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FOLIATIONS WITH ALL NON-CLOSED LEAVES ON
NON-COMPACT SURFACES

SERGIY MAKSYMENKO AND EUGENE POLULYAKH

Abstract. Let X be a connected non-compact 2-dimensional manifold possibly with
boundary and Δ be a foliation on X such that each leaf ω ∈ Δ is homeomorphic
to � and has a trivially foliated neighborhood. Such foliations on the plane were
studied by W. Kaplan who also gave their topological classification. He proved that
the plane splits into a family of open strips foliated by parallel lines and glued along
some boundary intervals. However W. Kaplan’s construction depends on a choice
of those intervals, and a foliation is described in a non-unique way. We propose a

canonical cutting by open strips which gives a uniqueness of classifying invariant. We
also describe topological types of closures of those strips under additional assumptions
on Δ.

1. Introduction

Let X be a 2-dimensional manifold possibly non-connected and having a boundary,
and Δ be a one-dimensional foliation on X . We will say that Δ belongs to class F if it
satisfies the following three conditions.

(1) Each leaf ω of Δ is a closed subset of X .
(2) Every connected component ω of ∂X is a leaf of Δ.
(3) Let ω ∈ Δ be a leaf, and J = [0, 1) if ω ⊂ ∂X , and J = (−1, 1) otherwise. Then

there exists an open neighborhood U of ω and a homeomorphism φ : R×J → U
such that φ(R× 0) = ω and φ(R× t) is a leaf of Δ for all t ∈ J , see Figure 1.1.

Roughly speaking, a 1-dimensional foliation Δ is a partition of X which looks like
a partition of R2 into parallel lines near each point x ∈ X . Then Δ belongs to class
F whenever it looks like partition of R2 into parallel lines near each leaf ω ∈ Δ. In
particular, each leaf of Δ is homeomorphic to R.

(a) leaf in the boundary (b) leaf in the interior

Figure 1.1

Definition 1.1. LetXi be a surface with a foliation Δi, i = 1, 2. Then a homeomorphism
h : X1 → X2 will be called foliated if it maps leaves of Δ1 onto leaves of Δ2. In this case
we will also write h : (X1,Δ1)→ (X2,Δ2).

The aim of the present paper is to describe a topological structure of foliations belong-
ing to class F up to foliated homeomorphisms, see Theorem 1.8 below. Such foliations
on the plane were studied by W. Kaplan [13] and they appear as foliations by level sets
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of pseudoharmonic functions on R2, see W. Kaplan [13, Theorem 42], W. Boothby [6],
[7], M. Morse and J. Jenkins [12], M. Morse [16]. We will improve Kaplan’s construction
and extend it to foliations on arbitrary surfaces.

Topological structure of singular foliations on surfaces, in particular, foliations by
orbits of flows, were studied by A. Andronov and L. Pontryagin [1], M. Peixoto [18],
[19], S. Aranson and V. Grines [2, 3], I. Bronstein and I. Nikolayev [8], S. Aranson,
E. Zhuzhoma, and V. Medvedev [5], L. Plachta [22, 20, 21], A. Oshemkov and V. Sharko
[17], S. Aranson, V. Grines and V. Kaimanovich [4], M. Farber [11], N. Budnytska and
O. Prishlyak [9], N. Budnyts’ka and T. Rybalkina [10] and many others. Results of the
paper could also be applied to singular foliations without non-closed leaves on surfaces
by removing singularities. This will be done in subsequent papers by the authors.

Special leaves. Suppose Δ is a foliation of class F on a surface X . Let Y = X/Δ be
the space of leaves, and p : X → Y be the corresponding quotient map. Endow Y with
the quotient topology, so a subset V ⊂ Y is open if and only if its inverse p−1(V ) is open
in X . For a subset U ⊂ X its saturation, S(U), with respect to Δ is the union of all
leaves of Δ intersecting U . Equivalently, S(U) = p−1(p(U)).

Since each leaf of Δ is a closed subset of X , it follows that Y is a T1-space. However,
in general, Y is not a Hausdorff space.

Lemma 1.2. If Δ ∈ F then the projection map p : X → Y is open.

Proof. We have to prove that for each open V ⊂ X its saturation S(V ) is open as
well. Thus for each x ∈ S(V ) we should find an open saturated subset W such that
x ∈ W = S(W ) ⊂ S(V ). Let ω be the leaf containing x. Put J = [0, 1) whenever
ω ⊂ ∂X and J = (−1, 1) otherwise. Then by definition of class F there exists a foliated
homeomorphism φ : R× J → U such that φ−1(x) = (t, 0) ∈ R× 0 for some t ∈ R. Then
φ−1(V ∩ U) is an open neighborhood of (t, 0), whence there exists ε > 0 such that if we
denote K = J ∩ (−ε, ε), then t×K ⊂ φ−1(V ∩ U). But K is open in J , whence R×K
is open in R× J . Therefore φ(R×K) is saturated and open in U which in turn is open
in X . Hence φ(R×K) is open in X and x ∈ φ(R×K) ⊂ S(V ). Therefore S(V ) is open
in X . �
Definition 1.3. Let ω be a leaf of Δ and y = p(ω) ∈ Y . We will say that ω is a special
leaf and y is a special point of Y whenever Y is not Hausdorff at y, that is y �= ∩y∈V V ,
where V runs over all open neighborhoods of y.

Example 1.4. Consider the foliation on R2 shown in Figure 1.2(a). It splits by bold
leaves α, β, γ, and δ into five “strips” A, B, C, D, E foliated by “parallel” lines, see
Figure 1.2(b). Moreover, the space of leaves Y has the structure as in Figure 1.2(c),
where bold lines correspond to strips, and thin lines just indicate that α belongs to the
closure of A and B, β belongs to the closures B and C and so on. In particular, Y looses
Hausdorff property at α, β, γ, and δ. More precisely, the subspace Y \ {α, β, γ, δ} is
Hausdorff, however each neighborhood of α intersect each neighborhood of β, and the
same holds for pairs {β, γ} and {γ, δ}. Therefore the leaves α, β, γ and δ are special.

(a) Foliation Δ (b) Strips decomposition (c) Space of leaves Y = X/Δ

Figure 1.2
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Definition 1.5. A subset S ⊂ R2 will be called a model strip if there exist a < b such
that

(1) R× (a, b) ⊂ S ⊂ R× [a, b];
(2) the intersection S ∩ R× {a, b} is a disjoint union of open intervals.

Put

∂−S = S ∩ (R× {a}), ∂+S = S ∩ (R× {b}), ∂S = ∂−S ∪ ∂+S.

A model strip R× (a, b) will be called open.

Each model strip S admits a natural 1-dimensional foliation into parallel lines R × t
and boundary intervals from ∂S. We will call this foliation canonical. The following
lemma implies that this foliation belongs to class F .

Lemma 1.6. (e.g. [15]). Let a < b ∈ R, X = R2 \ ((−∞, a]∪ [b,+∞)
)
, and ε > 0. Then

there exists a homeomorphism φ : R2 → X such that
(a) φ is fixed outside R× (−ε, ε);
(b) φ preserves foliations by horizontal lines, that is φ(R× t) = t× R for t �= 0 and

φ(R× 0) = (a, b)× 0, see Figure 1.3.

Figure 1.3

Example 1.7. The foliation in Example 1.4 splits into five model strips such that

A ∼= E ∼= R× (0, 1)
⋃

(0, 1)× 1,

B ∼= C ∼= D ∼= R× (0, 1)
⋃ (

(0, 1) ∪ (2, 3)
)× 1.

Let R× [−1, 1] be a model strip, φ+, φ− : R× {−1} → R× {+1} be two homeomor-
phisms given by

φ+(t,−1) = (t, 1), φ−(t,−1) = (−t, 1),

for t ∈ R, and C = R × [−1, 1]/φ+ and M = R × [−1, 1]/φ− be the quotient spaces.
Thus C (resp. M) is obtained from R × [−1, 1] by identifying its boundary lines via
preserving (resp. reversing) orientation homeomorphism. Therefore C is a cylinder and
M is a Möbius band. Moreover, the canonical foliation on R × [−1, 1] yields certain
foliations ΔC and ΔM on C and M respectively also belonging to class F . We will call
C a standard cylinder and M a standard Möbius band.

Foliation associated with a regular function. A continuous function f : R2 → R
will be called regular whenever for each z ∈ R2 there are local coordinates (u, v) in which
z = (0, 0) and f(u, v) = u+ const.

It follows that the partition Δ of R2 into connected components of level-sets f−1(t),
t ∈ R, of f is a foliation is a usual sense, i.e. it is locally homeomorphic with a partition
of R2 into parallel lines. We will say that Δ is a foliation associated with f .

Notice that f has no local extremes, whence all leaves of f are homeomorphic with R.
Indeed, if Δ has a closed leaf ω, then by Jordan theorem ω bounds a 2-disk. Since f is
constant on ω, it must have a local extreme inside that disk, which gives a contradiction.

Let J ⊂ R be a connected subset, i.e. either open or closed or half-closed interval.
Then by a cross-section σ : J → R2 of Δ we will mean a continuous path intersecting each
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leaf at most once. It easily follows that σ is a cross-section if and only if the composition
f ◦ σ : J → R is strictly monotone.

By a saturation of a cross-section σ : J → R2 we will mean the saturation of its image
S(σ(J)) and denote it simply by S(σ), c.f. [13, §1.4]

Kaplan [13, Theorem 30] proved that for a cross-section σ : [a, b]→ R2 of Δ its satu-
ration S(σ) is foliated homeomorphic with R× [a, b] foliated by parallel lines. However,
this result can be misleading, since S(σ) is not necessarily a closed subset of X .

For instance, consider the foliation in Figure 1.2(b). Let σ : [a, b] → R2 be a cross-
section passing through the special leaf α and such that σ(a) ∈ A and σ(b) ∈ B. Then
S(σ) \ S(σ) = β.

Kaplan’s construction. In [13, Theorem 29] W. Kaplan has shown that the foliation
Δ associated with a regular function f belongs to class F . In fact, he associated to Δ a
family of pairs ξ = {(ωi, σi)}bi=−a for some a, b ∈ N ∪ {∞}, where

(i) ωi is a leaf being special for i �= 0;
(ii) σ0 : (−1, 1)→ R2, σi : [0, 1)→ R2 for i > 0, and σi : (−1, 0]→ R2 for i < 0 are

certain proper cross-sections of Δ;
(iii) σi(0) ∈ ωi for all i,

σi[0, 1) ∩ S
(

i−1∪
j=0

σj [0, 1)
)

= σi(0), i > 0,

σi(−1, 0] ∩ S
( 0∪

j=i+1
σj(−1, 0]

)
= σi(0), i < 0.

Kaplan proved that ξ determines Δ up to a foliated homeomorphism.
As noted above S(σ0) is foliated homeomorphic with R× (0, 1) while S(σi), i �= 0, is

foliated homeomorphic with a strip R× [0, 1). Therefore the family ξ determines at most
countable family of strips {Vi = S(σi)} such that Vi+1 is glued to Vi along the interval
ωi in their boundaries.

Kaplan’s aim was to decrease the family of such strips as much as possible, see first
paragraph of [13, Section 3.1]. However, the construction of family ξ then becomes
ambiguous and depends on a particular choice of special leaves and cross-sections. This
is illustrated in Figure 1.4(b), where two such families for the same foliation are presented.

(a) Foliation (b) Two distinct maximal families of cross-sections

Figure 1.4

On the other hand cutting R2 along special leaves is an unambiguous procedure and
it gives a canonical decomposition of R2.

In the present paper we extends Kaplan’s results to foliations Δ from class F on
arbitrary surfaces X and describe the topological structure of connected components of
X \ Σ and their closures, where Σ is the union of all special leaves of Δ.

Theorem 1.8. Let X be a connected 2-dimensional manifold and Δ be a foliation on X
belonging to class F . Suppose that the family Σ of all special leaves of Δ is locally finite,
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and let Q be a connected component of X \ (Σ∪∂X). Then the following statements hold
true.

(1) Q is foliated homeomorphic either with a standard cylinder C or a standard
Möbius band M or an open model strip R × (−1, 1). Moreover, in the first two
cases Q = X.

(2) Suppose Q is foliated homeomorphic with an open model strip. Fix any foliated
homeomorphism φ : R× (−1, 1)→ Q and denote

A = φ
(
R× (−1, 0]

)
, B = φ

(
R× [0, 1)

)
.

Then the closures A and B are foliated homeomorphic to some model strips.

This theorem implies that the topological structure of the foliation Δ ∈ F is uniquely
determined by the combinatorics of gluing model strips. Also notice that the intersection
(A ∩ B) \ φ(R × 0) can be non-empty, whence one can not expect that Q = A ∪ B is
homeomorphic with a model strip.

The proof of Theorem 1.8 will be given in §4 and 6.

2. Special points of non-Hausdorff spaces

Throughout this section Y be a topological space.

Definition 2.1. Let y ∈ Y and βy be the family of all neighborhoods of y. Then the
following set

hcl(y) := ∩
V ∈βy

V

will be called the Hausdorff closure of y. We will say that y is a special point of Y
whenever y �= hcl(y). The set of all special points of Y will be denoted by V .

Notice that Y is Hausdorff if and only if y = hcl(y) for all y ∈ Y , i.e. when V = ∅.

Lemma 2.2. (1) Let y, z ∈ Y . Then y ∈ hcl(z) if and only if z ∈ hcl(y), however,
in general, hcl(y) �= hcl(z).

(2) Let f : Y → Z be a continuous map into a Hausdorff topological space Z. Then
f(hcl(y)) = f(y) for all y ∈ Y .

(3) The set Y \ V of all non-special points is Hausdorff.

Proof. (1) Suppose y ∈ hcl(z) = ∩
V ∈βz

V , that is y belongs to the closure of each neighbor-

hood of z which means in turn that every neighborhood of y intersect every neighborhood
of z. The latter property is symmetric with respect to y and z, whence z ∈ hcl(y) as
well.

(2) Suppose z ∈ hcl(y) but f(y) �= f(z). Since Z is Hausdorff, there exist open
disjoint neighborhoods Wf(y) and Wf(z) of points f(y) and f(z). But then their inverses
Vy = f−1(Wf(y)) and Vz = f−1(Wf(z)) are disjoint open neighborhoods of y and z
respectively. Hence z can not belongs to hcl(y) which contradicts to the assumption.

(3) Let y, z ∈ Y \ V be two distinct points. Thus y = hcl(y) �= z and so there exist
disjoint neighborhoods Vy and Vz of y and z respectively. This implies that Y \ V is
Hausdorff. �

Non-Hausdorff one-dimensional manifolds. Let Y be a T1-topological space locally
homeomorphic with open sets of [0, 1). Notice that we allow Y to be non-Hausdorff. Then
as usual the set of points having an open neighborhood homeomorphic with (0, 1) will
be denoted by IntY and called the interior of Y , while its complement ∂Y := Y \ IntY
will be called the boundary of Y .
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Lemma 2.3. Suppose that the set V of special points of Y is locally finite. Then every
connected component W of Y \ V is open in Y and is homeomorphic with one of the
following spaces: [0, 1), (0, 1), [0, 1], S1. In the last two cases, i.e. when W is compact,
W is a connected component of Y .

Every connected component of Y \ (V ∪ ∂Y ) is homeomorphic with (0, 1).

Proof. Since Y is a T1-space, every point y ∈ Y is a closed subset. Also since V is locally
finite, it follows that V is a closed subset, whence by (3) of Lemma 2.2 Y \V is a Hausdorff
topological space locally homeomorphic with [0, 1). Hence every connected component
W of Y \ V is a one-dimensional manifold and so it is homeomorphic with one of the
spaces [0, 1), (0, 1), [0, 1], S1. Moreover, since Y \ V is locally connected, we obtain that
W is open in Y \ V and therefore in Y as well.

Suppose W is compact, i.e. it is homeomorphic either with [0, 1] or with S1. Let us
show that then W is also closed in Y . This will imply that W is a connected component
of Y .

Let {yi}i∈N ⊂ W be a sequence converging to some z ∈ Y . We should prove that
z ∈ W . Since W is compact, that sequence also converges to some y ∈ W . Hence if Vy

and Vz are any two open neighborhoods of y and z respectively, then there exists n > 0
such that yn ∈ Vy ∩ Vz . Thus Vy ∩ Vz �= ∅, which implies that z ∈ hcl(y) = {y}, that is
z = y ∈W .

We leave the last statement for the reader. �

Suppose Y is connected and not homeomorphic with a circle. Let {Wα}α∈A be the
family of all connected components of V ∪ ∂Y . Then due to Lemma 2.3 for each α ∈ A
there exists a homeomorphism φα : (−1, 1) → Wα. Consider the following collection of
subsets:

B =
{
φα(−1,− 1

2 ], φα[12 , 1)
}

α∈A .

Let K ∈ B. Then we denote Ko := φα(−1,− 1
2 ) if K = φα(−1,− 1

2 ], and Ko := φα(1
2 , 1)

if K = φα[12 , 1) for some α ∈ A. Thus each K ∈ B is homeomorphic with a half-open
segment [0, 1), and Ko is the subset of K corresponding to (0, 1).

Lemma 2.4. Let y ∈ ∂Y . Then there exists a unique K ∈ B such that y ∈ K. In this
case V := {y} ∪ Ko is an open neighborhood of y and there exists a homeomorphism
ψ : [0, 1)→ {y} ∪K such that ψ(0) = y and ψ(0, 1) = V .

Suppose y ∈ V \ ∂Y . Then there exist two distinct elements K,L ∈ B such that
y ∈ K ∩ L and y �∈ M for all other M ∈ B. Moreover, the set V := Ko ∪ {y} ∪ Lo is
an open neighborhood of y and there exists a homeomorphism μ : [−1, 1]→ K ∪ {y} ∪ L
such that ψ(0) = y and ψ(−1, 1) = V .

Proof. We will consider only the case y ∈ V \∂Y . Notice that the family {φα[−1, 1]}α∈A
is locally finite and consists of closed sets. Therefore its union Z = ∪

α∈A
φα[−1, 1] is

closed. Hence the set T = (V \ {y})∪∂Y ∪Z is closed and does not contain y. Therefore
there exits a neighborhood J ⊂ Y \ T of y and a homeomorphism μ : [− 1

2 ,
1
2 ] → J such

that μ(0) = y and μ(− 1
2 ,

1
2 ) is an open neighborhood of y.

Notice that J \ {y} consists of exactly two connected components A = μ[− 1
2 , 0) and

B = μ(0, 1
2 ], and is contained in Y \ (V ∪∂Y ∪Z) = ∪

K∈B
Ko. Hence A ⊂ Ko and B ⊂ Lo

for some K,L ∈ B, see Figure 2.1.
Moreover, any other neighborhood of y intersects both A and B and therefore both

K and L. Hence y ∈ K ∩ L and y �∈M for all other M ∈ B distinct from K and L.
Fix any homeomorphisms κ : [−1, 0) → K and λ : (0, 1] → L. Notice that A is

not contained in any compact subset P of K, since otherwise y ∈ A ⊂ P ⊂ K, which
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Figure 2.1

contradicts to the assumption that y �∈ K. This implies that κ−1(A) = [a, 0) ⊂ (−1, 0),
where a = κ−1 ◦ μ(− 1

2 ) ∈ (−1, 0). By the same arguments, λ−1(B) = (0, b] ⊂ (0, 1),
where b = λ−1 ◦ μ(1

2 ) ∈ (0, 1).

Lemma 2.4.1. K �= L.

Proof. If K = L, then we have a homeomorphism μ = λ−1 ◦ κ : [−1, 0)→ (0, 1]. Hence
there exists c ∈ (a, 0) such that c′ = μ(c) ∈ (0, b). Then κ(c) = A and λ ◦ μ(c) ∈ B. But
λ ◦ μ(c) = κ(c), and so A ∩B �= ∅, which contradicts to the assumption. �

Now fix arbitrary orientation preserving homeomorphisms ηK : [−1,− 1
2 ] → [−1, a]

and ηL : [12 , 1]→ [b, 1] and define the map ψ : [−1, 1]→ K ∪ {y} ∪ L by the formula

ψ(t) =

⎧⎪⎨⎪⎩
κ−1 ◦ ηK(t), t ∈ [−1,− 1

2 ],
μ(t), t ∈ [− 1

2 ,
1
2 ],

λ−1 ◦ ηL(t), t ∈ [12 , 1].

One easily checks that ψ is a required homeomorphism. �

3. Partitions

Let X be a topological space, Δ be a partition of X , Y = X/Δ be the quotient space,
and p : X → Y be the corresponding quotient map. We will endow Y with the factor
topology, so a subset V ⊂ Y is open if and only if its inverse p−1(V ) is open in X .

A saturation S(U) of a subset U ⊂ X with respect to Δ is the union of all ω ∈ Δ such
that ω ∩U �= ∅. Equivalently, S(U) = p−1(p(U)). A subset U is saturated if U = S(U).
Evidently, if A ∩ S(B) = ∅, then S(A) ∩ S(B) = ∅ as well.

Lemma 3.1. (1) Y is a T1-space if and only if each element ω ∈ Δ is closed.
(2) The following conditions are equivalent:

(a) the map p : X → Y is open;
(b) for each x ∈ X there exists an open neighborhood U whose saturation S(U)

is open;
(c) there exists an open cover β = {Ui}i∈Λ of X such that for each i ∈ Λ the

restriction p|Ui : Ui → p(Ui) is an open map.
(3) If p is open then for each saturated subset B we have that

X \B = S(X \B),(3.1)

p(B) = p(B).(3.2)

In particular, S(A) and X \ S(A) are saturated for each subset A ⊂ X.
(4) Let β = {Wi}i∈Λ be a family of subsets of Y , and α = {p−1(Wi)}i∈Λ be the

corresponding family of their inverses in X. If β is locally finite, then so is α.
Conversely, if α is locally finite and p is open then β is locally finite as well.

(5) Suppose X is a normal topological space and α = {ωi}i∈N is a locally finite
family of mutually disjoint closed subsets of X. Then for each i ∈ N there exists
a neighborhood Ui of ωi such that Ui ∩ Uj = ∅ for i �= j.
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(6) Let f : A→ B be a bijection between topological spaces. Suppose that {Ki}i∈Λ is
a locally finite cover of A by closed sets. If each of the restrictions f |Ki : Ki → B
is continuous, then f is continuous it self.

Moreover, suppose the family {ψ(Ki)}i∈Λ is locally finite, f(Ki) is closed in
B, and the restriction f |Ki : Ki → f(Ki) is a homeomorphism for each i ∈ Λ.
Then f is a homeomorphism.

Proof. Statements (1), (2), and (6) are easy and we leave them for the reader.
(3) Suppose p is an open map and let B ⊂ X be a saturated subset. Then X \ B is

also saturated, i.e. S(X \B) = X \B, and so

X \B ⊂ S(X \B) ⊂ S(X \B) = X \B.
Hence

B ⊃ X \ S(X \B) ⊃ B.

As X \B is open, S(X \B) is open as well, and therefore X \S(X \B) is a closed subset
containing B. Therefore it must contain the closure B, hence B = X \ S(X \B), which
implies (3.1).

Let us prove (3.2). Since p is continuous, p−1(p(B)) is a closed subset containing B.
Therefore it contains B, and so p(B) ⊂ p(B).

Conversely, by (3.1), B is saturated and closed. Therefore, by definition of the quotient
topology, p(B) is a closed subset and it contains p(B). Hence it also contains p(B), i.e.
p(B) ⊃ p(B).

(4) Suppose β is a locally finite family and x ∈ X . We should find a neighborhood
U of x which intersects only finitely many elements from α. Let y = p(x). Since β is
locally finite, there exists a neighborhood V of y intersecting only finitely many elements
Wi1 , . . . ,Wik

∈ β. Then p−1(V ) is an open neighborhood of x intersecting only the
following elements p−1(Wi1 ), . . . , p−1(Wik

) of α.
Conversely, suppose α is locally finite and p is open. Let y ∈ Y and x ∈ X be such

that p(x) = y. Then there exists a neighborhood U of x intersecting only finitely many
elements, say p−1(Wi1 ), . . . , p−1(Wik

), of α. Therefore its saturation S(U) = p−1(p(U))
also intersects only p−1(Wi1 ), . . . , p−1(Wik

).
Since p is open, the image p(U) is an open neighborhood of y. We claim that p(U)

intersects only the elements Wi1 , . . . ,Wik
of α. Indeed, if p(U)∩Wi �= ∅ for some i ∈ Λ,

then p−1(p(U)) ∩ p−1(Wi) �= ∅ which is possible only when i ∈ {i1, . . . , ik}.
(5) For each i ∈ N consider the following subfamily αi = {ωj}j≥i of α, so α = α1 and

αi+1 ⊂ αi for all i ∈ N. Then each αi is locally finite as well, and therefore the union
Ai =

∞∪
j=i

ωi is a closed subset of X .

Since X is normal and ω1 and A2 are mutually disjoint and closed, there exists an
open neighborhood U1 of ω1 such that U1 ∩A2 = ∅. Then ω2 and U1 ∪A3 are mutually
disjoint and closed, whence there exists an open neighborhood U2 of ω2 which does not
intersect U1 ∪ A3. Repeating these arguments so on we will construct for each i ∈ N
an open neighborhood Ui of ωi such that Ui does not intersect

(∪i−1
j=1Uj

) ∪ Ai+1. Then
Ui ∩ Uj = ∅ for all i �= j ∈ N. �

Definition 3.2. We will say that a partition Δ is locally trivial if for each ω ∈ Δ
there exists an open neighborhood U , a topological space J , a point t0 ∈ J , and a
homeomorphism φ : ω × J → U such that φ(ω × t) is an element of Δ for all t ∈ J and
φ(x, t0) = x for all x ∈ ω.

In particular, a foliation belonging to class F is a locally trivial partition.
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Notice that in the notation of Definition 3.2 U is saturated and open in X , whence
its image V = p(U) is open in Y and we have the following commutative diagram:

(3.3) ω × J φ

∼=
��

q2

��

U = p−1(V )

p

��
J

ξ

1−1
�� V

where q2 is a projection onto the second multiple and ξ is the induced one-to-one con-
tinuous map but it is not necessarily a homeomorphism.

Lemma 3.3. The following conditions are equivalent:
(1) the quotient map p : X → Y is a locally trivial fibration;
(2) partition Δ is locally trivial and the quotient map p : X → Y is open.

Proof. (1)⇒(2). Suppose p is a locally trivial fibration. We claim that then Δ is locally
trivial. Indeed, let ω ∈ Δ and y = p(ω) ∈ Y . Since p is locally trivial, there exists a
neighborhood V of y and the following commutative diagram:

(3.4) ω × V φ

∼=
��

q2

��

Uω = p−1(V )

p

��
V

ξ=idV �� V

in which φ is a homeomorphism. This diagram coincides with (3.3) for J = V , and
therefore Δ is a locally trivial partition.

Let us prove that p is an open map. Notice that in Diagram (3.4) q2 is an open map
as a coordinate projection. Since φ is a homeomorphism, it follows that the restriction
p|Uω is an open map as well. But then β = {Uω}ω∈Δ is an open cover of X such that
each restriction p|Uω is open. Therefore by (2) of Lemma 3.1 p is open.

(2)⇒(1). Suppose p is an open map and Δ is locally trivial. We claim that then
in (3.3) the map ξ is open, and therefore it is a homeomorphism. This will imply that p
is a locally trivial fibration.

Let T ⊂ J be an open subset. Then φ ◦ q−1
2 (T ) is open in U . Since p is open, we get

that ξ(T ) = p ◦ φ ◦ q−1
2 (T ) is open in V . Thus ξ is an open map. �

Definition 3.4. An element ω ∈ Δ will be called special if its image y = p(ω) ∈ Y is a
special point of Y , i.e. y �= hcl(y) := ∩

V ∈βy

V , where βy is the family of all neighborhoods

of y, see Definition 2.1. Let also

hcl(ω) =
⋂

N(ω)

S (N(ω)), hclS(ω) =
⋂

NS(ω)

NS(ω),

where N(ω) runs over all open neighborhoods of ω and NS(ω) runs over all saturated
open neighborhoods of ω.

Lemma 3.5. Let ω ∈ Δ and y = p(ω). Then

hcl(ω) ⊂ hclS(ω) ⊂ p−1(hcl(y)).

If p is an open map, then

hcl(ω) = hclS(ω) = p−1(hcl(y)), p(hclS(ω)) = hcl(y).
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Proof. First we establish relations between hcl(ω) and hclS(ω). Notice that the family
A = {S(N(ω))} of saturations of all open neighborhoods of ω includes the family B =
{NS(ω)} of all saturated open neighborhoods of ω. Therefore the intersection hcl(ω) of
the larger family A is contained in the intersection hclS(ω) of the smaller family B, that
is hcl(ω) ⊂ hclS(ω).

If p is an open map, so the saturation of an open set is open, then A = B, and therefore
hcl(ω) = hclS(ω).

Now we will describe relationships between hclS(ω) and hcl(y). By definition of the
quotient topology on Y the map p induces a bijection between the families B and βy.
Moreover, if NS(ω) ∈ B is an open saturated neighborhood of ω and V = p(NS(ω)) is
an open neighborhood of y, then, due to continuity of p, we have that p(NS(ω)) ⊂ V .
Hence p(hclS(ω)) ⊂ hcl(y), that is hclS(ω) ⊂ p−1(hcl(y)).

If p is open, then, due to (3.2), p(NS(ω)) = p(NS(ω)) = V , whence

(3.5) p(hclS(ω)) = p
( ⋂

NS(ω)∈B
NS(ω)

)
= p
( ⋂

V ∈βy

p−1(V )
)

=
⋂

V ∈βy

V = hcl(y).

Finally, as hclS(ω) is saturated as an intersection of saturated sets, it follows from (3.5)
that hclS(ω) = p−1(hclS(y)). �

Lemma 3.6. Suppose that the following conditions hold true:
(a) p : X → Y is a locally trivial fibration with fiber R;
(b) the set Σ of special elements of X is locally finite;
(c) Y is a T1-space locally homeomorphic with open subsets of [0, 1).

Then every connected component Q of X \Σ is open in X and is foliated homeomorphic
with one of the following five stripped surfaces: model strips R×(0, 1), R×[0, 1), R×[0, 1],
or standard cylinder C, or standard Möbius band M . Moreover, in the last three cases,
Q is also closed in X.

Proof. By (a) and Lemma 3.3 p is an open map. Therefore by Lemma 3.5 Σ = p−1(V)
and p(Σ) = V , where V is the set of special points of Y . Then by (b) and (4) of Lemma 3.1
V is also a locally finite family of points. Due to (c) each point in Y is closed, whence V
is closed in Y .

Let W be a connected component Y \ V . Then W is open in Y and open closed in
Y \V . Therefore Q = p−1(W ) is open in X and open closed in X \Σ, i.e. Q is a connected
component of X \ Σ. Moreover, due to (a) the restriction p : Q→ W is a locally trivial
fibration with fiber R, and by Lemma 2.3 W is homeomorphic with one of the following
spaces: (0, 1), [0, 1), [0, 1], S1. Therefore in the first three cases (when W is contractible)
Q is fiber-wise homeomorphic to a product R×W , and in the last case, when W ∼= S1,
Q is fiber-wise homeomorphic either with the standard cylinder C or with the standard
Möbius band M .

It remains to show that every connected component Q of X \Σ can be represented as
Q = p−1(W ) for some connected component W of Y \ V . Let W = p(Q). We claim that
W is open closed in Y \V . Indeed, let W ′ be the connected component of Y \V containing
W . Then as noted above p−1(W ′) is connected and contains Q, whence Q = p−1(W ′),
and so W = W ′. �

4. Proof of (1) of Theorem 1.8

Let X be a 2-dimensional manifold and Δ be a 1-dimensional foliation on X belonging
to class F and such that the set Σ of special leaves ofX is locally finite. Let also Y = X/Δ
be the space of leaves endowed with the corresponding factor topology and p : X → Y
be the factor map.
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We claim that p satisfies conditions (a)–(c) of Lemma 3.6. Indeed, by Lemma 1.2
p is open, and by Lemma 3.3 it is a locally trivial fibration with fiber R, so condition
(a) holds. Condition (b) holds by assumption and condition (c) directly follows from
definition of class F .

Therefore by Lemma 3.6 every connected component X \Σ is foliated homeomorphic
with one of the spaces: R× (0, 1), R× [0, 1), R× [0, 1], C, M .

Applying the above result to the surfaceX\∂X we get that every connected component
of X \ (Σ ∪ ∂X) is foliated homeomorphic with one of the spaces: R × (0, 1), C, or M .
Statement (1) of Theorem 1.8 is proved.

5. Trapezoids

The results of this section will be used for the proof of (2) of Theorem 1.8.
Let c < d and α, β : (c, d]→ R be two continuous functions such that α(y) < β(y) for

all y ∈ (c, d]. Then the subset

T = {(x, y) ∈ R2 | α(y) ≤ x ≤ β(y), c < y ≤ d}
will be called a half open trapezoid or simply a trapezoid. In this case [α(d), β(d)] × d is
the upper base of T , d is the level of the upper base, d − c is the altitude of T , and the
set

roof(T ) := {(α(y), y)}y∈(c,d] ∪ [α(d), β(d)] × d ∪ {(β(y), y)}y∈(c,d]

is the roof of T , see Figure 5.1a).

a) Half open trapezoid b) Construction of trapezoid

Figure 5.1. Half open trapezoid

Notice that if φ : R × (c, d] → R × (c, d] is a homeomorphism preserving second
coordinate, i.e. φ(R × y) = R× y for all y ∈ (c, d], then φ(T ) is a trapezoid as well.

In general, α and β can be non-bounded or have no limits when y → c+ 0. Suppose,
in addition, that there exist finite or infinite limits

lim
y→c+0

α(y) = a, lim
y→c+0

β(y) = b

such that a < b. Then (a, b)× c will be called the (lower) base of T . If a and b are finite
numbers, then T will be called a trapezoid with bounded base, and the set

T = T ∪ [a, b]× c
will be a closed trapezoid. In particular, if α and β are constant functions, then the
trapezoid T will be called a rectangle.

Lemma 5.1. Let J = (a, b)× 0 ⊂ R2 be an open interval, N = J ∪ R2 × (0,+∞), and
U be an open neighborhood of J in N . Then there exists a half open trapezoid T ⊂ U
with base J , see Figure 5.1b).

Proof. Fix any two sequences {ai}∞i=0, {bi}∞i=0 ⊂ (a, b) such that lim
i→∞

ai = a, lim
i→∞

bi = b,
and

· · · < ai+1 < ai < · · · < a0 < b0 < · · · < bi < bi+1 < · · ·
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Let also Ji = [ai, bi]× 0. Since U is an open neighborhood of Ji and Ji is compact, there
exist ri > 0 such that Ji × [0, ri] ⊂ U . One can assume that lim

i→∞
ri = 0 and {ri} is

strictly decreasing. Now let α, β : (0, d]→ (0,+∞) be a unique continuous function such
that for each i ≥ 0

(i) α(ai) = β(bi) = ri+1;
(ii) the restrictions α|[ai+1,ai] and β|[bi,bi+1] are linear.

Then one easily checks that the function α and β are strictly monotone and their inverses
α−1 and β−1 determine a half open trapezoid T ⊂ U with base J . �

Proposition 5.2. Let Ti ⊂ R × (c, d], i ∈ N, be a half open trapezoid with upper base
at level di ∈ (c, d] such that Ti ∩ Tj = ∅ for i �= j and lim

i→∞
di = c. Then there exists a

homeomorphism η : R× (c, d]→ R× (c, d] such that
(i) η(R× y) = R× y for all y ∈ (c, d];
(ii) η(Ti) is a half open rectangle.

Proof. We need the following three lemmas. It will be convenient to say that for a
function f : [a, b] → R its graph is the subset {(f(y), y) | y ∈ [a, b]} ⊂ R2, so we just
swap coordinates with respect to the usual definition. In particular, for q ∈ R a vertical
segment q × [a, b] can be regarded as a graph of a constant function [a, b] 
→ q.

Lemma 5.2.1. (c.f. [14, Lemma 6.1.1]). Let Δk = {(y1, . . . , yk) ∈ Rk | y1 < y2 < . . . <
yk} and q1 < q2 < . . . < qk ∈ R. Then there exists a C∞ function uk : R × Δk → R
having the following properties:

(a) the correspondence x 
→ uk(x; y1, . . . , yk) is an orientation preserving homeomor-
phism R→ R for all (y1, . . . , yk) ∈ Δk;

(b) uk(x; q1, . . . , qk) = x for all x ∈ R;
(c) uk(yi; y1, . . . , yk) = qi for i = 1, . . . , k.

Proof. The construction of uk is similar to [14, Lemma 6.1.1]. For instance, one can set

u1(x; y1) = x− y1 + q1, u2(x; y1, y2) = q1 +
q2 − q1
y2 − y1 (x − y1).

We leave the details for the reader. �

Lemma 5.2.2. Let γi : (c, s]→ R, i = 1, . . . , k, be a finite family of continuous functions
such that γi(y) �= γj(y) whenever i �= j and y ∈ (c, s]. Then there exists a homeomor-
phism φ : R× (c, s]→ R× (c, s] such that

(1) φ(R× y) = R× y for all y ∈ (c, s];
(2) φ is fixed on R× s;
(3) φ maps the graph {(γi(y), y) | y ∈ (c, s])} of γi, i ∈ {1, . . . , k}, onto a vertical

segment γi(s)× [a, s].

Proof. One can assume that γi < γj for i < j. Let uk : R × Δk → R be a function
from Lemma 5.2.1 constructed for the numbers qi = γi(s), i ∈ {1, . . . , k}. Then a
homeomorphism φ satisfying (1)-(3) can be defined by the following formula:

φ(x, y) =
(
uk(x; γ1(y), . . . , γk(y)), y

)
.

Indeed, (1) is evident. Moreover, due to property (b) of uk we have that

φ(x, s) =
(
uk(x; γ1(s), . . . , γk(s)), s

)
= (x, s)

which proves (2). Finally, by property (c) of uk

φ(γi(y), y) =
(
uk(γi(y); γ1(y), . . . , γk(y)), y

)
= (γi(s), y),

so (3) is also satisfied. �
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Lemma 5.2.3. Let {di}i∈N ⊂ (c, d] be a sequence with lim
i→∞

di = c, and for each i ∈ N let

γi : (c, di] → R be a continuous function such that the graphs of γi and γj are mutually
disjoint for i �= j. Then there exists a homeomorphism η : R × (c, d] → R × (c, d] such
that

(i) η(R× y) = R× y for all y ∈ (c, d];
(ii) η maps the graph {(γi(y), y) | y ∈ (c, di]} of γi onto a vertical segment qi× (c, di]

for some qi ∈ R, i ∈ N.

Proof. One can assume, in addition, that {di}i∈N is non-increasing. Let us remove re-
peating elements from {di}i∈N and denote the obtained sequence by {si}i∈N. Thus there
is an increasing sequence of indices 1 = j1 < j2 < · · · < jn < · · · such that

si = dji = dji+1 = · · · = dji+1−1 > si+1 = dji+1 = · · · .
Then by Lemma 5.2.2 there exists a homeomorphism φ1 : R × (c, s1] → R × (c, s1]
preserving second coordinate and sending the graphs of functions γj1 , . . . , γj2−1 onto
vertical segments. Let us extend φ1 by the identity on R× [s1, d] to a homeomorphism
of all of R× (c, d].

Denote by γ1
i the image of the graph of γi under φ1. Then again there exists a

homeomorphism φ2 : R × (c, d] → R × (c, d] preserving second coordinate, fixed on
R× [s2, d], and sending the graphs of functions γ1

j1 , . . . , γ
1
j3−1 onto vertical segments.

Hence the composition φ2 ◦ φ1 preserves second coordinate and sends the graphs of
functions γj1 , . . . , γj3−1 onto vertical segments. Denote by γ2

i the graph of the function
γi under φ2 ◦ φ1.

Then by similar arguments, we will construct an infinite family of homeomorphisms
φ1, . . . , φk, . . . of R × (c, d] such that each φk preserves second coordinate, is fixed on
R× [sk, d], and sends the graphs of functions γ1

j1
, . . . , γ1

jk+1−1 onto vertical segments.
Since lim

i→∞
si = c, it follows that the infinite composition

η = · · · ◦ φm ◦ φm−1 ◦ · · · ◦ φ1 : R× (c, d]→ R× (c, d]

is a well defined homeomorphism satisfying the statement of lemma. �

To deduce Proposition 5.2 assume that Ti is defined by functions αi, βi : (c, di] → R.
Denote γ2i−1 = αi and γ2i = βi. Then existence of η is guaranteed by Lemma 5.2.3. �

Level-preserving homeomorphisms between trapezoids. Let q2 : R2 → R,
q2(x, y) = y, be the standard projection onto the second coordinate and

S = {(x, y) ∈ R | α(y) ≤ x ≤ β(y), a < y ≤ b},
T = {(x, y) ∈ R | γ(y) ≤ x ≤ δ(y), c < y ≤ d}

be two trapezoids with finite bases, where α, β : (a, b] → R and γ, δ : (c, d] → R are
continuous functions such that α < β and γ < δ.

Let A ⊂ S and B ⊂ T be two subsets. Then a map ξ : A → B will be called
level-preserving whenever

q2 ◦ ξ(x, y) = q2 ◦ ξ(x′, y)
for all x, x′, y such that (x, y), (x′, y) ∈ A.

Lemma 5.3. Every level-preserving homeomorphism ξ : roof(S) → roof(T ) between
roofs of trapezoids extends to a level-preserving homeomorphism ξ : S → T . Moreover,
if S and T have finite bases, then ξ also extends to a level-preserving homeomorphism
ξ : S → T between their closures.
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Proof. As ξ is level-preserving, we have a well defined homeomorphism σ : (a, b]→ (c, d]
given by σ(y) = q2 ◦ ξ(α(y), y). Then ξ extends to a homeomorphism S → T by

ξ(x, y) =
(
γ(σ(y)) +

δ(σ(y)) − γ(σ(y))
β(y)− α(y)

(x− α(y)), σ(y)
)
.

Moreover, if in addition S and T have finite bases, so α and β are defined and continuous
on [a, b] and γ and δ are defined and continuous on [c, d], then the same formulas define
homeomorphisms σ : [a, b]→ [c, d] and ξ : S → T . �

6. Proof of (2) of Theorem 1.8

Let Δ be a partition on X of class F such that the family Σ of all special leaves is
locally finite. Let also Σ̄ = Σ ∪ ∂X be the union of all special and boundary leaves of
X , Q be a connected component of X \ Σ̄ homeomorphic with an open model strip, and
φ : R× (−1, 1)→ Q be a foliated homeomorphism. Denote, see Figure 6.1:

A = φ
(
R× (−1, 0]

)
, K = φ

(
R× 0

)
, B = φ

(
R× [0, 1)

)
.(6.1)

We should prove that the closures A and B are foliated homeomorphic to some model
strips. It suffices to prove this only for A.

Figure 6.1

Lemma 6.1. 1) A \Q = A \A and B \Q = B \B.
2) Q \Q = (A \A) ∪ (B \B) ⊂ Σ̄.
3) Let ω be a leaf in A \A, J = (−1, 1)× 0 ⊂ R2, and N = J ∪ R× (0, 1].
(a) Then Q ∪ ω is open in Q and A ∪ ω is open in A.
(b) There exists a foliated homeomorphism ψ : N → A ∪ ω such that ψ(J) = ω.
(c) Let U ⊂ X be an open neighborhood of ω and T ⊂ ψ−1(U) be a subset with

compact closure such that

U ∩ (A \A) = ω, J ⊂ (T \ T ) ⊂ R× 0.

Then ψ(T ) is closed in X. In particular, if T is a trapezoid with base J , then
ψ(T ∪ J) is closed in X.

Proof. 1) Denote Ao = A \K and Bo = B \K. Then K ⊂ Ao, so

A = Ao ∪K = Ao ∪K = Ao.

Moreover, as Ao and Bo are open in X and disjoint, we get that A∩Bo = Ao ∩Bo = ∅,
whence A \Q = A \ (A ∪Bo) = A \A. The proof for B is similar.

2) It follows from (1) that Q \Q = (A \Q) ∪ (B \Q) = (A \A) ∪ (B \B).
Let us prove that Q \ Q ⊂ Σ̄. Suppose Q \ Q �⊂ Σ̄. Then there exists a connected

component P of X \ Σ̄ distinct from Q and such that Q ∩ P �= ∅. But P is open in X ,
whence P ∩Q �= ∅ and so P = Q which contradicts to the assumption.

3a) Notice that the family Σ̄ \ {ω} is locally finite as well as Σ̄. Therefore the set

W := X \ (Σ̄ \ ω) = (X \ Σ̄) ∪ ω
is open in X . Due to 2), Q = Q ∩ (X \ Σ̄), whence Q ∪ ω = Q∩ ((X \ Σ̄) ∪ ω) = Q ∩W
is open in Q.
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Similarly, due to 1), A = A ∩Q, whence A ∪ ω = A ∩Q ∩ ((X \ Σ̄) ∪ ω) = A ∩W is
open in A.

3b) Notice that A∪ω is saturated and by Lemma 2.4 p(A∪ω) is homeomorphic with
[0, 1]. Since p : A ∪ ω → p(A ∪ ω) is a locally trivial fibration with fiber R, we obtain
that A ∪ ω is foliated homeomorphic with R× [0, 1] and therefore with N .

3c) It suffices to prove that ψ(T ) is closed in A \U being a closed subset of X , which
will imply that ψ(T ) is closed in X as well.

Let {zi}i∈N ⊂ ψ(T ) be a sequence converging to some z ∈ A. We should prove that
z ∈ ψ(T ) as well. Let (xi, yi) = ψ−1(zi) ∈ T . Since T is compact, one can assume that
{(xi, yi)} converges to some (x̄, ȳ) ∈ T .

If (x̄, ȳ) ∈ T , then z = lim
i→∞

zi = lim
i→∞

ψ(xi, yi) = ψ(x̄, ȳ) ∈ ψ(T ). Otherwise, we have

that (x̄, ȳ) ∈ T \ T ⊂ R × 0, so ȳ = 0, and thus lim
i→∞

yi = ȳ = 0. This implies that

z �∈ A = ψ
(
R× (0, 1]

)
. Hence z ∈ U ∩ (A \A) = ω = ψ(J) ⊂ ψ(T ). �

Due to (5) of Lemma 3.1 there exists a family U = {Uω}ω∈Σ̄ of neighborhoods of
elements of Σ̄ such that the closures of elements of U are pairwise disjoint in X .

Let {ωi}i∈Λ be all the leaves contained in A \A. Then Λ is at most countable set and
one can assume that either Λ = {1, . . . , k} for some finite k or Λ = N.

By Lemma 6.1 for each i ∈ Λ there exists a foliated homeomorphism φi : N → A∪ ωi

such that ψi(J) = ωi.
Then ψ−1

i (Uωi) is an open neighborhood of J = (−1, 1) × 0, whence by Lemma 5.1
there exists a trapezoid Ti ⊂ ψ−1

i (Uωi) ∩ R× (0, 1) with base J . Put

T̂i = Ti ∪ J.
Then by Lemma 6.1 ψi(T̂i) is closed in A.

Figure 6.2

Denote Si = φ−1 ◦ ψi(Ti). Then {Si | i ∈ Λ} is a family of trapezoids in R× (−1, 0].
Assume that the upper base of Si in contained in R × di for some di ∈ (−1, 0). If
Λ is infinite, then decreasing, if necessary, Ti (and therefore Si), one can assume that
lim

i→∞
di = −1. Then by Proposition 5.2 one can change φ so that Si = [ai, bi]× (−1, di]

is a “half open rectangle” for some ai, bi ∈ R. Then [ai, bi] ∩ [aj , bj ] = ∅ for i �= j ∈ Λ.
Let also Ji = (ai, bi)× {−1} and

M := R× (−1, 0]
⋃
∪

i∈Λ
Ji.

Then M is a half model strip. Our aim is to construct a foliated homeomorphism
between M and A.

Denote Ŝi = Si ∪ Ji, i ∈ Λ, and

Z := M \ ∪
i∈Λ

(
Ŝi \ roof(Si)

) ⊂ R× (0, 1].

Lemma 6.2. {Z} ∪ {Ŝi}i∈Λ is a locally finite cover of M by closed sets.
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Proof. It is evident, that Ŝi is closed in M . Moreover Ŝi \ roof(Si) is open in M , whence
Z is closed in M as well. Therefore it remains only to show that each z = (x, y) ∈ M
has an open neighborhood V intersecting only finitely many elements Ŝi.

If y = −1, then z ∈ (ai, bi)×{−1} ⊂ Ŝi for some i ∈ Λ. Hence V = Ŝi \ roof(Si) is an
open neighborhood of z in N intersecting only Ŝi.

Suppose that y > −1. Fix any t such that −1 < t < y. Then V = R× (t, 0] is an open
neighborhood of z in M . By assumption lim

i→∞
di = −1, whence there exists n > 0 such

that −1 < di < t for all i > n, and so Ŝi ∩ V = ∅. �

Lemma 6.3. {φ(Z)} ∪ {ψi(T̂i)}i∈Λ is a locally finite cover of A by closed sets.

Proof. By 3c) of Lemma 6.1 each ψi(T̂i) is closed in X . Furthermore,

φ(Z) = φ
(
M \ ∪

i∈Λ

(
Ŝi \ roof(Si)

))
= A \ ∪

i∈Λ
ψi

(
T̂i \ roof(Ti)

)
,

and it is also evident that T̂i \ roof(Ti) is open in N . But due to 3b) of Lemma 6.1 ψi is
a homeomorphism of N onto the open subset A ∪ ωi of A. Therefore ψi(T̂i \ roof(Ti)) is
open in A, whence φ(Z) is closed in A.

It remains to show that {ψi(T̂i)}i∈Λ is a locally finite family. Let q ∈ A.
If q ∈ ωi, then Uωi is an open neighborhood of q intersecting only one set ψi(T̂i).
Suppose q ∈ A\A and let z = (x, y) = φ−1(q) ∈ R×(−1, 0] ⊂M . Then by Lemma 6.2

there exists an open neighborhood V of z in R× (−1, 0] intersecting only finitely many
Ŝi. But the map φ : R × (−1, 0] → A is a homeomorphism, whence φ(V ) is an open
neighborhood of q in A intersecting only finitely many ψi(T̂i) = φ(Si) ∪ ωi. �

Notice that the composition ψ−1◦φ|Si : Si → Ti is a level-preserving homeomorphism,
however in general it can not be extended to a homeomorphism between their bases.
Nevertheless, ψ−1 ◦φ yields a level-preserving homeomorphism roof(Si)→ roof(Ti), and
therefore by Lemma 5.3 it extends to a level-preserving homeomorphism ξi : Si → Ti.

Now define the following map η : M → A by

η(z) =

{
ψi ◦ ξi(z), z ∈ Ŝi for some i ∈ Λ,
φ(z), z ∈ Z.

We claim that η is the required homeomorphism.
Indeed, evidently, η is a bijection. Furthermore, by Lemma 6.2 {Z} ∪ {Ŝi}i∈Λ is a

locally finite closed cover of M , and by Lemma 6.3 their images {φ(Z)} ∪ {ψi(T̂i)}i∈Λ

constitute a locally finite closed cover of A. Finally, the restrictions η|Z and η|�Si
are

homeomorphisms. Then by (6) of Lemma 3.1 η is a homeomorphism. Theorem 1.8 is
completed.
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