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FREDHOLM THEORY CONNECTED WITH A
DOUGLIS-NIRENBERG SYSTEM OF DIFFERENTIAL EQUATIONS
OVER R"

M. FAIERMAN

ABSTRACT. We consider a spectral problem over R™ for a Douglis-Nirenberg sys-
tem of differential operators under limited smoothness assumptions and under the
assumption of parameter-ellipticity in a closed sector £ in the complex plane with
vertex at the origin. We pose the problem in an L, Sobolev-Bessel potential space
setting, 1 < p < oo, and denote by A, the operator induced in this setting by the
spectral problem. We then derive results pertaining to the Fredholm theory for A,
for values of the spectral parameter \ lying in £ as well as results pertaining to the
invariance of the Fredholm domain of A, with p.

1. INTRODUCTION

The Fredholm properties of elliptic pseudodifferential operators, as well as systems of
such operators, defined over R™ has been the subject of investigation by various authors
over the past few decades. We refer for example to [10], [15], [17], [19], and to the
references listed therein for further details. Of particular interest to us are the works
dealing with Douglis-Nirenberg systems (cf. [10], [17], [18], [19], and [22]) as well as
those dealing with parameter-elliptic operators (cf. [17]), since, as far as we are aware
from an inspection of the literature, there are no works dealing with parameter-elliptic
Douglis-Nirenberg systems over R™ in the classical L, Sobolev-Bessel potential space
setting, 1 < p < oo, when the diagonal operators are not all of the same order.

In light of what has just been said, let us mention at this point the paper [13] of
Kozhevnikov wherein a Douglis-Nirenberg system of pseudodifferential operators acting
over a compact manifold without boundary is considered. By posing the problem in
a classical setting (as mentioned above) and by introducing the so-called Kohzevnikov
conditions, the author was able to establish a priori estimates for solutions as well as var-
ious spectral results. Problems similar to those considered in [13] were also investigated
by Denk, Mennicken, and Volevich [9], and by introducing conditions, which by the use
of the Newton polygon they show to be equivalent to those of Kozhevnikov, they also
establish a priori estimates for solutions as well as various spectral results.

Motivated by what has been said above, the object of this paper is to derive infor-
mation concerning the Fredholm properties of the operator A, induced in a L, Sobolev-
Bessel potential space setting, 1 < p < oo, by a spectral problem over R™ for a Douglis-
Nirenberg system of differential operators under limited smoothness assumptions as well
as under the assumption of parameter-ellipticity in a closed sector £ of the complex plane
with vertex at the origin. And fundamental to our work will be the uniform version of
the Kozhevnikov conditions given in Definition 2.3 below which will enable us to derive
information pertaining to that part of the Fredholm domain of A, lying in L.
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Turning to the problem under consideration here, let N € N with N > 1 and let

{s;}Y and {t;}{" denote sequences of integers satisfying s; > so > -+ > sy > 0,
t1 >ty > - >ty >0, and put my; = s; +t; for j = 1,...,N. We suppose that
My = Mg = -+ = Ml > Mpyg1 = -+ = My, , > Mpgy 41 = - = My, > 0, where

kg = N, and let I, denote the (kr — kr—1) X (kp — kyr—1) identity matrix for r = 1,...,d,
where kg = 0. We will also use the notation I, to denote the ¢ x ¢ unit matrix for ¢ € N.
Then we shall be concerned here with the spectral problem

(1.1) Az, D)u(z) — Mu(z) = f(x) in R",

where u(z) = (u1(2), ..., un(2))T, and f(z) = (fi(x),..., fn(z))" are N x1 matrix
functions defined in R™, T denotes transpose, A(z, D) is an N x N matrix operator
whose entries Aji(x, D) are linear differential operators defined on R™ of order not
exceeding s; + t; and defined to be 0 if s; +t; < 0. Our assumptions concerning the
spectral problem (1.1) will be made precise in Section 2.

In Section 2 we make precise the concept of parameter-ellipticity for the spectral
problem (1.1) and the conditions under which the problem is dealt with. In Section 3 we
pose the spectral problem in an L, Sobolev-Bessel potential space setting, 1 < p < oo,
and obtain estimates for solutions for various values of the spectral parameter. Finally in
Section 4 we we fix our attention upon the operator A, induced in the L, Sobolev-Bessel
potential space setting just cited by the spectral problem (1.1), and using results from
Section 3, we derive information concerning the Fredholm properties of A, for various
values of the spectral parameter lying in L.

2. PRELIMINARIES

In this section we are going to introduce some terminology, definitions, and assump-
tions concerning the spectral problem (1.1), which we require for our work.

Accordingly, we let x = (x1,...,2,) = (2/,2,) denote a generic point in R™ and use
the notation D; = —id/0z;, D = (D1,...,Dy), D = D{*--- Do = D’O‘/Dg‘", and
gx =gt gam for € = (&1, .., 6n) = (£,&) € R, where a = (aq,...,ap) = (¢, ap)
is a multi-index whose length 2;21 «; is denoted by |a|. Differentiation with respect
to another variable, say y € R", instead of x will be indicated by replacing D and D¢
by D, and Dy, respectively. For 1 < p < oo, s € Ng = NU{0}, and G an open set
in R", we let W (G) denote the Sobolev space of order s related to L,(G) and denote

1/p
the norm in this space by || - ||s,p,c, Where |[ullsp.c = (Z\a|<s Jo | DYu(z)P dz) for
u € W3(G). In addition we shall use norms depending upon a parameter A € C\{0},
namely for 1 < j < N, we let

el = lullsp.c + A ulope for weW(G).
In the sequel we shall at times deal with the Bessel-potential space H, (G)for0>s€Z

and equipped with either its ordinary norm || - ||sp.¢ or its parameter dependent norm
1 1) 601 < 5 < N. Here, for u € Hy(G), | ullspe = | F7HE)* Fullopmn (vesp.

5,p,G?
ulllye = I F7HE N5 Fullopzn) if G = R, while |ullspc = inf||v]|spzn (resp.
[|]ul| EJ;G = inf|||v|||£{;7Rn,) otherwise, where the infimum is taken over all v € H;(R") for

which u = U F denotes the Fourier transformation in R”(z — ¢), (&) = (1 + [£]?)'/?,

PN
AeC\ {0}, and (£, \); = (|£|2 + A ) ’ (see [11, Section 1], [21, p. 177]). Analogous
definitions also hold for s > 0. However when s > 0, then W (G) and H,(G) coincide
algebraically and their norms, both ordinary and parameter dependent, are equivalent.
Hence in the sequel, when dealing with the space H,(G) for s > 0, we shall suppose that



332 M. FAIERMAN

it is equipped with either the ordinary or parameter dependent norm of W (G). Lastly,
let Ry ={teRt>0},R.={teR[t<0}.

Next for £ € Ny, we will use the usual notation C*(R™) to denote the vector space
consisting of all those functions ¢ which, together with their partial derivatives of order
up to £, are continuous on R™. In addition we let C*(R™) denote the subspace of C*(R")
consisting of all those functions ¢ € C*(R") for which ¢ as well as its partial derivative
of order up to ¢ are bounded and uniformly continuous on R™. Lastly for / € N we
let C*%(R") denote the subspace of C*(R") for which |D%(z)| — 0 as |z| — oo for
1 < |a| < ¢, while for £ = 0 we let C%°(R") denote the subspace of C°(R") consisting of
those functions ¢ for which wg(x) — 0 as |z| — oo, where wy(z) = sup |¢(x) — ¢(y)| for
z,y € R™, and where for each z the supremum is taken over those values of y for which
|z — y| < 1. Note that for £ > 1, C“O(R™) c C*O(R").

Turning now to the spectral problem (1.1), (1.2), let us write

Aji(z,D) = Z al*(z)D® for z€R™ and 1<j,k<N.
la|<sj+tp

Then as pointed out in [3] there is no loss of generality in making the following assump-
tions.

Assumption 2.1. It will henceforth be supposed that t; > 0ands; > 0forj=1,...,N.

Definition 2.2. We say that the spectral problem (1.1) is minimally smooth if for each
pair j,k, alf € C% (R™) for |a| < s; +t if s; > 0, while if s; = 0, then a/* € Lo(R")
for |a| <ty and alF € CO(R") for |a| = ty.

For z,£ € R™ let

Aw8) = (An@9) |

)

where fijk(m &) consists of those terms in A;x(x, ) which are just of order s; + t;. Then
in the sequel we shall also require the following notation. For z,£ € R™ let

ko

qu)(xvf) = (ﬁjk(x,§)> for 1<r<d.

jk=1
In addition we let I:r,o = diag(0 - Ii,...,0- fr,l,fr) forr=2,...,d and I~1_’0 =1.

Definition 2.3. Let £ be a closed sector in the complex plane with vertex at the origin.
Then the spectral problem (1.1) will be called parameter-elliptic in £ if it is minimally
smooth and for each r,1 < r <d,

Ny—1

(2'1) |det ('A(lq)(x7€) - )\INr,O)’ > K«r|£

for z, £ € R, and X € £ with (£, A)g, = 1, where the k, denote positive constants and
N, = Z?;l m; for r > 1 and Nog = 0.

Remark 2.4. Tt follows from the arguments of [5, Proposition 2.2] that when (2.1) holds,
then N, isevenif r =1 and if r > 1 and n > 2.

Definition 2.5. We say that the spectral problem (1.1) is weakly smooth if it is mini-
mally smooth and in addition a/* € C%0(R") if |a| < t; and to C*I=0(R") otherwise,
1<j,k<N.
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3. SOME ESTIMATES

In this section we are going to establish some a priori estimates for solutions of the
spectral problem (1.1), which will be used in the sequel.

Accordingly, let us introduce some further notation. For G an open set in R™ and
T =1or s we let WIST)(G) = Hivzl Wk (G) and equip W,ST)(G) with either its ordinary

N .

norm, [[ul[(r)p.c¢ = D gy || Uk ||l7o.p,c OF its parameter dependent norm |||ull|(r)p.c =
Zivzl |||uk|||£i)pG for u = (u1,...,un)’ € Wp(T)(G). The subspace Hivzl W;k(G) is
denoted by VOVI()T)(G). In addition we let Hz(fs)(G) = ngl H,**(G) and equip this space
with either its ordinary norm || - [|(_s) » ¢ or its parameter dependent norm ||| - |||(—s),p.c>

which are defined in an analogous manner to the way they were defined for WZST)(G).

Proposition 3.1. Suppose that the spectral problem (1.1) is minimally smooth. Suppose
also that X\ € C with |\| > \* for some \* € Ry, that u € W,ﬁ” (R™), and that f is defined

by (1.1). Then f € H,()_s)(]R”) and ||| fl|l=s),p.rn < Cll|ulll),p,rr, where the constant C
does not depend upon u and \.

Proof. Let (-, )rn denote the pairing between HIS*S) (R™) and its adjoint space WIE,S) (R™),
where p’ = p/(p — 1) and both spaces are equipped with their parameter dependent
norms (see [11, Section 1] and [21, Theorem 2.6.1, p. 198]). Then for u € Wp(t) (R™) and
¢= (1, w)" € CPR™N,

N /N
((A(z, D)u — Au), C)rn = Z (Z Aji(x, D)uy, — )\5jkuk> &),

j=1 \k=1

where d;;, denotes the Kronecker delta, and for each j

N
(Z Aj(x, D)uy, — )\5jkuk> (&)

k=1

denotes the value of the distribution Z,ivzl Aji(z, D)ur, — Adjruy at E
Let us fix our attention upon a particular pair j, k. Then

. T
(Aji(x, Dyu = Adjur) (G) = Y (DﬁukyD Pal, (fE)Cj)Rn
tp<|a|<sj+ty
|Bl=tk
+ Z alF () Duy, ¢ — Xk (Uks G)gn s
[a] <ty Rn

where (-, )gn denotes the pairing between L,(R™) and its adjoint space L,/ (R™). Hence
|(Aji (2, D)ur, — Xdjpur) (G)] < C(H [ty ,p. -2 | G5 |5y, R
I A g o e G o

. |
< a1 el 111

tk,p, sj,p",R™?

where the constant C' does not depend upon ug,(;, and A. It now follows from the
foregoing results that

[{(A(z, D) = M) u, Oa| < Cll|ulll@),prn ¢ (s),p 77

and the assertion of the proposition follows immediately from this last result. O

We now turn to the main results of this section.
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Proposition 3.2. Suppose that the spectral problem (1.1) is parameter-elliptic in L.

Suppose also that u € W,@(R”) and that f is defined by (1.1). Then there exists the
constant X' = XN (p) > 0 such that for A € L with |A\| > X, the a priori estimate

(3.1) ulllt),prn < CllIF Il (—s),p,r7

holds, where the constant C' does not depend upon u and .

Proposition 3.3. Suppose that the spectral problem (1.1) is parameter-elliptic in L.
Then there exists the constant \° = X(p) > 0 such that for X\ € L with |A\| > X%, the

spectral problem has a unique solution u € W;St)(R") for every f € HI(,_S) (R™), and the
a priort estimate

el @) prr < ClIF (=), p.rm
holds, where the constant C' does not depend upon f and .

The proofs of Propositions 3.2 and 3.3 can be achieved by modifying the arguments
given in the proofs of Theorems 4.1 and 5.1 of [5]. Furthermore, since the proof of
Proposition 3.3 is somewhat similar to that of Proposition 3.2, we will restrict ourselves
to the proof of this latter proposition.

Before beginning the proof, let us now present some results which we require below.

Proposition 3.4. Suppose that the spectral problem (1.1) is parameter-elliptic in L

and that f € H,S*S) (R™). Suppose also that x° € R™. Then there exits the constant
A1 = Ai(p) > 0 such that for A € L with |A\| > A1, the equation

A(2°, D)yu(z) — Au(z) = f(x) for x€R"
has a unique solution u € Wzgt)(R”) and the a priori estimate

ullle),prn < ColIf I (=s),pR7
holds, where the constant Cy does not depend upon x°, f, and \.

Proof. Tt follows from Definition 2.3 and [9] that there exists the constant Ay > 0 such
that for A € £ with || > Mg, £ € R, and « a multi-index whose entries are either 0 or 1,

N
|det (A(2°,€) — M n)| > Co H<5,A>;"f and

j=1
€ Dgan (.6 0) | < ChLENT™ (6],

where the constants Cy and Cjj do not depend upon a, 2%, ¢, ), 4, k, and where we have
written (A(:po, &) — )\IN)71 = (djk(xo, &, /\);szl. The assertions of the proposition now
follow from the same arguments as those used in the proof of [8, Proposition 3.2]. O

Proposition 3.5. Suppose that the spectral problem (1.1) is parameter-elliptic in L.
Then there exist the constants ro = ro(p) and Ao = A2(p) in Ry such that for each
20 € R™ one can find a neighbourhood V of this point with diamV < ry for which the a
priori estimate

ulll).p.rn < CllIA(2, D)u = Aull(—s) pre

holds for each u € W,@(R”) and X € L for which suppu C V and |A| > A2, where the
constant C' does not depend upon u and X\, and where diam denotes diameter and supp
denotes support.
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Proof. To begin with let us choose rg so that for z,y € R™ with |z — y| < ro we have
for each triple (j, k,a) with 1 < j,k < N and |a| = s; + tg, |alF (x) — alF (y)| < 1/80151,
where C; denotes the constant of Proposition 3.4, 6; = N? max { (SJ'H!’“)' Nk }] pey and

n;i, denotes the number of distinct multi-indices o for which |a| = s; + tx.

Next let z° € R™ and let V C R™ be a neighbourhood of x° with diamV < ry. Also
let u € ngt) (R™) such that suppu C V. Then bearing in mind the proof of Proposition
3.1 as well as Proposition 3.4, we see that

lulll(ty,p,v < Culll (A(2°, D) = X I ) ull|(—5),p,n

for A and C; satisfying the conditions cited in Proposition 3.4. Hence it follows from
arguments similar to those used in the proof of [8, Proposition 4.1] that there exists the
constant Ay = A2(p) > 0 such that

Hulll)p,v < CLlll (A(z, D) = MN) ulll(—s) prn  for A€ L with [A] > Ay,

where the constant C] has the same properties as the constant Cy. On the other hand,
if we refer to the proof of Proposition 3.1 for notation and argue as in that proof, then
we obtain for ¢ € C§°(R™)Y and for values of A just cited,

<(A(an)_AIN)uaC>R” = <(A(an)_)‘7]N)u7X<>V7

where x € C§°(R™) such that x(z) = 1 for « € suppw and supp x C V. Hence if we take
into account [7, Proposition 3.5, p. 109], [21, Theorems 4.3.2.1, p. 317 and 4.8.2, p. 332],

and the fact that x ¢ € VOVS)(V), it follows that

[((A(z, D) = M) u, O | < I (A, D) = Xn) ulll(=5),pv 11X sy,
< Colll (Alz, D) = Mn) ulll -5 p,v[1IC] () 7 27

where the constant Cy does not depend upon v and A. This completes the proof of the
Proposition. (I

Proof of Proposition 3.2. For t > 0 let Q(t) denote the open cube in R™ with centre
at the origin and with sides parallel to the coordinate axes and of length 2¢. Also let
¢, x € C§°(R™) such that ((x) =1 for z € Q(1/2) and ((z) = 0 for z € R™\ Q(3/4),
while x(z) = 1 for x € Q(13/16) and x(x) = 0 for x € R™ \ Q(14/16). Then for d > 0
and v € Z", we let de—{xER"Hm—dﬂeQ } Gy,d(@) = ¢((x — dv)/d), and
Xr.d(2) = x ((x = dv)/d).

Next let dy denote a constant satisfying 0 < do < ro/4n'/? (see Proposition 3.5). Then
we shall henceforth fix d < dy and let {v; }$° denote an enumeration of the members of
Z" and put Q; = Q;.4,Cj(x) = ¢, a(z) and x;j(z) = x+,,qa(z). Hence if for j > 1 we
let n;(z) = ;(z)/ Z;’il ¢j(z), then {Q; }7° is an open covering of R™ and { n;(z) }c1>o a
partition of unity subordinate to this covering. Note also that for any x € R™, x can lie
in at most 2" of the @;.

Bearing in mind Proposition 3.5 let u € W,Et) (R™) and A € £ with |A| > Ag. Then we

have
1/p

s/t pen < NV Zuwzmumiffw :

j=1 £>1
which leads to the inequality

1/p

el pre < 27N Hlmeullfy 00, |
>1
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and hence it follows from Proposition 3.5 and its proof that

1/p

(3.2) lulll ) pre < C [ D N1(A = AMy)nelllf_y) 0, ;
0>1

where here and for the remainder of this proof C' denotes a generic constant which may

vary from inequality to inequality, but in all cases it does not depend upon u, A and ¢

(see below). Note that here we have used the fact that under our present definitions of

V and y, we can take the constant C' of Proposition 3.5 to be also independent of x°.
Let us firstly fix our attention upon a particular £ > 1. Then observing that

I (A(z, D) = An) new = ne (Alz, D) = Mn) ulll-5).p.0.
< [ (A(z, D) = Mn) new = ne (A(z, D) = M) ull|(—s) prn

and referring to the proof of Proposition 3.1 for notation, we can argue as in that proof
to show that

|< ((A(.Z‘,D) — )\IN)UZU — m(A(x,D) — )\IN)U> ,C>Rn|

< Cz Z (” XUk ”tk*LP’Qz” XECJ HSj,P”Ch + ” XUk ”tk,P,sz.” XZCJ”Sj*LPCQz) :
J=1 k=1

Hence it follows from [4, Proposition 2.2] and the fact that x, has support in Q, that
|(((A(z, D) = X n)new — ne (A(z, D) — Xn) u), ¢ )rn
< O™ lull oy 1< 007
Thus we conclude from (3.3) that
| (A(z, D) = M) neul||(—s) p,re <
[lIne (A, D) = Mn) ulll(—s) p.m + CIAY ™ [ulll6).p.0

(3.3)

and hence that
S 11 (Ale, D) = M) el P, o

3.4) =

<223 {1l (A, D) = ALY ullle_y g+ 2°CPIN P S ([l 0
>1 >1
We are now going to use (3.2) and (3.4) to complete the proof of the proposition. To
this end, some further preparation is required. Accordingly, let us recall that we have
so far equipped the space W;,j (R™),1 < j < N, with the parameter dependent norm
[l - |ls;pr,gn. For our purposes it will be convenient now to introduce an equivalent
norm, namely the norm ||| - [[[5, ;s g~ defined by

. o ’ l/pl
LA (L A (SR PYZAD L V| R gy

for v € W;,j (R™). Note that by the equivalence of these two norms we mean that
there are constants C; and C3, not depending upon v and A, such that |||v]|[s; p/rn <
Culllollls, pr gen and [[[0llI5; g < Colll0]l]s; pr R

Supposing now that A is fixed and W; (R™) is equipped with the norm [[[ - [|[}, ./ pn,
let v; denote the number of distinct multi-indices o satisfying 0 < laf < sj. Then to each
v e W;;7 (R™) we can associate the vector P; v € Ly (Q)"9, where P; ,yv denotes the v; —
vector with components { A o D® }|a|§sj , where A , = 1if || > 1 and equals 1+|\|%/™
otherwise, and where the components of P; ;v are arranged so that if A; o D“v is the {-th
component of this vector and Aj 3DPv the (¢ + 1)-th component, then |a| < |3]. Hence
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if we let M, ,» denote the closed subspace of L,/ ()" spanned by the vectors P; v for
v e W)/ (R™), then H,, is isometrically isomorphic to W7 (R™).

Turning next to the space WIE/S ) (R™), we have so far equipped this space with the

parameter dependent norm ||| - [[[(s) . Let us also equip WZE,S )(R") with the norm
[ 1) pr n» Which is equivalent to ||| - [[[(s),pr,rn, defined by

) N o

[ Sy ([
j=1

for v = (v1,...,o8)T € WIS/S) (R™). Note that the norms ||| - [[[(s),pz and [|[ - [[[{;) yrzn
induce equivalent norms on the adjoint space of WZS,S ) (R™), H,(fs) (R™), and hence if we
denote by ||| - [|[{_) , g~ the norm induced on H,S_S)(R”) by the norm ||| - [[[{5) , g
then [|[ - |[[{_ ,gn and [[[-|[|(=s),p,rn are equivalent norms on this space. Note also that
when WIS/S) (R™) is equipped with the norm ||| - [[[{,)  gn, then WZE,S)(R”) is isometrically

isomorphic to H,, the closed subspace of L, (R”)Zj&l Y7 defined by H,y = H;VZI Hpr-
Hence it follows from [1, Theorem 3.8, p. 49] that for each u € HZ(,_S) (R™), there is
N Vi .
afe Lpz(an)Zj:1 7 such that |||u|||/(_s)7p7R” = || f|, where || - || denotes the norm in
Lp(Rn)Z’:l .
Fixing our attention upon (3.4) and referring to the proof of Proposition 3.1 for no-
tation, we have for £ > 1,

[1ne (A(z, D) = NN) ull|(—6) prn < Cll|ne (Az, D) = M) ull[(_g) e
= (C sup |<(A(:C,D) — )\IN)U,T]@C>]RTL‘

N vj

= C'sup ‘Z Z (fisks Njia DNeC ) |

j=1k=1

n ZN:1 vj : [e%s) n\N
for some f € L,(R™)2i=1"  where the supremum is taken over the set { ¢ € C§°(R")" |

<o, prn = 1}, and where we have written f = (fi,..., fn)", fj = (fj1-- o i)
and Aj o D%ne(; denotes the k-th component of P; ,y1,(;. Hence it follows that

N vj
S llne (A, D) = M) ulll?y) ) en < OSSN S fi M

(3.5) >1 >1 j=1 k=1

< Ol (A, D) = XN [T oo

where the constant C’ has the same properties as the constant C. Hence it follows from
equations (3.2), (3.4), and (3.5) that we may choose X (p) so that the assertion of the
proposition holds. U

To terminate the work of this section, we now present a result which will be used in
the sequel. Here, for ¢ € N, we use the notation (¢ + ¢) to denote the multi-index whose
entries are t; + ¢,j = 1,..., N. The multi-indices (—s + ¢), (—r; + ¢ — 1/p) are defined
analogously.

Proposition 3.6. Suppose that the spectral problem (1.1) is parameter-elliptic in £ and
that £y € N. Suppose also that for each pair j,k,1 < j,k < N, alF € C%+t(Rn) for
la| < sj +tg. Lastly suppose that u € ngt) (R™),A € L\ {0}, and that f is defined by
(1.1). Consequently, if f € Hzgszo)(R"), then u € WIEHEO)(R").
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Proof. Referring to the proof of Proposition 3.2 for terminology, it follows from (3.1) and
from arguments similar to those used in the proof of Proposition 3.1 that for £ > 1,

el ).p.@0 < C(II (Al D) = M )new || (—s).p.0.

+ e -1 p.00)

where here and for the remainder of this proof, C' denotes a generic constant which may
vary from inequality to inequality, but in all cases it does not depend upon ¢, u, and
A. By employing arguments similar to those used in the proof of Proposition 3.1, it is
not difficult to verify that (A(z, D) — A In) neu € H,g75+1)(Qg). Hence for £ > 1 we can
apply the differential quotient method to (3.6) as in [14, Proof of Theorem 3.1, p. 123]

(see also [2]) to deduce that nyu € WZEH_I)(QK) and
B.7) el pe. < C (I (A, D) = M) new | (—s1) 0,00 + |16 [l 0),p,0.) -

We conclude from the foregoing results and from arguments similar to those used in
the proof of Proposition 3.2 that u € WISH_D(B(T)) for every r > 0 where B(r) = {z €

R™||z| <7 }. Let us now show that u € WIEHD(R") and that
Fllrny prn < C(I (A, D) = M)t ll—st1) p.2n

(3.6)

(3.8)
+ 1wty pn)-

Accordingly, it is clear that

N 1/p

e lles1ypmn S NYZ A ND newi 17 4q pmn ;

=1 £>1

which leads to the inequality
1/p
(3.9) lull@snpmn < 27N D e [ .0,
1

Furthermore, by appealing to (3.7) and by arguing in a manner similar to that in the
proof of Proposition 3.2, we can also show that

S It iy, < €3 (Ime(Ae. D) = ANy,
(3.10) 1 1

lelpe)

When sy > 1, then arguments similar to those used in the proof of Proposition 3.2
show that the expression on the right side of (3.10) is majorized by

¢ (I (A, D) = NN E 1) e+ 0

where the constant C” has the same properties as C, and hence it follows from (3.7),
(3.9), and (3.10) that u € Wé”l)(R") and that the inequality (3.8) holds.

Suppose next that for some r,1 <r <d, s; =0 for j > k,—; and s; > 0 for j < k,_1.
Then

—s+1 ny __ —s+1 n 1 n\N—k,._
H{T (R = H{T T (R™) x WH(R™) t,
where H,ngl)l(R”) = H?;‘ll H;;strl(R")7 and where now H,gf‘%l)(R"), H,ngl)l(R")
. o s s— n Ky — si—1/mpn n\N—k.._ .

ar}d its ac.ljomt space Wig, DyRrey = [ W,/ (R™), and W,y (R™)N~F—1 are equipped
with their ordmary norims, || ' ||(7s+1),p,R"7|| ! ||(7s+1)1,p,R”7|| ! ”(S*l)l,p’,R"a and || :
ll(1),,p,Rn, Tespectively, which are defined in a manner analogous to the way W,gT)(G)

and H,(,_s)(G) were defined at the beginning of this section. For our purposes it will
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be convenient to impose equivalent norms on W;;S_l)l(R") and W} (R™)N=Fr—1 namely

I Ms—1y, pr e @nd || < [[{1), , gn» Tespectively, where
1/p
et ety g = | D N 1B,y e
for u € Wé,sil)l(R") and
N 1/p
lullfy, pre = | D Nl ppe
j=kr_1+1
for u € W (R")N~#r-1. Note that the norms || - [[(s—1), pr gz~ and | - {s—1), p gn induce

equivalent norms on the adjoint space of WIE}S_DI(R") H(_s+1)1(R”), and hence if we

HI(*S«{»I)l,p,R” the norm induced on Héfsﬂ) (R™) by the norm || - || (s—1)1.p7 R
and || - [[(—s+41),,p,r» are equivalent norms on this space.

denote by || -
then || - Hé s+1)1,p,R"

Let us now fix our attention upon W(S D1 'R™) and for 1 < j < ky—q let ; de-
note the number of distinct multi- 1nd1ces a for which |a] < s; — 1. Then to each
v=(v1...,0p._,)T € W]S,S_l)l (R™) we can associate the vector

kr—1 -
’P(, v = (73( ,v1,...,73,$)71’p,vh_1) c Lp,(Q)ijl %
where for 1 < j < k,_1, 77;2,11 denotes the 7;-th vector with components { Dv; }q|<s, -1
and where the components of PJ(}lp)' are arranged in the same way as the entries of P;

were arranged in the proof of Proposition 3.2. Hence if we let HZ()}) denote the closed
kg — 1 ~

subspace of L “(R") spanned by the vectors Pl(,,l)v for v € WZE,S _1)1(R") and if we
equip Wé/s 1)1(R”) with the norm || - [{;_y), s g
to WZS,S _1)1(R”). Hence it follows, as in the proof of Proposition 3.2, that for each
u € H(ferl)l(R”) there is an f(1) = (fl(l), . .,fk ) (R")Zi 5% where f(

(fj 1s- ,fj(ll;]) such that

then H;}) is isometrically isomorphic

(3.11) lulli— g1y pze = 17D v,

where || - ||gn denotes the norm in LP(R”)ZESI 7. Consequently if we fix our atten-
tion again upon (3.10) and let Prgl) denote the operator projecting HZ(,_SH)(R”) onto
HZ(,_SH)l(R”) along W, (R™)N=Fr=1 then there is an e Lp(]R")Zf;Il “i satisfying
(3.11) with u there replaced by Pjﬁl) (A(z, D) — )\IN)u such that for ¢ > 1 we have

| P (A, D) = A ) u | (—ss1) 1,p,Q/ < PYne (A2, D) = Mn) t || (—ss1), pire
< C|| Pme (A, D) = MNn)ull{_gi1y, pn
= C'sup ‘ P(l)m (A(z,D) — NIy)u, C>Rn|

kr_1 7

—C’sup‘z Z( Sk aUeCj>Rn| <l Y g,

Jj=1 k=1
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where in each case the supremum is over the set {( € C§°(R")* | | Clls=1)1,pr R =

Fp_1 -
1}, the constant Cy has the same properties as the constant C, e L,,(R”)EJ:l1 Vi
denotes the norm preserving extension of P(l) (A(z, D) — MIN)u to a linear functional

over Ly (R”)ZJ o 7iand the terminology used here is analogous to that used in the

" 2 2 n\(N—kn_1)(n
proof of Proposition 3.2. If we now let f(2) = (f( ),1-5-1’ cee 1(\/)> € Ly(R)(N—kr—1)(n+1)
where fJ@) = (f(?l), ceey ;2+1) and fj@) = Dp_1u;, with Dou; = u;, then we conclude
from the foregoing results that

> lme(A@, D)2 )ullf 1) .0,
>1
kr—1 Uj n+1
1
Y (S0 X S e
>1 \ j=1 k=1 j=kr_1+1 k=1

< Ol (A@ D) = M)y o

where the constant C’ has the same properties as the constant C. In light of these last
inequalities, (3.9), and (3.10), we conclude that v € W(t+1)(R”) and that the inequality
(3.1) holds with ¢ and —s replaced by ¢ + 1 and —s + 1, respectively.

Suppose next that s; =0 for j = 1,...,N. Then HI(fSH)(]R") = Wy (R™)N, and for
this case the proposition can be proved by arguing with Wz} (R™)N as we argued with
W} (R™)N=kr=1 in the previous case.

If /o = 1, then the proof of the proposition is complete. Otherwise we complete the
proof by proceeding by induction. O

4. FREDHOLM THEORY

In this section we are going to use the results of Section 3 to derive information
pertaining to the Fredholm theory for the Banach space operators induced by the spectral
problem (1.1). Furthermore, when in the sequel we refer to W[ET)(G),T =t or s and
H,(,_s)(G) as Banach spaces (see Section 3 for terminology), then it is to be understood
that we are equipping these spaces with their ordinary norms. If X and Y are Banach
spaces, then we shall also use the notation L (X,Y") to denote the space of bounded linear
operators mapping X into Y and equipped with its usual norm.

Next let A, denote the operator on H,(,_s) (R™) that acts like A(z, D) and has domain
D(4,) = W, (&").

We note for later use that that if we suppose that the hypotheses of Proposition 3.2
hold, then

[ ll@prn < C (1 Apull(—s)pre + 1 ll(—s)pzn)  for we D(A),
where the constant C' does not depend upon u. Thus we conclude that the operator
A, : D(4,) — prs) (R™) is closed. Note also from Proposition 3.1 that A, : D(A,) —
HZ(,_S) (R™) is bounded.

Referring to [12, pp. 242-243] for terminology, we now have the following result.
Theorem 4.1. Suppose that the spectral problem (1.1) is weakly smooth and parameter-
elliptic in L. Then there exists the number Nt € Ry, where A\ does not depend upon
p, such that A, — Ay € L (D(Ap),Hz(,fs) (R")) and is Fredholm for X\ € L1 = { X €
E’ [Nl > AT }. Furthermore, there exists the number X°(p) > AT such that X belongs to the
resolvent set of A, for A€ L] = { X e LT “)\\ > X(p) }, and hence index(Ap, — N In) =0
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for X € L. Finally, that part of the spectrum of A, which is contained in LT consists
solely of most a finite number of distinct eigenvalues, with each being of finite algebraic
multiplicity.

Proof. We know from the proof of Proposition 3.4 that for z,£ € R™ and A € £ with
|A| Z AO?

N
|det (A(z,€) = MIn) | > Co [T(& )],
j=1
where the constant Cy does not depend upon z, £, and . Furthermore, it is not difficult
to verify that for these values of x, &, and A,
N
|det (A(2,) = Ay) — det (A(2,§) = Xy) | < CIN ™ T (&0,
j=1
where the constant C' does not depend upon z, &, and A. Hence it follows that we can
choose the number A\f € R, such that

N
[det (A(z,€) = M) | = Co/2 [ ] (€, 0)"
j=1
for z,6 € R" and A € £ with |A| > AT. Thus all but the final assertions of the proposition
now follow from this last result, [19], Proposition 3.3, from what was said in the text
preceding the statement of this theorem, and from the fact that £ is contained in a
component of the Fredholm domain of A4, (see [12, pp. 242-243]).

Turning now to the final assertions of the proposition, let A1, Ao € LT with [A;] > A%(p)
and |A\2| < A%(p). Then there is a polygonal arc v = {'y(t),O <t< 1} joining A; to
A2 and lying entirely in £ such that v(0) = A\; and y(1) = ;. But this implies that
either N(t) = dimker (A, —v(t) In) =0 for 0 <t < 1 or there is a 71,0 < 71 < 1 such
that N(t) = 0 for 0 < ¢ < 71, N(71) > 0. However for either case we know from [12,
Theorem 5.3.1, p. 241] that for some € > 0, dimker(A4, —AIn) =0 for 0 < |A—Xo| < € if
the first case occurs and for 0 < |A—~(71)| < € if the second case occurs. Furthermore, if
the second case occurs, then either N(t) = 0 for 0 < ¢ < 1 except for ¢t = 7, or there is a
72,0 <71 < T3 <1, such that N(t) =0 for 0 < ¢ < 75 except for t = 75,5 = 1,2. But as
before, we know that in either case there is an € > 0 such that dimker(A4, — AIn)) =0
for 0 < |A — Az] < 0 if the first case holds and for 0 < |\ — v(72)| < € if the second case
holds. Carrying on in this manner we finally arrive at the situation where either there is
a finite sequence {7; }¥,0 < 71 < --- < 7 < 1 such that N(t) = 0 for 0 < ¢ < 1 except
for t = 75,5 = 1,...,k, or there is an infinite sequence {7; }°,0 < 74 < 75 < --- < 1,
such that N(¢) = 0 for 0 <t < 7 except for ¢t = 7;,j > 1, where 7 = lim;_,, 7;. Then we
see from [12] that the second case is not possible, while for the first case there is an € > 0
such that dim ker(A4, — A Iy) = 0 for 0 < [A—Az| < e. Thus we have shown that if u € £
and dimker(A, — uIn) > 0, then there is an € > 0 such that dimker(A4, — A Iy) = 0 for
0 < |A — p| < e. The final assertions of the theorem follows from this last result, and
[12], which concludes the proof. O

We are now going to investigate how the eigenvalues, if any, of A, which lie in £T vary
with p.
Theorem 4.2. Suppose that the spectral problem (1&2'3 weakly smooth and parameter-
elliptic in L. Suppose in addition that alF € C%+™(R") for |a| < sj +t5,1 < j,k < N.
Lastly suppose that \1 € L is an eigenvalue of A, and uV) a corresponding eigenvector.

Then A1 is an eigenvalue and vV € Wq(t)(R") a corresponding eigenvector of A, for
every q satisfying p < q¢ < oo. Consequently ker(A, — M In) C ker(Aq — A In).
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Proof. As a consequence of Proposition 3.6 we see that u(!) ¢ W;EH_") (R™). Hence it
follows from the Sobolev embedding theorem (see [1, Theorem 5.4, p. 97]) that u(!) €
Wq(t) (R™) for every g satisfying p < ¢ < oo, and all the assertions of the theorem are
immediate consequences of this fact. O

Under some further restrictions Theorem 4.2 can be improved.

Theorem 4.3. Suppose that the hypotheses of Theorem 4.2 hold with s; = 0 and t;
even for j = 1,...,N. Suppose in addition that for 1 < j k < N, alF € Clol+*(Rn) N
CleFLORR) for |a| <ty with alF(x) =0 for x € R™ if j > k,t; < ty, and |a| > t; and
also if j < k,t; > ti, and |a| = ti. Then the eigenvalues of A, lying in L, as well as
their geometric and algebraic multiplicities, are the same for all these values of p.

In order to prove the theorem, a preliminary result is required.

Proposition 4.4. Suppose that the hypotheses of Theorem 4.3 hold and let 1 < q < p.
Also let \y € LV and put ny = dimker (A, — A In),d, = dim coker (A, — A In). Then
(1) ker(Ap, — A1 In) C ker(Ag — M In) if 0 <d, <mn, < oo;
(2) ker(Ap — M In) C ker(Ag — M In) if 0 <my, < dp < 00.

Proof. To begin with let us introduce the multiplication operators T,(7) and S,(7),
7 > 0, acting on D(A,) and L,(R")V (= HZ(,_S)(R”)), respectively, where Tp,(T)u(x) =
e~ hy(x) for u € D(A,), Sy(T)v(z) = e ™{*lu(x) for v € L,(R")N, where (2) =
(1+ |zf?)*/2.

Let u € D(A,), denote by uy its k-th component, and let @ denote a multi-index such
that |a] < tg. Then it follows from the Leibnitz formula that

Da6i7<r>uk($) _ e:I:T(:E>Dauk(x) + Z (Oé) (Dﬁe:tT<Z))> Da_ﬁUk(x),
B<a
[8]>0

while direct calculations show that

Dﬂezl:‘r(m> — eztr<a7> Z /H /(:tTDPYj<ZC>)
and that
DY ()] < Clyy) ()~

where [’ indicates that the product is taken over a set of distinct multi-indices ~; for
which |v;| > 0and >, [v;| = |8], S~ indicates that the sum is taken over all such sets, and
C(~;) denotes a constant depending upon ;. In light of these facts it is not difficult to
deduce that for 7 € [0, 00), T,(7) € L (D(4,), D(A4p)) and S(7) € L (L,(R™)N, L,(R™)N)
are Cj semigroups such that for each 7, T'(7) and S(7) are injective,while S(7)*A4,T(7) €
L (D(4p), Ly(R™)™N) and that S(7)*A4,T(7) converges in norm to A, as 7 — 0.

Let us next fix our attention upon the assertions of the proposition, and to begin
with let us consider assertion (1) with n, > 0 and d, = 0. Then it follows from [12,
Theorem 5.22, p. 236] that for some 70 > 0,V = S(79) ' (4, — A\ In)T(70) is semi-
Fredholm with dimkerV = n,, and dimcoker V' = 0. Hence by arguing as in [19] and
applying Holder’s inequality, we readly deduce that ker(A, — A\ In) C ker(Aq — A1 In).
Obviously the same result is true if we assume instead that n, = 0.

Finally assertions (1), with d, > 0, as well as assertion (2), can be proved by modifying
the above arguments as in [19]. O

Proof of Theorem 4.3. Referring to Proposition 4.4 for notation, let us firstly fix our
attention upon the case 1 < ¢ < p and prove all but the final assertions of the theorem for
this case. Accordingly, to begin with, let us observe from Theorem 4.2 and Proposition 4.4
that ker(Ay — A1 In) = ker(4p — A1 In).
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We now turn our attention to cokernels. Then it is not difficult to show that under
our assumptions the spectral problem formally adjoint to the spectral problem (1.1),
(4.1) A'(z, D)u(z) — Mu(z) = f(x) for z€R™,

N
is well defined. Here A'(z, D) = (A;k(L D) ' is the formal adjoint of A(z, D), the

Js
A’y (x, D) are linear differential operators defined on R™ of order not exceeding s’ + t;
where s’ = 0,t) = t; for 1 < j,k < N. Note also that the top order operators A(z, D)
and A/(x, D) are block diagonal. Then it is not difficult to verify that the analogues of
Propositions 3.1-3.3 for the spectral problem (4.1) also hold and we can take the constant
A of Proposition 3.1 to remain the same. We henceforth let A;, denote the operator on
Ly (R™)N that acts like A’(z, D) and has domain D(A!,) = Wﬁ) (R™); and we can readily
verify that the analogues of Theorems 4.1, 4.2 and Proposition 4.4 hold for A;,. Hence

we can now argue as above with A:Z, — 2 Iy and A;, — X1 Iy in place of Ap — A Iy and
Ay — M Iy, respectively, to deduce that coker (A4 — A1 In) = coker (A, — A\ In). This
proves all but the final assertions of the theorem for the case ¢ < p, and the analogous
result for the case ¢ > p can be proved in a similar fashion (i.e., by arguing with the
adjoint operators).

Turning to the final assertions of the theorem, let \; € LT be an eigenvalue of A, and
u) a corresponding eigenvector. Then it is clear from what has already been proved that
we need only prove that the algebraic multiplicity of A; is the same for all p. Accordingly,
let us suppose firstly that ¢ > p and let {u(l’j) }2:01 be a chain of length m consisting

of the eigenvector u9 = 4 and the associated vectors {u(lj) };7:11 corresponding
to the eigenvalue A\; of A4, (see [16, pp. 60-61]). Thus it follows from Proposition 3.6
and the Sobolev embedding theorem (see [1, Theorem 5.4, p. 97]) that { u(19) };7;—01 is a

chain of length m consisting of the eigenvector u(!) = 419 and the associated vectors
{u(l»j) };n:_ll corresponding to the eigenvalue A\; of A;. We conclude immediately that
the algebraic multiplicity of A\; as an eigenvalue of A, does not exceed the algebraic
multiplicity of A; as an eigenvalue of A;. On the other hand we can appeal to the
analogue of Proposition 3.6 for the spectral problem (4.1) to show that the algebraic
multiplicity of A\ as an eigenvalue of A;/ does not exceed the algebraic multiplicity of A
as an eigenvalue of A;,. Hence we conclude that the algebraic multiplicity of A\; as an
eigenvalue of A, and of A, are the same (see [12, p. 184]). Since similar arguments give
the same result for ¢ < p, the proof of the theorem is complete. O

5. AN EXAMPLE

In this section we fix our attention upon the spectral problem (1.1) with A(x, D) a
2 x 2 matrix operator whose entries A, (x, D) are linear differential operators defined on
R"™ of order not exceeding s; + ti, where s; = 0 for j = 1,2, and t; = 4,t, = 2. To be
more precise we now take

. 2
(5.1) A(z, D) = Ag(z, D) — cl + (Ajk(x, D)) L
J,k=1

where Ag(xz, D) = diag (AQ,—A), A denotes the Laplacian in R™, ¢ € R, denotes a
constgnt, Ajip(z,D) = Z\alinjk alk(z)D with oj; = 1if j # k,011 = 3, 092 = 1, and
the alF € C§°(R"). Then with A(z, D) given by (5.1), let us now investigate the spectral
theory connected with the problem (1.1).

Accordingly, let us fix an e satisfying 0 < € < 7/2 and let £ denote the sector in the
complex plane with vertex at the origin determined by the inequalities ¢ < arg A < 2m—e.
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Then we can readily verify that the hypotheses of Theorem 4.3 concerning the spectral
problem (1.1) are satisfied, and hence if we let A, denote the operator on L,(R™)?

that acts like A(x, D) and has domain D(A4,) = Wzgt) (R™), the all the assertions of
Theorems 4.1 and 4.3 hold.
In order to derive more information concerning the spectral properties of A,, we are

now going to fix our attention upon the case p = 2, and let Agl) (resp. AgQ)) denote the
operator on La(R™) that acts like A? (resp. —A) and with domain D(Aél)) = Wi (R")
(resp. D(Ag)) = WZ(R™). Then direct calculations show that Agl) is a symmetric ope-

rator on La(R™) whose numerical range is contained in the interval [0, 00). Furthermore,
since it is shown in [10] that the analogue of Theorem 3.3 holds when the spectral problem

(1.1) is replaced by a scalar spectral problem, we conclude from these results that Agl)
is a selfadjoint operator on Lo(R™) whose spectrum is contained in the interval [0, co).

Similarly we can show that Aég) is a selfadjoint operator on Lo(R™) whose spectrum is
contained in [0, c0), and furthermore, we know from [6, p. 416] (see also [20, p. 158] for
the case n = 2) that its spectrum is precisely [0, c0).

Thus we have shown that if we let Ago = diag (A(Ql),A(QZ) ), then Ago — cly is a
selfadjoint operator on La(R™)? with domain D(Ag2) = Wz(t) (R™) and whose spec-
trum is precisely [—c, 00). Furthermore, we can appeal to Proposition 3.2 to show that
Ay — (Ap,2 — c o) is relatively compact with respect to Ag 2 — ¢ Iz, and hence it follows
from [12, Theorem 5.35, p. 244] that A, is a closed operator on La(R™)? with essential
spectrum [—c¢, 00) and with semi-Fredholm domain C \ [—¢, c0). Hence referring again
to Theorem 4.1, it is clear that we must have AT > ¢, while it also follows from the
arguments used in the proof of the final assertion of that theorem that the Fredholm
domain of Ay is precisely C \ [—c,00), that C \ [—¢,00) consists of only one component,
and that index (As — AIy) =0 for A lying in this component.
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