cy(A) =H, e Cy

and all characteristic matrices Q(X) of the system (1.1).
(2) The equality (1.5) together with the Stieltjes inversion formula

1 s—6
(1.7) Y(s) = lim lim —/ Im Q(o + ie) do
0—=>+0e—+0 71 -5
gives a bijective correspondence between all holomorphic pairs Co(N\) and Cy(X\) satisfying
(1.6) and the limit condition

(18)  Lm 5 (Yo(b,iy) — I)(Caliy) + Co(iy) Yo(b, i)~ (Caliy) + Co(iy)) = 0
on one hand, and all pseudospectral functions ¥(s) of the system (1.1) on another hand.

Note that statement (2) of the above theorem is not completely proved in [21, 22].
More precisely, the proof of the assertion that each pseudospectral function ¥(-) admits
the representation (1.5), (1.7) is based on one of the statements of [21, Theorem 1], which
is not proved in [21] (for more details see Remark 4.20 in [28]). In fact we do not know
whether statement (2) of Theorem 1.2 is valid without additional assumptions about the
system.
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In our papers [27, 28] the results similar to Theorem 1.2 were obtained for general
(not necessarily regular) symmetric systems on an interval Z = [a,b), b < co. More
precisely, we parametrized in [27] all characteristic matrices Q(-) of a given system in
a form different from (1.5). This enabled us to parametrize in [28] all pseudospectral
functions of an absolutely definite system (system (1.1) is called absolutely definite if the
Lebesgue measure of the set {t € 7 : A(t) is invertible} is positive).

Clearly, for a regular system one has n4 (Tiin) = n—(Timin) = dimH. Moreover, for
any n € N and N_ between 0 and n there exist a space H with dimH = n and a
system (1.1) on Z = [0,00) with ny (Thin) = dimH(= n) and n_ (Tmin) = N- [18]. In
the present paper we study symmetric systems (1.1) on Z = [a,b), b < oo, with the
maximally possible deficiency index ni (Thmin) = dimH of Tiin. Our main result is a
parametrization of characteristic matrices and pseudospectral functions of such a system
in the form close to that in Theorem 1.2 for regular systems.

We show that in the case ny (Thmin) = dimH there exist subspace H, C H and a
surjective linear mapping I'y : dom T, — H1 such that the Lagrange’s bilinear form
ly, z]p := 1tiTr£1(Jy(t), z(t)) admits the representation

[y7 Z]b = (Jbeya sz)7 Y,z € dom Tmax-

Here H, := H & He Hp is a subspace in H and Jp is an operator in H; given by

0 0 —Iy,
(1.9) Jo=| 0 ilugg O |:Hy®Hy ©@H)dH, > Hy® (Hy © H) &H,
I'Hb 0 0 H H
1 1

with Hj- := HEHy. In fact, Iy is a singular boundary value of a function y € dom Thyax
(for more details see Remark 3.5 in [2]).

Assume that H;, and T are fixed and let 7 = {C(A\), C1(A)} be a pair of holomorphic
operator functions Cy(A)(€ [H]) and C1(A)(€ [H1,H]), A € C, belonging to the Nevan-
linna type class Ry (H, H;) [26]. With such a pair 7 we associate a pair of holomorphic
operator functions Co(A) = C- o (A)(€ [H]) and Cy(A) = Crp(N)(€ [H1, H]) satisfying the
relations (cf. (1.6))

(1.10)  iCa(N)JCEN) > iGN JCE(N),  tan (Ca(N), Co(N) =H, e Cy.

It turns out that for each generalized resolvent R(A) of Ty there exists a unique pair
7 € Ry (H,H1) such that a function y(¢t) = (R(\)f)(t), f = f(-) € H, is an L% -solution
of the following boundary problem:

(1.11) Jy — B(t)y = NA(t)y + A@)f(t), tel,
(112) C‘r,a(A)y(a) + C‘r,b()‘)l—‘by =0, A€ (C+'

Note, that (1.12) is a boundary condition imposed on boundary values of a function
y € domThax. One may consider a pair 7 as a boundary parameter, since R(\) runs
over the set of all generalized resolvents of Ty, when 7 runs over the set of all pairs 7 =
{Co(N),C1(N)} € Ry (H,H;). To indicate this fact explicitly we write R(A\) = R, (\) and
Q(A) = Q,()\) for the generalized resolvent of Ti,i, and the corresponding characteristic
matrix respectively.

The main result can be formulated in the form of the following theorem (cf. Theo-
rem 1.2).

Theorem 1.3. Let the minimal relation Ty, has the mazimally possible deficiency index
Ny (Tmin) = AimH and let B(X)(€ [H, H1]) be the operator function given by B(A\)h =
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To(Yo(-, A)h), h € H, A € C4. Then there exists an operator function

W(A):(ﬁig ng;):H@H%H@Hl, NeC,

such that the equality
(1.13)  Q-(\) = (CoNwi(N) + CL(Nws(N) " H(Co(Nwa(A) + Cr(MNws(N), X e Cy

establishes a bijective correspondence between all boundary parameters T = {Cy(X), C1 ()}
and all characteristic matrices Q(A) = Q- (\) of the system (1.1). Moreover, (1.13) ad-
mits the representation

(1.14) Q:(\) = =3(Ca(N) + Co(NB() ™ (Ca(N) = Cu(N)BM))J, A€ Cy,

with Co(A) = Cr o (A) and Cp(X) = Crp(X) (hence Co(N) and Cyp(N)) satisfy (1.10).

If in addition system (1.1) is absolutely definite, then the equality (1.13) together with
the Stieltjes inversion formula (1.7) gives a bijective correspondence between all boundary
parameters T = {Co(N), C1(\)} satisfying the limit conditions

lim 7= Py, w1 (iy) (Co(iy)w (iy) + Ci(iy)ws(iy)) ~ Ci(iy) = 0,

Yy—+00

lim iwg(iy)(Co(iy)w1 (iy) + C1 (iy)ws(iy)) " Co(iy) | H1 =0

Yy—r—+o0
and all pseudospectral functions () = X-(-) of the system.

Note that B(A) is a singular boundary value of the operator solution Yy(-, A) at the
endpoint b and W(A) is defined in terms of B(A). Observe also that the matrix of the
operator W () is rectangular and its dimension is (dimH + n_(Tiin)) x 2 dim H.

Recall that system (1.1) is called quasi-regular if Ti,;, has maximally possible (equal)
deficiency indices 14 (Thin) = n—(Tmin) = dim H. For a quasi-regular system the matrix
of W (A) is square and its dimension is 2dim H. Moreover, for such a system W(:) is an
entire [H @ H]-valued function satisfying the identity

(1.15) W O)AW (1) — Jr = (i — ) / VL NAGY () dt, A peC.
z
Here Y (-, \)(€ [H & H, H]) is a solution of (1.3) such that Y (a,\) = (I, 1J) and
(1.16) J1—<0 _IH):H@HﬁHEBH.
Iy O

The identity (1.15) enables one to represent W () explicitly in terms of certain operator
solutions of the homogeneous system (1.3) (see (4.51) and (4.52)).

Theorem 1.3 and identity (1.15) show that the function W(A) is an analog of the
Nevanlinna matrix in the moment problem [1] and the resolvent matrix in the extension
theory of symmetric operators [19].

According to [28] the set of spectral functions is not empty if and only if mul Ty, =
{0}. Moreover, if this condition is satisfied, then the set of spectral functions coincides
with the set of pseudospectral functions and, consequently, all the above results hold for
spectral functions.

As is known various boundary problems with separated boundary conditions induce
”truncated” pseudospectral and spectral functions of the reduced dimension. A descrip-
tion of such functions for the case of equal maximal deficiency indices in the form close
to (1.13), (1.7) has been obtained in [10, 12, 14, 16, 17, 31] (see also the book by D. Z.
Arov and H. Dym [3] and references therein). Observe also that for the corresponding
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"resolvent matrix” W (A) of the Sturm-Liouville operator the equalities similar to (4.51)
and (4.52) can be found in [12].

In conclusion note that all the results of the paper are applicable to singular formally
self-adjoint differential expressions both of even and odd order.

2. PRELIMINARIES

2.1. Notations. The following notations will be used throughout the paper: ), H de-
note Hilbert spaces; [H1, He] is the set of all bounded linear operators defined on the
Hilbert space H; with values in the Hilbert space Ho; [H] := [H,H]; P is the ortho-
projection in § onto the subspace £ C $; C4 is the upper half-plane of the complex
plane.

Recall that a closed linear relation from Hy to H; is a closed linear subspace in
Ho & H1. The set of all closed linear relations from H, to H; (in H) will be denoted by
C(Ho,H1) (C(H)). A closed linear operator T' from Hg to Hy is identified with its graph
grT € C(Ho, H1).

For a linear relation T' € 5(7-[0, ‘H1) we denote by dom T, ranT, ker T" and mul T the
domain, range, kernel and the multivalued part of T respectively. Recall that mulT is a

subspace in ‘H; defined by

mul7 = {h1 € H: {O,hl} S T}
Clearly, T € C| (Ho,H1) is an operator if and only if mulT = {0}. Moreover, we denote
by T71(e C(H1,Ho)) and T*(€ C(Hi,Ho)) inverse and adjoint linear relations of T
respectively.

Recall also that an operator function ®(-) : C\R — [H] is called a Nevanlinna function

if it is holomorphic and satisfies Im A - Im®(A) > 0 and ®*(\) = ®(N), A € C\ R.

2.2. Boundary triplets and Weyl functions for symmetric relations. Recall that
a linear relation A € C(9) is called symmetric (self-adjoint) if A C A* (resp. A = A*).

Let A be a closed symmetric linear relation in the Hilbert space $, let 915 (A4) =
ker (A* — A) (A € C) be a defect subspace of A, let My (A) = {{f,Af}: f € M\(A)} and
let ni(A) := dim 9\ (A) < 0o, A € Cy, be deficiency indices of A.

Next we recall definitions of boundary triplets for A* and the corresponding Weyl
functions and ~y-fields (see [7, 24, 25, 26]).

Assume that Hg is a Hilbert space, H; is a subspace in Hg and Ho := Ho © Hi, so
that Ho = M1 @ H2. Denote by P; the orthoprojection in Hgy onto #H;, j € {1,2}.

Definition 2.1. A collection IIy = {Ho & H1,To, 1}, where I'; : A* — H,;, j €
{0,1}, are linear mappings, is called a boundary triplet for A*, if the mapping I : f —
{Tof,T1f}, f € A*, from A* into Ho® H; is surjective and the following Green’s identity
('.9) = (£,¢) = (T2, Tog)n, — (Cof . TaG)a, +i(PaTof, PoTod)
holds for all ]?: {f, '}, 9=19,9'} € A*.
A boundary triplet I, = {Ho®H1,To,T'1} for A* exists if and only if n_ (4) < ny(A),
in which case dim#H; = n_(A) and dim Ho = n(A).

Proposition 2.2. [25]. Let 11, = {Ho®H1,T0,T1} be a boundary triplet for A*. Denote
also by my the orthoprojection in H®H onto HD{0}. Then the operator Ty [ Ma(A), A €
Cy, isomorphically maps My (A) onto Ho . Therefore the equalities
7+ (N) =m(To [ Ma(4) !, A€ Cy,
My (Mho = T1{74(Nho, M+ (Aho},  ho € Ho, A€ Cy
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correctly define the operator functions v4(-) : C4 — [Ho, 9] and M4 () : C4 — [Ho, Hi],
which are holomorphic on their domains.

Definition 2.3. [25]. The operator functions 4 (-) and M, (-) defined in Proposition 2.2
are called the y-fields and the Weyl function, respectively, corresponding to the boundary
triplet II.

Remark 2.4. If Hy = H;y := H, then the boundary triplet in the sense of Definition 2.1
turns into the boundary triplet II = {#H,Tg,T'1} for A* in the sense of [13, 24]. In this
case ny(A) = n_(A)(= dimH) and the functions v, () and M, (-) turn into the ~-field
v() : C\ R — [H, 9] and Weyl function M(:) : C\ R — [H] respectively introduced in
[7, 24]. Moreover, in this case M (-) is a Nevanlinna operator function.

To avoid misleading with using other definitions, a boundary triplet IT = {#,T¢,I'1 }
in the sense of [13, 24] will be called an ordinary boundary triplet for A*.

3. FIRST-ORDER SYMMETRIC SYSTEMS

3.1. Notations. Let Z = [a,b) (—00 < a < b < 00) be an interval of the real line
(the symbol ) means that the endpoint b < oo might be either included to Z or not).
For a given finite-dimensional Hilbert space H denote by AC(Z;H) the set of functions
f(-) : T — H which are absolutely continuous on each segment [a, 8] C T.

Next assume that A(-) is an [H]-valued Borel measurable function on Z integrable
on each compact interval [a, 8] C Z and such that A(t) > 0. Denote by L% (Z) the
semi-Hilbert space of Borel measurable functions f(-) : T — H satisfying ||f||2 =
JA@)f@), f(t))mdt < < (see e.g. [9, Chapter 13.5]). The semi-definite inner product
I

(,-)a in LA(Z) is defined by (f,g9)a = [(A@)f(t),9(t)mdt, f,g € LA(T). Moreover,

z
let LA (Z) be the Hilbert space of the equivalence classes in £ (Z) with respect to the
semi-norm || - ||a and let A be the quotient map from £3 (Z) onto LA (Z).

For a given finite-dimensional Hilbert space K we denote by £3[K,H] the set of all
Borel measurable operator-functions F(-) : Z — [K,H] such that F(t)h € LA(Z), h € K.
Moreover, we let £% [H] := £ [H, H].

3.2. Symmetric systems. In this subsection we provide some known results on sym-
metric systems of differential equations following [11, 15, 23, 30].
Let H and H be finite-dimensional Hilbert spaces and let

(3.1) H=H®H®®H.

Let as above Z = [a,b) (—00 < a < b < 00) be an interval in R . Moreover, let B(-) and
A(+) be [H]-valued Borel measurable functions on Z integrable on each compact interval
[a, 8] C Z and satisfying B(t) = B*(t) and A(t) > 0 a.e. on Z and let J € [H] be
operator (1.2).

A first-order symmetric system on an interval Z (with the regular endpoint a) is a
system of differential equations of the form

(3.2) Iy — Bty = AWF(E), teT,
where f(-) € L% (Z). Together with (3.2) we consider also the homogeneous system
(3.3) Jy'(t) — B(t)y(t) = NMA(t)y(t), teZ, IeC

A function y € AC(Z;H) is a solution of (3.2) (resp. (3.3)) if equality (3.2) (resp. (3.3)
holds a.e. on Z. A function Y (-, A) : Z — [K,H] is an operator solution of equation (3.3)
if y(t) = Y (t,\)h is a (vector) solution of this equation for every h € K (here K is a
Hilbert space with dim K < 00).
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In the following we denote by Yp(-, A) the [H]-valued operator solution of Eq. (3.3)
satisfying Yp(a, A) = Iy. Clearly, each operator solution Y (-, A) of Eq. (3.3) admits the
representation

(3.4) Y, ) =Yo(t,\)Y(a,N), teT.
In what follows we always assume that system (3.2) is definite in the sense of the
following definition.
Definition 3.1. [11]. Symmetric system (3.2) is called definite if for each A € C and
each solution y of (3.3) the equality A(t)y(t) = 0 (a.e. on Z) implies y(t) =0, t € Z.
Moreover, the following definition will be useful in the sequel.

Definition 3.2. System (3.2) is called absolutely definite if
p1({t € T : the operator A(t) is invertible}) > 0,
where pp is the Lebesgue measure on 7.

Clearly, each absolutely definite system is definite.

As it is known [30, 15, 23] definite system (3.2) gives rise to the mazimal linear relations
Tmax and Tyay in £% (Z) and LA (Z), respectively. They are given by
Timax = {{y, f} € (LA(2))* : y € AC(T;H) and Jy'(t)-B(t)y(t) = A(t)f(t) ae. on I}
and Trax = {{7y, 7f} : {y, f} € Tmax}. Moreover the Lagrange’s identity

(fa Z)A - (y7g)A = [y,Z]b - (Jy(a)7z(a)>7 {yaf}’ {Zag} € Tmax-
holds with

(3.5) [y, 21y = m(Jy(1), 2(t)), v, 2 € dom Tmax.

Formula (3.5) defines the skew-Hermitian bilinear form [, -], on dom Tpax. By using this
form one defines the minimal relations Tmin in £3 (Z) and Ty in LA (Z) via

Tonin = {{¥, f} € Tmax : y(a) =0 and [y,z], =0 for each z € dom Tpax}-

and Tmin = {{my,7f} : {y,f} € Tmin}. According to [30, 15, 23] T is a closed
symmetric linear relation in L2 (Z) and T, = Timax-

For A € C denote by N)(C dom Tp,ax) the linear space of solutions of the homogeneous
system (3.3) belonging to £2 (Z) and let My (Tmin) be the defect subspace of Tpyi,. Since
system (3.2) is definite, it follows that dim 9y (Tiin) = dimN). Hence Tyin has finite

(not necessarily equal) deficiency indices
(3.6) Na(Tin) = dim N, < dimH, X e Cy.
In the following with each operator solution Y (-, \) € £ [K,H] of Eq. (3.3) we associate
the linear mapping Y () : K — N, given by
(3.7) K>h—= (Y(MNh)(@) =Y ANh € N,.
Remark 3.3. (1) According to the decomposition (3.1) of H each function y € dom Trax
admits the representation
(38) y(t) = {yo(0).5(0), 51 (1)} (€ H & H & H).

(2) It is known (see e.g. [23]) that the maximal relation Tiyax induced by the definite
symmetric system (3.2) possesses the following property: for any {¥, f} € Tmax there

exists a unique function y € AC(Z;H) N L% (Z) such that y € § and {y, f} € Tmax for
any f € f. Below we associate such a function y € AC(Z;H) N L3 (Z) with each pair

{ga .]?} € Tmax~
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3.3. Decomposing boundary triplets.

Lemma 3.4. If ny (Timin) = dimH, then there exists a subspace Hy C H and a surjective
linear mapping

Top
(3.9) Ly=|T, | :domTrax — H®H®H,
'

such that for all y, z € dom Tax the following identity is valid:

(3.10) [y 2]o = oy, T1w2)m — Ty, Tov2) i + i( Py Tovy, Py Lovz)rr + i(Tyy, Th2) 5
(here Hi- = H © Hy). Moreover, Hy = H if and only if

(3.11) 0 (Toin) = 1 (T (= dim E).

Proof. Tt follows from (3.6) that n_ (Twin) < ny (Tmin)(= dim H). Therefore according to

[2] there exist a finite-dimensional Hilbert space Hy, a subspace Hy, C Hy, and a surjective
linear mapping

Fb = (FObvfbvrlb)T : domeax - ﬁb S>) f—j D Hb
such that the identity (3.10) holds with %, instead of H. Moreover,
(3.12) dimHy = n (Toin)—dim H—dim H and  dimHp = n_ (Tin)—dim H—dim H.

Since n (Tpin) = dim H = 2dim H + dim H, the first equality in (3.12) yields dim H;, =
dim H. Therefore without loss of generality one can put 7-lb = H, which implies the
first statement of the lemma. Moreover, by the second equality in (3.12) one has the
equivalence dimH, = dim H <= n_(Tnin) = dimH. This gives the second statement
of the lemma. |

The following proposition is immediate from [2, Proposition 3.6].

Proposition 3.5. Let ny (Tmin) = dimH, let Hp be a subspace of H and let Ty be a
surjective linear mapping (3.9) satisfying (3.10). Moreover, let

(3.13) Hy=Ho HoHy(C H)

and let T : dom Thax — H and T : dom Trax — Hi be linear mappings given by

(3.14) Toy = {=v1(a), i(§la) — Toy), Topy}(c H & H & H),

(3.15)  Tiy={w(a), @) +Toy), Tuy}(€ HE HOHy), y € dom T,
with yo(a), y(a) and y1(a) taken from (3.8). Then a collection I = {H & H1,To, 1}
with

(3.16) To{g, f} =Toy, Tu{g./} =Thy {7, f} € Tnax

is a (so called decomposing) boundary triplet for Tmax. In (3.16) y € dom Tpax s a
function corresponding to {y, f} € Tmax in accordance with Remark 3.3, (2).

Proposition 3.6. Let under the assumptions of Proposition 3.5 11y = {H® Hq1,To, 1}
be a decomposing boundary triplet (3.13), (3.16) for Tiax, let v+ () be the y-field of T1
and let

Mll()\) M12(>\) M13()‘) ~ —~
(317) M_;,.(A)Z Mgl()\) MQQ()\) Mgg()\) HOHOH—H®H ®Hy, AE C+
Ms1(A)  Ms2(A)  Mss(A) H

Hi
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be the block matriz representation of the corresponding Weyl function M, (-). Then for
each X € C, there exists an operator solution Z(-,\) € LA[H] of (3.3) satisfying the
relations

(3.18) Y+(A) =7maZi(N),
M1 (M) Mz (N) Miz(X) N ~
(3.19) Zy(a,\) = [ Mar(N) Mao(N) — 215 Mos(\) | :HoHSH — HeHe H.
—Iy 0 0

In (3.18)Z1(X\) : HH — N, is the linear mapping (3.7) for the solution Z (-, \).

Proof. Existence of the solution Z (-, \) satisfying (3.18) directly follows from the proof
of Proposition 4.4 in [2] (see in particular [2, (4.17)]). Moreover, the equality (3.19) is
implied by [27, (4.42) and (3.25)]. O

4. THE MATRIX W())

4.1. The case of one maximal deficiency index. In this subsection we suppose that
the following assumptions are satisfied:

(A1) ny(Tinin) = dim H,

(A2) H, is a subspace in H and T’ is a surjective linear mapping (3.9) such that (3.10)
holds.

In view of (3.6) the assumption (A1) implies that Yo(-,\) € LA [H] for all A € C,.
By using this fact we let B(A) = I',Yp(A\), A € Cy. Tt is easily seen that B(-) is a
holomorphic [H, H1]-valued function on C (for H; see (3.13)). Moreover, if

(4.1) Yo(t,A) = (9(t,A), x(£A), ¥(t,N) : HE He H - H, XeCy

is the block matrix representation of Yy(¢, A), then B(\) can be written in the block-
matrix form as
Tob

BA) = | Ty | (@A), x(A), (N))
1

= [ Bos1(\) Bas(\) Bos(\) | :HeHeH—-H®H®M,.

B31(A)  Bsa(A)  Bsz(A) H H,
For each A € C; we put
wy(A) wz@\))

4.3 W(A) = HeH - He Hy,
(43) 0= (1) ) wen-nan,
where
(4.4)

0 0 Iy ~ ~

wi(A\) = | —=iBa1(\)  —i(Bay(\) —Iz) —iBas(\) | :H&@H®H > H®H®H,

Bi1(N) Bia(M) Bi3(A) H H



CHARACTERISTIC MATRICES AND SPECTRAL FUNCTION 85

(4.5)
3 lu 0 0 N _
wa(A) = [ =4Bas(N) $(Bn(\)+1z) $Bu(\) | :HoHOH —»HoHoH,
3Bia(\) 3B12(}) —3B11(\) H H
(4.6)

—Ig 0 0
ws(A) = <_§BQI(A) (BN + 1) —;323@)) HoHoH > HoHoH,
Bsi()) Bsy(N) Bss()) H H,

(4.7)

0 0 —iIy
U)4(/\) = (—1323()\) —i(BQQ()\) —IA) iBgl(/\) ) - HoHOH >H®H®H,.

$Bs3()) i Bs3()) —3B31(N) H e

Clearly, the equalities (4.3)—(4.7) define a holomorphic operator function W(-) : C; —
H e H, He Hi.

Next, assume that I} = {H @ H1,To, "1} is the decomposing boundary triplet (3.16)
for Thax and let M4 (-) be the Weyl function of II.. By using the block matrix repre-
sentation (3.17) of M, (\) we let for A € C1

Mu(\) Mix(\) —3Ig ~ R
(4.8) Qo(\) = | Mor(\) Mxwn(\) 0 |:HoH®H -HOHOH,
—31y 0 0
My () Miz(\) Mis()) ~ ~
(49) Sl()\) = M21<)\) Mgg()\) - %II’_} M23()\) -HoH®OH >H®H®H,

H H

—IH 0 0 H H
Mi1(\) Mia(N) Iy R R

(4.10)  So(A\) = | Ma(A) Mao(N)+iIz 0 |:HeHoH—>HOHSH,.
M3z1(N) M32(N) 0 H Hi

The equalities (4.8)—(4.10) define holomorphic operator functions Qo(+) : C4 — [H], S1(-) :
C;+ — [H] and Sa(+) : C4 — [H, H4].

Proposition 4.1. The operator S1(X) is invertible and the operator function W(X) de-
fined by (4.3)—(4.7) admits for each X\ € C the following representation:

Ll w) (ST ST
(4.1) W“)‘<w3w w4<A>>‘<—M+<A>S;1<A> SQ(A)—M+(A)S(1‘1(A)90(A))'

Proof. Let Z4(-,\) € LA[H] be the operator solution of (3.3) defined in Proposition 3.6
and let T'y and T} be the linear mappings (3.14) and (3.15). It follows from (3.18) (see the
proof of [2, Propositions 4.4 and 4.5]) that I'{Z+ () = Iy and T Z1(\) = M4 (N\), A €
C.. Moreover, by (3.19)

(4.12) S1(0) = Z (a, )
and the equality (3.4) yields
(113) Zo(0) = YoM Z4 (0, ) = Yo(N)Si (V).

This implies that (I'jYp(A))S1(A) = Iy and (T Yo (N))S1(A) = M (M), A € C4. Therefore
the operator S1(A) is invertible and

(4.14) LoYo(A) = 871 (V). TYo(h) = My (M)STH(N), A€ Cy.

)
4.6)

Moreover, the immediate calculations with taking (4.2) into account give I'jYp(A
wy(A) and T Yp(A) = —ws(A), where wy(X) and ws(A) are defined by (4.4) and (
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respectively. Therefore by (4.14)

(4.15) wi(A) = ST\, ws(V) = =My (N)STH(N), AeC.

Next, in view of (4.15) one has

(4.16) Sfl(A)Qo(A):w1(A)Qo(A)7 S2(A) =My (A)ST ( )Q20(A) = 52(A) +ws (M) (A).
Since wy () is invertible, it follows from (4.4) that the operator

(—z‘Bgl(/\) —i(B22()\))— I))

Bi1(\) Bia(\
U 21N 2V _ (—iBa(N) —i(Ba() - D\
is invertible as well. Let (x?)( NS )) ( BH(A) Bia(\) > , so that
(417) —iBgl(/\)xl(/\) - i(BQQ( ) I )l‘3( ) Bn(/\)xl()\) + Blg()\)xg,()\) = O7

Since S1(A) = wy ' (N), it follows from (4.4) that
—Z$1(>\)BQ3()\) + 1'2()\)313()\) {Bl()\) .1‘2()\)
Sl()\) = —il‘3()\)Bg3()\) + $4(/\)Blg(/\) $3()\) 374()\) .
—Iy 0 0

(4.19)

Comparing (4.19) with (4.9) one gets
(420) Mll(/\) = 7i1‘1(/\)B23(/\) + 1172()\)313()\), Mlg()\) = Il()\),
(421) Mgl()\) = —i.%‘g(/\)ng()\) + .134( )B13(/\), MQQ(/\) = 333(/\) + %Iﬁ

Moreover, by (4.15) one has My (\) = —ws(A)S1(A). Combining of this equality with
(4.6) and (4.19) yields

(4.22) M3y (N) = — Bs1(A)(—ix1(N)Baz(A) + z2(A)B1s()N))
— B3za(A)(—ix3(\) Baz(A) + 24(X) B13(A)) + Bsz(A),
(4.23) Mgg()\) = — Bg1()\)l‘1<>\) — ng(A)l’g()\)

Substituting (4.20)—(4.23) into the right hand sides of (4.8) and (4.10) one obtains the
representation of Qo(A) and Sz(A\) by means of B;;(A) and z;(A). Moreover, (4.4)
and (4.6) give similar representation of wi(A\) and ws(A). Now the direct calcula-
tions with taking (4.17) and (4.18) into account yield w; (A)(A) = wa(A) and Sa(A) +
w3(A)Qo(A) = wa(N), where wa(A) and w4(N) are given by (4.5) and (4.7) respectively.
This and (4.16) imply

(4.24)  wa(\) = STHN)N),  wa(N) = Sa(A) — My (VST HNQ(N), AeCy.

Substituting (4.15) and (4.24) into (4.3) one gets the representation (4.11) of W(A). O
Lemma 4.2. Assume that K, H and $ are Hilbert spaces, Hi is a subspace in H,

Ho :=HOH1, P = Py, (€ [H,Hi]) is the orthoprojector in H onto Hi and Pa(€ [H])
is the orthoprojector in H onto Ho. Moreover, let

ar(A) az(N)Y | .
<a3(/\) a4(>\)) Ko =>KaMt, (pi(A), p2(N):KaH—9H, A€E

be the operator functions defined on a set E C C and satisfying
(4.25) ai(p) —ai(N) = (L= NI (N)ei (), a2(p) — az(\)Pr = (1= Nei(N)e2(p),
(4.26) as(p) — (NP +iPs = (- N3 (Npa(), A € B
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(in (4.26) aq(p) is considered as an operator in H ). Assume also that az(X) is invertible
and let

wi(\) wa(N)\ ay ' (\) a3 (Vai(N) .
(U’S()‘) “’4()‘)) o <—a4()\)a21()\) az(A) —as(N)a 21(/\) 1(A )) KOK = THOH,

Qo(N):=p2(Naz ' (N)(€ [K,9]), Q1(N):==1(N) +2(Naz ' (Nar(A)(€ K, 9]), A\€E.
Then for all p, A € E the following identities hold:

(4.27) iwi (A)Paws (1) — wi (Mws (1) +wi (A Prws (i) = (0 — M) Q5(A) Qo)
(4.28) w3 (N Pows(p) — wi(MNws(p) + wi(\) Prwi(p) — Ic = (1= M)QT(N)Qo(k),
(4.29) w3 (A) Pawa (1) — w3 (MNwa(p) +wi(N) Prwz(p) = (0 — N QT(N)Q1 (k)

Proof. By using (4.25) and (4.26) one gets
iwf(/\)Pzwl(u) wi (Mws(p) + w3 (A) Prw (1)
= wz V(N Paay () + +ay T (Naa(pay (@) — ay " (Nai(\) Pray ™ (1)
= ay (NP2 + as(n) — aj(N) Pr)ay (1)
= (1= Nay "Nz Ne2(uay ' (1) = (1= XQ5(N)Qo(k);
twy (A) Pows (1) — wy (Mws () +wi(A) Prwy(p) = I
=a1( Jaz (N (aa(n) — ai(\) Py + iPa)ay ™ (1) = (az(p) — ag(\) Pr)ag " ()
[a1(>\) P (Nes(Nez(m)az () — 01 (N ea(pag ' ()]
);

wz(/\) ( )+ (A)lez( )

+a§(>\)P1a2_1(M)a1(u) - al(A)az_l (Nai(N) Pray * (w)ai (p)
= aj(Maz " (N)(iP2 + aa(p) — af(\) Pr)ag * (n)ar (1)
— (az(p) — a5(N) Pr)ay " (w)a (1)
—a’{( Jaz ' (M(as(w) — az(N) + (a1 (w) — ai(N))
= (1 =N [ai(Naz " (V@3N ea(w)ay ' (mar(n)
- %(A)cpz(u)a Hwa ()
—aj(Naz (N3 (N1 (1) + @1 (Ve (1)
= (1= NQT(NQ1 ().
This proves (4.27)—(4.29). O
Lemma 4.2 is used in the proof of the following proposition.

Proposition 4.3. Assume that H1 C H is the subspace (3.13), He = HoH1(= HOHy),
Py = Puy, (€ [H, Hi)) is the orthoprojector in H onto Hi and Py(€ [H]) is the or-
thoprojector in H onto Ho. Moreover, let W (-) be the operator function (4.3) and let
Yi(-,A) € LA[H], A € Cy4, be a solution of Eq. (3.3) satisfying Y1(a,\) = 2J. Then for
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all A, ji € Cy
(4.30) iwi (A) Paws (1) — wi(Aws(p) + w3 (A) Prws (1)

(- )\/YO (£ A Yo(t, 1) dt,
iwy () Paws () — wi(Nws () +wi(A) Prws (1) — In
R R VINO L
(4.31) w3 (\) Pows (1) — w3 (Nwa (i) + wi () Prwa(u)
r= (u—X)/Iyl*(t,A)A(t)Yl(t,u) dt.
The identities (4.30)~(4.31)

WAONLWG) =5 = (=) [ T ENAOT ()it ApeCy.

mean that

where Y (t,A) = (Yo(t, \), Y1(t,\)) : H& H — H, A € C4, and

0 —IH iPQ _I’H

(432) Jl(IH 0 >ZH@H—)H@H, J2<P1 01):H@H14)H€BIH1.

Proof. Let M, (-) be the Weyl function (3.17) of the decomposing boundary triplet T1
for Tinax, let Qo(A), S1(A) and Sz(A) be given by (4.8)—(4.10) and let

a1(A) ax(A)\ _ (Q(A)  Si(A) ) |
(4.33) (as(k) a4(A)> = (SS(A) M+()\)>.HEBH—>H€BH1, AeCy.

Assume also that
7N = (), TN, () : Heo H o H = LA(T), AeCy,
is the block matrix representation of the vy-field v, (-) of II} and let
(4.34) e1(A) = (10(A), 3(N), 0): He H e H — LA(T), AeC,.
Then according to equalities (2.9) and (4.76) in [27] one has
Qo(p) = Q(N) = (1= Nt (N (), Si(w) = ST PL = (1= Xei (M) (w),
My (p) = MNP +iPy = (= N7 (Vv (), A € Cy

Moreover, W (A) admits the representation (4.11). Now applying Lemma 4.2 to (4.33)
and W (A) one gets the identities (4.27)—-(4.29) with

(435)  Qo(N) =1 NST V), QuN) = —p1(N) + 74 ST (A)Q(N), A€ Ty
Let us show that
(4.36) Qo) = maYo(h) and Qi(\) = maYi(A),

where Y; () : H — N, is the linear mapping (3.7) for the solution Y;(-, ), j € {0,1}.
It follows from (3.18) and (4.13) that

(4.37) Y+ (A) = maYo(A)S1(A), A eCi.
Moreover, by (4.34) ¢1(\) = v+ (M) X, where

Iy 0 0 R ~
X=[(0 Iz 0|:HoHoH—-H&H&H.
0

o
(an]

Therefore in view of (4.37) one has
(438) (,01()\) = WAYO(A)Sl ()\)X, AE ((:+.
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Combining the first equality in (4.35) with (4.37) one gets the first equality in (4.36).
Moreover, combining of (4.37) and (4.38) with the second equality in (4.35) yields
Q1(A) = maYo(A)(Q0(A) — S1(A)X)
and the immediate calculations give Qo(\) — S1(A)X = £J. Observe also that by (3.4)
Y1(A) = Yo(A)(3J). Hence Q1(A) = maYo(A)(3J) = maY1()), which proves the second
equality in (4.36).
Applying [2, Lemma 3.3] to (4.36) one gets

QGWI= [Yunawsma, Ferd@. fOef e,
and, consequently,
QN0 = [ Y7 ENAOY(E e, ke (0.1,
Now the identities (4.30)~(4.31) are implied by (4.27)~(4.29). O

4.2. The case of the quasi-regular system.

Theorem 4.4. For system (3.2) the following assertions are equivalent:
(1) The relation Tmin has mazimal deficiency indices ny (Timin) = N— (Tinin) = dim H.
(2) Yo(-, A\) € LA[H] for all X € C.
(3) There exists Ao € C such that Yo(-, A\o) € LA[H] and Yo(-, Ao) € L4 [H].

We omit the proof of this theorem, because it is similar to the proof of the corres-
ponding statements for differential operators (see e.g. [29]).

Definition 4.5. Symmetric system (3.2) is said to be quasi-regular if at least one (and
hence all) of the conditions (1)—(3) are satisfied.

Recall also that system (3.2) is called regular if it is defined on a compact interval
T = [a, b]. Clearly, each regular system is quasi-regular.

It follows from Lemma 3.4 that in the case of the quasi-regular system there exists a
surjective linear mapping

Loy

(4.39) Ty=|T, | :domTnu — H®HSH
—_———

Iy H
such that
(4.40) . 2l = Copy. T1o2) — (T1oy, Topz) + i(Toy, Th2), ¢,z € dom Tryax-
This means that I'y is a linear mapping from dom 7p,.x onto H satisfying
(441) [y7z]b = (ery7FbZ), Y,z € dom Trmax-

In this subsection we assume that system (3.2) is quasi-regular and that Ty, is a surjective
linear mapping (4.39) satisfying (4.40). Then the equality B(A) = Tz Yo(A), A € C,
defines an entire [H]-valued function B(-), which admits the block matrix representation
(4.2) with H, = H.

For each A € C we put

(4.42) W\ = (5283 zi&) HoH - HoH,

where the entries w;()), j € {1, 2, 3, 4}, are defined by (4.4)-(4.7) with H;, = H.
Clearly, W (+) is an [H @ HJ-valued entire function.

Next, the decomposing boundary triplet II; becomes an ordinary boundary triplet
IT = {H, Ty, 1} for Tinax with mappings I'g and I'y given by (3.16) and (3.14), (3.15).
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By using the arguments similar to those in the previous subsection one can easily
prove the following two propositions.

Proposition 4.6. Assume that system (3.2) is quasi-reqular. Let
Mii(A)  Mia(A)  Mis(A)

M) = | Mar(\) Man(\) Mas(\) | :HOH®H -H®H®H, AeC\R
M3z (A)  Msa(A)  Msz(N) H H

be the block matriz representation of the Weyl function M (-) corresponding to the decom-
posing boundary triplet 11 = {H, T, T1} for Tmax and let Qo(N), S1(X) and Sa(\) be the
[H]-valued functions defined for A € C\ R by (4.8), (4.9) and (4.10) respectively (with
Hy = H). Then for each A € C\ R the operator function W(X) admits the representa-
tion (4.11).

Proposition 4.7. Let system (3.2) be quasi-reqular and let Yo(-,\) € LX[H] and
Yi(-,A) € LA[H], A € C, be operator solutions of (3.3) satisfying Yo(a,A) = Iy and
Yi(a,\) = 3J. Then for all X\, p € C the following identities hold:

(@43 el W) + wiea() = (=) [ Y5Ot )
(Add) w5 W) + i ()~ = (= X) [ V7@ NA@Y(t. )
(@45) =) + i W) = (=) [ ¥ DAt

This means that

(4.46) W*N)AW (1) — Jy = (u— N) /Z Y*(t, NA@)Y (6, p)dt, A peC,

where Jy is given by the firs equality in (4.32) and

(4.47) Y(t,A) = (Yo(t,\), Vi(t,\) :HeH — H, AeC.

A somewhat other representation of the operator function W(\) is given in the fol-
lowing proposition.

Proposition 4.8. Let the assumptions of Proposition 4.7 be fulfilled and let Ya(-,\) €
LA [H] and Y3(-,\) € LA[H], X € C, be operator solutions of (3.3) satisfying

0 O 0 0 0 Iy
(4.48) Ya(a,\) =0 Ij 0 ;o Y3(a,A\)= [0 Iz O
0 0 -—Iy 0 o0 0
Then:
(1) for each y € dom Tax there exists the limit
(4.49) Ty := ltigl(_JYo* (t,0)Jy(t)), y € dom Tmax,

and the equality (4.49) defines a surjective linear mapping T'y : dom Tmax — H satisfying
(4.41). Moreover, the corresponding operator function B(X)(= Ty Yo(N)) is

(4.50) B() =lim(=JY5 (1,00 7Y (1, N)), A€ C.
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(2) If Ty is defined by (4.49), then the entries of the corresponding operator function
W () (see (4.42)) admit the representation

(4.51)
wl()\) = Cl - )\/ Y;(t70)A(t)Yo(t,>\) dt, CQ - /Y2 t 0 Yl(t )\) d
(4.52)
ws(\) = C5 — A/ Y, 00 A0 Yo (t, N dt,  wa(\) = Cy — )\/ Y3 (£, 0)A (D) Y1 (8, ) dt
A z

with the operators C; € [H @ Heo H] given by

(0 0 —IH) (;IH 0 0 )
(4.53) Ci=10 0 0 |, Co=|0 Iz 0 |,
Iy 0 0 0 0 —3Iy
(IH 0 0) ( 0 0 ;IH)
(4.54) Cs=|( 0 —Iz 0|, Cy=( 0 0 0
0 0 Iy iy 0 0

Proof (1) Tt is well known (see e.g. [11]) that Y;(¢,0)JYs(¢,0) = J and, consequently,
L(t,0) = —=JY§(t,0)J, t € T. For each function y € dom Trax put

(4-55) Fy(t) = Yy ' (8, 0)y(t) = =Yg (£,0)Jy(1).
Let h € H and let z(t) = Yy(t,0)h. Then

[y 2]y = Hm(Jy (1), Yo(t, 0)h) = Lim(JYo(t, 0)Fy (), Yo(t, 0)h) = —lim(Fy (¢), Jh).

This and (4.55) yield existence of the limit (4.49). Next, for each h € H one has
Ty(Yo(, O)h) = h so that the mapping I'y, is surjective. Moreover, for any y, 2 € dom Ty ax
one has

[y, 2l =l (TYo (2, 0)Fy (), Yo(t, 0) F (1)) = M (T Fy (1), Fx(1)) = (JTwy, Iv2),
which proves (4.41). Finally, (4.50) directly follows from (4.49).

(2) Since by (4.46) W*(0)J;W(0) = Ji, it follows that (W*(0)J;)~! = —W(0).J;.
This and (4.46) yield

(4.56) W(X) = W(0) — AW (0 )Jl/ “(t,0)A(£)Y (t,\)dt, Xe C.
z

By (4.50) B(0) = Iy and (4.3)—(4.7) give the equality

(4.57) wW(0) = (g; gi) "HeH— He H,

where C; are defined by (4.53) and (4.54). Moreover, the immediate calculation with
taking (4 47) and (4.57) into account gives

Jl/Y (t,0)A()Y (¢, \) dt
(4.58) B (fIYQ LO)A(H)Yo(t, \) dt fIYQ*(LO)A(t)Yl(tJ\)dt)
T \JL Y5 (4 0)A)Yo(t, N dt [ YL, 0)A()Yi(t,A)dt)
where

}/2(t7>‘) = ( 7>‘)02 - ( 7>‘)Cl = ( 7/\)(05 - %']Cik)a
YS(ta)‘) = ( ) )C4 - ( ) )CB - YO( 5 )(CZ - %JC;)
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Hence Ya(-, A) and Y5(-, A) are operator solutions of (3.3) with
E(G,A):C;*%JCT, Y3(CL,)\):C’I*%JC’§

and the immediate checking gives the equalities (4.48). Now combining (4.56) with (4.57)
and (4.58) we arrive at statement (2) of the proposition. O

5. DESCRIPTION OF CHARACTERISTIC MATRICES AND PSEUDOSPECTRAL FUNCTIONS

5.1. Characteristic matrices. Recall that the operator function R(-) : C\R — [L4 (Z)]
is called a generalized resolvent of Ty, if there exist a Hilbert space $ D LQA(I) and a
self-adjoint linear relation 7" in $) such that Ty, C T and

R(\) = Pra (T = N7 [ LA(Z), AeC\R.
The following theorem is well known (see e.g. [5, 8, 32]).

Theorem 5.1. For each generalized resolvent R( ) of Timin there exists a unique operator
function Q(-) : C\ R — [H] such that for each f € LA (T A() and A€ C\R

(5.1) p— / Yo(-, )+ dsen(t — ) I)Yg (L VAW (D) ), [eT.
Moreover, QU(+) is a Nevanlinna operator function.

Definition 5.2. [5, 32]. The operator function €(-) is called the characteristic matrix
of the symmetric system (3.2) corresponding to the generalized resolvent R(\).

Everywhere below we suppose that the assumptions (A1) and (A2) from Section 4.1
are satisfied.

Let H; be the subspace (3.13) of H and let 7 = {7, 7_} be a collection of holomorphic
functions 7 (-) : C — C(H, Hy).

Definition 5.3. A collection 7 = {7, 7_} is called a boundary parameter if it belongs
to the class Ry (H, #1) in the sense of [26].

According to [26] a boundary parameter 7 = {74, 7_} admits the representation
(5:2) 74 () = {(Co(\), CL(V)):H}, A€ Cyi 7 (N) = {(Do(N), Di(\); ), AeC
by means of two pairs of holomorphic operator functions

(Co(N\),C1(N) :He&H; — H, XeCy, and (Do(A),D1(N) - HOH; — Hy, AeC_

with special properties (more precisely, by equivalence classes of such pairs). The equ-
alities (5.2) mean that

7o (V) = {h,} e Ho My : Co(Mh+ Ci(Mh =0}, AeCy,
7-(\) = {{h,h1} e H& Hy : Dy(\)h + D1 (A\)hy =0}, AeC_.

In the case of the quasi-regular system one has #; = H and a boundary parameter
7 is a function 7(-) : C\ R — C(H) belonging to the well known Nevanlinna class R(H)
(see e.g [6]). Such 7 admits the representation in the form of a Nevanlinna operator pair

(5:3) T(A) = {(Co(N), Cr(N)); H}, A e C\R,
with [H]-valued functions Cy()\) and Cy()) satisfying for A € C\R the following relations:
(5.4) ImA-Im(C1(N)Ci (X)) >0, C1(N\)Ci(N)—Co(N)Ci(X)=0, ran(Co(N),C1(\))= H.
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If in addition 7(A\) = (= 6*), A € C\ R, then a boundary parameter 7 is called
self-adjoint. Such a boundary parameter admits the representation in the form of a
self-adjoint operator pair

(55) T()\) = {(Co,cl);H}, A G(C\R, Cy,Cy € [H]
For each boundary parameter 7 = {74,7_} of the form (5.2) we assume that
(5.6) Co(A) = (Coa(N), Co(N), Cor(\) : H®H®H —H, XeCy,

)
(5.7) Ci(A) = (C1a(N), C1(N), Cro(\) : H® HHy - H, XeCy

are the block matrix representations of Cy(\) and Cy ().
The following lemma is immediate from [27, Lemma 4.2].

Lemma 5.4. Let H be decomposed as H = Hy, P 'Hﬁ‘, so that
Hi(=HoH®H)) =Hy® (Hi- @ H) & Hy.
Assume also that Jy € [H1] is the operator (1.9). Then the equalities
(5.8)  Ca(N) = (=C1a(N), iCo(A) = LC1(N), —Cou(N)): HO®H®H —H, XeCy
(5.9)  Cy(N) = (Cop(N), —iCo(N) — 2C1(N), Cro(N)) : HO H®Hy — H, e Cy

establish a bijective correspondence between all boundary parameters T = {14, 7_} of the
form (5.2) and (5.6), (5.7) and all holomorphic operator functions

(5.10) (Ca(N), Co(N) :HoeH; —H, NeC,
satisfying (1.10). If in addition system (3.2) is quasi-regular, then the relations (5.6)—

(5.10) and (1.10) hold with Hy, = H, H1 = H and J, = J; moreover, in this case Cq(N)
and Cy(X) are defined on C\ R.

Let 7 = {74,7_} be a boundary parameter (5.2). For a given function f € £%(Z)
consider the boundary problem

(5.11) Jy — B(t)y = Aty + At)f(t), teT,
(5.12)  Co(MThy — C1(ATy =0, A€ Cy; Do(NIgy — Di( ATy =0, AeC_,

where I'(y € H and I'jy € H; are defined by (3.14) and (3.15). According to [27, (4.26)]
the first equality in (5.12) admits the representation

(5.13) Ca(Ny(a) + Co(A)Th(y) =0, A e Cy,

where C, () and Cy()\) are defined by (5.8) and (5.9) and hence satisfy (1.10).
If system is quasi-regular and 7 is a boundary parameter (5.3), then boundary condi-
tions (5.12) take one of the following equivalent form:

(514)  Co(\Thy— LTy =0 <= Ca(Ay(a) + C(W\Th(y) =0, AeC\R

Theorem 5.5. Let 7 = {74,7_} be a boundary parameter (5.2). Then for every f €
LA (Z) the boundary problem (5.11), (5.12) has a unique solution y(t,\) = ys(t,\) and
the equality

RS =malys(\ V). feIA@), fef AeC\R
defines a generalized resolvent R(\) =: R;(X\) of Trin. Conversely, for each generalized
resolvent R(A\) of Twmin there exists a unique boundary parameter T such that R(\) =
R (N).
If in addition system (3.2) is quasi-regular, then the above statements hold with the
boundary parameter T of the form (5.5) and the boundary condition (5.14) in place of
(5.12).
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Proof. Let Il = {H ® H;1,T0,T1} be a decomposing boundary triplet (3.16) for Tiax-
Applying to this triplet [26, Theorem 3.11] one obtains the required statements. ]

According to Theorem 5.5 the boundary problem (5.11), (5.12) induces a bijective
correspondence R(A) = R ()\) between boundary parameters 7 and generalized resolvents
R(X) of Thin. In the following we denote by Q. (-) the characteristic matrix corresponding
to R-(:). Clearly, the equality Q(-) = Q,(-) gives a parametrization of all characteristic
matrices of the system (3.2) by means of a boundary parameter 7. In the following
theorem we represent this parametrization in the explicit form.

Theorem 5.6. Assume that ny (Tmin) = dimH. Moreover, let Hy be a subspace in H,
let Ty be a surjective linear mapping (3.9) satisfying (3.10) let B(A) =T, Yo(N), A € Cy.,
and let W(X) be the operator function given by (4.3)—(4.7). Then for each boundary
parameter T = {1+, 7_} of the form (5.2) the operator Co(N)w1(A)+C1(MNws(N), A € Cy.,
is invertible and the corresponding characteristic matriz Q. (-) is

(5.15)  Q.(\) = (Co(Nwi(N) + C1(N)ws(N) " HCoNwz(N) + Cr(MNwa(N), X €Cy.
Moreover, Q2-(-) can be represented as

(5.16) Qr(N) = =3(Ca(N) + Co(N)B(N) T (Ca(N) = Co(N)B(N))J, A€ Cy,
where Cq(N) and Cy(X\) are defined by (5.8) and (5.9).

Proof. Tt follows from [27, Theorem 4.6] that

(GAT) 0.0 = D)+ S1ANCoN) — LML) CHNS(N), A€ Ty,

where M, (A) is the Weyl function (3.17) and Q¢(A), S1(A\) and Sz2(\) are given by
(4.8)—(4.10). Moreover, by Proposition 4.1 S;(A) is invertible. Hence

Q-(A) = () + (Co(N)ST(A) = CrNML(N)ST(A) T CL(N)S2 (V)
= (Co(N) ST (V) = CLO)ML (M) ST ) H(Co(N) ST
= CL)M (ST ()20 (N) + C1(A)S2(V)]
= (Co(N)STH(A) = CLO)M (VST (A) T [Co(N) ST (M0 (N)
+C1(A)(S2(A) = My (VST H(NQW)], A e Cy,

which in view of (4.11) yields (5.15). To prove (5.16) note that Cy(A) = Co (M) X7 +
Cp(AN) X3 and Cy(N) = Co(AN) X2 + Cp(N) Xy, where

0 0 0 -1 0
Xl(o —iI 0), Xg(o ~I
-I 0 0 0 0
0 0
Xy=|0 —

0

Co(Mwi(A) + C1(MNws(N)

= Co(N)(Xqw1(A) + Xowz(N)) + Cp(A) (Xzwi(A) + Xaws(N)),
Co(Mwa(A) + C1(A)wa(N)

Co( M) (X1wa(A) + Xowyg(N)) + Cp(N) (Xzwa(A) + Xgwy(N))

Therefore
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and the immediate calculations with taking (4.4)—(4.7) into account give

Xlwl()\) + Xng(/\) =1, ngl(/\) =+ X4w3()\) = B(/\),
Xlwg()\) + XQ’LU4(/\) = —%J, ngg(/\) + X4’LU4(/\) = % (/\)J

Hence Co(A)wi(A) + Cr(AN)ws(A) = Co(X) + Cy(A)B(A), Co(M)wa(A) + Cr(A)wa(N) =
—1(Ca(N) = Cy(N)B(X))J and (5.16) follows from (5.15). O

In the case of the quasi-regular system Theorem 5.6 can be rather simplified. Namely,
the following corollary is obvious.

Corollary 5.7. Assume that system (3.2) is quasi-regular. Moreover, let Ty be a sur-
jective linear mapping (4.39) satisfying (4.40), let B(A\) = IhYo(A), A € C, and let
W () be the operator function given by (4.42) and (4.4)—(4.7). Then for each boundary
parameter T of the form (5.3) the corresponding characteristic matriz Q- (-) admits the
representations (5.15) and (5.16) for all A € C\ R.

Corollary 5.8. [20]. Let system (3.2) be regular. Then the equalities (1.5) and (5.1)
give a 1,1-correspondence between all holomorphic operator functions (Cy(X), Cp(N)) :
HoeH — H, A € Cy, satisfying (1.6) and all generalized resolvents R(A) of Tiin-

The statement of this corollary directly follows from Theorem 5.1 and Corollary 5.7,
if we only put Tyy = y(b), y € dom Trax-

5.2. Pseudospectral and spectral functions. Recall that a non-decreasing operator
function () : R — [H] is called a distribution function if it is left continuous and
satisfies ¥(0) = 0. With each distribution function X(-) one associates a semi-Hilbert
space L£L2(X; H) of all Borel-measurable functions f(-) : R — H satisfying

[T / (dS(5) £ (5). f(5)) < o0

and the Hilbert space L?(3; H) of all equivalence classes in £2(3;H) with respect to the
seminorm || - ||z2(z;m (for more details see e.g. [9]). In the following we denote by s
the quotient map from £2(3;H) onto L*(3; H).

Let $ the set of all f € L% (Z) with the following property: there exists 3 7€ 7 such
that for some (and hence for all) function f € f the equality A(t)f(t) = 0 holds a.e. on
(Bf ).

Definition 5.9. A distribution function X(-) is called a pseudospectral (resp. spectral)
function of the system (3.2) if the operator

Vof = mo( [ Yioamsoa). o eF

defined originally for all f € 9, admits a continuation to a partial isometry Vy €
[LA(Z), L*(X; H)] with ker Vs, = mul Thyin (resp. to an isometry Vs € [L% (Z), L2 (3; H)J.
The operator V' = Vy is called the Fourier transform corresponding to 3(+).

In what follows we put g = L2A (Z) ©mul Tynin and denote by Vh = Vp » the isometry
from o to L?(Z;H) given by Vox = Vs | Ho.

In the following theorem we describe all pseudospectral functions of the system (3.2)
in terms of the boundary parameter 7.

Theorem 5.10. Assume that system (3.2) is absolutely definite. Moreover, let the as-
sumptions of Theorem 5.6 be satisfied, let Py be the orthoprojection in H onto Hi (for
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Hy see (3.13)) and let Py be orthoprojection in H onto Ho :=HE& Hy. Then the equality
(5.15) together with the Stieltjes inversion formula

N A .
(5.18) 3(s) =X,(s) = 61—1>I£-105LH£L10 p [6 Im Q. (o +ie)do

establishes a bijective correspondence between all boundary parameters T = {74,7_} of
the form (5.2) satisfying the conditions

(5.19) i 25 Prw(iy) (Co(iy)wi (iy) + Ca(iy)ws(iy)) ™ Ci (iy) = 0,

(520 lim Fows(iy)(Coliy)wi(iy) + Caliy)ws(iy)) ™ Coliy) [ Hi =0

and all pseudospectral functions X(-) = X.(+) of the system (3.2). Moreover, the following
statements are valid:

(i) if EIE iwg(iy)wl_l(iy) I Hy =0, then the condition (5.20) can be omitted;
y oo
(i) of ygrlloo iwg (iy)wy (iy) | Hi =0 and
(5.21) ygrfooy (Im (—wg(zy)wl (iy)h, h)H + %|\P2h||2) =400, heH, h#0,

then both the conditions (5.19) and (5.20) can be omitted.

Proof. Tt follows from [28, Theorem 5.4] that the equality (5.17) together with (5.18)
establishes a bijective correspondence between all boundary parameters 7 = {74, 7_} of
the form (5.2) satisfying the conditions

(5.22) Jim 2 Pi(Coliy) — Caliy) My (iy)) ™ Ci(iy) = 0,
(5.23) A a5 Mo (i) (Co(iy) — Cu(iy) Mo (iy)) ™ Co(iy) [ Hi =0

and all pseudospectral functions 3(-) = X.(+) of the system (3.2). As was shown in the
proof of Theorem 5.6 the equality (5.17) admits the representation (5.15). Moreover, by
(4.11) one has M (\) = —wz(A\)w; *(\) and, consequently,
(Co(AN) = CLA)M4 (X))~ = (Co(N) + Cr(Nws(Nwy ' (A)
= wi(A)(CoNwi(N) + Ci(Nws(N) ™!, A e Cy.
Therefore the conditions (5.22) and (5.23) are equivalent to (5.19) and (5.20) respectively.
This implies the main statement of the theorem.

Finally, statements (i) and (ii) of the theorem follows from assertions (i) and (ii) just
before Theorem 5.4 in [28]. O

The following corollary is immediate from Theorem 5.10 and [28, Theorem 5.5].

Corollary 5.11. Assume that system (3.2) is absolutely definite and quasi-regular and
let the assumptions of Corollary 5.7 be satisfied. Then the equalities (5.15) and (5.18)
establish a bijective correspondence between all boundary parameters T of the form (5.3)
satisfying the conditions

(5.24) Jim 5w (i) (Coliy)wi (iy) + Cr(iy)ws(iy) ™" Caiy) = 0,

(5.25) Jim 75w (iy)(Coliy)wi(iy) + Caiy)ws(iy)) ™ Co(iy) = 0
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and all pseudospectral functions L(-) = 3.(-) of the system (3.2). Moreover, Vs (€
(90, L2(X;H))) is a unitary operator if and only if T is a self-adjoint boundary parameter
(5.5) (satisfying (5.24) and (5.25)).

If in addition ylggo yIm(— wg(iy)wl_l(iy)ﬁjz) = +o0, 0% h € H, then the conditions

(5.24) and (5.25) can be omitted.
The following corollary is implied by the results of [28].

Corollary 5.12. The set of spectral functions of the system (3.2) is not empty if and
only if mul Ty, = {0}. Moreover, if this condition is satisfied, then Theorem 5.10 and
Corollary 5.11 are walid for spectral functions (in place of pseudo-spectral functions).
Moreover, in this case the second statement of Corollary 5.11 holds with Vx instead
of Vo5
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