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ON NONSYMMETRIC RANK ONE SINGULAR PERTURBATIONS
OF SELFADJOINT OPERATORS

MYKOLA DUDKIN AND TETIANA VDOVENKO

ABSTRACT. We consider nonsymmetric rank one singular perturbations of a selfad-
joint operator, i.e., an expression of the form A = A+ « (,wi)wa, wi # wa, a € C,
in a general case wy,wy € H_2.

Using a constructive description of the perturbed operator A, we investigate some
spectral and approximations properties of A. The wave operators corresponding to
the couple A, A and a series of examples are also presented.

1. INTRODUCTION

The theory of rank one (symmetric) singular perturbations of a self adjoint operator
has obtained much attention of physicists and mathematicians. Several papers and re-
search monographs are devoted to this theory (see, f.e., [1, 3, 13] and references therein).

The aim of the current paper is to investigate a generalization of the singular (sym-
metric) perturbation theory to the case of nonsymmetric perturbations of the form
A= A+a (-, w)) ws, where A = A* is a given selfadjoint operator perturbed by a (-,w;) wa
with vectors wy # we that belong to the negative space H_o from the A-scale (the scale
is generated by the operator A) and « € C.

If w; = w9 and a € R, then we meet the classical case, i.e., the well known theory of
a (symmetric) singular perturbation of selfadjoint operators [1, 3, 13].

In this article we continue our investigations started in [20], where we considered
only the case wi,ws € H_1. A significant improvement of the previous studies is in the
consideration of perturbations by arbitrary vectors, i.e., vectors from H_s, too.

Since the study of singularly perturbed operators is extended to perturbations by
nonsymmetric potentials, we will also expect that the spectral properties (in particular
the point spectrum of fl) must be similar as in the classical case (including the unexpected
for the perception the so-called associated pair of eigenvalues).

The next important topic of this article is to clarify approximation properties of
these operators. In particular, we investigate an approximation of classical (symmet-
ric) perturbations by nonsymmetric perturbations taking into account H_;- and H_o-
perturbations.

When investigating wave operators for the couple A and a nonsymmetrically perturbed
A, we solve a number of problems, including the following: whether A is a spectral
type operator; whether A is additionally of a scalar type one; whether there exist wave
operators for the couple A and A; and whether we can write explicit expressions for these
wave operators and, as a consequence, the scattering matrix.

In general, the idea and motivations for considering nonsymmetric perturbations is
not new. Closely related investigations are in [15, 16], the ones carried out from the
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point of view of nonselfadjoint extensions in [19], and a non-local interactions approach
has been taken in [17, 18].

2. THE MAIN DEFINITIONS AND PROPERTIES

Let H be a separable Hilbert space with a scalar product (-,-) and the norm || - || =
vV (+,+). We consider a selfadjoint semi-bounded operator A = A* defined on a domain
DomA = D(A) in H. The sets o(-), op(-), Tac(:), 0c(-), p(-) denote the spectrum, the
point spectrum, the absolutely continuous spectrum, the continuous spectrum, and the
regular points of a corresponding operator, respectively.

An operator A is associated with the A-scale of Hilbert spaces [3]. We consider only
a part of the A-scale, namely,

(1) H_ o DH_1DH=HoD H-i-l D 7‘[+2

where H 41 = D(|A|*/?) and H o := D(A) are endowed with the norms |||, = ||(|A| +
DF2o|l, k = 1,2, ¢ € Hy(A), respectively (I stands for the identity); and H_j :=
H_1(A) is the negative (dual) space, i.e., the completion of H with respect to the norm
£k = N(A|+T)"*2f||, k= 1,2, f € H. Let (-,-) denote the usual dual scalar product
for the spaces My and H_j. The inner product in Hy and H_j is denoted by (-, ) 1x,
k=12

The operator A has an extension by continuity to H (#1) and it is understood as a
bounded operator from H (#1) into H_2 (H_1). We denote such an extension by A and
R, = (A —2)71, 2 € p(A), is a corresponding resolvent.

In some cases, we can continue the usual dual scalar product (-,-) to the case (w, ¢),
where w,¢ € H_s (of course w # ¢) in the following way. For example, if we can
decompose vectors w = wy + wy and ¢ = ¢1 + ¢ so that spsupp(w;) C I1;, spsupp(¢;) C
I, e = 1,2, IINIIl = @ and w; € Hyo, wa € H_o, p1 € H_2, ¢p2 € H o, then we can
have (w, ¢) = (w1, d1) + (w2, P2) < o0, and (w1, P2) = (w2, ¢1) = 0, since spsupp(wi) N
spsupp(¢2) = @ and spsupp(ws2) N spsupp(¢p1) = &. Here spsupp(-) denotes the spectral
support of the corresponding vector in the sense of the operator A. By definition (cf.
[9]), for w € H_1,

spsupp(w) := {A € R | VO, 3¢ € Co(R) N L2(R, dp(N)) :

supp() € Oxc and [ GOV do() # 0},
R

where Oy . is an e-neighborhood of a point A; Cy(R) is the set of continues functions
with compact supports on R; &(A) denotes the Fourier image of the vector w. According
to the central spectral theorem [8], the Fourier transform between H_s and Lo (R, dp()))
takes the operator A to the multiplication operator by the independent variable A in the
space Lo(R, dp()\)) with the Borel measure dp()).

Let us consider an operator V' in the A-scale, such that ©(V') C Hyy and R(V) C H_y,
k=1,2. In our case, V = V«1¥2 = (. wi)ws, wi,ws € H_g, k =1,2. Since the operator
A is bounded and acts from H( into the whole H_;, kK = 1,2, the expression A +V is a
bounded linear operator from #Hj into H_. Let us remark that due to [7] the adjoint
operator (A + V)T is correctly defined and acts also from H ., into H_j, k = 1,2.

Now, the formal expression A + «a(-,w;)ws has a sense of an operator A + (-, w)ws
defined on H g, acting from Hy into H_g, k = 1,2, and restricted to H,

(2) A2 = (A + (wi)ws) 9 -

In what follows, we write usually A instead of A and hence, R, will be used instead
of R,.
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Without loss of generality, supposing also that the operator A is strongly positive
A > 0, we give a constructive definition of the operator A“*2.

Definition 1. Let A be a positive self-adjoint operator on a separable Hilbert space H,
and consider A“v%2 in (2) with w; € H_o \ H, w1 # wa. We put n; = A" w;, i =1,2.

1. The operator A1 is called singularly rank-one nonsymmetrically uniquely per-
turbed with respect to the operator A if |(AY/?ny, AY%n,)| < co. Moreover,

(vanl)
(141/27727 A1/2n1)

B 2 ={v=ptim e eDU), b=be) = 3

in the case (AY/?ny, AY?n) # —1, and
(4) DA 2) = Dy, Hem}, Dy, ={p €D(4) | (Ap,m) =0}

in the case (AY/?ny, AV2n) = —1, (this fact we denote by A2 € P(A)).
II. The operator A“v*2 is called singularly rank-one nonsymmetric parametrically
perturbed with respect to the operator A if (A1/2772, AY2n1) does not exist. Moreover,

(5) D(A=) = {v=p+bm | peD(A),

b=b(p) = (Ap,m)
1+7+ (AY2(A2 + 1)~ 12ny, AV/2(A2 +1)-1/21)

in the case (AV2(A% 4 1)7Y2ny, AV2(A% +1)"Y2) # —7 — 1, where 7 € C is a
parameter, and

(6) D(A2) =Dy, Homp}, D, = {9 € D(4) | (Ap,m) =0}
in the case (AV2(A% 4 1)1 2y, AV2(A% 4 1)"1/2n)) = —1 — 1, (this fact we denote by

AWtz € PL(A))
The action of the perturbed operator is given by the rule

A9 = Ap
in each case.

Remark 1. If [(A'/2n,, AY?5;)| < oo in the second part of Definition 1, then taking
T = (AY2(A% +1)" Y2y, AV2(A? 4+ 1)71/21) we obtain the first part of Definition 1,
that was considered also in [20].

Remark 2. If (A'/?1,, AY/211) does not exists i.e., we have the second part of Defi-
nition 1, then still [(A'/2(A% 4+ 1)=1/2n,, AV2(A% +1)"1/2n))| < o0, since wy,ws € H_s.

Remark 3. The defined in Definition 1 operator A“**2 can be described in the
following way. A linear closed operator A¥1“2 £ A densely defined on H is nonsymmetric
singularly perturbed with respect to the operator A if both sets,

(7) D = {f e DA NDA=) | Af = Af),
(8) D, = {f €D(A) ND((A»2)*) | Af = A" f},
are dense in . In general A € P,(A).

It is clear that for each operator A%z € P (A), there exist densely defined symmetric
restrictions, i.e., operators A := A | ® and A, := A | ©, with nontrivial deficiency
indices

nF(A) = dim ker(A F 2)* #0, nF(A,) = dim ker(A, F2)* #0, =z € p(A).
(In this article we meet often the case where n*(A) = n*(4,) =1.)

If® =29, and A= /1*, then we are in the case of the usual abstract definition of
singularly perturbed selfadjoint operators [3, 13] A € Ps(A), that is, the definition given
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above generalizes the known definition of a selfadjoint singular perturbation to the case
of a nonselfadjoint one.
The operator defined above, A2 has the following general properties.

Proposition 1. For an arbitrary nonzero constant a € C we have AWz = Aw1,dwz,

Proof. From Definition 1 in both cases (3), (4) and (5), (6) it follows that D (A*1:+2)
:D(Awl,&wg) and Aawl,wgw — Awl,z’zouw — A(p

Ol

Proposition 2. The adjoint operator (A“1“2)* satisfies the identity
(A(—U1,(—U2)* — sz,W1'

Proof. For the proof we use the second part of Definition 1 for A“*“2 and A“2** and
verify the identity

9) (A“22 f1, fa) = (f1, A“>*" fa),

for f1 € D(A“v%2) and fy € D(AY>%1) of the form f1 = @1 + bine and fo = @a + bany,
correspondingly, o1, @2 € D(A). The left-hand side of (9) is of the form

(10)  (A“292 1, fa) = (A2 (1 + bin), (w2 + bam)) = (A1, 2) + ba(Apr,m),

where

by =b (%0 ): (A<P1a771)
LT T T 4 (AV2(A% 4 1)1y, AVR(A2 4 1)1 2y )
The right-hand side of (9) is of the form
(11)  (fr, A% fa) = ((p1 + bima), A% (02 + bamn)) = (01, Apa) + b1(n2, Ap2),

where

by = by(ip2) = (Ap2,12) -
147+ (AY2(AZ + 1)~ 1/2, AV2(A2 + 1)~ 1/2p)
The statement of the proposition follows from the obvious equality of last terms from
(10) and (11),

(Ap2,n2)
147+ (AV2(A2 + 1)~ 12y, AV2(A2 + 1)~ 1/2p,)
- Ao m) (2. Aga)
T+ 7+ (AI2(A% + 1)~ 120, AT2(A2 4 1)~ 12, 20720
The proof in case (5), i.e., (AYV2(A% + 1)"1 /2y, AV2(A2 4 1)"V2) # —7 — 1 is
completed. The case (6), i.e., (A/2(A2 4+ 1)"1 2y, AYV2(A% +1)"Y2y) = —1 — 1 is also
valid.
The cases (3), (4) are particular with respect to (5), (6). O

(A<P17 771)

3. THE DESCRIPTION OF A RANK-ONE NONSYMMETRIC SINGULAR PERTURBATION BY
RESOLVENTS

In this section we consider the perturbed operator with a parameter o € C and denote
it by A = A+ al,w)wy, where w; € H_o \ H and |jwil|_1 = 1, i = 1,2. The set of
such operators is also denoted by P,(A). At the beginning, let us briefly remark that if
A € P.(A) then for the adjoint operator, we have A* € P.(A), which is also due to the

investigations in [7] and Proposition 2.

Theorem 1. For the resolvents R, = (A — 2)™' and R, = (A — 2)™' of operators
A= A" >1 and A € P,(A) on a separable Hilbert space H, a formula similar to

M. Krein’s formula holds for z,&,¢ € p(A) N p(A),
(12) éz = RZ + bz('anz)mZ7



ON NONSYMMETRIC RANK ONE SINGULAR PERTURBATIONS ... 141

with

(13) ne=(A-&(A—2)""ng, m.=(A-)(A-2)""mg,
where ny,m, € H\ Hyo and

(14) bt = bt = (€~ 2)(meg,nz).

The vectors n,, m, and the number b, are connected with wy,ws as follows:
(15) n, = Rwi,m, = R,w., _b;I =a! + 7+ <(A2 =+ 1)71(*]27 (1 =+ EA)R2W1>7
where o # 0.

The case @ = 0 can be also included in the considerations, since in case a = 0, we put
b, =0 and obtain R, = R,.

Proof. From the expression A= A+ al-,wi)ws and for some z € p(A) N p(A) we have
A—2z=A—-z+ a-,wi)ws, and hence
(16) (A-2)t=UA-2)—a(,(A—2)w)(A - 2)"tws,
where (A —2z)~" and (A—z)~! are considered as operators from H_ into #. In the case
of the first part of Definition 1 we can continue our proof as in [20]. In the case of the
second (general) part of Definition 1 we need to consider the next expression following
from (16):
(17) (A=2)"'=(A-2)"" —a{(A(A* +1)72, A(A - 2) " wn)

(A1) (14 2A) (A = 2) T wi) HA = 2) .
In particular, for wy € H_o we have
(A—2)"two = (A—2)twy —a{r+ (A2 + 1) Lwo, (1 + ZA)(A — 2) " tw)) A — 2) "Lws.
where instead of (w2, A(A% + 1)~w;) we write 7. Substituting

(A=) e = T T (A T 1) e, (L5 2404~ 5 To))

(A —2)"tw,.

into (17) we get
1
al+ 74+ ((A24+ 1) wy, (1 +ZA)(A—2Z)"twr)
X (- (A= 2) " wi) (A — 2) " tws.

(18) (A—2)'=(A-2)"1-

where a # 0. If we put

(19) n,=(A—2)"tw, m,=(A—-2)" wy,
and
(20) b= (a7 7+ (AT )T wa, (1 4+ 2A)(A - 2) " hwn)),

then we obtain (15). )

Analogously, starting with A* = A 4+ a(-,ws)w;, we also go to (19) and (20) in the

equivalent form
bol=—(@ '+ 7+ (A2 + 1) twr, (14 2A)(A — 2) " lws)),

Let us remark that if wy,ws € H_o \ H then n,,m, € H \ Hz (see, for example [14]),
and, more precisely, if wi,ws € H_o\H_1, thenn,,m, € H\Hy1 and if wy,ws € H_1\H,
then n,,m, € Hy1 \ Hio.

By using notations (19) in the form n, = (A—2z)"'w; and ng = (A—&)~'w; we obtain
w1 = (A —2)n, = (A — &)ne and consequently the first expression in (13),

n.=(A-)(A-2) "ne.
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This expression makes sense in H if we consider A on H (but not A). Analogously we
obtain the second expression in (13). By a use of the Hilbert identity with (13), we
obtain (14),
-1 -1
b, —bg ) )
= —((A% + 1) wa, (1 4+ 2A)(A = 2) "rwr) + (A% + 1) " Twp, (14 EA)(A - &) )
= (A% + 1) wo, (L 4+ 2A) (A - — (1 +EA)(A—2) ) wi)
= (- 2)((A- 8 w2 (A—2) " wn)
= (§ = 2)(mg, nz).
This completes the proof. O

Let us remark that it is possible that b, = oo, and it is so iff z € ¢,(A), but (12) is
also valid in such a case.

At the end of the article, we give an example that illustrates the following corollary
from Theorem 1.

Corollary 1. If the operators A= A* and A € P(A) have inverses on a separable Hilbert
space H, i.e., 0 € p(A) N p(A), then (12), (13) and (14) have the form

(21) /171 = Ail =+ bo(~,n0)m0,
where
(22) ng = Ailwh mo = A71WQ, —bal = 0671 + <(.d2, Ailwl>.

Proof. The proof follows from Theorem 1 in two ways. The first one is to take into
account that |[(wa, A~w;)| < co and repeat the proof of Theorem 1. The second one is
to substitute z = 0 into (12), (13) and (14). O

4. SPECTRAL PROPERTIES OF RANK ONE NONSYMMETRIC SINGULAR PERTURBATIONS
As a starting point, let us remark that the continuous spectrum o.(A) of the operator
A is unchanged by finite rank perturbations, i.e., o.(A4) = 0.(A4), A € P-(A).

Theorem 2. Let the perturbed operator Ae Pr(A) possess a new eigenvalue A € C
comparing to A, i.e., there exist A € 0,(A), A & 0,(A). Then for the corresponding
eigenvectors @, 1: Ap = \p and A*1p = M, the following relations hold true:

(23) (A= 2)b(pnz) =1, o= (A—2)(A-N)""my;
(24) (A= 2)b(ma) =1, &= (A= 2)(A— 1) ns,
Proof. The proof follows from Theorem 1. Let flcp = Ay, l.e.,
R.p=R.p+b.(p,nz)m. = (A—2)"o.
Hence, b.(¢,nz)m, =[(A—2)"t = R.Jp=(A—2) YA =N (A—-2)"1p,
(25) (A= 2)ba (. 2)(A = 2)(A = X)"'ms = .
Multiplying the last expression by nz we obtain that

(A= 2)b.(p,nz) (A= 2)(A=N)""'m.,nz) = (p.n2),
and, hence,
(26) (A= 2)bo(p,nz) = 1.

We remark that (25) and (26) gives ¢ = (4 — 2)(A — A)~lm,. This proves (23). Analo-
gously, considering A*y = M) we can prove (24). O
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Corollary 2. Let us put z = 0 in the case Ae P(A) under the conditions of Theorem
2. Then (23) and (24) have the form

Abo(%no) = 17 ¥ = A(A - A)71”’2’0; ;\Bo(l//amo) = 17 7# = A(A - ;\)7177*0'

Proposition 3. Let the perturbed operator A € P(A) possess a new eigenvalue A € C
in comparison with A and let the eigenvectors be @ and ¥, i.e., Ap = Ap and A% = A\
then the relations (25) and (26) , in terms of w1, ws, have a form

(27) a((A=XN)"rwo,w) = -1, o= (A—X\)"twy
(28) al(A—=N"tw,wr) =—1, ¢=(A-N)""w.
Proof. Taking n, and m, as in (15), we obtain (27) and (28). The second way to prove is

the following. Instead of (12) we take the representation A = A+ a(-, w1 )ws and conduct
similar conversions with the corresponding calculations. (|

5. THE INVERSE SPECTRAL PROBLEM FOR A RANK ONE NONSYMMETRIC SINGULAR
PERTURBATION

If we regard the formulation of the Theorem 2 as a direct spectral problem, then we
can consider the following Theorem as a corresponding inverse problem.

Theorem 3. For a given positive selfadjoint operator A = A* on a separable Hilbert
space H and A € C and vectors o, € H\ Hy1 (p, 0 € Hi1 \ Hio), there exist a unique
A€ P.(A) (AeP(A)) such that Ap = \p and A*p = \p. Moreover, the operator A is
defined by (12) as follows:

(29) R, =R, + bz(‘anz)mzv

with

(30) m,=(A=N(A-2)"1p, ns=A-NA-2)"1y
and

(31) bt =(A=2)(pnz), (021 =(A=2)(¥,m.)).

In general, the proof of Theorem 3 does not differ from the proof of the similar Theorem
in [20] and hence we give a sketch of the proof there.

Proof. Let us remark that if ,1) € H \ H,1, then there exists A € P.(A) (possibly
AeP(A)) and if v,9) € Hoq \ Haio, then there exists exactly A € P(A).

The proof needs a supplementary proposition that has a general character. One of
them is known from [10].

Proposition 4. Let there be given a (half-bounded) positive selfadjoint operator A with
domain D(A) in a separable Hilbert space H. Then for an arbitrary vector n € H\ D(A)
and an arbitrary number z € C, Im(z) # 0, there exists a restriction A of the operator
A such that n = n, is its defect vector namely (A — z)*n, = 0.

This proposition is used for A and A,.

Next we use the result which, in some sense, is inverse to the one pointed out in
Theorem 1, — that is a formula similar to M. Krein’s formula but from the perturbation
point of view, i.e., the perturbation of the resolvent of the selfadjoint operator by a
one-dimensional skew projection.

Proposition 5. Let there be given a positive selfadjoint operator A on a separable Hilbert
space H. The operator-valued function

(32) R.:=(A—2) " +b.(-,nz)m.
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1) is a resolvent of a closed operator, if n, and b, satisfy conditions (13) and (14)
and nz, (mz) is not an eigenvector of A — z, (A—Zz);

2) s the resolvent of a rank one singularly perturbed operator iff, additionally to the
previous assumption, the inclusions n,, m, € H \ Hyo hold true.

Let us give also a sketch of the proof. The part 1) is verified due to Theorem 7.7.1

[11] as follows: R, is the resolvent of a closed operator iff
a) R, satisfies the Hilbert identity R, — Re = (2 — £)R. R, Tmz, & # 0;
b) R. has the trivial kernel, ker(R,) = {0}, Imz # 0.

The part a) is verified by substituting (32) into the Hilbert identity for the resolvent.
The condition b) is verified by directly checking (32) for the vectors f L nz; and nz. The
condition 2) follows from the fact that n,,m, € H\ D(4).

We now return to the sketch of the proof of Theorem 3. Taking n,,m, in the form
(30) and (31) we will check identity (14). Since the vectors n, and m, belong to H\ H 2,
by Proposition 5, i.e., by part 2), the operator Ais singularly perturbed with respect of
A. The identity fkp = Ay is checked by direct calculation. The uniqueness is proved by
contradiction. 0

Proposition 6. For a given selfadjoint operator A on a separable Hilbert space H,
and A € C, and vectors o, € Hy1 \ Hia, there exist a unique A e P(A) such that
Ap = \p, A*p = Xb. Moreover, the operator A is defined by the expression A =
A4l w)ws, where wy = (A= N, wo = (A= N, and ™! = —((A — Nws,w1), or
a™l = —{(A— Nwr,ws).

Proof. The corresponding proof is an implication of Theorems 1 and 3. O

6. A DUAL PAIR OF EIGENVALUES

Since A € P,(A) is a non-self-adjoint operator, the definition of a dual pair of eigen-
values is different from [2].

Definition 2. A couple of numbers A\, u € C is called a dual pair of eigenvalues of a
singularly perturbed operator A € P.(A) iff

(33) Apy = Xpx,  Ap, = ppy,
(34) Ay = My, Ay = iy,
(35) A= 0)((A =) Fox, ¥5) = (or, ¥5)

The next theorem describes a method how to construct an operator with a dual pair.

Theorem 4. Let A= A* > ¢ be a semibounded selfadjoint operator defined on D(A) in
a separable Hilbert space H. For an arbitrary p € p(A) and vectors oy, 5 € H\ Hio
there exists a unique monsymmetric singularly perturbed operator A e Pr(A) such that
(p, A) is a dual pair, where X := i+ % i
o= (A= XN (A —p)tor. The adjoint operator A* € P,(A) has also eigenvectors 1y
and g = (A - N)(A - @)s.

Remark 4. If A € P(A), then in the form A = A + a(-,w;)wy, we can calculate the
coupling constant a = _m (or a = —m) and the corresponding vectors

(4 I LV _ (lends)
(36) wo = (A— p)pa ((A—u)wx,w)%’ ((A—u)w,w;)%'

Proof. The proof is given by a direct verification of only (33) and (34, since (35 is the
condition of Theorem. O

is an eigenvalue with the eigenvector

wi = (A — @)y —
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For a real dual pair A, u € R we have the following corollary that follows from Theorem
4.

Corollary 3. Let A = A* > 0 be a positive selfadjoint operator defined on D(A) in a
separable Hilbert space H, so that o(A) = o.(A) = [0,00). For an arbitrary number p < 0
and vectors oy, 5 € Hi1\Hya there exists a unique nonsymmetric singular perturbation
of rank one, A € P(A), such that it has the dual pair (., \), where A\ = u+%,
as its eigenvalues with the eigenvectors ¢y and p, = (A — N\)(A — p)"tox. Moreover,

the operator A* € P(A) has the same eigenvalues but with different eigenvectors, ¥y and
Y= (A= XA = pw)a.

7. APPROXIMATIONS PROPERTIES OF PERTURBED OPERATORS

Different approximations of singularly perturbed selfadjoint operators are presented in
[4]. We have some generalization to the case of a nonsymmetric rank one perturbation.

Theorem 5. Let A be a semibounded self-adjoint operator defined on ®(A) in a sep-
arable Hilbert space H, and two vectors wi,ws € H_o such that {(wa, (A — 2)twi) does
not exist. Then there exist two sequences wi n,w2, € H_a converging to w;, i = 1,2,
correspondingly, such that the sequence of operators A, = A + af, w1 p)wa, € P(A)
converge to the operator A = A+ a(-,w)wy € P-(A) in the norm resolvent sense if

lim (wan, A(A% + 1) 'wy ) =7
n— oo

Proof. Without loss of generality let us assume that A = A* > 0. Resolvents of the
corresponding operators have the following forms:

(37) (A, —2)t=(A-2)""
1

— . _ 51 _ )1 .
T (o (A7) Ty AT el 2 e

(38) (A-z)7'=(A-2)""
1
a4 (wy, M+ ZA)(A—2) (A2 + 1) lwy)
The difference of the resolvents has the form

(Ap—2)"' = (A=2)"" =

(- (A=2)" ) (A = 2) " wa.

1 . B

T o T (e (A2 Tary AT A ) (A ) e

1 - -
" a !+ (wa, (1+ZA)(A — 2)*1(‘,42 + 1)710.)1) (-, (A—2) W1>(A — z) wo

1

= a4 (Wom, (A —2)"Twi )

1
_|_

a1+ (we, (1 +2zA)(A—2)"1(AZ + 1)~ 1wy)
X {, (A— 2)71w17n>(A — z)flwg,nJr
1
T (L1 2A) (A —2) (A4 1) Ty
x (- ((A — 2)710‘)1,” —(A- 2)*1w1)>(A — 2)71(*&
1
T (o, U+ 2 A (A —2) (A4 1) Ty
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x(, (A=2)" o) (A= 2)twa — (A—2)tws)

To prove that the resolvents of A, converge to the resolvent A with respect to the
operator norm it is enough to show that

(39) (A — z)_lwi,n —(A- z)_lwiH — 0, 1=1,2,

and

(40) <W27n, (A — 2)71w1,n> — <CU2’7L, A(A2 —+ 1)*1w1,n>
+ 7+ {wan, (14+ZA)(A - 2)"H A2+ 1) Lwy ),

as n —» oo. Indeed, if w; , — w;, iIn H_q, ¢ = 1,2, then (39) is valid.
Hence to prove the theorem it is sufficient to show that there exist sequences of vectors
win, = 1,2, with the properties
Wip —>wp in H_g, and lim (wzyn,A(A2 + 1)_1w1’n> =T
n— oo

Since the case w; , € H_1 would be trivial, we consider the general case w; ,, € H_o. Let
us introduce the real sequence a, = (Ejg nwa, A(A?% + 1)~ twy), where E is the spectral
measure of A. Since w; € H_1, ¢ = 1,2, there exists an interval [c,,d,] inside [0, n], so
that b, = (E, a,jw2, A(A% + 1) w;) could be such that |b,| > |7 — ay|. We choose the
sequence w; n, = Ejg nwi + € nElc, d, Wi, © = 1,2. where ; ,, are taken to be

T —Q
- 'W' o — (sgn(r — ay)sgnb)er o

It is obvious that |e; ,| <1 and [{(wa,,, A(A? — 1)’1w17n> = ap + €1,n€2,nby = 7. And we

also have that [|w;, — will—2 < [|Ejg,0q)wil|—2 — 0, as n — oo. Hence A,, converges to
A in the norm resolvent sense. O

8. WAVE OPERATORS

Assuming that i € o(A) we define the wave operators for A and A € P.(A) in a usual
way [3],

(41) Wi(A,A)=s— lim U;=s— lim e“‘te*mtpac7

t—+oo t—+oo

where
Peef = [ FEOVAET A ) e 1 €W,

P2c and P°¢ denote the spectral projections onto the absolutely continuous parts Oac(4)
and 0,.(A) of the spectrum of the operators A and A; H*¢ and H* are the corresponding
subspaces,

PacH Hac pacH;
r= [ e g—/ FVAENG., g = (At wr, g=(A+i)

This definition of wave operators is correct due to Theorem 1.5 from [11], namely, A
is the spectral type operator and what is more, with this connection A is the scalar type
operator oqc(A) = 04.(A), and there exist wave operators for the couple A and A.

Theorem 6. Let, on a separable Hilbert space H, there be given a self-adjoint operator
A and its nonsymmetric singular perturbation of the form

A= A+ al,w)wa, wi,wa€H o\ H, acC.
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Then there exist the defined in (41) wave operators W in the form:
(42) Wif= /OO (14 7+ aF (A £i0)) f*“(X) dE(\)(A + 1) " ws,
where -

pocf = /_OO FOAEO)(A+i)wr,  F(2) = (A — 2)"Yw, (1 + 2A)(A2 + 1)~ wy).

Proof. The proof can be carried out by a direct calculation as in [3] or by substituting
the corresponding expressions in the formulas obtained in [20] and taking into account

that A € P.(A) instead of A € P(A). O
The adjoint operator has the form
o0 1 .
* o g% (\) dE(A -\ —1
Wi /m 5 rraFOgi0y? MABEA+) e,

where

D > Zac g7 A N — ~ A N\ — 1

Pacgz/ g* dE(N) (A +1) 1W2» g=(A+1) 1w2:m9~

Then S(A, A) = WiW_ is a scattering operator and
I+ 74 aF(\—i0)
1+ 7+ aF(\+140)

is a scattering matrix consisting of one (complex) number.

(43) S(A, A\ T)

9. EXAMPLES

Example 1. Let us illustrate Theorems 1, 2, and 3. Let H = L2([2,00),dz) = Lo
and A be the operator of multiplication by the independent variable 22, namely

Af(x) =a®f(z), D(A)={f(z) € Ly | 2°f(x) € L2}.

It is obvious that the operator A > 2 and A has purely absolutely continuous spectrum,
e, 0(A) = 04c.(4) = [2,00).

Let us put Hy = La([2,00),2%dx) and H_1 = La([2,00), 2~ 2dz) be the dual spaces.
In such a case, D(A) = Ha = Lo([2,0), zdx), and H_o = La([2,00), 2~ *dz).

Let us take w; = ﬁ and wy = %_H It is obvious that wy,ws € H_1 \ H. So we can
illustrate the operator A € P(A) in the form (12).

If we suppose additionally that A possess a new point of spectrum A = 0, i.e., 0 €

op(A), then due to Proposition 3 we calculate o = — 12— by the formula (27), since

1-In3
> dx 1—-In3
A1 = = .
(A7 ws, 1) /2 x2(x2 - 1) 2
Hence,
5 _ 2 1 > f(z)
Af(z) =2 f() 1-In3x+1/y x—ldx'
Thus

1 1
Cz2(z+ 1) V= 22(z — 1)
To illustrate Theorem 1, formulas (12) and Theorem 3, formulas (30), (31) (for the
case where A = 0) we must put

P

3 1 B 1 ot 2 /°° da
T )@—1) T @@+l T 1-W3 Jy @2-2)@2-1)
It is obvious that A € P(A).
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Example 2. This example illustrates Theorem 4. Let H = Lo(R!,dz) and A be a
Laplace operator, namely Af(z) = —f"(x), D(A) = WZ(R!) is the Sobolev space. The
operator A > 0 has purely absolutely continuous spectrum, namely o(A) = o.(4) =
[0, 00).

We put ¢y = e~ 1#=H and ¢y = e~ 1*+1 y = —1 (we consider the case A\, € R and
A, 1 € p(A)). To calculate A\, we need

(ox,2) = / e~ le e letl gy = 3672,
R

By using [1], we calculate

z  —xz+1
16—\$—T|e—|7—1| dr = { %6 , x> 1,

(4) (A+)7on= [
R 2
and ((A+1)"Tox,¥n) = Le72. Also, A = —15 <0, a = —5¢. And from (36) we have
that 19
w1 = (571(1‘) 13
The operator A = A + a(-,wi)ws € P(A) is such that Apy = Apx, A*Py = My,
Apy = ppu, Ay = by, and @, = (A= N)(A = p)roy = e 171y, = emlo=tl,
Example 3. We illustrate once more Theorem 1. Let H = Ly(R?) and A play the
role of the Laplace operator, namely Af(z) = —Af(x), D(A) = WZ(R3) is the Sobolev
space. The operator is positive A > 0 and has purely absolutely continuous spectrum,
ie, 0(A) = 0.(A) = [0,00). Let us consider the expression (4) that describes the
S-interaction with retardation, i.e., the formal expression A = —A + a(-,00)01, where
8o is a d-function at the point 0 = (0,0,0) € R? and §; is a d-function at the point
1=(1,0,0) € R3.
Using [1] we can write the resolvent of such operators at the regular point ¢ € C
(corresponding to one parameter family) i.e its integral kernel,

12

e—\:c+1|7 wo = b41(z) — TBe

—lz—1]

Ao o—lo—pl 1 o~ (Il +11=p])

AT D) = Gl Y T (rey T (4l
since [(d1, (A — 2)718)| = g%, 2 = Vi, we take (3vi > 0). It is obvious that —A €
P(—A).

Example 4. Let us again illustrate Theorem 4. Let H = Lo([1,00),dz) and A be
the multiplication operator on 22, namely Af(x) = 22f(x), f € D(A), where D(A) :=
{f(xz) € Ly | 22f(z) € La}. It is obvious that A > 1 and D(A) = o(A) = [1,00). We
put 0=y ¢ o(A) and o = oy = 2715, ¥ = ¢y =275, o, € H but , 9 ¢ Hyy. In
particular Ho = La([1,0), z*dz). Then

= Tl -wen=[ E=1

3 27 ;. x> 4

Hence, A =2 € 0(A), and

_ 2 -2 - a? -2
bp=(A=2)AT 0y = —5=, W= (A=A = .

Also from (30) we have that

2-2 1 . 1 2?2 1
22—z x4/3° ne =(A=-X)(4-2) w/\:ﬁfzxwfi’

and from (31) we have b, = (A — 2) ' (pa,nz) "' = (2 — 2) (A, nz) ", where
< 1 22-2 1 11 1
(Qp}wnf):/l :U4/3:U2—Zx5/3dm:(2_) ln\/E—i-;.

m, = (A= N (A—-2)"1p) =
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Hence (29) has the form

P 1 22 —-2 1 2 -2 1
-1 _
(4-2) _x2—z+bz<'7x2—zx5/3>x2—2x4/3'
Moreover,
o 121 2?2 o2t 121 2?2
T R N T B VE R BV P VR VE B

Since wy,wy € H_o \ H_1, Ae P-(A).

Example 5. This example is a modification of the previous one and illustrates Corol-
lary 3. Let H = Lo([1,00),dz) and, as above, A be an operator of multiplication by
22, namely Af(x) = 22f(z), f € D(A), where D(A) := {f(x) € Ly | 2%f(z) € Lg}
For simplicity we also put 0 = p ¢ o(A4), but ¢ = p\ = a~ 25 4p = ¢y = x23,
0,7 € Hy1 = La([1,00),22dx). In particular H o = Lo([1,00),z*dz) and o, ¢ Hya,

Hhen d 1 > d 1
- r_ RSS! _ a _ -
o= [ F=7 -wlew=[ Z-¢

x
Hence, A = 3/2 € 0(A); and

_ % —3/2 _ % —3/2
p=(A=3/DA ox = —55=, W= (A=3/9A7 W = —q—
And also from (30) we have that

22 —3/2 1
2 — 5 7/3°

=(A
and from (31) it follows that b, = (A — 2) "1 (px,nz) "1 = (3/2 — 2) "L (px, nz) "1, where
< 1 22-3/2 1 3 1 1 3
(90’\’”2)_/1 273 52 _ 5 xs/sdx (23_2>lnvl—z+( z>+8z'
Hence (29) has the form

~ 2 _ 2
(oot — 21 _’_bZ(.,x 3/2 1‘>x 3/2 1
z

x? — x2—z 28/3 ) 22—z 273

22 —3/2 1

)( 2)_11/0\: 22 _ 5 28/3°

= (A=A)(A—2)lpy = .

Moreover,
x2 1/4 1 x? —3/2 x? 1/4 1 x? —3/2

TSR T 6288 T 8B 0 PTG T 16T T 4

Since wy,wa € H_o\H_1, AeP. (A), and we can exactly calculate the coupling constant.
> 1 22-3/2 < 1 22-3/2
<@A,W1>:[ mwd$:<w)\,WQ>:/]; dem:l/S

Due to (27), (28) we have that o = fm = 8.

Example 6. This example once more illustrates Theorems 1, 2, and 3. Let H =
Ly(RY) and A be also the Laplace operator, namely Af(x) = —f"(z), D(A) = WZ(RY)
is the Sobolev space. The operator A > 0 is positive and has purely absolutely continuous
spectrum, i.e., 0(A) = 0.(A) = [0,00). Let us consider the expression (4) that describes
the J-interaction with retardation on the real line.

Using [1] we can write the resolvent of such operators (corresponding to one parameter

family) at a regular point k2, (3k% > 0), i.e its integral kernel,
(—A — k?) 7Y (x,€) = (i/2k)e™ ™= 4 a(2k) "L (ior + 2k) " LetkllzmaalFlz=¢ll

where
Imk >0, acC, z&z,20 €RY, 21 < .
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It is not hard to understand that the essential spectrum is gess(—A) = 4e(—A) = [0, 00),

and, for the singularly continuous spectrum, we have o..(—A) = (. Moreover, if Ra < 0,
then the operators —A (and —A™*) possess precisely one negative, simple eigenvalue
{—a?/4} (and {—a&?/4}) with the corresponding normalized eigenfunction

Itiso

o= (7@/2)1/260“17%'/2, Y= (75[/2)1/26d|17y2|/2.

bvious that —A € P(-A).
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