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ABSTRACT. We consider differential equations of the form (% - B)m y(t) = f(b),

m € N, t € (—o0,00), where B is a positive operator in a Banach space B, f(t)
is a bounded continuous vector-valued function on (—oo,00) with values in B, and
describe all their solutions. In the case, where f(t) = 0, we prove that every solution
of such an equation can be extended to an entire B-valued function for which the
Phragmen-Lindelof principle is fulfilled. It is also shown that there always exists a
unique bounded on R! solution, and if f(t) is periodic or almost periodic, then this
solution is the same as f(t).

1. Let 8 be a Banach space with norm || - || over the field C of complex numbers, and
let E(B) (L(B)) be the set of all densely defined closed (bounded) linear operators on
B. In what follows {etA} >0 denotes the Cp-semigroup of bounded linear operators on B
with infinitesimal generator A (for the theory of semigroups on a Banach space we refer,
for instance, to [1-4]). Recall only that a family {U(¢)}:>o of operators U(t) € L(B)
forms a semigroup on ‘B if:

1) U(0) =1, the identity operator in 9B;

2) Vt,s>0:U(t+s)=U(t)U(s);

3) VxeB: }gr(l) |U(t)x — x| = 0.

The infinitesimal generator A of {U(¢)};>0, or briefly the generator, is defined as

1 ,
D(A) = {95 €B: lim Z(U(t)m — ) exists },

.1
Az = }1_% E(U(t)x —z), z€D(A).

This operator is closed, its domain D(A) is dense in B and U(¢)-invariant, i.e., U(t)x €
D(A) for all z € D(A), t >0, and AU (t)x = U(t)Az. Moreover,

d
%U(t)x = AU(t)z, x¢€ D(A).

Finally, we assume ker e*4 = {0} for any ¢ > 0. Without loss of generality it may be
also supposed {etA} >0 [0 be a contraction semigroup.

s

A Cop-semigroup {U(t)}¢>0 is called analytic with angle 6 € (0,%] if the operator-
valued function U(-) is defined in the sector Sy = {z : |argz| < 0} and possesses the
properties:

1) Vz1,22 € Sp: U(z1 + 22) = U(21)U(22);
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2) Vz € B :U(z)z is analytic in Sp;

3) Ve € B: ||U(z)x —z|]| = 0 as z — 0 in any closed subsector of Sp.
If in addition the family U(z) is bounded on each sector Sy with ¢ < 6, then U(t) is
called a bounded analytic semigroup with angle 6.

Let A € E(8). Denote by &;)(A) the space of entire vectors of the operator A:

6(1)(A) = projlim &% (4) = (1] &5(A),
a—0 a>0
where
B (A) = {x e [ D(A™)|3e = e(x) > 0,Vk € Ng = {0} UN : || A*z|| < cakkzk}
n€Ny
is a Banach space with respect to the norm

|2l 4y = sup ||Akx||.
! keNg akkk

The convergence in & y(A) means the convergence in every &{(A), a > 0. Note that
®1)(A) may be obtained if we confine ourselves only to a = £, n € N. So, &(1)(A) is

countably normed (see [5]).

Proposition 1. (See [6]). Let A € E(B). Then the series Y po 2A% converges in

k!
the space &1)(A) for any x € &(1)(A), any z € C, and the operator-valued function
L 2k Ak
exp(zA) = o
k=0

is entire in & y(A). Moreover, the family {exp(2A)},.c forms a one-parameter group
on @(1)(14)
If A is the generator of a bounded analytic semigroup {etA}t>0, then & 1y(A) is dense
in B,
B1)(4) = [ R(e)
>0

(R(-) is the range of an operator), and

ez, when ¢>0,

A): A)x = _
‘v’xe@i(l)( ) exp(tA)z { (e_tA) 13:, when ¢ < 0.

Consider the equation

) W 4 ay) =0, te00)

where A is the generator of a bounded analytic semigroup on 8. Under a classic solution,
or briefly solution, of this equation on (0, c0) we mean a continuously differentiable vector-
valued function y(¢) : (0,00) — D(A) satisfying (1). The following assertion (see [6]) is
valid.

Proposition 2. A B-valued function y(t) is a solution of equation (1) if and only if it
can be represented in the form

y(t) = exp(—tA)yo, Yo € B(1)(A).

2. Pass now to the equation

@) (G=-8) so=fo, ter
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where B is a positive operator in B, m € N, f(t) : R! — B is a bounded continuous
vector-valued function. Recall that an operator B € E(*B) is called positive if (—00,0) €
p(B) (p(-) is the resolvent set of an operator), and there exists a constant M > 0 such
that

M
YASO0: [[(B4+ )7 < —.
B+ a1 < 2L
In this case, according to [7, 8], the fractional powers B*,0 < a < 1, of the operator B
are determined, and the operator A = —-B:z generates a bounded analytic Cy-semigroup
{e!4}>0 on B of negative type
1 tA
w=w(A) = lim n e = s(B),

t—00 t
where

0<s(B)= sup Re),
A€o (B)
o(+) is the spectrum of an operator.
By a solution (classic) of equation (2) on R!, we mean a 2m times continuously
differentiable vector-valued function y(t) : R' +— 9 such that y**)(t) € D(B™*) (k =

0,1,...,m), the vector-valued function B™ ¥y(2#)(t) is continuous on R!, and y(t) sa-
tisfies (2).
Consider first the homogeneous equation
d? " 1
3 — — B t)=0, teR".
) (gz-8) s =0. te

Theorem 1. A B-valued y(t) is a solution of equation (3) on R if and only if it can
be represented in the form

m—1

(4) y(t) = > t*(exp(tA) fi + exp(—tA)gy),
k=0

where A = —B2, fu. i € &1)(A4) (k =0,1,...,m — 1). The vectors fr and gi are
uniquely determined by y(t).

Proof. Tt is not difficult to verify that a vector-valued function y(¢) of the form (4) is
a solution of equation (3). To prove the converse we use the method of mathematical
induction.

Suppose y(t) is a solution of the equation

(- 8)s0- (o= () (4. e

and put 2(t) = (4 — A) y(t). The vector-valued function z(t) is a solution of equation
(1) on the semiaxis (0, 00). By Proposition 2,
2(t) = exp(—=tA)h1, hi € B(A),

that is,

(jt - A) y(t) = exp(—tA)hy, >0,

Denote

(5) z0(t) = y(t) Thl'
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sinh(tA > t2k+1A2k+1
Taking into account that L() = W is an entire operator-valued func-
k=0 ’

tion in the space &1)(A), one can directly check that

d
<dt - A> 2(t) =0, teRhL

Since A is a generator of a Cy-semigroup on B, we have (see, for example, [8])
(6) Vt>0: 20(t) = eYhy,  hy € D(A).

As far as the vector-valued function z;(tf) = zo(—t) is a solution of equation (1), we
obtain from Proposition 2 that

21 (t) = eXp(—tA)hg, hg S 6(1)(14),
whence hy = 29(0) = 21(0) = hz € &(1)(A). It follows from (5) and (6) that
sinh(tA sinh(tA
(1) = zo(t) + 224 onhitA)

which is equivalent to

hi = exp(tA)hgy + hi, hi,hy € 8(1)(A),

y(t) = exp(tA) fo + exp(—tA)go,
where

A_lhl . —A_lhl
2 ) Jgo = 2 .

Assume now that representation (4) is valid for a solution y(t) of equation (3) with
m = k — 1 and show that this representation holds true for m = k.
Let y(t) be a solution of the equation

42 F
< B) y(t) =0, teR!,

with some k > 1. Then the vector-valued function
£ k—1
(0= (5z-8) o0

d? 1

So, there exist ﬁ), go € B(1)(A) such that

fo=ha+

satisfies the equation

2(t) = exp(tA) fo + exp(—tA)gdo.
Then the vector-valued function

(7) yt) =y(t) — th-t exp(tA) fr—1 — th-1 exp(—tA)gr_1,
where

(_1)k—1A1—k

Al—k .
. = D e (A
fe1 1k 1)!fo, 951 = T = D) g0 € B1)(4),

is a solution of the equation
d2 k—1

and, therefore, g(t) can be represented in the form (4) with m = k — 1, whence, in view
of (7), we arrive at the representation (4) with m = k.
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We prove now the uniqueness of representation (4), i.e., that the identity y(¢) = 0
implies the equalities fr = gr =0, k=0,1,...,m — 1. Starting from (4), by the direct
computation we get

©  (5+4) (5-4) " = (5+4) = Drexplta) s
— 9™ (m — 1)IA™ exp(tA) fon1

©  (5-4) (4+4) " = (5-4)" o= Diep(-tAgm

= (=1)™2™(m — 1)!A™ exp(—tA)gm 1.

Setting in (8) and (9) ¢t = 0 and taking into account that y(¢) = 0, we obtain f,,_1 =
gm—1 = 0. Thus,

m—2
y(t) = Z t* (exp(tA) fi, + exp(—tA)gk).
k=0
Repeating the procedure m times, we conclude that f, = g =0forallk =0,1,...,m—1,
which is what had to be proved. O

Corollary 1. Fuvery solution of equation (3) on (—o00,00) admits an extension to an
entire function with values in &1y(A).

Since the operator A generates a bounded analytic semigroup, it follows from Proposi-
tion 1 and Theorem 1 that the space of all solutions of equation (3) is infinite-dimensional.
Moreover, the following analog of the Phragmen-Lindelof principle [9] holds for them.

Theorem 2. Let y(t) be a solution of equation (3). If

(10) Jy € (0,~w), Fey, > 0: [|y(®)]| < cye?t, t R,
where w = w(A) is the type of the semigroup {etA}t>0, then y(t) = 0.
Proof. Write representation (4) as

y(t) = y1(t) + ya(t),

where
m—1 ) m—1 )

(11) ni(t) =Y texp(tA)fi, w2(t)= Y t' exp(—tA)g;.
i=0 1=0

Since the semigroup {etA} />0 1s bounded analytic, by Proposition 1 we have for ¢ > 0

that exp(tA)f; = et f;, i =0,1,...,m — 1. As it follows from the definition of the type
of a semigroup,

o e (0,2, 20, 3e5 > 0+ et < cpel O,

whence
m—1 . m—1

(12) VE>0: [y ()] < D #llexp(tA) fil] < Y cige@TI < Gl
i=0 i=0

where 20 € (0, —w) and the constant ¢5 = 2261 ¢;s depends only on f;.
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Let now g € &(;)(A). Then
vie (0,-5), vt =05 gl = e exp(—tA)g]| < ||| | exp(~tA)g|

< csel | exp(—tA)g]|.
This implies
lexp(~tA)g|| = cse=“ g as ¢ >0,
and, therefore,
Vt >0 ly2(t)]| = || exp(—tA)R(1)]| > cse” @ |n(t)]],

where h(t) = 21161 t'g;, c5 = c;' does not depend on t.
Suppose y2(t) # 0. It follows from this that in representation (11) for ya(t) some
gi # 0. Without loss of generality, we may assume g,,_1 # 0. Then

m—2
_ cge—(w—&-zs)ttm—l (”gmfln _ H Z tk—m-{—lgi
i=0

m—2
L e G T e DL
i=0

Because of
—0 as t— o0

m—2
H Z fhmmtlg,
=0

and t™~1 > e~% for sufficiently large t > 0, we have

(13) vt >0, Vo€ (0,2 ) : |lya(t)]| = cfem N,
where ¢§ does not depend on ¢. Using inequalities (10) and (12), we obtain
(14) ¥t >0 ()] = l9(®) — Ol < IOl + Iy < ey + G20 < e,
where ¢ = ¢, + . The inequalities (13), (14) imply
Vit >0 cge” @2t < gy ()| < eyt

Put
2@l
(t) = coe— (@20t

Then, for sufficiently large ¢ > 0

1< p(t) < zerer2r = &,
cs

Setting § = —’Y"fT“’, we shall have for large t > 0
1< p(t) < e’

Approaching the limit as ¢ — oo and taking into account that HT‘” < 0, we infer 1 <
p(t) < 0, provided that y2(t) # 0 for ¢ > 0, which is impossible. So, y2(t) = 0 on the
semiaxis [0, 00). Therefore g; =0, i =0,1,...,m — 1.

If we assume y; (t) # 0, we shall draw a conclusion that y; (¢) # 0 ast < 0. Substituting
in (4) —t for ¢, we obtain y;(t) = 0 on the semiaxis (—oo,0], whence, by Theorem 1,
fi=0,4i=0,1,...,m — 1. This has a consequence that y(t) = 0. O
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Corollary 2. (Analog of the Liouville theorem.) Let y(t) be a solution of the homoge-
neous equation (3) on R'. Then

sup ly(t)| < co = y(t) =0, teRL

teRr!

3. Consider now a nonhomogeneous equation (2). Denote by C,(R!,B) the set of all
bounded continuous on R* vector-valued functions with values in B. In what follows we
suppose f(t) € Cp(RY,B). Under a generalized solution of equation (2) on R! we mean
a continuous vector-valued function y(t) : R! — 9B for which the integral identity

/Rl (25 = ) "et).0(0)) dr = /R (1), F(t)) e

holds true, where o(t) is an arbitrary compactly supported infinitely differentiable vector-
valued function with values in D(B*™ such that B*™p(t) is continuous on RY, (., f)
denotes the action of a functional f onto a corresponding element. It is obvious that a
classic solution of (2) is its generalized one.

Theorem 3. Let A™f(t) € Cy(R',B), and

A—m
(15) Yo (1) = 27T'1/ eAllt=siltlsa=sa |+ lsm=sm-1) f(5 Y dsy . dsm
Then, yS ( ) € Cp(RY, D(A2™71), e ( ) is a bounded continuous vector-valued func-
tion with values in D(A?™~%), i = 0 ,2m, and ym,(t) is a solution of equation (2).

Proof. To prove the assertion, we turn again to the method of mathematical induction.
Put m = 1. Since
VE >0l < e, 0<y < —w(A),
and Af(t) € Cp(RY,B), it is not difficult to check that
(16)
A1 A2
yi(t) = T/ eA‘t_sllf(S1)d81=T el Af (s1) dsy € Cy(R', D(A?)),
R1 R!

yi(t) = 1421(/ eA(tsl)Af(sl)dsl—F/too eA1D Af (1) dsl) € Cy(RY, D(A)),

W)= )+ [ Melaf(s) dsy € CR! )
Rl

It follows from this that y;(¢) is a classic solution of equation (2) on R!.
Suppose now that for m = k, under the condition A*f(t) € Cy(R!,B), the conclusion
of Theorem 3 is valid. Then for m = k + 1 we have
— A-(HY A(lt=s1l+]s2—s1|+F[sky1—sk])
(17) yk;_;,_l(t) = W /Rk+1 e + f(Sk.;,_l) dSl e dSk_;,_l

2 A2
=" [ eAlt=sly(s)ds = = [ eAllz(t —s)ds,
2 R1 2 R?
where
A—k
(s) = =—— eA(‘S_SQH‘”HS’““_S’“‘)Af(SkJrl) dsy...dspi1.

% Jo
As Af($k+1) €
D(A%~1), i =
follows from (1

I

Cy(RY, D(A¥)), by the assumption specified above, () (t) € Cy(R?,
0,1,..., 2k and satisfies (2) with m = k and Af(¢) instead of f(¢). I
7) that

A—2
y;?fl)(t) = —/ eAt=s1,2R) (5) ds.
2 Ju
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Therefore, because of (16), we get
1
ylg(lfﬂ))(t) = (%K) (t) + 5/ eAlt_slz(%)(s) ds € Cy(R*,B)
R1

and

) [ )
Rl

- ()5 [ asts) o= (5a-) [ et ds = f0).

Thus, the assertion of the theorem is true for yyi1(t). O

Corollary 3. If f(t) € Co(RY,B), then y&)(t) € Co(RY, D(A2™ k), k =0,1,...,m,

and ym(t) is a generalized solution of equation (2).

Proof. The fact that ygf)(t) € Cy(RY, D(A%?™= %) as k = 1,2,...,m, is proved on the
basis of (15) by means of the method of mathematical induction in a way like to that
used in Theorem 3. To verify that y,,(t) is a generalized solution of (2), consider the
sequence f,(t) = e%Af(t). By virtue of analyticity of the semigroup {eAt}Do , fat) €
Cp(RY, D(A™)) for any n € N, and f,,(¢) converges uniformly to f(¢). So
Afm
Ym n(t) —_ 67A(\tfs1\+...+|sm75m71|)fn(5m) d81 o dsm
! 2m Jon
is a classic solution of equation (2) with f(¢) = f,(¢), and the sequence y,, () converges
uniformly on R to y,,(t) as n — oo. Passing to the limit in the identity

/]Rl <<5722 - B*)mW(t), ym,n(t)> dt = /Rl o(t) fu(t) dt,

we conclude that y,,(t) is a generalized solution of (2). O

Recall that a continuous vector-valued function f(t) : R! — 9B is called almost periodic
(by Bohr) if for any £ > 0 there exists a constant L. > 0 such that each interval from R*
of length less than e contains a point 7 = 7(¢) having the property

Vte R :||f(t) — ft+7)| <e.

As a consequence of Theorem 3, Corollaries 2,3, and the fact that a generalized solution
of equation (3) is classic one we obtain the following theorem.

Theorem 4. Let f(t) € Cy(RYL, D(A™)) (f(t) € Co(RY,B). Then there exists only
one bounded classic (generalized) solution y(t), t € R of equation (2), and it can be
represented in the form (15). If f(t) is periodic or almost periodic, then the solution is
the same as f(t).
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