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ON A CLASS OF GENERALIZED STIELTJES CONTINUED
FRACTIONS

VLADIMIR DERKACH AND IVAN KOVALYOV
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ABSTRACT. With each sequence of real numbers s = {s; };";0 two kinds of continued
fractions are associated, — the so-called P-fraction and a generalized Stieltjes fraction
that, in the case when s = {s; ;?';0 is a sequence of moments of a probability measure
on Ry, coincide with the J-fraction and the Stieltjes fraction, respectively. A subclass
H"¢9 of regular sequences is specified for which explicit formulas connecting these
two continued fractions are found. For s € H"®9 the Darboux transformation of
the corresponding generalized Jacobi matrix is calculated in terms of the generalized
Stieltjes fraction.

1. INTRODUCTION

Let Ho be the class of sequences s = {s; };’;0 of real numbers s; = 55, such that the

Hankel matrices S, = (Si_i,_j),?,j_:lo are nonnegative for all n € N. Denote
(1.1) D, =det S, (neN).

As is known [1], for every sequence s = {sj}joio € Ho there exists a nonnegative
measure do on R, such that

(1.2) /Rtjda(t) — s, jeZy =NU{o}

By Hamburger-Nevanlinna theorem the Stieltjes transformation f of the measure do
admits the asymptotic expansion
do(t) S0 S1 So —

1.3 z) = T ST T 53— 3 Z—00
(13) (o)) [ 2 =25 (+500),
where 200 means that z tends to oo nontangentially, that is inside the sector ¢ <
arg z < m — ¢ for some € > 0.

Assume that supp o is contained in a finite interval I and the moment problem (1.2)
is nondegenerate, i.e.,

(1.4) D, >0 forall neN.
Then the function f(z) can be expanded into an infinite J-fraction,

(15) Fo =K (22 )= -

0 \72—¢4 Z—co—

ba

z—C — ————
Z—C— ...
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with ¢; =¢;, b; > 0 for all j € Zy, by = 1 and by Markov theorem [2] the convergents
fn(z) of this J-fraction converge to f(z) locally uniformly in C\ I.
If, in addition, supp o is contained in the positive half-line R, then

(16) Dg) = det(si+j+1)§f;:10 >0 forall ne Z+

and the function f(z) can be also expanded into a Stieltjes fraction (S-fraction)

(L.7) fz)=— :

Zmo — ...

with m; > 0, I; > 0 for all j € N. The fraction (1.7) is connected with a system of
two difference equations of the first order which describe oscillations of a Stieltjes string
with masses m; concentrated on a massless thread with distances [; between masses
mj and mjyq1 (j € N), see [24] or [1, Appendix]. As is known, cf. [25, Section 28],
the 2n-th convergent of the S-fraction (1.7) coincides with the n-th convergent of the
J-fraction (1.7) and can be represented as a ratio

(18) fule) == 2]

of two polynomials Q,,(z) and P, (z) of degrees n—1 and n, respectively. The polynomials
P, (2) and @, (2) are called polynomials of the first kind and the second kind, respectively,
and can be found as solutions of the three-term difference equation

(1.9) bnYn—1(2) + (cn — 2)yn(2) + Ynt2(2) =0 (n € Zy),

subject to the initial conditions

(n €N)

1
bo’
Let J be a monic Jacobi matriz associated with the three-term recurrence relation (1.9)
and let Jpy, 5, (m,n € N, m < n) be a shortened monic Jacobi matrix

(1.10) P1(2)=0, Py(z)=1 and Q_i(z)=-— Qo(z) = 0.

Co 1 Cm, 1
b1 ! 1 bm+1 Cm+1 1

b2 () . T, . t. . 1

: b, ¢
Then the polynomials P, (z) and @, (z) can be calculated by (see [3, Section 7.1.2])
(1.12) Po(z) = det (21, — Jio,n—1)), Qn(z) =det (z2In—1 — Jjin-1]), nEN

Another formula for P,(z) can be written in terms of the sequence s

S0 e Sn—1 Sn

1 : .. .
Dn Sn—1 e Son—2  S2p—1

1 ooz 2"

It follows from (1.13) that the condition (1.6) can be rewritten as
DY
Dy,

In the present paper we consider the general class H of real sequences s = {Sj};?o:o,
i.e., sequences s with real s;. Denote by H, (k € Z4) a subclass of sequences s € H,

(1.14) (=1)"P,(0) =

>0 forall neZs;.
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such that the number v_(S,,) of negative eigenvalues of .S,, counting multiplicities does
not exceed k and coincides with k for n large enough.

Clearly, the determinants D,, = det S,, (n € N) may vanish. An index n € N is called
a normal index of the sequence s = {sj};io, if D,, # 0. The set of all normal indices of

s = {Sj};io is denoted by N (s). Let (0 <)ni < ng < --- be the set of all normal indices
of the moment sequence s, i.e.,

(1.15) D,, #0 (j=1,2,...) and D; =0 forall i#n;.

With each sequence s € ‘H we associate the so-called P-fraction

[e'e] _b bO
(1.16) K )= ,
0 (%(z)) ao(z) — by =

as(z) — ...
where b; # 0 are real numbers and a; are monic polynomials of degree k; = nji1 —n;
(j € Z4, np = 0), see Theorem 2.1. Fractions of the form (1.16) were introduced by A.
Magnus in [21] and are called P-fractions, see also [22]. In the case when s € H,; for
some x € N such construction was presented in [8].

The j-th convergent f;(z) of the P-fraction (1.16) is a rational function of degree n;,
which can be represented as

a1(2)

_an (2)
Py, (2)

(1.17) fi(z) = (J €N,

where P, (z) is a monic polynomial of degree n;. The polynomials P, (z) and Qn;(2)
are solutions of the three-term recurrence relation

(1.18) uj+1(2) = a;(2)u;(2) + bjuj-1(2) =0, j€Zy
subject to the initial conditions
(1.19) u_1(2) =0, wo(z)=1 and w_1(2) = -1, wup(z) =0 respectively.

As was shown in [8] the polynomials P, (z) and Q,,(z) can be found by formulas analo-
gous to (1.12), where J is a generalized Jacobi matrix, associated with the sequences b;,
a; (j € Z4) via (2.20)—(2.22).

With each sequence s € H we associate also a generalized S-fraction

(1.20) -

zma(z) — ...

where m;(z) and l;(z) are real polynomials (j € N), see Theorem 3.1. In the case when
s = {s;}520 € Hy and {s;+1}52, € Ho for some x € N such a continuous fraction with
constant polynomials I;(z) = [; was constructed in [19] and the case when s € H,, and
{sj+1}520 € Hy. for some k, x € N was considered in [10].

The objective of the present paper is to find a connection between the P-fraction (1.16)
and the generalized S-fraction (1.20). This connection is established in Theorem 4.1 for
a subclass H"®9 of regular sequences s € H"®. Let us say that a sequence s € H belongs
to the class H™9, if

(1.21) P,;(0) #0 forall n; e N(s).

We show that these assumptions are equivalent to the fact that all the polynomials I;(z)
are of degree 0. In the case when s € H"®Y an explicit formulas connecting polynomials
a; from (1.16) and polynomials m; from (1.20) are found. Moreover, it is shown that as
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well as in the classical case the 2j-th convergent of the S-fraction (1.20) coincides with
the j-th convergent of the P-fraction (1.16).

The assumption (1.21) naturally appears in the factorization problem for generalized
Jacobi matrices studied in [16]. Using the connections between the polynomials a; and
the polynomials m; we find explicit formulas for calculation of a generalized Jacobi
matrix J and its Darboux transformation J in terms of the parameters [; and m; (j € N)
of the corresponding generalized Stieltjes fraction (1.20), see Proposition 5.2.

In the present paper we study algebraic aspects of the theory of generalized Stielt-
jes fractions. The analytical theory of generalized Stieltjes fractions will be published
elsewhere.

2. CLASS 'H AND P-FRACTIONS

Now we extend the above considerations from the classical case (s € Hp) to the case
of arbitrary real sequence s = {s, };io € H. Consider a formal asymptotic series

(2.1) _S0 st S

corresponding to the sequence s = {s; };io € H. In the following theorem a continued
fraction is constructed such that its asymptotic expansion at co coincides in some sense
with the asymptotic series (2.1).

Theorem 2.1. Let s € H and let n1 < ng < --- be the set of all normal indices of the
moment sequence 8, i.ce.,

(2.2) D,, #0 (j=1,2,...) and D;=0 forall i#n;.

(o)
Then there exists a unique continued fraction IO{ (J—E’;)) (see (1.16)), such that

(1) a;(X) are monic polynomials of degree nji1 —n; (ng =0);

(2) b; are real numbers b; # 0 for all j € Zy;

(3) the convergents fi of the continued fraction (1.16) have the following asymptotic
exrpansion:

So 81 S2ny,—1 1 —
(2.3) fiz) v ——— = — — 2 T @) <z2"k+1> (2500).

The proof of Theorem 2.1 is based on the Schur algorithm developed in [5]. In [8]
this algorithm was applied to sequences from H,. For arbitrary s € H the P-fraction
in (1.16) was introduced by A. Magnus in [21]. For the convenience of the reader we will
briefly describe the construction of the P-fraction in (1.16).

Proof. Let ni be the first normal index of s € H. Then

(2.4) So=81=...=8p,—2=0 and bg:=sp,-1 #0.
Let us choose k € N and let us consider the rational function
S  S1 S2np—1
(255) gol) =-— =3~ - —anm

Then the function —g;’—(‘)z) can be represented as a sum

bo
2.6 — =ap(2) + g1(2
(26) 0~ () + ()
of a real monic polynomial ag(z) of degree ny and a real rational function g1 (z) such that

2.7) g1(z)=O<1> .

z
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Moreover, the function g;(z) admits the following asymptotic expansion:

(1) (1) W
N S S2(ng—n1)—1 v
(2.8) 91(2) = > 22 22(ne—n1) +0 (ZQ(nkn1)+1> ’

where sgl) are real numbers, such that the first £k — 1 normal indices of the sequence

2(ng—n1)—1
s — {851)} o coincide with
=0

(2.9) A =nj - (=12, k1)
Explicit formulas for 551) are given in [5]. In particular, ngl) =ng —ny and
(2.10) sél) = sgl) =...= sil(l)l)—z =0 and b;:= ssg)n_l # 0.
By (2.6)
(2.11) golz) = ———0

ao(2) +g1(2)
Applying subsequently this algorithm one obtains on the second step

by
2.12 — =a1(2) + g2(2),
( ) 91(2’) 1( ) 92( )
where a1(z) is the monic polynomial of degree ny — ny. Hence,
by
2.13 Z) = ——F—.
(2.13) 91(2) @+ 50
The k-th step yields

bp—1
2.14 — =ar—1(2) +gr(2),
(214) e = () + ()

where bi_1 # 0, ax—1(z) is a real monic polynomial of degree ny — ni_1 and gx(z) is a
rational function, such that

(2.15) gr(2) =0 <1> as  2—00.
z
Hence,
br—1
(2.16) gr—1(2) = —

ar—1(2) + gr(2)
Combining (2.11)—(2.16), one obtains

(2.17) golz) = - I

ap(z) —

br—1
ap—1(2) + gr(2)

Setting gi(z) = 0 in (2.17) one obtains the k—th convergent f(z) of go(z) which
admits the asymptotic expansion (2.3).
The uniqueness of the expansion (1.16) is implied by [13, Theorem 1.20].
The k—th convergent f(z) is a rational function of degree ny. Denote its denominator
and numerator by P,, and @Q,,, respectively, so that fi takes the form
Qn,(2)

ai(z) — - —
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The polynomials P, (z) and @, (z) of the convergent fi(z) of the P-fraction (3.12)
are solutions of the three-term recurrence relation (1.18) subject to the initial condi-
tions (1.19) (see [25, Section 1]).

The asymptotic expansion (2.3) for the function fi(z) in (2.18) was proved in [8,
Proposition 6.1]. O

Let J be the monic generalized Jacobi matrix associated with the three-term recur-
rence relation (1.18) (see [8]), defined by the equalities

Coo, Do
B Co Dy
(2.19) J= .

By Ca,

where Cy; is the companion matrix for the polynomial a;(z) = zki —|—a§i)_1zkf*1 =+ ~+agj)

0 1
2.20 c, =\ - e Z
(2.20) ; o . 0 L (JjeZy)
—aéj) —agj) _al(cyj)_1

(see [12]) and Bj, D;_1 are k;j x kj_1 and k; X k;41 matrices, respectively, given by

00--0 00 ---0
2.21 B.= . T , D. = Coo e jEN
221 “loo--0 1000 -0 (U €N)
b 0 --- 0 10 --- 0
Let Jjp,j—1] be the shortened monic generalized Jacobi matrix, defined by
Coo, Do
B, C, )
(2.22) Joj-n=| " (j €N),
. Dj_y
Bj Caj—l

As was shown in [8, Proposition 2.3]
(2.23) Py, (z) = det (21, — Jyo j—1)) and Qn,(z) =det (2@, pn, — Jj1 j-11)-

Polynomials P,;(z) can be calculated also in terms of the coefficients s; (0 <14 < 2n;—1)
by the formula

S0 ‘e Sn]._1 Sn].
1 : .. :
(2.24) Poy(2) = 5 : : s JeN
nj |Sn;—1 -+ S2p;—2 S2n;—1
1 UL it 2z

3. GENERALIZED S-FRACTIONS

3.1. Unwrapping transformation. Let a function f(z) be meromorphic on C\ R_.
Then the function

(3-1) f(2) = 2f(z*)
is called the unwrapping transformation of a function f(z). Alongside with this notion
we will use the following notion in the class H of sequences.
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Definition 3.1. Let s € H. Then the new sequence
(32) §= {'Svj};oo:O’ with ,§2j =S; and §2j+1 =0, j€Zt
1s called the unwrapping transformation of s.

The unwrapping transformation establishes a one-to-one correspondence between the
class H and the class

(3.3) HY™ :={s€H: 541 =0forall j € Z;}.

The following two examples justify the above Definition 3.1.

Example 3.1. Recall (see [14]), that a function f € R is said to belong to the class ST, if
(3.4) zf(z) € R.

If a function f(z) belongs to the class ST, then by M.G. Krein theorem it admits a holo-
morphic continuation to C\R_ and its unwrapping transformation is also an R—function
(see [20]). Assume that f € ST admits the following asymptotic expansion

(35) f(z) ~ = (Z/—\>OO)

with s; € R for all j € Z;. Then the unwrapping transformation f(z) of f(z) has the
following asymptotic expansion:

(36) I o (:500),

3.7) f@)~y—— 55— (z7=00)
and the sequence s belongs to the class
(38) Haym = {g € Hp : §2j+1 =0 for all] € Z+}.

Ezample 3.2. Recall (see [18]) that a function f meromorphic on C; = {z:Imz > 0} is
said to belong to the class N, (k € Z4 ), if the kernel
f(z) = f(w)

Z—Ww

(3.9) No(A) =

has s negative squares on C,. A function f € N, is said to belong to the class N¥ | if
(3.10) zf(z) € Ny,

(see [10]). In particular, the class N := Ny coincides with the class R, and the class N
coincides with the class S*. The classes N? and Nk were introduced in [17] and [11],
respectively. N
As was shown in [15] the unwrapping transformation f of f € N¥ defined by (3.1),
sym

belongs to the class N}%". Conversely, if f € N2, then there are s,k € Zy and a

function f € N* such that (3.1) holds and & = k + k.
If f € N* and, in addition, f admits the asymptotic expansion (3.5) in an angle

e<argz<2m—e (0<e<m),

then s € H,/, where ¥’ < k. The unwrapping transformation fof f has the asymptotic
expansion (3.7) in the angle £/2 < arg z < m — £/2 where the sequence s = {§j}j°i0 is
the unwrapping transformation of s = {s; };’io.
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Since f € N7¥" then by [18] the sequence s of the coefficients 5 in (3.7) belongs to
the class
(3.11) H" ={S € Hypr: 52541 =0forall jeZ,}
with 8" < k + k.

Proposition 3.1. Let 3 € H*¥™ and let N(3) = {n;}32, be the sequence of normal
indices of 's. Then the corresponding continued fraction (2.11)

(3.12) - bo__

ap(z) — —

52(2’)—...

has the following properties:
(1) the polynomials a;(z) are odd for all j € Z;
(2) the indices no; are even and the indices Noj1 are odd for all j € Zy .

Proof. Let a natural k be fixed. Since s € H*¥™, then the function go(z) determined
by (2.17) is odd. Therefore, all the polynomials ao(z), ..., ax—1(z) defined by (2.6),
(2.12), (2.14) by the Schur algorithm are also odd.

Since deg a; = nj41 — Ny, then the numbers

2j
’ﬁl = deg 50, ey ﬁ2j+1 = Z deg 52
=0
are odd and the numbers
2j—1
ﬁgzdeg’do+deg61, R ﬁQj: Zdeg’dz
i=0
are even. This completes the proof. O

3.2. Construction of a generalized S-fraction. The continued fraction (3.12) can
be rewritten as

1
(3.13) — T ,
aO(Z) - 1
ai(z) —
as(z) — -

where ag(z) = do(z)/bo and

bo ... boio by boiq - ,
(3.14) agio1(z) = =" 2250 1(2),  ani(z) = =—271G0(2) (i €N).

b1...b2i_1 bo...bgi

Let us set

(3.15) DEm) — det(siﬂim)z;:lo (so1=-=5_,m =0, meN).

Theorem 3.1. Let s € H, let § be the unwrapping transformation of s, let N(3) =
{ﬁj}?il be the set of normal indices of s and let v; and p; be defined by the equalities
=

(3.16) Noj—1 =2v;—1 and noj =2u;, jeN.
Then

(1) Dy, #0 and D)) #0 for all j € N;

(2) Dy, #0 and Dl(}j) #0 for all j € N;
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(3) N(s) is a union of two sets {v;}32, and {p1;}32, and
(3.17) O<vy <pp <vg<pg <.+
(4) If the functions m;(z) and l;j(z) are defined by

3.18 zagi_(2) = 2°m; (%) and Ll(z)zl‘227 JEN,
(G-1) J > J

then mj(z) and l;(2) are polynomials of degree

(3.19) degmj =v; —pj_1—1, deglyj=p;—v;, jeEN,
and the P-fraction (3.13) can be rewritten as
1
(3.20) - i ;
zmq(z) — T
ll(z) —
2ma(z) =

(5) The convergents @25 (j € N) of the continued fraction (8.12) have the following
asymptotic expansions:

) S0 S1 S2pu;—1 1 —
(3:21) P2;(2) ~ T, T 2T T 2211 +0 <Z2M+1> , (z00).
Proof. (1) & (2). Let us set
(3.22) Dy, = det (3i5)7 52
As was shown in [13, Lemma 1.33]

~ 1 ~
(3.23) Day;—1 = DujDz(/j)fp Day; = DMDSJ)'

This proves the statements (1) and (2).

(3) Clearly, vj, u; € N(s) for all j € N. Conversely, if n is a normal index of s, then at
least one of the determinants DS or DSZI is not vanishing. Indeed, if DY = Dfllll =0

then it follows from the Sylvester identity
(3.24) D2 =pPpLH - pYph,

that D,, should be equal to 0, what contradicts to the fact that n is a normal index of

s. Therefore, either D;Llll # 0 or Dg) # 0, and hence either Dsy,—1 # 0 or Dy, # 0,
respectively. In the former case n = v; for some j € N, and in the latter case n = p; for
some j € N. This proves the first part of statement (3).

Let n be the minimal normal index of s. If n = 1, then sy # 0 and hence both D; = sg

and Dél) =1 do not equal to 0. Therefore n coincides with 4 = 1. If n > 1, then
30:"':5n—2:07 Sn—l#o'

This implies that Dfllll # 0 and hence n coincides with vy by statement (1).
Now it follows from the inequality
Ngj—1 < Naj
and the equality (3.16) that v; < p; + 1/2 and hence v; < p; for all j € N.
Similarly, the inequality
n2j < N2jt1
and the equalities (3.16) imply that p; < v;41 —1/2 and hence p; < vj44 for all j € N.
This completes the proof of (3).
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(4) Since the polynomials ag(;j_1)(2) and az;—1(z) are odd then the polynomials

zag(j—1)(2) and ‘12’%('2) are even and admit the representations (3.18). The formula (3.20)

is immediate from (3.1), (3.13) and (3.18).
Next since deg a; = nj41 — 1y, then it follows from (3.18)

1 1 ~
deg m; = § (deg azj—2 — 1) = 5 (7?,2]‘_1 —Ngj—2 — 1)

1

=5 @ —1=2p1 =) =v; —pj1 - 1,

and
1 1 ~
deg lj = 5 (deg agj—1 — 1) = 5 (’ngj —N2j—-1— 1)

1

=5 @uj = 2vj-1) = pj — vy

(5) By Theorem 2.1 the 2j-th convergent f;](z) of the P-fraction (2.11) has the fol-
lowing asymptotic expansion:

re go g] gQﬁQj—l ]- o~
(3.25) foi(z) = = iy, T <Z2ﬁ2_1+1> (=00).
Since ﬁgi = 2[%, go = S0, §1 = O, §2 = 81y« :;2%2].72 = S2pu;—1 and ,§2ﬁ2j71 = O, then
the asymptotic expansion (3.25) takes the form
= S0 S1 S2p,—1 1 —
(326) f2j(z) ~ _; - ; _____ Z4/L_Jj—1 +0 <Z4/L_7’+1> (Z_)OO)

The 2j-th convergent ¢2;(z) of the S-fraction (3.20) is connected with the 2j-th conver-
gent fo;(z) of the P-fraction (2.11) by the formula

F2i(2) = 225(2%).
Hence, in view of (3.2) the expansion (3.26) can be rewritten in the form

2 S0 S1 S2pu;—1 1 -
G20 e - 2240 () (5o0)
which is equivalent to (3.21). O

Remark 3.1. The statement (3) of Theorem 3.1 was proved in [10, Section 5.2] by using
the following observation from [10, Lemma 5.1].

IfD,#0, Dpy1 =-++=Dp—1 =0, Dy, # 0 then the following alternative holds:
(1) either DY = 0 and hence D;lll +0, DY = D7(11+)1 s = Dfﬁll =0, DY #0;
(2) or DY # 0 and hence DY 0, DSJZI =...= Dfﬁ),g =0, Dfﬁ),l # 0.

The present proof is based on the identities (3.23) which makes it essentially simpler.
3.3. The class H"*9.

Lemma 3.1. Let s = {s;}7° € M, let {n;}7_, be the set of normal indices of s and
let {Pnj };11 be polynomials of the first kind associated with the sequence s. Then the
following statements are equivalent:
(1) Py, (0) # 0 for every j € N;
(2) D%ll £ 0 for every j € N;
(3) ng) # 0 for every j € N;
(4) n; is a normal index of the sequence {5j+1};io for every j € N;
(5) n; — 1 is a normal index of the sequence {sj+1}j°i0 for every j € N;
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(6) the set of normal indices of the sequence {Sj+1};io coincides with
(3.28) U{n = 1,n}.
j=1

Proof. (1) < (2). The equivalence (1) < (2) follows from (2.24)

D(l) (_l)nj+1 S1 e Snj

— (1t T —
(3.29) Py, (0) = (=1)" D D (j=1,2,...).
J J STL]‘ .. SQ’IL]’—l

(2) © (3). If the condition (2) holds, then all normal indices n; of s coincide with the
indices p; defined by (3.16), (j = 1,2,...). Thus, the indices v; defined by (3.16) satisfy
the following

(330) Vi =l =Ny (j:1,2,)
Therefore,
(1) P —
(3.31) DV #£0 (j=1,2,...).

Conversely, if the condition (3) hold, then {n;}72 = {r;}}Z, hence y; = v; = n;
(j =1,2,...). This leads to the condition (2).
The equivalences (3) < (4), (2) < (5) follow from the definition of normal indices.
The implications (6) = (4) is obvious. Let us prove the implications (4) = (6). If the

condition (4) hold, then
(332)  Dp, , #0, Dy, ,11=0, ..., Dp,1=0, D, #0 (j=21,...).
Due to (2), (3) ng) L #0, ng)_l # 0 and by Remark 3.1 we obtain

(1)
(3.33) DY #£0, D

nj_1+1

=0, ..., DY ,=0, DY #0, DY +o.

n;—2
Thus, there are only two normal indices n; — 1 and n; in the interval (n;_1,n,], i.e.,
N(g) :Ujoil{nj—l,nj}. O

Definition 3.2. Let us say s € H™Y, if s € H and one of the equivalent conditions of
Lemma 3.1 holds.

Proposition 3.2. Let s € H"Y and let the polynomials m;, l; be determined by the
S-fraction (3.20). Then mi; =n; — 1 and

(334) deg mj; =mn; —n;_1— 1, deg lj =0 (] S N)
4. CLASS ‘H"9. RELATIONS BETWEEN GENERALIZED S-FRACTIONS AND P-FRACTIONS

To any sequence s € H correspond two continued fractions: the P-fraction (3.12)
constructed in Theorem 2.1 and the generalized S-fraction (3.20) constructed in Theo-
rem 3.1. In the case when s € H"Y we will present explicit formulas which connect these
two types of continued fractions.

Let s € H. One can rewrite the continued fraction (3.20) as follows

(4.1)

—zma(z) + ...

Uy

If the j—th convergent of this continued fraction is denoted by ~Z, then u;, v; can be

vi
found as solutions of the system (see [25, Section 1])

Y25 = Y2j—2 = j(2)y2;-1,
(4.2)
Y2j+1 — Y2j—1 = —2mj+1(2)Y2;
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subject to the following initial conditions:

(4.3) u_1 =1, wuy=0; v_1=0, wuy=1.

The first two convergents of the continued fraction (4.1) take the form
(4.4) . h(z)

’ vy —zmy(z)’ wve  —zli(z)mi(z) +1°

Let ¢; be a linear fractional transformation defined by

1

(4.5) i) = e YT L rw

(j €N).
Then the 2j—th convergent of the S-fraction (4.1) can be represented in the form

(46) @ =t1 Ot20-~'0t2j(0).
V2j

The following theorem establishes a connection between the continued fractions (4.1)
and (3.12) in the case when s € H"9.

Theorem 4.1. Lets € H™9. Then the 2j-th convergent % of the generalized S-fraction
(4.1) coincides with the j-th convergent of the P-fraction (3.12)

(4.7) e - bo
V25

b1 ’

aO(Z) - bj—l

aj-1(z)

corresponding to the sequences. The parameters l; and m;(z) (j € Z4) of the generalized
S-fraction (4.1) are connected with the parameters b; and a;(z) (j € N) of the P-fraction
(3.12) by the equalities

(4.8) by = di, ao(2) = — (zm1(z) - l) ,

ar(z) — - —

1 1 11
— aj_1=— |2z2m;(z) — | — + i =2,3,...),
Boidiad; T d i(2) (ljl lj)) U )

(4.9) b, =

where d; is the leading coefficient of m;(z) (j € N).

Proof. Let us set

(4.10) si(w) =t1(w), s2(w) =taotz(w), ..., s;(w)=rtaj_20ta_1(w).
Let us set m;(z) := dimz(z) Then by (4.6) and (4.10)
si(w) = 1 _ 1 1
! - I 1 n li_1 li_1(1 — Zli_1mi(2) + li_1w)
i1t
—zm;(z) + w
1
1 12 .d;
(4.11) U aue) 4
. 1
1 I7_1d;
_ + i—1
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It follows from (4.5), (4.6) and (4.10) that

i 1
(4.12) %2510520~-~osj<>.
V2; lj
In particular,
(4.13) Y2 _ 51 1) _ ;/dl’
U2 l 27711(2) _ L
l1dy
1 -1
(4.14) Y s 08y () = /d -
v g 1 Zdyd
zmq(z) 17172

hdvima(z) - & (& +12)

Substituting (4.11) into (4.12) one obtains

U25 _ Bo
(4.15) o 2 :
col) - G
0(1(2) - ijfl(Z)
where
(4.16) Bo = dil, ap(z) = dil (zml(z) — %) ,

1 1 1 1
4.1 = i = — i(z)— | —+ — | =2,3,...).
417 =g = g (- (1)) U=230)

Let f;(z) be the j-th convergent of the P-fraction (2.11) and let ¢9;(2) be the 2j-th
convergent of the S-fraction (3.20). The functions f;(z) = —?3:7((;) and @9;(2) = Z—Z are

rational functions of degree n; which have the asymptotic expansions (2.3) and (3.21),
respectively.

Since by Lemma 3.1 n; = 15, then these asymptotic expansions coincide and thus the
functions f;(z) and ¢9;(2) coincide, since they are uniquely determined by the expan-
sions (2.3) and (3.21). Since the expansion into the P-fraction is unique, then

b=B ad a)(z)=ayz) (G €Ly).
This proves (4.7). O

Corollary 4.1. Let the assumptions of Theorem 4.1 hold. Then the polynomials m;(z)
can be expressed in terms of a;_1(z) by the formulas

mj(z)  aj-1(2) —a;-1(0)

(4.18) i = p, (j €N).

and

(4.19) [T@d) ™" = (=1) P, (0) (j €N),
i=1

1) g = -1 .
(4.20) lj = m g)biv dj = (P"Lj—l(o))2 gbz (J € N)'
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Proof. The formula (4.18) is immediate from (4.9).
It follows from the three-term recurrence relation (1.18), (4.8) and (4.9) that

1
Py, (0) = -
1 (0) ao(o) lldl
1 1 1 1
Next since a1 (O) = —dfz (ll + l2> and b1 = m then
1

1 /1 1 1 1 1 1
PO =—— =+ [-— )| -—-——r = ——.
0=-7, <11 * l2> ( l1d1> Bdydy Ly lods
The equality (4.19) is obtained by induction.
Now the equalities in (4.20) are implied by (4.19) and (4.9). O

Corollary 4.2. Let the assumptions of Theorem 4.1 hold. Then
(1) the solution {u;}5, and {v;}52, of the system (4.2), (4.3) takes the form

a2 =[G R Gem
P,. | o )
(4.22) V2 = p JE;; V-1 = ;j I;R’ Eg; iﬂ’igg;’ (j €N,
where v; = (—1)”J+”171—Dl;j_1 (j €N).
] Qu, (2)

Proof. The j-th convergent of the P-fraction (3.12) is equal to —

7.7z (by Theorem 2.1)

J
and is equal to Z—;’ (by Theorem 4.1). Since

degvz;(z) = deg Pr, (2) = ny,

then vq;(2) is proportional to P, (z) and ug;(z) is proportional to —Q,,(z). The first
formulas in (4.21) and (4.22) are implied now by the normalization condition v2;(0) =1
(j € N). The second formula in (4.22) follows from the first equality in (4.2), which takes
the form

_ ) = lj’Ugj_1(Z) (] S N)

Hence

_ ! Poy(z) Pay(2)
B le"Lj (O)Pnj—l (0) P”j (O) P"J‘—l (0)
Now the second formula in (4.22) is implied by (3.29) and (4.24) (see Remark 4.1 below).
Similarly, one proves the second formula in (4.21). O

’UQj,1(Z) (j S N)

Remark 4.1. Explicit formulas for calculation of coefficients of the polynomials /;(z) and
mj(z) in (4.2) (j € N) in terms of the sequence s = (s;)72, are given in [10]. Let us
write the formulas for [; and d; (j € N) in the case when s = (s;)72, € H"®, and hence
vi=pj=mn; (j €N). Then d; =1/s,,—1 and

bV DU p{s+v pltY
(4.23) =—— =0 4%+~ o UEN),
DY, DL Dv(zjﬂrl 2

where k; = degmji1 — 1 = pjp1 —p; (5 € N) and DY are defined by (3.15). By
Sylvester identity (3.24) the above formulas take the form

D2 (Dgﬁ ))
(4.24) b=—m-m %+ =gy GEN
oL T DE DT
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In the classical case s = (s;)52, € HJ C H"® one has
vi=mp; =ns kj=1 (j€N)

and the formulas (4.24) coincide with known formulas for lengths [; and masses m; of a
Stieltjes string, see [18, (3.15)]

D; - 7(1751_)1)2 (j €N).

4.25 I = Cdi=m; =
( ) J J J Dj_lD]

In the case when k; = 2 the latter formula in (4.24) coincides with the formula for d;
from [19, Section 5.3]

4.26 d <D£i))2 Do)Dl N
( . ) j+1 — D%)D%)H - = Dnanj+2 (.7 € )

Let us summarize these results in the case when s € H"* and k; = 2 for all j € N,
i.e., the corresponding Stieltjes string consists of dipoles only (see [19, Section 5.4]).

Proposition 4.1. Ifs = (s;)72, € H"™9 and k; = 2 for all j € N then

(1) the normal indices of s are v; = p; = n; = 25 and the polynomials m;(z) are of
degree 1 and

(4.27) mj(z) =djz+m; for some d;, m; eR (j€N)

(2) the corresponding generalized Stieltjes fraction takes the form

1

(4.28) — 1 ,
2
diz® +miz — T
Iy — T
doz? + moz —
ly...
where the coefficients d;, mj, and l; can be found by di = 1/s1 and
2
(D;?[2) p@  p® D2

(4.29)  d; = ’ =l TEES o T (e N).

1 n 0 M= , U T ) A0
D;])72D§j)71 DQJ D2J*2 Déj)Déj)*l

Proof. Since s € H"® then v; = pu; = n;. The equality n; = 24 is implied by the formula
k; = n; —n;_1 and the assumption k; = 2.

This assumption implies also that degmj;1 = kj —1 =1 for all j € N. Substitut-
ing (4.27) into (4.1) one obtains (4.28).

Formulas (4.29) are implied by (4.24) and [10, (5.19)]. O

5. DARBOUX TRANSFORMATION

In this section the Darboux transformation of monic generalized Jacobi matrices asso-
ciated with P-fractions is calculated explicitly in terms of the corresponding generalized
S-fractions.

In the classical case the Darboux transformation of a monic Jacobi matrix was intro-
duced in [4] (see also [9], [7]). A monic Jacobi matrix of the form (1.11) is said to admit
an LU- factorization J = LU, if it can be represented as a product of a lower-triangular
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two-diagonal matrix L and an upper-triangular two-diagonal matrix U

1 Up 1
L1 u 1

where all the non-specified elements are equal 0. As was shown in [4], a monic Jacobi
matrix J admits an LU —factorization if and only if

(5.2) P,(0)#0 foral neN.
In this case ;41 and u; (j € Z4) can be found uniquely by

7Pn'j+1(0) bj1 forall jeZ, .

5.3 = 1 =
5:3) K P (0) 7 T Ty

The monic Jacobi matrix J := UL is called the Darboux transformation of J.
Let us list some formulas connected with the Darboux transformation of the monic
Jacobi matrix J in the classical case which are implied by (4.25) and [16].

Proposition 5.1. Let s = {s;}%2, € H,", let J be the associated monic Jacobi matriz
(1.11) and let l; and m; be determined by the S-fraction (1.7). Then

(1) The monic Jacobi matriz J admits the LU — factorization (5.1) with the entries
1

5.4 == e N
( ) u] 1 ljdj ) J ljdj+1 (.] € )?
1 1 /1 1 1
59 O A T g (lj i lj1>’ T Bdidin U € N);
(2) Darbouz transformation of J is the monic Jacobi matriz
1/1 1
— |5+ 1
L <d1 * d2>
! 11,1 .
N l1l2d3 lo \d2  ds
(56) J=UL= 1 l i_'_i . ;
lol3d3 I3 \ds da '

(3) The parameters b; and ¢; of the J-fraction IO( (7[”), corresponding to the Dar-

[
boux transformation J of J take the form

1 1 1 1
5.7 by = b bj=——F5— =+ . € N);
(5.7) 0= lilig1d?, 4 ‘ l; (di * di+1> (Eeh)

(4) The monic Jacobi matriz J corresponds to the sequence s = {sj+1}520;
(5) The k-th convergents of this J-fraction take the form
2 (Qr(2)Pe-1(0) — Pr(0)Qr—-1(2))

(5.8) fr(z) = — Pu(2)Py—1(0) — Pp(0)Pr—1(2) et
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Consider now a monic generalized Jacobi matrix J associated with a sequence s =
{57132 € H"* via the equalities (see [8])

Cusw Do
B, Ca D
(59) J = B2 Ca2 . )

where Cy; is the companion matrix for the polynomial a;(z) = zki —|—a§i)_1zkf’1 =+ ~+agj)

0 1
5.10 Co=| ,
( ) ! 0 0 1
—agj) —agj) _ai(cjj)q

and Bj, D;_; are k; x k;_; and k; x kj 1 matrices, respectively, given by

00 -0 00 -0
(5.11) po| it p o
“loo-o0 ’ 00 ---0

by 0 - 0 10 - 0

The following factorization result for generalized Jacobi matrices which meet the assump-
tion (1.21) was proved in [16].

Theorem 5.1. Let s = {Sj}fio € H™ and let J be a generalized Jacobi matriz associ-
ated with the moment sequence s = {sj}?io. Then J admits the following LU — factori-
zation

(5.12) J=LU,
where where L and U are lower and upper two-diagonal block matrices, respectively
AO UO DO

(5.13) L= |1 4 and U = u, o,

the blocks A; and U; are k;j x k; matrices

1 0 0 0
0 1
0 1 0 : L '
(5.14)  A; = : - - - : and U;=| - o )
J 0 . 0. 1. 0 J 0 ... 0 1
, , w 0 --- 0
_agj) —aéj) _ag,»)—l 1 J

D; are kj x kj11 matrices defined by (2.20), Ljy1 are kjy1 X kj—matrices

(5.15) Lig=|: & (j=0,1,...),
o 00 0
0 -+ 0 Ly

and u; l; can be found from the system of equations

b
(5.16) up = ap(0), uj + 1 = —aj(O), i1 = 174_1 forall j€Z,y.
J
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The transformation
(5.17) J=LU —-3:=UL

is called the Darboux transformation of the monic generalized Jacobi matrix J. As
was shown in [16, Theorem 3.10] J is also a monic generalized Jacobi matrix. In the
following theorem we will reformulate the statement of [16, Theorem 3.10] in terms of
the generalized S-fraction in a special case.

Proposition 5.2. ([16]). Let s = {s;}52, € H", such that k; = nji1—n; > 2 (j € Zy,
ng = 0), let J be a monic generalized Jacobi matriz associated with the sequence s and
let 1;, dj and m;(z) be determined by the generalized S-fraction (4.1). Then
(a) The monic generalized Jacobi matriz J admits the LU — factorization (5.1) with
the entries uj_1 and l; defined by (5.4).
(b) The Darbouz transformation of J takes the form

Cm, Do
By 0 D4
By Cr., Do

(5.18) J=UL= :
%3 0 -

where Cp, are companion matrices for polynomials
1

mi(z) = Emi(z), i=1,2,....
The blocks Bo;_1, Ba; are 1 x (ki1 — 1) and (k; — 1) x 1, respectively,
0
1
(519) %22'_1 = dzll 0 0 , %22 = 0 (Z = 1,2, ),
1
dit1l;

Do, and Daji1 are (kj —1) x 1 and 1 x (kj41 — 1)-matrices, respectively, of the
form (5.11).
(¢) The matrix J is associated with the following P-fraction

(5.20) K ( =Y ) __ bo 7
b

0 aj(z) ao(z) —
ar(z) =
where
1
21 —b =, by = € N).
(5.21) bo =bo, boj_1 L, ba; Ld (j eN)
(5.22) az;(z) =mj1(2), az1(z) =2 (j € Zy).

(d) The monic Jacobi matriz J corresponds to the sequence s = {sj41}52,-
(e) The k—-th convergent of the P-fraction (5.20) is equal to

(5.23) fk(z) = Py, (Z)Pm—l (O) - Py, (O)Pni_l (Z) ’

P, (2) ’

k=2i—1, i€eN,

k=2i, ieN.
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Proof. (a) It follows from (5.4) and Corollary 4.1 that

P, (0 a1
SRS o U
Hence by (5.16) and the second equality in (5.4)
U
uj—1 - lidjn

(U eN).

This proves (5.4).

(b) It remains only to prove the statement for the entries b; of the subdiagonal blocks
B; in (5.18). The rest is implied by Theorem 5.1. Indeed, it follows from the equality
J="UL that
1
lid;’
(¢) The proof of (c) follows from (5.24) and the formula (5.18) for J.
(d) The statement is contained in [16, Theorem 3.13].

(e) Let P, (2) and Qu, () be polynomials of the first and the second kind associated
with the Jacobi matrix J. The k—th convergent of the P-fraction (5.20) is

_ an (Z)
P, (2)’
where {nj}2, is the sequence of normal indices of the sequence {s;11}32,. Using the re-

lations between P, (2), Qn,(z) and Py, (2), Qn, (2) (see [16], Theorem 3.19 and Theorem
3.22), we get (5.23). This completes the proof. a

(524) [123;1 =Uj_1 = bgj = [j (j S N)

" Lidi

(5.25) fr(2) =

Corollary 5.1. Let s = {s;}32, € H"*, such that k; = 2 for all j = 0,1,2..., let J
be a monic generalized Jacobi matriz associated with the sequence s and let l;, d; and
m;(z) be determined by (4.26). Then

(a) The monic generalized Jacobi matriz J admits the LU —factorization (5.13)

1 0 0 1
_73_11 1 U 0 1
0 0 1 0 1
0 [1 —% 1 Uup 0 1
J=1U= 0 1 0 1
0 [2 —73—22 Ug 0

with the entries uj_1 and [; defined by (5.4).
(b) The Darbouz transformation of J is the monic Jacobi matriz

_1d_1 1
o,

(5.26) J=UL= A —d—; 1
1

O
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Remark 5.1. Let a function f € S has an asymptotic behavior

(5.27)

(5.28)

fey~ -2t (:520)

fE~-B a2 (+550).

Let J be a monic generalized Jacobi matrix corresponding to the sequence {5s; }‘;‘;0 with
Soj = 8j, S2j41 =0 (j € Zy). In [9, 6] J is also called a monic generalized Jacobi matrix
corresponding to the function f(22). In this partial case the Darboux transformation of
the matrix .J is a monic Jacobi matrix corresponding to the function z f(z2) which belongs
to the class R. Such interpretation of the unwrapping transformation f — zf(2?) was
presented in [6].

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21
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