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ON A GENERALIZATION OF THE THREE SPECTRAL INVERSE
PROBLEM

O. P. BOYKO, O. M. MARTYNYUK, AND V. M. PIVOVARCHIK

On occasion of Yu. M. Berezansky anniversary

ABSTRACT. We consider a generalization of the three spectral inverse problem, that
is, for given spectrum of the Dirichlet-Dirichlet problem (the Sturm-Liouville problem
with Dirichlet conditions at both ends) on the whole interval [0, a], parts of spectra
of the Dirichlet-Neumann and Dirichlet-Dirichlet problems on [0,a/2] and parts of
spectra of the Dirichlet-Newman and Dirichlet-Dirichlet problems on [a/2, a], we find
the potential of the Sturm-Liouville equation.

1. INTRODUCTION

The theory of direct and inverse spectral problems is based on the base of classical
results of Yu. M. Berezansky, V. A. Marchenko, M. G. Krein, B. M. Levitan (see [1], [15],
[12], [14]). The so-called half-inverse problem and three spectral problem are branches
of this theory.

In the present paper we show the relations between the three spectral problem and
the Hochstadt-Lieberman problem. We use the same equation (see equation (2.9)) and
similar methods for recovering the potential in these problems.

Uniqueness of solution for the three spectral problem was considered in many publi-
cations (see [8], [2], [3], [4], [7], [23], [5], [6]), the problem of existence of its solution has
been treated in [21], [18] and [11]. Let us describe the three spectral problem.

Let { A\ }2% k200 {V,(Cl)}iooovk;éo and {V,(CZ)}ZOOOJ#O be the spectra of the problems

-y + q(x)y = N2y,
(1.1) { y(0) = y(a) = 0,

—y" +q(z)y = N2y,
(12) { y(0) =y (%) =0,

—y" +q(z)y = Ny,
(1.3) { y(2) = yla) =0,

respectively, where g € L2(0,a) is a real valued function.
It is known [18] that {V,(Cl)}iooo,k?éo N {Véz)}iooo’k?éo = 0 if and only if {Ae}> ;20 N

{1/,(62) % o k0 = 0if and only if {Ap}> 10 N {1/,(61)}30007,#0 = (). In this case this three
spectra uniquely determine the potential g.
Let us consider also the problems

-y + q(x)y = Ny,
(14) { y(0) =y (%) =0,
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—y" +q(x)y = Ny,
1.5 a
= U
with the spectra denoted by {,ukl > o k0 and {,qu }‘iooo kA0 respectively
It is clear and it will be shown below that {uk o k0 [ {uk }_0O k;ﬁo = 0 if and

only if {Ax} so,k#0 [ {Mk 1% kA0 T = 0 if and only if {/\k} so,k#0 [ {Mk 3 00,k#0 — =0.
In this case these three spectra {A\}> 10, {vk } o ko and {l/k } % ko uniquely
determine the potential ¢(x) on [0, al.

Let us consider another three spectral problem: given {)\k}foo ,#0, {V,(Cl)}iooo o and

{,uk X k20> find g. Since knowledge of {,u,(cl) * o k0 and {l/k } 2 k0 18 equivalent
to the knowledge of the projection of ¢ onto (0, ), this problem is nothing but the
Hochstadt-Lieberman problem [10] (see also [9], [22], [8], [16], [17]). It is known that
these data uniquely determine ¢ on the whole interval (0, a).

The aim of the present paper is to show that one may use {Ak}foo kA0 and certain parts

of the spectra {uk o kA0 {,uk o k0 {l/k > ko and {l/k } % k0 to determine
q. Namely, under certain condltlons 1f the spectrum {/\k}_oo, k0 18 given, the eigenvalues
{1/,21)}‘1000 ko and {1/,22)}‘1000 ko are given not all but excluding a finite number 2n; of

y,il)e and a finite number 2ny of V,E )b then it is possible to use 2n; eigenvalues u( ) and

2n9 eigenvalues u,(c ) instead to determine g on (0,a).

2. MAIN RESULT

Let us rewrite problem (1.1) as follows

(2.1) —yi +qi(x)y; = Ny;, we(0,a/2], j=1,2
(2.2) y1(0) =0,

(2.3) y2(0) = 0,

(2.4) y1(a/2) =y2(a/2),

(2.5) y1(a/2) +ys(a/2) = 0.

We rewrite problems (1.2) and (1.3) as

—yi +ai(2)y; =Ny w€(0,0/2),
20 { yi(0) = y; (a/2) =0, j=12.

Also we rewrite (1.4) and (1.5) as

—y +aie)y; = Ny w e (0.a/2),
=0 { y;(0) = ¢ (a/2) = 0, J=12

Definition 2.1. ([24]). L is the Paley- Wiener class of entire functions of exponential
type < a which belong to La(—00,00) for real \.

By the Paley-Wiener theorem L£%-functions are the Fourier images of all square sum-
mable functions supported on [—a, al.
Let us denote by s;(A, ) the solution of the Sturm-Liouville equation (2.1) which

satisfies the conditions s;(A,0) = 0, s7(A\,0) = 1. The spectra {ij)} 0, k0 (v(j,l =

- ,(cj )) of problems (2.6) coincide with the sets of zeros of the characteristic functions

a sin A5 cos A5 ¢1,y( )
Sj(/\, - ) = — Aj )\2 )\2 ,

2)_ A
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def 2 a
where A; = %foz gj(z)dx, 1; € L2. Moreover, 1¥1;(0) = Aj, ¥1;(=A) = ¥1,;(N),
otherwise s;(), §) would have a pole at A = 0.
The spectra {u,(j)}iooqk#o (1) = =) of problems (2.7) coincide with the set of
zeros of

sin A3 R RICY

1oy @
(2.8) 5O\ ; i),

IV

where wQ,j € L% and wQ,j (0) =0.

Let us look for the solution of problem (2.1)-(2.5) in the form y; = Cis1(\, z), y2 =
C282(A, x), where C; are constants. Then (2.4) and (2.5) imply

0181 ()\7 a/2) = 0282()\, a/2),
Ci1sy (N, a/2) + Cashy(N,a/2) = 0.

This system of equations possesses nontrivial solution at the zeros of the characteristic
function
(2.9) w(A) = s1(A\, a/2)s5(A, a/2) + s2(\,a/2)s1 (N, a/2).
The set of zeros {A,}°, ;o of this function is the spectrum of problem (2.1)-(2.5). Let

us notice that problem (2.1)—(2.5) is the Dirichlet-Dirichlet problem on the whole interval
and therefore

) = cos)\g + A4

sin Aa cosAa  Po(N)
w(A) = 3 — Ao 2 T e
where Ay = Ay + Aa, 1o € L% We introduce the following notation: let {07}, =:
{232 V{04072 and g = 05, 1) = ) (j =1,2).
The corresponding direct theorem is as follows.

Theorem 2.2. Let a real-valued q € L2(0,a) then the spectra {\c}> 1 405 {Vls:l)}iooo,k:;éo

and {Vls:z)}iooo,k:;éo of problems (1.1), (1.2) and (1.3) satisfy the conditions:
1. (see[15])

kA, BY
N = — 42204 Pk
A e A
5 2k Ay Y
(2.10) () _ k) k i—=1.9
Vk a +7T]€+ kv ] y &y
Vor(2k—1) A, BYW
pf) = T2k 1) - )+7T—;€+—2, j=12,

where Ay = %fog q(z)dz, Ay = %fg q(z)dz and Ay = A1 + As, {ﬁ,(cj)}zozl ely (j =

0,1,2).
2. All the nonzero eigenvalues A, 1/,(61) and 1/,(62) are simple. If any of them is 0 then
it is of algebraic multiplicity 2 ([15]).
3. (see[18])
—00 <Af <7 < A3 <05 <

4. (see[18])
X2 =07 ifand only if N =67_,.

We will use the following known result.
Proposition 2.3. (see [15]).

oo < (") < ()" < () < (7)<
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Definition 2.4. (see e.g. [20]). A meromorphic function f(z) is said to be an essentially
positive Nevanlinna function if

(i) ImzImf(z) > 0 for all nonreal z,

(i) there exists B € R such that f(z) >0 for all z < 3.
Proposition 2.5. The eigenvalues {\,}>, ;o of problem (2.1)-(2.5)

(i) are interlaced with the union {1y} 140 (ﬁf{ul(cl)}iooo’ ko U {uf)}i‘go’ k£0
—o<TT <A< <A <,

(i) all M\, are simple and for k >0 Ay, = 73, if and only if Ay = Tey1.

Proof. It is known that :}Eééi and :?Eég; are essentially positive Nevanlinna func-
“1 2 °2 2

tions. It is known (see e.g. [19], Sec. 4.1) that if f and g are essentially positive
Nevanlinna function then such is also (f + g). Therefore,

$(v2) 51(vz §) | s2(vVz §)

s1(vVz, 5)5 (V2 5)  s1(VE5)  s(Vz9)
is an essentially positive Nevanlinna function and (i) and (ii) follow by Proposition 4.3
of [20]. O

3. INVERSE THREE SPECTRAL PROBLEM

In this section we will use known results on sine-type functions.

Definition 3.1. A function f is said to be of sine-type a (see [13]), if its zeros are all
distinct and there exist positive numbers m, M and p such that

me|Im/\|a < ‘f()\)| < Me|Im/\|a

for [ImA| > p.
According to the statements 3 and of Theorem 2.2 each interval (A7, A7, ) contains
exactly one element of {#2}2° | and according to Proposition 2.4 exactly one element of

{mi}ica-

Definition 3.2. An interval (Ag, Apt+1) is said to be regular if it contains either exactly
one element of {,u,(cl)} and ezxactly one element of {V,(f)} or it contains either exactly one
element of {uf)} and ezactly one element of {1/,(61)}.

Remark. It can happen that regular intervals do not exist.

We will use the following notation:
+N=+1,42,..., N; = £k j, ko, ..., Tky, j.

The main result of this paper is given by the following theorem.

Theorem 3.3. Let {A\}>,, .o be the spectrum of problem (2.1)-(2.5), {V,ij) % o k0
be the spectra of problems (2.6) and let {I/,(cl) 3000,1«;60“{’/1(3)}3000,1@;&0 =0. Let {M;(f)}keNl
(u(f,)c = —u,(f)) be eigenvalues of problem (2.7) with j = 2 such that (u,(€2))2 belong to the
reqular intervals and and {,u,(cl)}keNz (,u(_ll)C = —,u,(cl)) be eigenvalues of problem (2.7) with
j =1 such that (u,gl))2 belong to the regular intervals.

Then {V](gl)}ke(iN\Nl)y (1 Y kes {V;(f)}ke(iN\Ng) and {p\" Y et n, uniquely deter-
mine the pair (q1, q2).
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Proof. Using (2.10) we find 4, (j =1, 2)
; 2wk
A; = lim ©k (l/](j) — W) .
k—oo e}
Let us consider the functions

—a ﬁ (%)2 (A2 = )\2),
k=1

1) am=2 I (52) @72 IT () (W2 -2,

ke+N\N; keEN;
62 o=t TT (o) @22 T (55) (602 -»).
kE+EN\Na kEN,
Since . ,
- kr:[ (=5 %)) (u)? = 22),
(33 gﬁ( ) (O - ),

we conclude keeping in mind (2.9), (3.1) and (3.2) that the functional equation
(34) X(N)o1(A) +Y (N2 (A) = w(N)

possesses a solution

= I ( ) G T (i) (7 -¥),

keEN\N kEN:
Y(\) = kEiHN\N ( @1 ) )kgv (77(215—1)) ((z/,(f))Q _ ,\2).

Let us prove that equation (3.4) possesses unique solution in the class of sine-type
functions of the form

sin A m(N)
A A

sinA\§ 7 (N)
T

(3.5) X(\) = cos)\g + Ay

(3.6) Y(\) = cos )\g + A,

where 7; € L%.
To this end, using (2.9) and (2.8) we obtain

(2) () a (2)
w(v, siny,” 2 (v
sh(?, g) _ el (5) )a = cos 1/,(62) 5T Ay (g) 2+ V2 ((Q)k ),
s1(vy ,5) vy vy
where due to (2.13) {’l/)g’j(l/](cz)) > o k0 € l2 by Lemma 1.4.3 of [15] .

We look for the solution of (3.4) in the form (3.5), (3.6). Let us consider (3.4) at the
zeros of ¢ which we will use as the nodes of interpolation. Comparing (3.1) and (3.3)
we obtain

(3.7) o) =100, 5) TT ()2 = 22) ()2 = 23

keN1



ON A GENERALIZATION OF THE THREE SPECTRAL INVERSE PROBLEM 79

Thus, we conclude that for k € £N\ Ny

Xy = S ey (2 = 272) 7 (@0 = )

61 () s, ) sen,

and for k € N»

(/J(l)) (/J(l)) 2)\2 2\ ! 1)42 2
X = ) s AL (22 = 7)) = ),

Hence, for k large

Vi Vi
@)
+¢2’J((’;)k )+ o))
Vi

Than the sequence {T,E2)}iooo’k¢0 where

@ _. @ (2) (2) sinv,” g
7, = | X(vy') — cosuy 2 A2VT)2 , ke +N\N,
e

and

(1) a
sin
()_MI(€1)< (H;(cl))_wb“/(c 5 A2ﬁ:f)2>7 ke N,
H,

belongs to Is.

Let us assume that ¢o(0) # 0, otherwise we can shift the spectral parameter \? —
A2 4+ c. Since d2(\) = Aga()) is a sine type function with all zeros including ¢2(0) = 0
simple we can use the set {v,(c2)}keiN\N2 u {u,(cl)},rcg\/2 U {0} of zeros of ¢ as the nodes
of interpolation. The values of the function 72(\) we interpolate are 7 ( ) and 7@ (0) =0.
Since {7',52)}‘1"007,#0 € la, according to [13], [24] the series

- (2) s 7
B8) =6 Y g ) D ey

ket e A =) fere B Loy (A=

(1))

converges uniformly on any compact of C and in the norm of La(—00, 00) to a function in
L£%? . Since (3.8) establishes one-to-one correspondence between Iy and £3 we conclude
that
sin A3 m(N) -
— = X(\).
St (A)

It is easy to prove in the same way that Y()\) is also uniquely determined by (3.4) . We

identify with 1/,(61) the zero of X which lies in the regular interval containing ,u,(f) (k € Ny)

X(\) = cos)\ + Ap——=

and with 1/1,(C ) the zero of Y which hes in the regular interval containing u (k € Ng). It
is clear that {z/k Foo k0 and {uk Foo k0 Uniquely determine gj(z). The method of

recovering g;(x) by the two spectra {V,Ej)}ioooyk;éo and {ug)}iooovk;éo can be found in [15].
The theorem is proved. |
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