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ABSTRACT. We give sufficient conditions for the Fourier and the Fourier-Stieltjes
spaces of a locally compact hypergroup to be Banach algebras.

1. INTRODUCTION

The Fourier and the Fourier-Stieltjes algebras for a general locally compact group have
been considered in [1]. Following a similar procedure for a locally compact hypergroup,
one can introduce Banach spaces that are not Banach algebras in general. This has been
done in [2], where the author has also considered the Fourier spaces of some commutative
hypergroups, proving that the Fourier spaces are Banach algebras with respect to a
certain norm. In [3], the author has introduced a special class of hypergroups, he calls
ultraspherical, that also possess the property of the Fourier space being a Banach algebra.

In this paper, we give a sufficient condition for the Fourier space to be a Banach algebra
in the case of a general locally compact hypergroup. The double coset hypergroup of a
locally compact group satisfies this condition.

2. PRELIMINARY

2.1. Main notations and definitions. Let @ be a Hausdorff locally compact topolog-
ical space. The set of all compact subsets of ) is denoted by K.

The linear space of complex-valued continuous functions on @ is denoted by % (Q),
the subspace of (@) of bounded functions (resp., functions approaching zero at infinity)
is denoted by %,(Q) (resp., 6o(Q)). The space %,(Q) is endowed with the norm || f||cc =
sup,eq |f(t)]. By #(Q), we denote the linear subspace of %,(Q) of functions with
compact supports. By 1, we denote the constant function, 1g(s) =1 for all s € Q.

A measure is understood as a complex Radon measure [4] on @). The linear space of
complex Radon measures, over the field C of complex numbers, is denoted by .#(Q).
For a measure y, its norm is ||ufl1 = supser (@), |1f1o<1 1#(f)]- The subspace of .Z(Q)
of bounded (resp., compactly supported) measures is denoted by .#,(Q) (resp., #.(Q)).
The subset of #(Q) of nonnegative (resp., probability) measures is denoted by ., (Q)
(resp., #,(Q)). For a measure p € 44 (Q), its support is denoted by S(u). The set of
measures p such that S(u) is compact is denoted by A.(Q). If p € A+ (Q) N A (Q),
then [|p]l1 = p(lg). The Dirac measure at a point s € @ is denoted by &5. The
integral of f € ¢ (F) with respect to a measure u € # is denoted by p(f) = (f,n) =

Je(free) dult) = [ £(8) dp(t).
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A (locally compact) hypergroup is a locally compact Hausdorff topological space @
such that .#;,(Q) is endowed with a multiplication, called composition and denoted by *,
satisfying the following conditions [5]:

(Hy) (A,(Q),*) is an algebra over C.

(Hg) For all s,t € Q, g5 % & € Mp(Q) and S(es * £¢) is compact.

(Hs) The mapping (s,t) — €5 * ¢ of Q X Q into #,(Q) is continuous with respect to

the weak topology o(.#,(Q), %0(Q)) on ,(Q).
(H4) The mapping (s,t) — S(es * ) of Q x @ into K is continuous with respect to
the Michael topology on X.

(Hs) There exists a (necessarily unique) element e € @) such that e, xes = €5 %€, = €5
for all s € Q.

(Hg) There exists a (necessarily unique) homeomorphism s — § of @ into @ such that
5= s and (g5 * £;) = &7 * €5, where i denotes the image of the measure y with
respect to homeomorphism s — 3, i.e. (f,1) = (f,p), where f(s) = f(3).

(H7) For s,t € Q, e € S(e, * &) if and only if s = .

For a measure p € #(Q) and h € %(Q), the measure hy is defined by ( f,hu) =
(fh,u) for f € & it is clear that hu € #.(Q) for h € Z(Q).

Everywhere in the sequel, we assume that the hypergroup possesses a left invariant
measure, denoted by m, which means that

Eskm=m

for all s € Q.

For p € #,(Q), denote by p* the bounded measure defined by u*(f) = j(f) for
f e A (Q). Tt follows from the axiom (Hg) of a hypergroup that * is an involution on
the algebra (#,(Q),*). It is well known [5] that (#,(Q), *,*) is an involutive Banach
algebra.

For C*-algebras A and B, the tensor product A® B is the completion of the algebraic
tensor product A ® B with respect to the min-C*-norm on A ® B,

n

b

n
1) a5 @ billmin = sup
i=1

TAEX A, TBEXR

ma(a;) @ mB(b;)
i=1
where ¥ 4 (resp., ¥ ) is the set of all representations of A (resp., B) [6].
For a C*-algebra A, the C*-algebra of multipliers of A is denoted by M (A), see [7] for
details.

2.2. Fourier—Stieltjes and Fourier spaces.

Definition 1. Let @ be a locally compact hypergroup. Let . be a Hilbert space, B()
the C*-algebra of all linear bounded operators on 7, and 7: #,(Q)) — B(5¢) a linear
map. Then the pair (J#, ) is called a representation of .#,(Q) if m is an involutive
homomorphism of the involutive Banach algebra (.#,(Q), *,*) into B(.%¢).

A left invariant measure m on @ gives rise to an inner product (- ’ -) and norms
| - |li and || - [|2 on £ (Q) as usual,

(f|g)= /Q F(O)g(t) dm(t),

1/2
IAl= (I [ 1e).  Ifle=(F | f)
The completions of ¢ (Q)) with respect to the norms || - |1 and || - ||2 are denoted by
L1(Q) and Lo(Q), respectively.

We denote Li(m) = {fm: f € L1(Q)}. It is well known that (L1 (m),*,*) is a closed
two-sided ideal of (4, (Q), *,™).
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Identifying each f € L;1(Q) with the measure fm € Lq(m) yields an involutive Banach
algebra structure on Lq(Q), denoted by (L1(Q), *,*), where

1) (Fea)s) = [ £O(g.520) dm(t),
Q
(2) frs) = ATUs)F(3),
where A : @ — R is the modular function, m x e, = A(s)m, see [5]. Also denote by
3) fi(s) = [ (3).

A function f € %, is called positive definite if ( f,u**p) >0 for all p € #.(Q). It is
well known that the function f * ff, f € #, is positive definite, see [5].

Each representation (7, 7) of (#,(Q), *,*), being restricted to (Li(m), x,*), defines
a representation of the involutive Banach algebra (L1 (Q), *,*), which we also denote by
(A, 7).

A representation (7, ) of (#,(Q), *,*) is called a representation of @ if it gives rise
to a nondegenerate representation of (Lq(m),,*), hence of (L1(Q), *,*). The set of all
representation of Q will be denoted by X.

The left regular representation (L2(Q), A) of (L1(Q), *,*) is defined by

)
A(f)-§=f*&

for f € L1(Q) and & € L2(Q).
Each representation (., 7) of @) induces a seminorm || - || on (L1(Q), *,*), defined by
Ifll= = Im(F)ll By, f € L1(Q), where || - || g(s#) denotes the operator norm in B(J).
For a subset ¥’ C X, we define a seminorm || - |5 on (L1(Q), *,*) by

[flls = sup [[fll=,  f€Li(Q)
Tex!

Definition 2. The enveloping C*-algebra of (L1 (Q), *,*) with respect to the norm || - ||
(resp., || - ||a) will be called the full (resp., the reduced) C*-algebra of the hypergroup Q.
The full (resp., the reduced) C*-algebra of ) will be denoted by C*(Q) (resp., C:(Q)).

Definition 3. The Banach space dual to the full C*-algebra C*(Q) is called the Fourier-
Stieltjes space and will be denoted by Z(Q).

The Banach space dual to the reduced C*-algebra C;(Q) will be denoted by %\ (Q).

It is known, see [2], that for each a € B(Q) (resp., a € #x(Q)) there is a representa-
tion (2, 7) of @ (resp., weakly contained in (La(Q), A)) and two vectors &, n € 5 such
that the function a € ,(Q) given by

(4) a(s) = (m(es)-§ | n) p  sEQ,
defines the functional o, namely,
5) a(f) = [ alo)f)dm). e L@,
Q
and
(6) lall = sup !/ a(s) f(s) dm(s)| = [I€]|# [nll,
FEL(Q): Ifllsr=1YQ

where ¥’ =3 (resp., X' = \).

Henceforth, we identify A(Q) (resp., #x(Q)) with a linear space of functions a €
%, (Q) given by (4), where (J#, ) is a representation of @) (resp., a representation weakly
contained in (L2(@), A)), and endow this space with the norm

(7) lall® = sup (@),
pEL1(m). =1
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where ¥’ =3 (resp, ¥/ = A).

Definition 4. The closure of the subspace spanned by the elements f * fT, f € #(Q),
is in % (Q) is called the Fourier space of ) and is denoted by 7(Q).

3. MAIN RESULTS

Definition 5. For an involutive algebra (B, *,*) and a C*-algebra (A, -,*), a linear map
p: B — A will be called positive, if p(b* x b) is a nonnegative element of the C*-algebra
A for any b € B, and is called completely positive, if the linear map id® ¢: M, (C)® B —
M, (C) ® A is positive for all n € N, where M, (C) denotes the C*-algebra of complex
(n x n)-matrices.

It follows from [6] that a map ¢: B — A is completely positive if and only if, for any
neN,beBanda; € A,i=1,...,n, we have

(8) Z a;jo(b} *bi)a; > 0.

3,j=1

For a hypergroup @, consider the product hypergroup @ x @ [5], and let §: 44, (Q) —
Mp(Q X Q) denote a linear extension of the map defined by

(9) 0(es) = €5 ® €5, sE€EQ,
that is, for u € #4,(Q) and F € 2 (Q X Q),
(10) /F s, 8) du(s

Let (J#,m;), i = 1,2, be representations of Q. For i € #,(Q x Q), we define
(m @ m2)(f1) € B(J ® H3) by

(m ®@m)(f) = /71'1(85) ® ma(es) dji(s, t).

Proposition 1. Let G be a locally compact group, H a compact subgroup of G, and
Q = H\ G/H. Denote by \q the left reqular representation of Li(m) on La(Q), and let
0 be defined by (9). Then the linear map

(A ®Ag) 0 d: Li(m) — B(L2(Q) ® L2(Q))
18 completely positive.

Proof. Let s € Q = H\ G/H. Denote by mpy the Haar measure on H. Then e, =
mpy * €4 % my for some g € G. Thus

O(es) =es®es = (mu *egxmpy) @ (Mp *eg * MH).

Denoting Lo(G, m¢) simply by L2(G), where m¢ is a left invariant measure on G, we
will identify L2(Q) with a closed subspace of La(G),

L(Q) ={f € La(G) :mu x f = fxmu = [}.
With such an identification,
f | g L2 (Q) f | g L2 (G)’ f’g€L2(Q)
For any p € Ly(m), let i € Li(m¢) be such that 4 = my * i * mgy. Then we have
AQ(u). f = Aa(mu x jixmu). f = Aa(mu * ji). f, I € L2(Q),

where Ag is the left regular representation of Li(mg) on La(G).
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Thus, for any p € Li(m) and i € Li(m¢) such that = mpy x i *x my, we have

(Ao ® Q) o d(u) = /G(/\G R Ag)od(mu xeg*mp)dfi(g)

= / Ae(mpu xeg*mp) @ Ag(mu *eg *mp) dii(g)
G

(11) = /Gx\g(mH *€g) @ Aa(mu *g4) di(g).

To prove the proposition, using (8), it is sufficient to show that

n

Y (A AQ@AQ) e by # i) - A F | F) o100

4,j=1

(12) = > (@A) od(u} xp)- A F | AjF) | orornio) 20
i,j=1
for any A; € B(L2(Q) ® L2(Q)), p; € L1(m), F € L2(Q) ® L2(Q), i = 1,...,n.
Hence, letting A, F' = F; € L2(Q) ® L2(Q), and fi; € Li(m¢) such that p; = my *
fi * mpr, and using (11), we have

n

> (M@ @A) od(u) * ). Fy | F}) @@

i,j=1
= Z /G(()\G(mH*5g)®>\G(MH*€g))~Fi | Fj)Lg(G)@Lz(G)
ij=1
d(mH*ﬂ;*mH*mH*ﬂi*mH)(g)-
Let my * ji; *x myg = fimg, fi € L1(G), i = 1,...,n. Then mp, * [i5 *mpg = ffmg

and
mpy k15 xmp xmpy * i xmp = (7 * fi) ma.
Using left invariance of m¢g and (2) we thus have

n

Y (M@ Aq) by« w)-Fi | Fj)p i orera)

ol

_ 'il/c((xg(m,,*eg)mc(m,{*gg)).m R P
TG e D amato

_ ,il /Gz(()\g(mH*eg)®/\g(mH*sg)).Fi D2 P
N 1) filp~'g) dma(p)dme(g)

= 32 [ (ot ) dalonm +20) B | ) e
T W9 dno@ma(s

:”zn:l /Gz(()\c(ag)®)\c(eg)).Fi | Me(ep1) © Aa(ep)-F5 ) 1 ararae)

- f5 (p) fi(g) dme (p)dme(g)0
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-y /Gz(()\g(sg)®)\c(sg)).Fi | Qaler) @ Aa(er)- Fy ) icmincn

3,j=1

T (07 AG () £ilg) dme(p)dme (g)

=2 [ (06l @266 Fr | (olen) 3600 B) yporace

i,j=1

- f;(p) fi(g) dme(p)dme(g)

= Hi /G fi(9) (g (24) @ Aa(g)) dma(g). F;

2
> 0. ]

L2(G)®L2(G)

Theorem 1. Let the map § defined by (9) be completely positive. Let (J,m;), i = 1,2,
be representations of Q. Then we have the following.

(i) There is a representation (F,7) of Q such that

(13) ||(7Tl 0y 772)(5(14))”}3(,%01@,%) < ||7T(H')||B(,;go)v we ///b(Q)
If m =my =X and JA4 = 75 = Lo(Q), then
(14) ||(>‘ ® A)(é(ﬂ))HB(Lz(Q)@Lz(Q)) S ||>‘(/~L)||B(L2(Q))v we '//lb(Q)

(ii) Let &,n; € J be arbitrary vectors in the corresponding spaces, and
az(s): (7Ti(€5).§i | ni)ﬁfi’ i:1,2.
Then there are vectors £,m € J€ such that

(15) ay(s)az(s) = (ﬂ(es).g | n)%
Proof. The construction of the representation (#,7) uses the Stinespring construc-
tion [8].

Consider the linear space s = #4,(Q) © (/4 ® H#3), where ® denotes the algebraic
tensor product, and for each u € #,(Q), define a linear operator mo(u) on &) by setting

To(). v © 5 = (5 ) © 5,

where v ® 0 € %), with v € #,(Q) and ¥ € JA4 ® H#5.
Using 4, introduce a sesquilinear form ( | )% on %) defined by

(16) (u®ﬂ ] l/®’l~))% = ((7T1 @ m)d(V* * ). @ | ﬁ)jﬁ@%

for u,v € M,(Q) and 4,0 € A4 ® 5, and bilinearly extended to ). Since J is
completely positive,
(w|w)%20, w € R,

hence, this sesquilinear form gives rise to a seminorm || - || on J4.

If /" ={w e | |w|sm = 0}, then mo(u). # C A for any p € #,(Q). If now
A is the completion of J# /A" with respect to the norm defined by the sesquilinear
form (16) and w(u) is the operator on . corresponding to the operator mo(p), then it
follows from [8] that (7, 7) is an involutive representation of . (Q).

To prove (13), let 4,0 € /4 ® H#% and u € #,. Then

|((m1 @ m2)(0(1)- [ 0) 0| = (1@ T | cc@T) 4
(7)o 90) | 20®9)
< w5 ey llze @ all e llee @ 0l

= HW(/”L)HB(%) HﬂH%®% Hf’Hfl@%v
which proves (13).
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To prove (14), we identify L2(Q) ® L2(Q) with L2(Q x Q) with respect to the product
measure m ® m. To shorten the notations, we write F'(u, pu2) instead of (F,u1 & po)
for F € Lo(Q x Q) and pq, o € M.

Let F,G € La(Q X Q), u € M. Using left invariance of m and the Cauchy inequality,
we have

((A@N3(W). F | G)rexal| = \(/Qu(su)@x(eu))ﬂ | G) ey A0
- ‘ . F(Zy % £4, 80 % £0)Clenr 20) dm(s)dm(t)du(u)’
= ‘/QS F(&y xes,61)G(eg, 80 % €1) dm(s)dm(t)du(u)’

< Jo
) /QQ (/Q’F(é“ vew el am@))’

) </Q|G(5S,€u * €t)|2 dm(t))% dm(s)du(u).

/Q F(Ey % £5,60)ClEsy 20 * £0) dm(t) ‘dm(s)d,u(u)

Denoting
an s = ([ Fencfane)’
1s)  g(s) = (/Q|G(ss,su*st)|2dm(t))é:</|G(6s,6t)|2dm(t))%,

where the last equality is due to left invariance of m, we get

1
2

(e 116) = ([ [Fewwen el i)
hence

(00 F | @) raioean| < | OEw) Hislate) dmisyautu)
= (M- f [ 9) 1,0
where, as it follows from (17) and (18),

1flL2@) = IFl L2(@x @) 90l 2.@) = 1GlL2@xq)-
This finishes the proof of (14).

Let us now prove (ii).
Define &, 1m0 € 4 by

§o=¢cc® (&1 ® &), N0 = Ee @M1 @ Na.

Then

(mo(es)-€o | M0) 4 = (To(es)- 2 @ (E1 @ &) | e ® (1 @12)) ;. 0
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(6s2(E@&) | ec®(m@m)),,

((m ®@m2)d(es). (&1 ® &) |771®772)9f®%”2
((m1(es) ® ma(es)). (&1 ® &2) |771®772)jf1®%
(7

a

m1( §1|771);fl(7f2( 2 | m)
1(s )02() =

Proposition 2. Let yu € Li(m), and (6, m;), i = 1,2, be representations of Q. Then
(m1 @ 7m2)(0(n)) € M (m1(L1(m)) @ m2(L1(m))).

Proof. Let f,g € L1(Q). Using left invariance of m we have

(m @) (6(fm) * (gm @ ec))
= (m @m2)(6(fm)) - (m(gm) @ I)

_ / (m1(e0) @ ma(es)) F(s) dm(s) - / (m1(4) ® D)g(u) dm(u)
Q Q

= /2(7r1(€5 * Eq) ®7T2(€s))f(8)g(u) dm(s)dm(u)
= / (me) @ ma(es)) [ (5)( 9, €5 x 0 ) dm(t)dml(s).

Since the function H defined by H(t,s) = (g,&s * &) f(s) belongs to L1(Q X Q,m ® m),
for any € > 0 there is Hy € & © ¢ C L1(Q) ® L1(Q) such that |H — Hp|l1 < e. Then

H / (m(e) ®ma(e4)) f(5)( g, &5 x e ) dm(t)dm(s)
—/QZ (m1(e0) @ ma(es)) Ho(t, s) dm(t )dm(s)”

B(A1®%)

= H/Q2 (m1(ee) @ ma(es)) (H(t, s) — Ho(t, s)) dm(t)dm(s)‘

< |[H = Hollz,(@xq) <€

B(sA®.55)

Since (m ® m2)(Hom @ m) € w1 (L1(m)) ® m2(L1(m)), we see that

(m1 @ m2)(6(fm) * (gm @ ee)) € T (L1(Q)) ® m2(L2(Q))-

Substituting the functions f*,¢g* € L1(Q) into the above inclusion and taking the invo-
lution, we also get

(m @ m2) ((gm @ ec) * 6(fm)) € T1(L1(Q)) ® T2 (L2(Q)). u

Corollary 1. Let § defined by (9) be completely positive. Then the restriction & [, (m)
can be extended by continuity to the following maps, still denoted by 6:

6:CQ) = M(C*(Q)@C"(Q)),  6: CH(Q) — M(C(Q) ® CL(Q)).
Proof. The proof follows immediately from Proposition 2 and Theorem 1. O
Proposition 3. Let § be completely positive, and ay, a2 € B(Q). Then
(19) laraz|® < flay|®[laz]®.

Proof. We keep the notations introduced in the proof of Theorem 1. Let (47,m1),
(#,m3) be representations of @, and &;,n; € 7, i = 1,2, be such that

ai(s) = (mi(es).& | mi), i=1,2.
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Then
laraz||® = sup [u(araz)]
HEL1 (m), llulls=1
= s [ asas(s)duts)
REL1(m), [lpl==1 JQ
= sup |/ (mi(es)-&1 | M)y (m2(5)- &2 | M2) p, dia(s)]
peLy(m), luls=1J@Q
= sup ’(M®§1®£2|€e®7]1®7]2)%’
pELL (m), llnlls=1
= sup [(mo(p)-cc®@€1@& | cc@m @m2) |
pELy (m), llnlls=1
< sup [mo ()l [lee ® &1 ® &allo [lee @ M @ 2|4
p€L1(m), [|p]s=1
< [lee @ &1 ® &2l llee @ m @ m2ll
= [|&1lloa 162l 1m0 lIn2ll oz
= [la1[|® laz|[®
by (6) and (7). u

Theorem 2. Let @ be a locally compact hypergroup such that §: M,(Q) — Ap(Q X Q)
defined by (10) is completely positive. Then the Fourier-Stieltjes space B(Q) is a Banach
algebra.

Proof. The proof follows directly from Theorem 1 and estimate (19). O

Theorem 3. Let Q) be a locally compact hypergroup such that §: M, (Q) — Ap(Q X Q)
defined by (10) is completely positive. Then the Fourier space <7 (Q) is a Banach algebra.

Proof. Let f; € #(Q), and a; = f; * fT, i1 =1,2. Then

/fz fz (Er xes) dm(l /fz i(Es xe) dm(t)
= (Me) fi | Fi)paigy 1= 12

and

al(s)aQ(S) = (/\(68)'f1 | fl)Lz(Q)(/\(gs)ufé | f2)L2(Q) = (71'(65).5 | 5);{7

where 7 and .77 are as in Theorem 1 and & € .77 is an equivalence class of €. ® f1® f2 € ).
This implies that aias is positive definite. It is clear that ajas € Lo(Q). The same
reasoning as in [9, 13.8.6] applied to the case of a locally compact hypergroup shows that
there is g € Lo(Q) such that ajas = g * g'. And, since

1 = gt° < Mfll2 gl £,9 € La(Q),

and £ (Q) is dense in Lo(Q), we see that ajas € &(Q).
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Tt follows from (14) that

|araz||® = sup [u(araz)|

peLi(m),|lplx=1

sup ‘/62()\(65).f1 | f1)L2(Q)(>\(€S).f2 | f2)L2(Q) dﬂ(s)‘

pela(m),|lplx=1

_ ueL1<iﬁ‘?iu|\A:1' (A@NEW)- (e f) | hef),oomo]
< sup A @ N B(La@oLa@) (f1 © f2 | fi @ fo )LZ(Q)®L2(Q)
peLi(m),|lplx=1
< sup o ullsae) IAlE £
neLy(m),|lplx=1
= Al 1fI5 =
= llax[®l[a2[®,
prooving that /(@) is a Banach algebra. 0
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