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ON THE CARLEMAN ULTRADIFFERENTIABLE VECTORS OF A
SCALAR TYPE SPECTRAL OPERATOR

MARAT V. MARKIN

To Academician Yu. M. Berezansky in honor of his 90th jubilee

ABSTRACT. A description of the Carleman classes of vectors, in particular the Gevrey
classes, of a scalar type spectral operator in a reflexive complex Banach space is shown
to remain true without the reflexivity requirement. A similar nature description of
the entire vectors of exponential type, known for a normal operator in a complex
Hilbert space, is generalized to the case of a scalar type spectral operator in a complex
Banach space.

Never cut what you can untie.
Joseph Joubert

1. INTRODUCTION

The description of the Carleman classes of ultradifferentiable vectors, in particular the
Gevrey classes, of a normal operator in a complex Hilbert space in terms of its spectral
measure established in [10] (see also [12] and [11]) is generalized in [15, Theorem 3.1] to
the case of a scalar type spectral operator in a complex reflerive Banach space.

Here, the reflexivity requirement is shown to be superfluous and a similar nature
description of the entire vectors of exponential type, known for a normal operator in a
complex Hilbert space (see, e.g., [12]), is generalized to the case of a scalar type spectral
operator in a complex Banach space.

2. PRELIMINARIES

For the reader’s convenience, we shall outline in this section certain essential prelimi-
naries.

2.1. Scalar type spectral operators. Henceforth, unless specified otherwise, A is sup-
posed to be a scalar type spectral operator in a complex Banach space (X, || -||) and E4(+)
to be its spectral measure (the resolution of the identity), the operator’s spectrum o(A)
being the support for the latter [1, 4].

In a complex Hilbert space, the scalar type spectral operators are precisely those
similar to the normal ones [23].

A scalar type spectral operator in complex Banach space has an operational calculus
analogous to that of a normal operator in a complex Hilbert space [1, 3, 4]. To any
Borel measurable function F': C — C (or F': 0(A) — C, C is the complezx plane), there
corresponds a scalar type spectral operator

F(A) ::/CF(A)dEA(A) :/ F(A\) dEA(N)

a(A)
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defined as follows:
F(A)f := lim F,(A)f, f e D(F(A)),
D(F(A)) == {f € X| lim F,(A)f exists}

(D(:) is the domain of an operator), where

Fo(+) = F()X{reoa) | IFO) <n} (), n €N,

(xs(+) is the characteristic function of a set 6 C C, N:={1,2,3,...} is the set of natural
numbers) and

Fa(4) = [ L R AEA), men

are bounded scalar type spectral operators on X defined in the same manner as for a
normal operator (see, e.g., [3, 21]).
In particular,

(2.1) A”:/)\”dEA()\):/ A dEA(N), n € Zy,
C o(A)

(Z+ :={0,1,2,...} is the set of nonnegative integers).

The properties of the spectral measure F 4(-) and the operational calculus, exhaustively
delineated in [1, 4], underly the entire subsequent discourse. Here, we shall outline a few
facts of particular importance.

Due to its strong countable additivity, the spectral measure FE4(-) is bounded [2, 4],
i.e., there is such an M > 0 that, for any Borel set § C C,

(2.2) |BA(S)] < M.

The notation || - || has been recycled here to designate the norm in the space L(X) of
all bounded linear operators on X. We shall adhere to this rather common economy of
symbols in what follows adopting the same notation for the norm in the dual space X*
as well.

For any f € X and ¢g* € X*, the total variation v(f, g*,-) of the complex-valued Borel
measure (E4(-)f, %) ((-,-) is the pairing between the space X and its dual X*) is a finite
positive Borel measure with

(2:3) v(f, 9% C) = v(f. g7, 0(A)) < 4M| flllg"]l

(see, e.g., [15]). Also (Ibid.), F: C — C (or F : 0(A) — C) being an arbitrary Borel
measurable function, for any f € D(F(A)), ¢* € X*, and an arbitrary Borel set o C C,

(2.4 JIFOVdulr.7.3) < M| Ea@) () 57

In particular,

@5 [IFQdthg N = [ FOd(fg ) < M FA )|
C o(A)

The constant M > 0 in (2.3)—(2.5) is from (2.2).

The following statement allowing to characterize the domains of the Borel measurable
functions of a scalar type spectral operator in terms of positive Borel measures is also
fundamental for our discussion.

Proposition 2.1. ([14, Proposition 3.1]) . Let A be a scalar type spectral operator in a
complex Banach space (X, || -||) and F : C — C (or F : 6(A) — C) be Borel measurable
function. Then f € D(F(A)) iff

(i) For any g* € X*, [, 4 |[F(N)]dv(f,g%,A) < 0.
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(1) supgg-ex- ig-=1} Jprneo(ay | 1poy sy [FMdV(f,9%,0) = 0 as n— oo,

Subsequently, the frequent terms ”spectral measure” and ”operational calculus” will
be abbreviated to s.m. and o.c., respectively.

2.2. The Carleman classes of vectors. Let A be a densely defined closed linear
. o0 .
operator in a complex Banach space (X, || -||) and {m,},_, be a sequence of positive

numbers and
oo

C>=(A) := (] D(AM).

The subspaces of C*°(A) 0
Cima(A) = {f € C®(A)|Fa>03c>0: [|[A"f| < camn, n €Ly},
Cimpy(A) :={f € C®(A)|Va>03c>0: |A"f|| < ca™mn, n € Zy}

are called the Carleman classes of ultradifferentiable vectors of the operator A corres-

ponding to the sequence {mn}ff:o of Roumieu and Beurling type, respectively.
The inclusions

(2.6) Cim,)(A) € Cpm, 1 (A) CC®(A) C X
are obvious.
If two sequences of positive numbers {mn}zozo and {mﬁl}zo:o are related as follows:
Vy>03dc=c(y)>0: m, <cy"my,, né€ly,
we also have the inclusion

(2.7) Cm: 1 (A) C Clim,y (A4),
the sequences being subject to the condition

Fy1,72 >0, Jer,e2 >0 cryPm, <ml, < covymy,, n€Zy,
their corresponding Carleman classes coincide

(2.8) Cim,3(A) = Cprny(A),  Cim,y(A) = Clnry(A).

n

Considering Stirling’s formula and the latter,
EVN(A) := Caysy(A) = Cpuomy(A),
EPV(A) := Cpnyp)(A) = Crony (A)

with 3 > 0 are the well-known Gevrey classes of strongly ultradifferentiable vectors of
A of order 8 of Roumieu and Beurling type, respectively (see, e.g., [10, 11, 12]). In
particular, £ (A4) and £ (A) are the well-known classes of analytic and entire vectors
of A, respectively [6, 19]; £{%(A) and £ (A) (i.e., the classes Cy13(A4) and C(y)(A)
corresponding to the sequence m,, = 1) are the classes of entire vectors of exponential
and minimal exponential type, respectively (see, e.g., [22, 12]).

If the sequence of positive numbers {m,, } -, satisfies the condition

(2.9) (WGR) Va>03dc=c(a) >0: ca™ <my,, n€Zy,
the scalar function
o0 An
2.10 T(\) := Z— A>0, (0°:=1
(2.10) W=mo > Az (@ =)

first introduced by S. Mandelbrojt [13], is well-defined (cf. [12]). The function is contin-
uous, strictly increasing, and T(0) = 1.
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As is shown in [10] (see also [12] and [11]), the sequence {my,} -, satisfying the
condition (WGR), for a normal operator A in a complex Hilbert space X, the equalities

C{mn} U D(T'(t|A])),

(2.11) >0
Clmny(A) = [ D(T(t|A]))

t>0

are true, the normal operators T'(t|A|), ¢ > 0, defined in the sense of the operational
calculus for a normal operator (see, e.g., [3, 21]) and the function T'(-) being replaceable
with any nonnegative, continuous, and increasing on [0, 00) function F'(-) satisfying

(2.12) caF(nmA) <T\) < cF(y2A), A>R,
with some 71,72, c1,c2 > 0 and R > 0, in particular, with
n & )\Qn 1/2
S(A) = moilipom—n, A>0, or P()\) ::mOLZ_%m?J , A>0,

(cf. [12]).

In [15, Theorem 3.1], the above is generalized to the case of a scalar type spectral
operator A in a reflexive complex Banach space X. The reflexivity requirement dropped,
proved were the inclusions

C{mn} U D(T t|A‘

(2.13) =0
Clmny(A) 2 [ D(T(t|A]))

t>0

only, which is a deficiency for statements like [16, Theorem 5.1] and [18, Theorem 3.2].

3. THE CARLEMAN CLASSES OF A SCALAR TYPE SPECTRAL OPERATOR

Theorem 3.1. Let {mn}zozo be a sequence of positive numbers satisfying the condition
(WGR) (see (2.9)). Then, for a scalar type spectral operator A in a complex Banach
space (X, | - |I), equalities (2.11) are true, the scalar type spectral operators T(t|Al),
t > 0, defined in the sense of the operational calculus for a scalar type spectral operator
and the function T'(-) being replaceable with any nonnegative, continuous, and increasing
on [0,00) function F(-) satisfying (2.12).

Proof. We are only to prove the inclusions inverse to (2.13), the rest, including the latter,
having been proved in [15, Theorem 3.1].

Consider an arbitrary vector f € Cyp,,.3(A) (f € Cim,)(A4)). Then necessarily, f €
C>(A) and for a certain a > 0 (an arbitrary a > 0), there is a ¢ > 0 such that

(3.14) A" f|| < camy, n € Zy,

(see Preliminaries).
For any ¢g* € X*,
(3.15) / T (L 1N) do(f,g7 N) /
o(4) (4)

A

¢ 2o my,

dv(f, g%, \)

n—=

by the Monotone Convergence Theorem;

- A" — 1 /
= s dv(f,g",\) = — A" dvo(f,g", A
;}/ﬂm 2nanmy ( ) ;Q"Q”mn a(A)‘ "ot )

by (2.5) and (2.1);
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[eS) 1 N .
<3 g M4l
n=0
by (3.14);
[e%S) 1 § .
<4Mc) onllg”ll = 8Mcljg|| < co.
n=0

For an arbitrary € > 0, one can fix an N € N such that,

M2
(3.16) oN=3 <¢&/2

Due to the strong continuity of the s.m., for any n € N,
1B ({X € o(A)|T(LIN) > k}) A f|| =0 as k — oo

Hence, there is a K € N such that

N
(3.17) > W4M |Ea ({X € a(A)|T(LIN) > k}) A" f|| < e/2
n=0

whenever k > K.
Similarly to (3.15), for k > K, we have

sup / T (5 IA) do(f.9%,N)
{g x| llg*I=1} J {Aeo(4)|T(K A >k} (27

(oo}

A" do(f, 9", A)

{g*exwug*nzl},;2 "M J{xeo(4)| T( 1A >F}
by (2.4) and (2.1);

|
< sup AM ||E4 ({X € a(A)|T(L|A) > k}) A" f|| llg*
{g*emg*uﬂ}gwanm [Ea (1A € oI T(EIN) > £3) A7) "]

< swp { M B ({ € o(A)T(AIN) > kD) 4] 7]

{g X~ |llg =1} 2"0‘"

S s M [ Ba ({X € o(A)|T GG IN) > k)| IIA”fIIIg*II}
n=N+1
by (2.2) and (3.14);

N
s . sup {Z m‘lM [Ba ({X € o(D)[T (55 1) > k}) A" f[| [lg”]

{9 eX*|llg*I=1} L,,=o
rare Y Ly |]
n=N+1

N n M?c
Znnm AM ||[Ea ({X € 0(A)|T(55 ‘)‘|>k}AfH+2N2

n=0

by (3.16) and (3.17);

<e/2+¢€/2=¢
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and we conclude that

(3.18) sup /
{orex~|llg*I=1} {reo ()| T( 3 1A)>k}

By Proposition 2.1, (3.15) and (3.18) imply
f € D(T(551A]).

Considering that for f € Cf,,1(A), @ > 0 is fixed and for f € Cp, ) (A), a > 0 is
arbitrary, we infer that

T (3= |A) do(f,g*,\) =0 as k — oo.

feJD@(A])
>0
in the former case and
fe () D(T(tA])
t>0

in the latter.
Since f € Cypp 1 (A) (f € C’(mn)(A)) is arbitrary, we have proved the inclusions

>0
Clmny(A) €[] D(T(tIA])),
>0
which along with their inverses (2.13) imply equalities (2.11) to be true. O

4. THE GEVREY CLASSES

The sequence m,, := [n!]® (m, = n”") with 3 > 0 satisfying the condition (WGR)
and the corresponding function T'(-) being replaceable with F'(A) = A A0, (see [15]
for details, cf. also [12]), in [15, Corollary 4.1] describing the Gevrey classes of vectors
of a scalar type spectral operator in a reflerive complex Banach space, the reflexivity
requirement can be dropped as well and we have the following

Corollary 4.1. Let § > 0. Then, for a A scalar type spectral operator in a complex
Banach space (X, || - ),
@) = J D),
t>0

D(a) = (| DA™,

>0
Corollary 4.1 generalizes the corresponding result of [10] (see also [12, 11]) for a normal

operator A in a complex Hilbert space and, for 8 = 1, gives a description of the analytic
and entire vectors of a scalar type spectral operator A in a complex Banach space.

5. THE ENTIRE VECTORS OF EXPONENTIAL TYPE

Observe that the sequence m, = 1 generating the entire vectors of exponential type
does not meet the condition (WGR) (see (2.9)) and thus, this case falls outside the
realm of Theorem 3.1.

As is known (cf., e.g., [12, 7]), for a normal operator A in a complex Hilbert space X,

0 4) = | Eaa
a>0
and
EO(A) = () Ba(Aa)X = Eo({0})X =ker A := {f € X|Af =0}

a>0
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(EA(+) is the spectral measure of A) with
Ao :={AeC|A<a}, a>0.

We are to generalize the above to the case of a scalar type spectral operator A in a
complex Banach space X.

Theorem 5.1. For a scalar type spectral operator A in a complex Banach space (X, |-||),
(i) €M(A) = Upso Ba(Ba)X,
(i) EO(A) = Nyoo Fa(Aa)X = EA({0})X =ker A:= {f € X|Af =0},
where Aq = {XA € C||A| € a}, a > 0.
Proof. Let f € Jyso Ea(Aa)X (f €Naso Ea(Aa)X), ie.,
f:EA({)\e(CH/\\ga})f
for some (any) a > 0. Then, by the properties of the o.c.,
feC*(A).
Furthermore, as follows form the Hahn-Banach Theorem and the properties of the o.c.
(in particular, (2.1)),

A = | [ A B f]| = A" dEA(A
et = forazaois] = ] gy 2001

< / A dEA(A)f,g*>’
{AeC||A|La}

/ A" d(EA(N f.97)
{AeC||A|<a}

= sup
greX=, lg¥ll=1

= sup
greX=, [lg¥ll=1

S sup / ‘)\|n dU(f,g*,A)
greX™, [lg*lI=1 J{AeC||A|<a}

< sup  a"v(f, 9", {A € C||A < a})
g X, llg*ll=1

by (2.3);
< sup  AM|fllllg*la™ <AM|[ ][+ 1]e", o >0,
grexX, lgrll=1

which implies that f € £{0}(A) (f € £0)(A4)).

Conversely, for an arbitrary f € £104(A) (f € £0)(A)),

JA" ] < ca”, neZy,

with some (any) o > 0 and some ¢ > 0.

Then, for any v > o and g* € X*, we have

o(fgt A e CIN Z ) < [ A" do g7, )

{AeClIAZ7}
< /(C IAI" dv(f, g, ) by (2.5);

< AMIA™f[[[lg*|| < 4Mcllg™[a™, n € Zy.
Therefore,

* * « n
o(f.g" ) € CIA| = 7)) < 4Mellg ||(;) . nei,.

Considering that /v < 1 and passing to the limit as n — oo, we conclude that
o(f,g" AN € Cl[]A[ 27}) =0, g¢" € X",
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and the more so
(EA{A € Cl]A[ Z27})f.97) =0, g" € X"
Whence, as follows from the Hahn-Banach Theorem,
Ea({A e ClIAl =7} f =0,
which, considering that v > « is arbitrary, by the strong continuity of the s.m., implies
that
EA({A € C||A| > a})f =0.
Hence, by the additivity of the s.m.,
f=Es({reClA <a})f+ Ea({A e Cl]A| > a})f = Ea({A € C[]A| < a}) ,
which implies that f € ,sq Ea(Ba)X (f € Naso Pa(Aa)X). O

An immediate implication of Theorem 5.1 is the following generalization of the well-
known result on the denseness of exponential type vectors of a normal operator in a
complex Hilbert space (see, e.g., [12]), which readily follows by the strong continuity
of the s.m. and joins a number of similar results of interest for approximation and
qualitative theories (see [22, 12, 7, 8, 9]).

Corollary 5.1. For a scalar-type spectral operator A in a complex Banach space (X, ||-]|),

£0V(A) = X
(- is the closure of a set in the strong topology of X ).

Hence, for any positive sequence {mn}ff’:o satisfying the condition (WGR), in par-
ticular, for m,, = [n!]? with 3 > 0, due to inclusion (2.7) with m/, = 1,

04 ¢ Cim,)(A4),

which implies
C(mn)(A) =X

6. FINAL REMARKS

Observe that, for a normal operator in a complex Hilbert, equalities (2.11) have not
only the set-theoretic but also a topological meaning [10] (see also [11, 12]). By analogy,
this also appears to be true for a scalar type spectral operator in a complex Banach
space, although the idea was entertained by the author neither in [15] nor here.

For a normal operator in a complex Hilbert space, Theorems 5.1 and 3.1 can be
considered as generalizations of Paley- Wiener Theorems relating the smoothness of a
square-integrable on the real axis R function f(-) to the decay of its Fourier transform f(-)
as © — oo [20], which precisely corresponds to the case of the self-adjoint differential

operator A = i—x (¢ is the imaginary unit) in the complex Hilbert space Lo(R) [12].

Observe that, in L,(R) with 1 < p < oo, p # 2, the same operator fails to be spectral
d

[5] (the domain of A = zd— in X = L,(R), 1 <p < oo, is understood to be the subspace
i

W}(R) := {f € L,(R)| f(:) is absolutely continuous on R and f’ € L,(R)}).

Theorem 3.1 entirely substantiates the proof of the ”only if” part of [16, Theorem 5.1],
where inclusions (2.13) turn out to be insufficient, and of [18, Theorem 3.2]. It appears
to be fundamental for qualitative results of this nature (cf. [17]).
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