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EVOLUTION OF STATES AND MESOSCOPIC SCALING FOR
TWO-COMPONENT BIRTH-AND-DEATH DYNAMICS IN
CONTINUUM

MARTIN FRIESEN AND OLEKSANDR KUTOVIY

ABSTRACT. Two coupled spatial birth-and-death Markov evolutions on R% are ob-
tained as unique weak solutions to the associated Fokker-Planck equations. Such
solutions are constructed by its associated sequence of correlation functions satisfy-
ing the so-called Ruelle-bound. Using the general scheme of Vlasov scaling we are
able to derive a system of non-linear, non-local mesoscopic equations describing the
effective density of the particle system. The results are applied to several models of
ecology and biology.

1. INTRODUCTION

In the last years we observe an increasing interest to interacting particle systems in
the continuum in regard to particular models of ecology, biology and social sciences,
cf. [4, 5, 6,9, 33]. An important part of the general theory of interacting particle
systems in the continuum is related to the construction of the associated dynamics and
the study of their scalings. In particular, from the point of view of applications it is
worthy to investigate the corresponding mesoscopic equations. Within this framework,
each particle is described by its position 2 € R? and the collection of all particles by
the configuration 7. Assuming that each two particles cannot occupy the same position
and all particles are indistinguishable, we will choose the configuration space I" to be the
collection of all admissible particle configurations v, i.e.

I'={ycR?||yNK]|< oo for all compacts K C R?}.

Here and subsequently |A| denotes the number of elements in the set A C R?. It is
assumed that the microscopic dynamics consists of two elementary events. Namely, the
death of a particle (y — y\{z}) and the birth of a particle (y — yU {z}). A detailed
analysis of such birth-and-death dynamics can be found in [11], see also the references
therein. However, many particular models from ecology and biology require that we have
at least two different types of particles.

The aim of this work is to extend the known results for two-component interacting
particle systems. Since two particles of different types cannot occupy the same position,
a proper state space for the dynamics is naturally given by the configuration space

I?:={(v",y7) eI xT | y"ny~ =0},

cf. [17]. The stochastic time-evolution is incorporated in the particular form of the
associated Markov (pre-)generator L. The fact that particles can only die or create new
particles leads to the special form of the corresponding generator L = LT + L™, where
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both operators L* are given on polynomially bounded cylinder functions F on I'? by

(L.1) L™F)) = Y d (@t \{@)EFEGTy \z}) - F(7)

+/ b~ (z,)(F(y*, v~ U{a}) — F(y)) dx
Rd
and

(1.2) (LYF)(y) = Y d¥ @\ {a}hy )(FE N\ {2hy) - F(9)

+ / b (2. 7)(F(r+ U {2},77) — F(y) de.
Rd

For simplicity of notation, we write y = (y*,v7), v¥\z and y* Uz instead of y*U{z} and
vi\{az}, respectively. The birth-and-death Markov process associated to the operator L,
provided it exists, consists of two elementary events. The death intensities d*(z,7) > 0
determine the probability that the particle z € ¥+ disappears from the configuration
4*. The birth intensities b*(x,y) > 0 determine the probability for a new particle
to appear at x € R%. Multi-species birth-and-death dynamics in the continuum are
especially important in ecological, biological and physical applications. For example, the
famous Widom-Rowlinson approach to the phase transition in the continuum is based
on a two-component classical gas model. This approach was extended to more general
Potts-type systems (see [22]). Recently, the dynamical versions of these models were
studied in [13]. The corresponding Markov statistical dynamics was constructed with
the help of Glauber dynamics on I'. The dynamical phase transition was shown there in
the mesoscopic limit of this dynamics. In contrast to that work we are able to construct
the corresponding dynamics for all ¢ > 0. Different kinds of other models, additional
comments and explanations for the modeling of tumor growth can be found in [9] and
the references therein.

The Markov process associated with the (pre-)generator L may be obtained as the
unique solution to certain stochastic differential equations, cf. [21]. Unfortunately the
conditions given in the latter paper are too restrictive for some applications. A different,
functional analytic, approach to the construction of the processes is related to the con-
struction of solutions to the (backward) Kolmogorov equation on functions F : I'? — R

OF,
(1.3) 8—tt =LF,, Fli—o=F, t>0.

Until now, however, there exist up to our knowledge no techniques which can be used to
solve (1.3) in any space of continuous functions on I'2. The construction of an associated
Markov process with general birth-and-death rates is, therefore, still unsolved. This
difficulty comes from the necessity to control the number of particles in any bounded
domain in R?. One therefore tries to construct an associated evolution of probability
measures on I'2, that is the one-dimensional distributions of the Markov process. The
evolution of one-dimensional distributions is an essential problem on its own right.

A probability measure p on I'? describes in this setting the distribution of particles
located in R%. Functions F : I'’> — R are called observables and

(F,p) = /Fz F(y)du(y)

are considered as measurable quantities of the particle system. Above duality yields a
weak formulation for the dual equation to (1.3), i.e.

d

(1.4) %<Fa pe) = (LF, pe),  puele=o = po, ¢ =0.
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It is known as the (forward) Kolmogorov equation. In the physical literature (1.4) is also
called Fokker-Planck equation. Because of the Markovian property of the operator L we
expect that solutions to (1.4) can be constructed in the class of probability measures on
I'? and hence determine an evolution of states. Solutions to the Fokker-Planck equation
determine the distributions of the associated Markov process, provided, of course, it
exists. Hence (pu;)1>0 is referred to as the ’statistical description’ of the birth-and-death
process.

For many, from the point of view of applications, interesting interacting particle sys-
tems it seems impossible to solve (1.4) for any initial state po. Note that the particular
choice pip = -, where v € I'?] is related with the construction of an associated Markov
process on I'2. It is necessary to restrict ourselves to a certain set of admissible ini-
tial states. Here we see a crucial difference comparing with Markov stochastic processes
framework where the evolution can be constructed for any initial data. One possible class
of admissible initial states is given by the collection of all sub-Poissionian states, cf. [24]
for the one-component case. Such states are described in terms of their associated corre-
lation functions (kﬁn’m));’f’mzo. For the convenience of the reader we repeat the definition
of correlation functions and their properties in the next section. The one-component case
with general location space X (here X = R%) was considered in the pioneering works

oo

[27, 29, 30] to mention some. The collection of correlation functions (k,&”’m))mmzo is

called sub-Poissonian if it satisfies the Ruelle bound
kﬁ"’m)(mh T YL Ym) <A™ pom e Ny

for some constants A > 0 and «, 5 € R. A sub-Poissonian state y is therefore a probability
measure on I'? for which the associated correlation functions exist and are sub-Poissonian.
The Cauchy problem (1.4) is then formally equivalent to a system of Banach space-valued
differential equations

ok
ot
where L can be seen as an infinite operator-valued matrix. We provide, under some

reasonable conditions, existence and uniqueness of weak solutions to (1.5) and conse-
quently derive existence and uniqueness of weak solutions to (1.4). Note that a solution

(1.5) = (L2%)™™ k™) o = K™ nymoe Ny,

(k,ﬁ”'m);ﬁmzo to (1.5), in general, does not need to be the correlation function of some
state p; on I'2. For such property additional analysis is required which was only achieved
for particular models (see e.g. [23, 24, 25]).

This work is organized as follows. Notations and preliminary results are introduced in
the second section. The third section is devoted to the construction of solutions to the
pre-dual equation to (1.5). To this end we first prove that the pre-dual equation is well-
posed and show that solutions can be obtained by the action of an analytic semigroup
of contractions, see Theorem 3.1. The adjoint semigroup is related to existence and
uniqueness of solutions to (1.5). It is shown that such solutions are the correlation
functions corresponding to an evolution of states, see Theorem 3.7 and Proposition 3.13.
The fourth section extends the Vlasov scaling, cf. [11], to the case of two-component
Markov evolutions, see Theorem 4.1-4.3. Examples are considered in the last section.

2. PRELIMINARIES

Space of finite configuration. One-component case. Denote by I'y the configura-
tion space of all finite subsets of R?, i.e.

Ty ={nCR||n < oo},
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where |n| denotes the number of particles in the set 1. This space has a natural decom-
position into n-particle spaces, I‘o =11 F( ") , where I‘( ") = ={ncR||p=n}, n>1
and in the case n = 0 we set I‘ = {0}. Denote by (Rd)" the space of all all sequences

(z1,...,2n) € (RY)"™ with z; # x; for i # j. F( ") can be identified with (Rd) via the
symmetrization map

m,, : (R4)" — F(()n), (21, xn) — {21, ..., 20}y

n)

which defines a topology on I‘(()n). Namely, a set A C F(() is open if and only if

sym, 1(A) c (R4)" is open. On I'y we define the topology of disjoint unions, i.e. a
set A C Ty is open iff AN Fén) is open in 1"(()") for all n € N. Then Iy is a locally compact
Polish space. Let B(T'g) stand for the Borel-c-algebra on I'y. Denote by dx the Lebesgue
measure on R? and by d®"z the product measure on (R%)". Let d™z be the image

n)

measure F(() w.r.t. sym,,. The Lebesgue-Poisson measure is defined by

o0 1
— E (n)
A=y + 1 n!d z.
n=

Given a measurable function G : T'g x I'g x I'g — R, then

(2.1) | Seemenam= [ [ cennugneam

0¢cn

holds, provided one side of the equality is finite for |G| (see e.g. [27]). For a given
measurable function f: R — R the Lebesgue—Poisson exponential is defined by

ex(f;m) =[] f(=
xren
and satisfies the combinatorial formula
D el ;&) =ex(1+ f5m).
£Cn

For computations we will use the identity
/ ex(f;m) dA(n) = exp ( f(x) dx>,
T Rd

Space of finite configurations. Two-component case. In this part we want to
provide a brief overview for the two-component configuration space I'3, see [15, 17] and
the references therein. We suppose that two different particles cannot occupy the same
location = € R? and therefore define the two-component state space by

I3 ={(n",n") €ToxTo | n" Ny~ =0}
Here and in the following we simply write 7 instead of (n*,n~) € ' if no confusion may

arise. Set operations ¢ C 17, £ Un and n\¢ are defined component-wise, i.e. by £+ C n,
etc. For n € T3 we let || := |n*| + |n~|. The space I'Z has the natural decomposition

9]
I_l F(()n,?ﬂ)7

n,m=0

whenever f € L'(R%).

where T{"™ = {(n*t,n7) CREx R | n* N~ =0, |n*| =n, |n~| = m}. The topology
on F(()"’m) and T3 is defined in the same way as for Fén) and I'g. It is not difficult to
see that this topology is the same as the subspace topology of the product topology on
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I'p x T'g. In particular 1"3 is a Polish space. The product measure A @ A on I'g x I’y
satisfies

(2.2) A@AM{(n",n7) €ToxTo [0t Ny~ #0}) =0,

see e.g. [16]. The Lebesgue-Poisson measure A? on I'Z is defined as the restriction of A@ A
to I'Z. Since no confusion may arise we use the same notation A for the Lebesgue-Poisson
measure A2 on I'Z and A on I'g. One can show that integrals w.r.t. integrable functions
G :T? — R can be also written as

(23 Goyaxn = [ [ Gty dxHiner).
r2 o /T

By (2.1), (2.2) and, (2.3) we see that the two-component Lebesgue-Poisson measure

satisfies

(2.4) /ZGﬁn\fnd/\ //annUé)dA(&)dA()

5 ecn

provided one side of the equality is finite for |G|. A set M C T'Z is called bounded if
there exist a compact A € R¢ and N € Ny such that

Mc{(nt,n")eTg | nt CA, n| <N}

A function G is said to have bounded support if it is supported on a bounded set. Denote
by Bys(I'2) the space of all bounded, measurable functions having bounded support. We
say that H : T3 — R is locally integrable if it is integrable for any bounded set. This is
the same as regarding that the integral frg G(n)|H(n)| dA(n) is finite for all non-negative

functions G' € Bys(T'3).

Space of locally finite configurations. The one-component configuration space I'
consists of all locally finite subsets v of R% and it is equipped with the smallest topology
for which v —— >_ . f(z) is continuous for any continuous function f : R? — R
having compact support. Then T" is a Polish space on which we consider the associated
Borel-o-algebra. Given a € R, the Poisson measure 7.« on I' is defined as the unique
probability measure having the Laplace transform

/ezze’v f(zx) drtge (’Y) = exp (ea/ (ef(x) — 1) d:c),
T R

see [27]. For two-component systems we consider the product space I x I" equipped with
the product topology. For simplicity of notation we write v := (y*,77). Likewise we
use for n € I'2 the notation n C v and +\n by which we mean that n* C 4+, n= C 7~
and v \n*, vy \n~.

By [16] it follows that the product measure mea ® 75 on I' x I' with o, 8 € R is
concentrated on

2={(y" 7)€ xT [y Ny” =0},

i.e. Tea @m0 (I'?) = 1. Here I'? is the configuration space for Markov evolutions of parti-
cles with two different types (see [17]). It is equipped with the restriction of the product
topology on I' x I. The additional restriction is due to the fact that any two particles
cannot occupy the same position. The two-component Poisson measure is defined by
Tea 6 1= Tea @ Tes|p2. Below we describe the class of measures for which equation (1.4)
will be considered.

Let A,,A_ C R? be two compacts, define

CxDasa. ={(v",7) €T xT | 4= CAs},
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and set projections py+ - :I' XTI — (T'x D)a, a_, (7,77 ) — (7T NAL, v~ NAD)
A probability measure p on I' x T' is said to be locally absolutely continuous w.r.t. the
Poisson measure if p+4~ == pop | is absolutely continuous w.r.t. mea @mes0py | 4 -
Note that this definition is independent of the particular choice of o and 8. Any such
measure p satisfies p(I'?) = 1 (see [16]).

For G € Bys(T'3) define the K-transform by

(2.5) (KG)(v) =>_ G(n),

ney

where 17 € v means that the sum only runs over all finite subsets 1 of v. Then KG
is a polynomially bounded cylinder function, i.e. there exists a compact A C R? and
constants C' > 0, N € N such that (KG)(y",77) = (KG)(y" N A,v~ NA) and

(KG) ()] < CA+ I nAl+]hy" nADY, yeT?

holds. The K-transform K : Bys(I'3) — FP(I'?) := K(Bys(T'3)) is a positivity preserv-
ing isomorphism with inverse given by

(K™'F)(n) =) (~1)I"F(©), neTs.

£Cn

Denote by K the restriction of K determined by evaluating KG only on I'Z. Its inverse is
then denoted by K ! Let p be locally absolutely continuous w.r.t. the Poisson measure
and assume that it has finite local moments, i.e.

L AT AL duG) < o

for all n € Ny and all compacts A+ C R?. It can be shown that there exists a function
k,, : T3 — R, satisfying the relation

(2.6) . KG(y) du(v) = o Gk (n)dA(n), G € Bys(T5),
0

see [16]. This function is the so-called correlation function associated with p. In such
a case the K-transform can be uniquely extended to a bounded linear operator K :
Ll(F%,kud)\) — Ll(l"27d,u) such that ||KGHL1(F2,d#) < ||GHL1(F§,I¢Md)\) and (2.5) holds
for pra.a. v € T'? (repeat e.g. the arguments given in [27]). Let Ly, := L*(T', k,d)), for
ku(n) == eI 1eBIn"| we also write Ly, = Lo, A function G € L, g is called positive
definite if KG > 0. Denote by £; 5 the cone of all positive definite functions.

The duality (G, k) := frg G(n)k(n) dA(n) is used for the identification L}, 5 = Ko 5.
Here K, 5 stands for the Banach space of all equivalence classes of functions &k : '3 — R
equipped with norm

|Ellx.. 5 = ess sup |k:(77)\efa|77+‘67’8"7_|.
nerz
A function k € K, p is said to be positive definite if (G,k) > 0 holds for all G €
B (T8) = Bus(T3) N LY 5. Let K 5 be the space of all positive definite functions
in Kq,8. Denote by P, s the collection of all probability measures having finite local
moments and being locally absolutely continuous w.r.t. the Poisson measure such that
for each p € Pq g its correlation function k, belongs to ICo g.

Theorem 2.1. [27, 29, 30] The following assertions are satisfied.

(1) Let p € Pqp with correlation function k,. Then k,(0) = 1 and k, is positive
definite.
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(2) Conversely, let k € ICIB and assume that k() = 1 holds. Then there exists a
unique p € Po,g with k as its correlation function.

Let i € Pq g, then by Fubini’s theorem

KG(v) du(y) =/F/FKG(7+,7‘)du(v+m‘)

F2
holds for all G € L, 5.
3. CONSTRUCTION OF DYNAMICS

Let L =L~ + LT be given by (1.1) and (1.2). We suppose that the intensities satisfy
the condition given below.

(A) For all z € R?
(3.1) RYxI? 3 (z,7) — d¥ (z,7"\z,77),d" (z,7",7"\2),b%(z,7),b7 (z,7) € [0, 9]

are measurable w.r.t the product Borel--algebras on R% x I'? and B(R), where
R = R U {co}. Moreover, their restrictions to R? x I'Z take values in [0, 00) and,
for any compact A C R? and bounded set M C I'3

(3.2) /A /M(d+ (@.m) + d~(2,1) + b (2, m) + b~ (2, n)) dA(n)dz < 0.

3.1. Quasi-observables. Introduce the cumulative death intensity by

=Y d@nt i \e)+ Y dF (@ \a )

TENT zent

and set ¢(L, o, B;m) = ¢(n) = c(e, B;m) by

(3.3) (Lo, Bim) = Y / €A NIKT T (2, - Unt, - U~ \2)|(€) dA(€)

xren— F2
N Z/ A& AIE RS (2, - U\, - U7 )|(€) dA(E)
x€n+
g Z/ IR (2, - Ut - U™ \2)|(€) dA(E)
ren—
+ee Y / el PIETNRG B (@, U\, U )I(€) AA(E).
I€?7+ 0

Define a linear mapping on Bys(I'2) by L= =K, !LKy. Using the methods proposed in

[11, 17] we can compute L. It has the form L = A+ B. The latter expressions are given
by (AG)(n) = =M (n)G(n) and by

=Y GO D (Ky'd(z,- Ut UL \2)(\&)

ECn reE—

=Y GO ) (Ky'dt (e, ugt\z, - UET)(M\E)
£Cn zegt

+Z/ G(e+,€™ Ua)(Kg b~ (a,- UET, - UET)) (\E) da
§Cn

+Z/ G(ET Uz, &) (Ky'bT (z,- UET,-UE))(n\E) d

£Cn
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Below we consider the linear mapping L in one fixed Banach space and construct a
semigroup associated to the Cauchy problem for quasi-observables

oGy -~
(3.4) 6—tt = LGy, Gili—o = Go € Lag.
Note that solutions to (1.3) are formally related to (3.4) by F; = KG;. Denote by T* the

1, ‘77| =0

function given by T*(n) := 0"l = o
0, otherwise

Theorem 3.1. Suppose that (A) is satisfied and assume that there exists a, 8 € R and
a constant a = a(w, B) € (0,2) such that

(3.5) c(a, B;m) < ala, B)M(n), 1 €T}
holds. Then the following assertions are true:
(a) The closure of (L, Bys(T'2)) is the generator of an analytic semigroup (fa,ﬁ(t))tzo

of contractions on Lo g such that faﬁ(t)]l* = 1I" holds. Moreover, the closure is
given by

~

Dap(L)={G € Lap | M-G € Lap}

with L = A+ B defined as above.

(b) Suppose that (3.5) holds for all & € (ax,a®) and B € (By, 5*) with a. < a* and
B« < %, and possibly different constants a = a(«, 3). Then, for any o/ < o and
B < B the space Lq,p is invariant for Tes g/ (t) and To g(t) = Tor g/ (t)|z,, 5 holds.

Proof. (a) Set Do g(A) = {G € Lo | M -G € L,p}. Then, since M > 0, the
operator (A, Dy 3(A)) is the generator of an analytic (of angle 7 ), positive Cp-semigroup
(e7™),50 on L, g, see [7]. Let B’ be defined for any G € Bys(T3) by

(B'O)n,n7) =Y G Y [Kg'd (x,- Ueh, - UE\2)|(1\E)

ECn €l

+Y) GO Y Ky (@, UgM\z, - UET)|(n\)
£Cn zegt

+ Z/ GEr, & U)Ky b (z,- UET, - UE)|(n\E) da
£Cn Rd

+ 3 [ A U NG U UEN A
ecn 'R
Fix r € (0,1), cf. (3.5), such that a(a,8) < 1+ 7 < 2. For each 0 < G € D, 3(A), see
(2.4), we obtain by (3.5)

B/G(n)eamﬂeﬁl”f‘ d\(n) = / (cla, Bym) — M(n))G(n)eo‘lnﬂeM’f‘ dX\(n)

g

<r | MGt 1P dAw)
I3
and hence frg (A+1B)G(n)exIn lefIn" I dA(n) < 0 holds. Therefore by [34, Theo-

rem 2.2] the operator (A + B’, D, g(A)) is the generator of a strongly continuous semi-
group (U(s))s>o of contractions which preserves positivity. By [1, Theorem 1.1, Theorem

2
1—‘0
*

1.2] the operator (A + B, D, 3(A)) is the generator of an analytic semigroup (f(s))szo
such that |T'(s)G| < U(s)|G| holds for all G € L, g. Since U(s) is a contraction operator,

sois T'(s). It remains to show that the closure of (Z, Bys(T3)) is given by (A+B, Dy 5(A)).
To this end it suffices to show that Bys(T'3) is a core for A + B.
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Let G € D, 3(A), A, C I'} an increasing sequence of bounded sets with |J A, =
n>1

I and let Gn(n) = Ta, (Mg <, (n)G(n). Then |G, < |G| and G,, — G almost
everywhere. Hence, M -G,, — M -G and by dominated convergence also BG,, — BG,
as n — oo a.e. As a consequence LG, — LG, as n — oo almost everywhere. By

ILG,| < M|Gy| + B'|Gn| < (M + B')|G| € Lag

and dominated convergence we obtain LG, — LG in L. Therefore Bys(T3) C
Da’g(f) is dense in the graph norm, i.e. the closure of (E,BbS(F%)) is given by (A +
B, D, (4)).

(b) Let ¢/ < « and ' < 3 such that (3.5) also holds for (a/,/"). Denote by
(farﬁ/(s))szo the corresponding semigroup on L,/ g with generator (Z,Da/ﬁ/ (L)) on
the domain

Dafﬁ/ )—{GELQ/B/‘M Gecaﬁ}

We have to show that L, 5 is invariant for T, g/(s) and
(3.6) T(s)G =Tw p(s)G, GE€ELyp, s>0.
To this end we define a linear isomorphism
St Lap— Loy, (SG)(n)=el=Nme@B=8"1G ()

with inverse S~ glven by (S71G)(n) = e~ (=" le=(B=B111G (n). Define on Lo g a
new operator by L1 .= SLS1 equipped with the domain

Da',ﬂ'(Ll) = {G S La/ﬁ/ | S_lG S Daﬂ(L)} = {G S Ea/,ﬁ/ | MS_lG S Laﬂ}.

Since [MS™'G|c, , = MGz, , we obtain Dy 3(L1) = Do g (L). Let us show that
(L1, Do 3 (L)) is the generator of a Co-semigroup on Lo p. The definition of S and
S~!implies L1 = A + By where A is the same as for L and B; is given by

(B1G)(n) =

.8

-3 Gl ) \EH| L(B=B") 0 \E™ | > (Kgld(z,-ugt, U \z)(\E)
£Cn rel—
= 3 G)elem I BB\ SN (Rt (- U \a, - UET)) (\E)
£Cn vt
4 o=(B-8) Z/ (€, 6 Uz)ele a )\ (BB~ \&~ (KoM (z,- UE))(n\&) da
§Cn

Fe 0N | Gler U e el IO R (- U ) \6) de
£Cn
Define analogously to B’ the positive operator Bj such that |B1G| < B{|G|, then for any
non-negative function G € D, g/(L1) we obtain

1o+ 1. — 7o+ -

[ B e ax) = [ (etan i) — Ma)GOpe 71 axa).
0 0

The same arguments as for the construction of Ta”@(t) show that (A+ Bj, Dy g (El)) is

the generator of a sub-stochastic semigroup and hence (L1, Dy g/(L1)) is the generator
of a Cy-semigroup. Now [31, Chapter 4, Theorem 5.5, Theorem 5.8] implies that £, g is
invariant for T,/ g/ (t) and the restriction to Lo g is a Co-semigroup given by T, g(t) :=
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fa/,gl (t)|z..5- The generator of Taﬁ( t) is given by the part of (L Dy g (L )) in L4,
that is by

Do (D)|zo s ={G € Dor,pr(L) N Lag | LG € Lo}
—{G€E€Lop | M-GELyp, LGE Log}

Condition (3.5) therefore implies D, g(L) C Dy ﬁ/(A)|£ » and hence (E Dy 5/(A)|£a 5)

is an extension of (L, Dy g(L)) Denote by R(; L) the resolvent for (L, Dy, (L L)) and by

R(X; L) the resolvent for (L, Da (L )\Laﬁ). For sufficiently large A > 0 it follows that
()\,L)G S Da,g(L) C Dy ,ﬁ/ )|£a,g for any G € Eaﬁ and thus

R\ L)G — R\ L)G = RO L) (A= L) — (A= L))R(\; L)G =0,

where we have used that for elements in D,,, 5(E) the action of the generators is given by
the formulas for L = A + B and hence coincide. (I

For one-component models, i.e. b~ = 0 = d, a similar construction was already done
in [11]. The main assumption was that each term in ¢(c, 3;7) is bounded by 3M (n) and

it was not clear whether 7, ,3(t) is a contraction operator for ¢ > 0. The next example
shows that the constant 2 in (3.5) is optimal.

Example 3.2. Take d~ =1, b= = z > 0 constant and bT = dT = 0, then condition
(3.5) can be restated to z < €’ and o € R is arbitrary. The evolution equation (3.4)
is in this case exactly solvable and hence has for every initial condition Gy the solution
(Gt)t>0 given by
Gu(m) =1 [ Glrtin™ U )en (2(1—e7):67) AMET), meTs,
0
see [8] for the one-component case. If condition (3.5) is satisfied, then Gy € Ly g.
Suppose that a(a, 3) > 2, i.e. z > e and let tg > 0 such that (1 —e ")z > e for all
t > tg and hence
zl—e e P re)>z(l—ehHe P >1.

Take 0 < G € Lo such that G € Lo, for any (' > 3. The unique solution Gy is then
positive and satisfies

IGeles = /F /F e IIG( T ™ U ea(z(1 — e €7)e ! e T aA (€ )dA ()

= / Gt e7) (7P +e7h)z(1 — e )¢ el 1A ar(yt 67) =
r3

Below we show that T, 3(t) depends continuously (in a certain sense) on the birth-
and-death rates. Let df, d* and bE,b* be such that condition (A) is satisfied. Let

n?

o, Bim) = Z/ TR (d — d ) (- U - U \a)](€) dA(E)

ren—
+ 2 / e NP NRG (A — ), U \a, - Un )| (€) dAE)
+e” Z/ e 1A NRG (0™ — b)), - U™, U \a)](6) dAGE)

reEN”

oy /F el PR (b — b)) (2, - U\, - U )|(€) dA(E)

zent

and My (n) =3, - dy (x0T, 07 \2) + 30 o d (2, 0\, 7).
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Theorem 3.3. Suppose that the following conditions are satisfied.

(1) There exist a, 8 € R and a constant a = a(a, 8) € (0,2) (independent of n) such
that

cn(a, B;m) < ala, B)Mu(n), n €T, n>1
holds.
(2) There exist constants C >0, N € N and 7 > 0 such that
d, (,1) + d; (z,7) < CAL+ )V, neTf, zeR?
holds.
(3) en(a, B;m) — 0, n — oo holds for all n € T2.

Then (3.5) is satisfied. Let Ty 5(t) and fg’ﬁ(t) be the associated semigroups on Lo g.

Then fgﬁ(t)G — T 3(t)G, as n — oo in L uniformly on compacts for t > 0 and
all G € Ea,,@-

Proof. Denote by ¢(L, «, 3;m) the function defined in (3.3). Let ¢(Ly,a, 8;n) be given
as in (3.3) with d¥, b* replaced by df,b*. It is not difficult to see that

n’'n

|C(Ln,0¢7ﬁ; 7]) - C(L,Oé,ﬁ;’l’})‘ S Cn(Oé,ﬂ; 77)
and |M,,(n) — M(n)| < cn(a, 3;7n) holds. Thus, for any n € T'3

co(Lya, fin) = lim (L, @, B;1) < ale, B) lim M () = a(e, B)M(n)

and hence (3.5) holds. Let T, 4(t) and f” 5(t) be the associated semigroups on Lo g.
By Trotter-Kato approxunatlon and since Bbs(FO) is a core for the generators of both

semigroups, it suffices to show L G — LG for any G € Bps(I'2). To this end one can
show that

ILnG — LGz, , < / calar, B;m)|G(n)|e 1?11 ax(n).
I3

Note that the integrand tends for a.a. n to zero. Since cy(a, 5;n) < a(a, 5)(M(n) +
M, (n)) and by M(n) = lim, ..o M,(n) < Cln|N*lem it follows that c, (o, 8;n) <

2a(a, B)Cy|N el Dominated convergence implies L,G — LG, as n — oo for all
G € Byo(T2), O

3.2. Correlation functions. Suppose that condition (A) and (3.5) are fulfilled. Denote
by Tw g(t)* the adjoint semigroup on Ko g and by (L*, Dy g(L*)) the adjoint operator
to (L, Dy g(L)), i.e. (LG, k) = (G, L*k) for G € Do g(L) and k € Dg g(L*).

Remark 3.4. Let o < « and ' < 8 be such that condition (3.5) holds for o/, 3" and
a, 5. Let (T p(8))s>0 be the analytic semigroup constructed in Theorem 3.1. Then by
(3.6) for any G € Lop C Lo g and k € Ko g C Ko g we obtain

(G, Tor e (1) k) = (Tar, 0 ()G k) = (T, 6(1) G, k) = (G, Ta ()" k)

and hence faﬂ(t)*k = fa,ﬂ (t)*k holds.
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We consider the linear operator LA

@00 == Y [ BrUOE (e Unt U ) O dre

-y /F k(nU &Ky dT (z,-Unt\a, - Un™))(€) dA(E)
+ 3 /FZ kit uet,nm ue\o)(Ky v (2, - UnT, - Un~\z))(€) dA(€)

+ 2 [ Kt U e UG e U\ Un ) aNE)

zent
on the maximal domain
Dop(L?) ={k €Kap | L?k € Ko}

Introduce the following additional conditions.

(B) There exist constants C > 0, 7 > 0 and N € N such that for all z € R? and
neTs

(3.7) dt(z,m) +d (z,n) + b (2, n) + b (z,n) < C(L+ |y)Ne !
holds.

(C) Let «, 8 and a(a, 8) be as in (3.5). There exist constants o/, 3’ € R with o/ +7 <
a, '+ 7 < 3 and another constant a(a’, ') > 0 such that

c(a’, 8'sn) < a(a’, B)M(n), n€T]
holds.
Lemma 3.5. Suppose that (3.5) and conditions (A)—(C) are satisfied. Then
L* =L € L(Ka g, Ko ).
In particular Ko g0 C Do g(L?) holds.

Proof. Observe that for k € Ko/ g/

L2k < |kl , alal, 3)Cln|N Ll =TIt I8+,
Then
|n|N+1ef(afa’fr)|n+Ief(ﬁfﬁ’ff)In‘| < [N tte~ min{a—a’ —7,8—8'—7}|n]
(N + 1)N+le=(N+1)
~ (min{a— o — 71,8 -0 — 1})N+1
implies

Cala!, F)(N +1)¥ e~V
(min{a— o/ — 7,8 = ' —7})N+1

alnt -
IL2k(n)| < ek i,

B8
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i.e. L? is bounded from K, g to Kag. Let us prove the second assertion. Define a
positive linear mapping

e = Y [ HrUOKT (@ Unt U \a)|©) dxE)

ren~

+ Y /F k(UK dt (z,- Un\z,- Un™)|(€) dA)

zent

+ 3 /FZ k(nt Ut~ UE \2) Ky 'b™ (z,- Un™, - Un~\)|(€) dA(€)

reENT

+ 2 [k e a T UEIRT (@ U U )l dXE)

zent

Then, for G € Bys(T3) and k € K, 5 we have

k()| - (M(n)|G(n)| + B'|G|(n)) < [|k]

and

K€ 1M ) |G| + B'|GI())

G(n)] - Clk|(n) < e, B;n)|[Ell k., |G(n)]e! e

which shows that |k| - (A + B’)|G| and |G(n)| - C|k| are both integrable. Hence we can
apply (2.4) and obtain by a simple computation

/F (L&) k() dX(n) = | Gm) (L k)(n) dA(n).

2 2
0 1—‘0

Let k € Dq g(L2), then above equality implies L2 C L*. Conversely take k € D 5(L*).
Then

G(n)(L*k)(n) d\(n) = / (LG)(k(n)dA(n) = | G(n)(L*k)(n) d\(n)
r2 r2 r3
implies L2 = L*k € Ko5 and Dy (L*) C Dy (L2). O

Since Lo, is not reflexive, Ty, g(£)* does not need to be strongly continuous. However,
it is continuous w.r.t. the topology o((La,3)*, Ka,3) = 0(Ka.8, La,p). Here 0(Ka g, La,3)
is the smallest topology such that for each k € Ko g, La,3 2 G — (G, k) is continuous.

It is well-known that faﬁ(t)* is strongly continuous on the proper subspace ICSﬁ =
D, 3(LA) and its restriction T, g(t)® := Oéﬁ(t)*bcgﬁ is a Cp-semigroup with generator
Lok = LAk,

Das(L?) = {k € Das(L®) | L*k € K 5},

see e.g. [7]. Hence, for each k¢ € Da,g(ZQ) there exists a unique classical solution to (1.5)
on the Banach space ICS’ 5» which is given by T 5(t)"ko =: k¢ (that is k¢ is continuously
differentiable w.r.t. the norm in K, g and its derivative satisfies (1.5)).

Remark 3.6. Note that Daﬂ(f/@) depends on the generator. Using the theory of sun-
dual semigroups it is possible to find certain invariant subspaces which are only charac-
terized by the constant T in condition (B), and prove that the restriction of fa’g(t)* onto
such spaces is a strongly continuous semigroup. This can be used to prove existence and
uniqueness of classical solutions to (1.5) on this subspaces (see [11, 12]).

Below we consider another approach, which can be used to show weak uniqueness of
solutions to (1.5). Let C(Ka,g,La,3) =: C be the topology of uniform convergence on
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compact subsets of £, 3. A basis of neighbourhoods around 0 is given by sets of the
form

{k € K:(lﬂ ‘ sup |<G7k‘>‘ < 6}7
GeK

with ¢ > 0 and a compact K C L, g, see [28, 35, 36] and the references therein. The

semigroup (fa,g(t)*)tgo becomes continuous w.r.t. C and its generator w.r.t. C is exactly
the adjoint operator (L, D, g(L%)), cf. [36, Theorem 1.4]. The next theorem provides
existence, uniqueness and regularity of solutions to the Cauchy problem

d -~
(3.8) E(GJ@ = (LG, ki), kilt=o = ko, G € Bys(T'2).

Theorem 3.7. Suppose that (3.5) and (A) are satisfied. Then for any ko € Kq,p the
equation (3.8) has a unique solution given by ky = To g(t)*ko. This means that k; is
continuous w.r.t. the topology C and satisfies

(39) <Ga kt) = <G7 k0> + /Ot<EG7 ks) dS, G e Bbé<F(2))

Assume that conditions (B) and (C) are fulfilled and let o', 3" be the corresponding con-
stants. Then the following assertions are true:

(1) If ko € Ko 7, then ky is continuous w.r.t. to the norm in Kqg.

(2) If ko € Ko g and & + 27 < a, §' 4 27 < 3, then ki is also continuously

differentiable w.r.t. to the norm in Ku g and the unique classical solution to
(1.5).
Proof. Existence and uniqueness for the Cauchy problem (3.9) follows from [36, Theo-
rem 2.1] and Theorem 3.1 if one replaces By (I'2) by Dy (L) in (3.9). But since By, (T'2) is
a core, uniqueness is proved. Moreover, since fa’g(t)* is continuous w.r.t. 0(Ka, g, La,3);
t — (LG, ky) is continuous and hence (3.9) implies (3.8).

1. If ko € Ko g, then by Lemma 3.5 L2kg € K4 5 and hence kg € Do g(L2) C ICS,B
which implies the assertion.

2. Suppose that o/ +27 < «, f' + 27 < § and let " € (¢/, ), 8" € (', 5) be such
that o/ +7 < a”, 0" +7<aand ' +7 < 3", 37 + 7 < 8. By Lemma 3.5 the operator
LA is bounded as Ko g — Kovgr and Korgr — Ko . Therefore kg € D, g(L2)
and L% € Ko gr C Do g(L?). Thus ko € Daﬁ@@) implies that k; is continuously
differentiable w.r.t. the norm in K, g and it is a classical solution to (1.5). O

3.3. Positive definiteness. Suppose that (A) and (3.5) are satisfied. We start with the
definition of solutions to the Fokker-Planck equation (1.4).

Definition 3.8. A family of Borel probability measures (pt)t>0 C Pa,p is said to be a
weak solution to (1.4) if for any F € FP([?), t — (LF, ;) is locally integrable and
satisfies

(3.10) (F, ) = (F, po) —|—/0 (LF,ps)yds, t>0.

Note that (F, u:) is well-defined since F' is a polynomially bounded cylinder function
and p; has finite local moment. Uniqueness is stated in the next theorem.

Theorem 3.9. (Uniqueness) Suppose that (A) and (3.5) are fulfilled. Then equation
(1.4) has at most one weak solution (ft)i>0 C Pa,g such that its correlation functions
(kt)t>o0 satisfy

sup |kellk, , < oo, VI >0.
t€[0,T]



360 MARTIN FRIESEN AND OLEKSANDR KUTOVIY

Proof. Let (ut)t>0 C Pa,p be a solution to (1.4), and denote by (kt)i>0 C Kq,g the
associated correlation functions. Let F' € FP(I'?) and G € Bys(I'2) C Daﬁ(f) such that
F = KG. Then by ki(n) < |[kix. e lefln" | it follows that G, LG € Lap C Ly,
Since K : £y, — LY(I'2, dp;) is continuous it follows that F = KG, LKG = KLG belong
to LY(I'2,dyy) for any t > 0. Moreover,

(LF,p) = (KLG, ) = (LG, kz)
shows that ¢ — (LG, k;) is locally integrable and hence

t
(G k) = (G,kzo>+/ (TG k) ds, t>0, G e By(T2)
0

holds. Thus k; is continuous w.r.t. o(Kq g,Lq,g) and since k; is norm-bounded on
[0,7] [36, Lemma 1.10] implies that k; is also continuous w.r.t. the topology C. As a

consequence (k;);>o is a weak solution to (3.9) and hence it is given by k; = fa,g(t)*kzo.
(]

Remark 3.10. Let ky € Ky g be positive definite and suppose that k = fa”@(t)*ko S
Ka,p is positive definite. Then (ki)i>o is a weak solution to (3.9) and for each t > 0
there exists a unique p € Pqo g having correlation function ky. By (G, ki) = (F, ) and
(EG,kﬁ = (LF, ) it follows that (ut)i>0 is a weak solution to (1.4).

Above considerations show that for existence of weak solutions to (1.4), it suffices
to show that faﬁ(t)* preserves the cone of positive definite functions. To this and
we approximate k; = faﬁ(t)*ko by an auxiliary evolution fgﬁ(t)*ko and prove that
fo‘f’ 5(t)* ko is positive definite. Such approximation scheme was used for particular models
in [14, 23].

Let (Rs)s>0 be a sequence of continuous integrable functions with 0 < Ry < 1 and
Rs(z) /1 as é§ — 0 for all z € R%. In the following we simply say that (Rs)s>o is
a localization sequence. Define new birth intensities by by (z,n) := Rs(2)b*(z,n) and
by (x,n) := Rs(z)b~ (z,7) for all z € R? and n € I'Z. Then for any n € T2 and § > 0

(3.11) /R (b (2.m) + b5 (2, ) da < oo

holds. Denote by Ls the operator L with b, b~ replaced by b}', by . We will consider the
latter operator on a proper set of functions F : Fg — R.
Let Ds(n) = M(n) + [ga bF (z,n) dz + [ga b5 (x,1) dz and define

Qsp(n) = /Rd d=(z,n)p(n™,n~ Uaz)de + /Rd d*(z,n)pn™ Ua,n™)de

+ ) by (@t \e)pt T \a) + > by (@ \e,n T )p(n e, n ).
TENT zent
The linear operator Zs = —Djs + Qs is considered on the domain
D(Z5) = {p € L'(T3, d) | Dsp € LM, dA)},
where Ds acts as a multiplication operator on L!(T'3, d)\). Note that an analogue of Dj
was already introduced in [32]. Since Qs preserves positivity and satisfies

[ oot ixw) = [ Dsmpmaxe. 0< p e DTy,

it follows that (Zs, D(Zs)) has an extension (Gs, D(Gs)) which is the generator of a sub-
stochastic semigroup (S5(t)):>0 on L'(T'3,d\), cf. [34, Theorem 2.2]. Here sub-stochastic
means that Ss5(t) is a strongly continuous semigroup of contractions which preserves
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positivity. Moreover, this semigroup is minimal in the sense that given another sub-
stochastic semigroup Us(t) such that its generator is an extension of (Z5, D(Zs)), then
Ss(t) < Us(t). Note that, in general, [[S5(t)pollz1(r2, any < llpoll1(rz, ax) may happen for
some t > 0 (see e.g. [3] and the references therein). It is related to Zs = Gs and is the
main ingredient for the next condition.

(D) There exists a localization sequence (Rs)s>o such that Zs = Gs, i.e. for each
po € D(Gs) there exists a unique classical solution to

809
(3.12) % =Gsp)s  pli=0 = po-
Note that condition (D) implies that the semigroup Ss(t) is stochastic. For technical
reasons we will need the adjoint semigroup on L>®(T'%, d)\). Let (J5,D(Js)) be the
adjoint operator to (Zs, D(Zs)) on L>(T3, d\). The next lemma follows by standard

arguments and (2.4).
Lemma 3.11. For any F € D(Js) it holds that JsF = LsF.

Remark 3.12. Condition (D) is a non-explosion condition. It is fulfilled, provided one
can find a proper Lyapunov functional. Sufficient conditions and related results how such
condition can be checked are given in [18, 20]. A general (and rather easy) criterion can
be found in [34]. A general approach to study condition (D) in an abstract setting is given
in [3] (see also the references therein).

The next statement provides existence and uniqueness of solutions to (1.4).
Proposition 3.13. (Ezistence) Suppose that (A)-(D) and (3.5) are fulfilled. Then
Taﬂ(t)*lC:,ﬂ, C K;'ﬁ. In particular for any po € Por g there exists exactly one weak so-
lution (pt)¢>0 C Pa,g to (1.4). The correlation functions are given by k,,, = Aa,ﬁ(t)*km.
If conditions (B) and (C) hold for all 7 > 0, then Ta”g(t)*IC;ﬁ C ICI,ﬁ holds.

Existence of an associated Markov function is stated in the next corollary, cf. [24].

Corollary 3.14. Suppose that (A)—(D) hold for any T > 0 and assume that (3.5) holds.
Then for any u € Pq. g there exists a Markov function (X}')i>o0 on the configuration space
T2 with the initial distribution [ associated with the generator L.

The rest of this section is devoted to the proof of Proposition 3.13.

Lemma 3.15. For any § > 0 Theorem 3.1 and Theorem 3.7 hold with L replaced by L.
Let Tgﬁ(t) be the semigroup on Lo 3. Then, for any G € Lo g

T2 5()G — Tu ()G, 6 —0
holds uniformly on compacts int > 0.
Proof. The first claim follows by Rs(z) < 1 and an repetition of the arguments given
in the proofs of Theorem 3.1 and Theorem 3.7. In particular, such repetition shows
that Ls := KalL(;Ko is given by Ls = A + Bs, where A is given as before and By is
obtained from B by multiplication of the terms for the birth by Rs(z). In particular, it
is the generator of an analytic semigroup T(‘i’ ﬁ(t) of contractions on £, g. Note that this

generator is considered on the same domain Daﬂ(i) as L. It is not difficult to see that

LsG — LG, as 6 — 0 for all G € Da’g(z). In view of Trotter-Kato approximation the
assertion is proved. (Il

Let B, s be the Banach space of all equivalence classes of functions G’ with norm

161, = [, IGElex(Rsin e(Rsin el e ax )
0
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Its dual Banach space B;’ 5 can be identified with the Banach space of all equivalence
classes of functions k with norm

k
B , = €8S Sup [k ()l

k .
il nerz ex(Rs;nt)ex(Rs;n~)ecn™lefln

Here and in the following we let § > 0 be arbitrary but fixed. To omit cumbersome
notation will not explicitly state the dependence of Ba,g, B}, 5 on d.
Remark 3.16. Note that such spaces have the following two important properties.
1. The space Ba, g is large in the sense that
U Karpr CBag.
a//’ﬁ//eR

2. The space B, 5 is small in the sense that

BZ’B C ﬂ Lo gr.

o’ ,ﬂ” c€R

The same arguments as for the proof of Theorem 3.1 and Theorem 3.7 show that we
can replace Lq,3, Ka,g also by Bq,g and B}, ;. Note that it requires to introduce another
function ¢s5(a, B;n) which is an analogue of ¢(«, 8;7). A simple computation shows that
it is given by c(a, B; 1) with e®/$ 1e81€7 | replaced by e (Rs; €+ )e(Rs; € )els eBIE71 At
this point it is necessary to use the additional factor Rs in béi. Now ¢5(a, B;m) < c(a, B51m)
shows that the same arguments as for the proof of Theorem 3.1 and Theorem 3.7 can
be applied. Denote by Us(t) and Us(t)* the corresponding semigroups on B, 5 and B, g,

respectively. Let (25, Df,g(f)) be the generator of Us(t). The proofs of Theorem 3.1
and 3.7 show that

Dfﬁ(L) ={GeBup| M- -GeB,gs}
Thus the Cauchy problem

d N
(3.13) (G, ul) = (LsG,ul), ulli—o =uo, VG € Bys(I'2)
has for every ug € By, ; a unique weak solution in B;, ;5 given by Us(t)*up.

Lemma 3.17. Let ko € B, 5, then T3 4(t)*ko = Us(t)*ko holds.

Proof. First observe that B, 5 C Kq,p continuously and hence ko € Kq,5. In particular
u = Us(t)*ko and k¢ := fgﬁ(t)*ko are well-defined. Moreover, since L, g is con-
tinuously emb/e\zdded int:) B, we obtain Do (L) C DE 4(L), ie. (Ls, D5 4(L)) is an
extension of (Ls, Dy, g(L)). Therefore (ul)¢>o is also a weak solution to (3.9) and thus
by uniqueness ul = k9, ¢t > 0. O

Lemma 3.18. Let ko € By, 5/ be positive definite. Denote by ud € B;, 5 the unique weak

solution to (3.13), then u{ is positive definite for any t > 0.

Proof. Define for any u € B}, ; a linear operator Hu(n) := Jr2 (=D)Elu(nug) dA(€). Then
’ 0

Hu is well-defined and satisfies for any C;.,C_ > 0

L
Hu(p)|C I ax()

rg

< llul|

5 ﬁ/ (1+ )14 Co)m e 1P ley (Rysm*)ex(Rs;n ™) dA(),
“o s
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Le. H: B 5 — Liog(c,)log(c_) 1 continuous. Let G € By g be arbitrary, then for any
u € B, 5 we get by Fubini’s theorem and (2.4) that
(3.14) (KoG, Hu) = (G, u)
holds. We can apply Fubini’s theorem and (2.4) since

/F2 /F2 - IG(E)|u(n UEU )| dAC)ANE)dA(n)
< HUHBZ 66280‘<R5>6265(R5> |G(f)‘ea|§+|€ﬁ|§il€,\(R5;§+)e,\(R5;§7) dA(€)
: -

is satisfied, where (Rjs) fRd Rs(x)dx. For the same u and G € D (L) we obtain by
(3.14) and KoLsG = L5KOG

(3.15) (LsG,u) = (KoLsG, Hu) = (LsKoG, Hu).

Now let Us(t)*ko = ul € B}, 5, then

t
<G,u§>:<a,uo>+/o (LsG,ul)ds, G e DB ,(E).

Observe that condition (B) implies Kiog(2),10g(2) C Dgﬁ(z). Hence by (3.14) and (3.15)
it follows for R := Hu) € L'(T'2,d)), t > 0 that

t
(KoG, RY) = (KoG, Ro) + / (LsKoG, RY) ds, G € Kiog(2) 10g(2)
0

holds. For any F' € D(J5) C L=(Ty, d\) we get |Ky'F(n)| < ||F|/z~2"l and hence
D(Js) C KOKlog(2),log(2)- Thus we can find G € ’Clog(2),log(2) such that KoG = F €
D(Js). Lemma 3.11 therefore implies

t
(F,R}) = (F, Ro) +/ (JsF, R ds, F e D(Js).
0

Since ko € B}, 5 we get by Theorem 3.7.1 that u¢ is continuous in ¢ > 0 w.r.t. the norm
in By, 5. Because H : B}, ; — L'(I'3,d)) is continuous, R{ = Hu is continuous w.r.t.
t > 0 on L(T'% d)). Hence (R)i>0 is a weak solution to (3.12). The main result from
2] therefore implies R} = S5(t)Ro > 0. Finally, for any G € B}, (T'2) we get

(G,uf) = (KoG,R)) >0, t=>0. O
We are now prepared to complete the proof of positive definiteness.
Proof. (Proposition 3.13) Let uo € Po, g with correlation function kg € Ko/ g. Define
ko.s(n) = ko(nex(Rs;n™)ex(Rs;n ™), §>0, €T,
then kos € B, 5 and it is positive definite, cf. [8, 15]. By Lemma 3.17 we get

fo‘fﬁ(t)*ko,g = Us(t)*ko,s € B;,ﬂ and by Lemma 3.18 the latter expression is positive
definite. Let G € B\, (T'2). Then it suffices to show that

(G, T2 5(t) kos) — (G, Tap(t) ko), & — 0.
To this end observe that
(G, T3 5(t)ko,5) = (T2 5(£) G = Ta 5 (£)G, o,5) + (Ta,5(8)G, ko,6).
The first term can be estimated by
172 5()G = Ta 5G| 2. s [IFoll s
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and hence tends by Lemma 3.15 to zero. The second term tends by dominated con-
vergence to <fa7ﬁ(t)G, ko) = (G, faﬁ(t)*k@, which implies that fa,g(t)*k;o is positive
definite.

If conditions (B) and (C) hold for all 7 > 0, then ko s(n) := e~%"ko(n) belongs to
Ka—s5p-s for any § > 0. Consequently, above considerations imply that faﬁ(t)*ko,(; €
Ko,p is positive definite. Taking the limit 6 — 0 yields the assertion. g

Remark 3.19. Suppose instead of (B) the following to be satisfied: There exist C > 0,
N €N and vy, > 0, v1,v5 > 0 such that for all x € RY and n e 1“3.-

b (2, n) + b (2,n) < C(1+ [n))Ner!n,
d*(z,m) < CA + [p)hN eIl
d~(z,n) < C(1+|n)Nerl.

Then for any positive definite ko € Ko g the evolution fayg(t)*kzo is positive definite,
provided (C) holds for o + 11 < a, ' +v2 < .

4. VLASOV SCALING

General description of Vlasov scaling. Let us briefly explain the Vlasov scaling in
the two-component case. A motivation and additional explanations can be found in [10].
Let L be a Markov (pre-)generator on I'2] the aim is to find a scaling L,, such that the
following scheme holds. Let T2 (t) = etLn be the (heuristic) representation of the scaled
evolution of correlation functions, see (1.5). The particular choice of L — L, should
preserve the order of singularity, that is the limit

(4.1) n~MTA M — TR )k, n—0

should exist and the evolution T‘é (t) should preserve Lebesgue-Poisson exponentials, i.e.
if ro(n) = ex(py ;17 Jex(pg snt), then T (t)ro(n) = ex(py ;0™ Jea(pysn™). Insuch a case
p; ,p; satisfy the system of non-linear integro-differential equations

O Opi

(4.2) o = V-(oriel), 5o =vilorpl).

The functionals v_, v; can be computed explicitly for a large class of models and (4.2) is
the system of kinetic equations for the densities p; , p; for the particle system. Instead
of investigating the limit (4.1), we define renormalized operators L&, := n~ 1M LARM

and study the behaviour of the semigroups T4, (¢) when n — co. In such a case one
can compute a limiting operator

(4.3) LY., — LY

n,ren
and show that L$ is associated to a semigroup 73 (¢). The limit (4.1) is then obtained
by showing the convergence

(4.4) T2 (1) — T2 ()

n,ren

in a proper sense.

Scaling of two-component model. Consider the scaled intensities df,d_, b, b >0

n» nr'nr n

and suppose they satisfy condition (A) for any n € N. Let L, = L, + L}’ where

LyF(y) =Y dy(x, "y \a)(F(y", 7 \a) = F(y",v7))

TEYT

+n / b (s ) (E(rty™ ) — F(y 7)) de
Rd
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and

LE®F() = Y di(x,y N\, )(F(y\e,y7) = F(yH77))

zeyt
0 [ 8ot )FGT Uy ) = Pt da
Rd
Introduce

en(ay B5m) =+ Z /F2 Ky 'd, (z,-Un™, U n_\x)|(§)n\€\@alé+leﬁlf\ dA(€)

A/

> / K1 (2, - Uy \a, - U )| (€)nléle€ 1P gx(e)
$6n+ 1—‘(2J
te Y Ky b7 (2, - Unt, - U~ \a)|(€)nléles 1B ax(e)
_JTIg
TEN

e 0 | IKG B Ut \e U l(@nllelT el Tane)

zent To

and My(n) = 3 e, dy (@0t 07 \2) + 32 dit (2,n"\z, 7). We will suppose the
following conditions to be satisfied:
(V1) There exists a(a, 3) € (0,2) such that for all n € '3 and n € N

cn(o, B3m) < ala, B) My (n)

is satisfied.
(V2) For all £ € I' and = € R? the following limits exist in £, 5 and are independent

of £
lim nl'l(Ky'd,, (z,- U ¢)) = lim n''l(Kg'd, (x,-)) = DY,
lim nll(Kgld(z,-U€)) = lim nll(K5'd} (x,)) = DY,
lim nl'l(K5'o; (z,-U€)) = lim nl'l(K; o, (x,-) = BY,
lim nl(Kg'bf (2,- U E)) = lim nll(Kg'b) (x,-) = BY*
(V3) Let My (n) :=>_,c,+ DF(0) + 3,c,- Dy (), then there exists o > 0 such that
either
M,(n) <oMy(n), nel§, neN
or

are satisfied.
Note that here and below the constants «, 8 are fixed. For simplicity of notation, we
omit, whenever it is possible, the dependence on these constants. Define En =Kgy 'L, Ko
and the renormalized operators Ly ren := Ry LnR,-1, where R.G(n) = sI"lG(y). Then
for any G € Bys(I'2) and k € Ko the relation (Ly renG, k) = (G, L2, k) holds.

n,ren

Statements. The next statement provides the existence and uniqueness of an evolution
of quasi-observables and correlation functions for any fixed n € N.

Theorem 4.1. Suppose that condition (V1) is satisfied. Then for any fired n € N the
following assertions are true:
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~

(1) The closure of( " remeS(I‘Q)) is given by (En,ren,D(Ln,ren)), where
D(Lmren) ={GeLyp| M, -GeELyp}.

It is the generator of an analytic semigroup (fn,ren(s))szo of contractions on
Log.

(2) Let T\nﬁmn( t)* be the adjoint semigroup with (L5 mrens D(Lﬁ,ren)) considered on the
(mazimal) domain

D(Lﬁren) {k € K:Ot B ‘ L k € ICO(,B}'

n,ren
For any n € N and ko € Ko g, there exists a unique weak solution to

0

ot <G kt n> = <Zn,renG7 kt,n>7

=0 = ko, G € Bps(Ig)

given by kt,n = fn,ren(t)*ko‘

The case n = 1 is covered by the results obtained in Theorem 3.7. Following the
arguments there, it is not difficult to adopt the proofs to this case. In the next step
we construct the limiting dynamics when n — oco. Condition (V2) suggests to consider
the limit EmrenG — ZVG, as n — oo. The operator EV := Ay + By is given by
Ay G(n) = =My (n)G(n), where

My(n) = Y DSH@)+ Y DI (®),

zent TENT
ByG(n)=— Y G(&) > DI\ — Y. G > DI~ (n\)
§+%n+ zEﬁ* §+%77+ el
+§j/‘05+Uz5)B”+Mde+§j/’G§+f U2)BY (\€) da
£Cn £Cn
Let D(Ly) :={G € Lo | My -G € Ly, 3}, define
cv (o, B;m) ==
n Z/ DY+ ()| 1e81E T ar(e) + / BYH(€)[e2l€1681E7 T an(e)
zent zent
n Z/ DY ()] 1eBE gr(g) 4 =5 Z/ BV~ (€)[e1€71681E ] a(e)
fASE ren—
and finally
(Lpk)(n) =
——}:u/ (nUE)DY*(€) dA(€) }ju/ (1 \e U €™, UE)BY (€) dA(E)
zent zent
— (nU&DY( (T Ut \z UL )BT (£) dA(©).
Py CAPI R

Theorem 4.2. Assume that conditions (V1), (V2) are satisfied. Then the following
assertions are true:

(1) The operator (Ew D(EV)) is the generator of an analytic semigroup (fv(t))tzo
of contractions on Lo .
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(2) Let (fv(t)*)tzo be the adjoint semigroup on Ko g, then for any ro € Ko g there
exists a unique solution vy = TV (t)*ry to the Cauchy problem

9 ~
(4.5) 57 (Gore) = (LyGoma), rilimo =710, G € Bys(T).

(3) Let TO(W) = Hz€n+ pa—(l‘) Hz@n* pa(x) and p8—7p0_ € LOO(Rd) ’U.)Zth HPE)‘_”Lm S 6a7
oo |z < €P. Assume that (pf, p; ) is a classical solution to

({%{(m) - /pg ex(pf 565 )ex(pr 567) DY () dA(E)py (x)

+ [ elots€Nenlors€)BY (O ax©).

0

.
%@ T /F ex(pf € )ex(py s€7) DY (€) dNE)pif ()

0

+ [ eaots€)enlor €I BY (€ (O

0
with initial conditions p; |i—o = pg, py |t=0 = py and
il < e lpy Iz < €.
Then 1(n) = [1,ep+ o () [, e (2) is a weak solution to (4.5) in Kqg.

Proof. By conditions (V1) and (V2) it follows that cy («, 8;1) < a(a, )My (n) holds.
Define a positive operator B, on D(Ly) by

ByG(n)= Y G Y IDITm\OI+ Y GE) Y IDS 0\

grent zELT gtgnt TeL™
£ Gn~ E7Gn—
+3 [ Gler v B\l ds
gcn /R
+3 [ Gt unlBl o)
ecn /R

Then it is not difficult to see that for any 0 < G € D(EV)

[ BoGme 1M Lixm) < (ol )~ 1) [ MeaGlaer” e ar)
r3 r3

is fulfilled. The same arguments as in the proof of Theorem 4.1 yield existence, analyticity
and the contraction property of the semigroup fv(t). For the last assertion we only show
that 7 is continuous w.r.t. C. The other assertions are simple computations, see e.g. [10].
First observe that by |r¢(n)| < e®""lef1n"| the function r; is norm-bounded and hence it
suffices to show that it is continuous w.r.t. 0(Kq, 3, La,3). But this function is continuous
in t > 0 for any 1 and hence the assertion follows by dominated convergence. ([

Theorem 4.3. Suppose that conditions (V1)-(V3) are fulfilled. Then fn’ren(t) —
TV (t) holds strongly in La g and uniformly on compacts in t > 0.

Proof. We are going to apply [11, Lemma 4.3] and Trotter-Kato approximation. Fix
A > 0 and denote by R(A; A,) and R(\, Ay) the resolvent for A, and Ay, respectively.
Then it follows that [|R(X; An)llL(c. 5)0 1B AV)ILica ) < %, | BrnR(X; An)Gliz, 5 <

(a(a, B) = 1[Gz, , and likewise || By R(A; Av)Gllz, , < (ala, B) — 1)||Gll .z, - Since
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M,, — My as n — o0, it is easy to show by dominated convergence that R(\; 4,,) —
R(A; Ay) holds strongly in L4 3 as n — oco. Hence it remains to show the convergence

(4.6) B,R(M\ A,)G — By R(MAv)G, n — oo.
This can be proved, similarly to [11], by dominated convergence. O
Remark 4.4. The proof shows that condition (V3) can be replaced by
dy(z,n) +db(z,n) <CA+[n)Ne, zeRY nel2 neN
for some constants C >0, N € N and 7 > 0.

5. EXAMPLES

We introduce four models describing the stochastic behaviour of particle systems on
I'2. Interactions of particles, of the same and also of different type, are modelled by the
relative energy function

Ey(z,7%) := Z olx—y), zeRY HFeT,
yey®

where ¢ is a symmetric, non-negative and integrable function. Associated to above
relative energy is the following functional

(5.1) Cly) := /R le=¢@ — 1| dx.

Since ¢ is non-negative, we obtain C(¢) < [, ¢(x)dz =: (). Note that below we will
give no proofs of the statements. Conditions (A)—(C) are rather standard and can be
checked by similar methods to [11, 12]. The last condition can be checked similarly to
[18, 20]. Note that a general criterion for condition (D) can be also found in [34].

5.1. Two-interacting BDLP-model. Suppose that the death intensities are given by
d_(x77+7’7_\x) =m + Z a (z—y),

yeY~\z
d (@, Nz ) =mt+ Y b -y + Y e (@-y).
yevyt\z yEY™

This means that the particles in ¥ have a random lifetime determined by the parameters
mt,m~ > 0. The additional terms describe the competition of particles for resources.
Namely, each particle x € v~ may die due to the competition for resources with another
particle y € v~ \x from the same type. The rate of this event is determined by a™ (x —y).
Likewise each particle z € v may be die due to the interaction with another particle by
y € y"\z with the rate b~ (z — y). Moreover, this particle z € T may also die due to
the competition for resources with another particle y € v~ of different type. The rate of
this event is described by the interaction potential ¢~ (z — y).
The birth intensities are assumed to be given by

b (ey) = Y at(z—y) +=

yeY~
br ) =Y -y + D ot -y
yeyt YyEY~

The terms corresponding to a* and bt describe the free branching of particles v+ inde-
pendently of each other. Additionally, each particle y € v~ may create a new particle
at position z € R? of opposite type. The spatial distribution of the new particle is
determined by the function ¢*. By definition, such events occur independently of each
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other. The term including z > 0 describes the additional creation of particles by an outer

source. Suppose that a*, b, 0T are non-negative, symmetric and integrable.

Theorem 5.1. Suppose that a*,b* ot are bounded and there exist constants by, by > 0
and V1,092,793 > 0 such that

Z Z bt (z —y) <1912 Z b~ (x —y) + binT],

zent yent\z zent yent\z
Yo D atl@-y <y D> a @—y) bl
zeENT yeEn~\z zeEn~ yen~—\z

and T < 93¢~ hold. Moreover, assume that the parameters satisfy the relations 91,93 <
e, ¥y < eP,

m* > e™(07) +e7(p7) + e + () + (pT),
m~ > e’ (a”) + e P(by + 2) + (aT).
Then conditions (A)—(D) hold for 7 =0 and (3.5) is fulfilled.
Remark 5.2. Note that the one-component case has been considered in [11, 23].

Suppose that the conditions given above are fulfilled. Then (V1)—(V3) are satisfied
and after Vlasov scaling we arrive at the kinetic equations

Ot () = —m™pi (@) — pi (#)(a™ » i )(&) + (a* % i )(2) + 2,
%(x) =—(m" +(p” *p)(@) pi () = p (@) (b % pf)(2)
ot t ¢ ¢ ¢
+ (0" = pf)(m) + (" # ) (@)
Here (f = = Joa f( (y) dy denotes the usual convolution of functions on R.
5.2. Two interacting Glauber-models. Suppose that the death intensities are given
by
d”(z,7",77\z) = exp (=sEy+(2,77)) ,
d* (2,9 \@,77) = exp (—sEy-(2,77))

where s € [0 ,5] and ¥t 9~ are symmetric, non-negative and integrable. The birth

intensities are assumed to be of the form
b~ (z,7) = 2~ exp (=(1 = 8) By (2,77)) exp (= By (2,77)) ,
bF(2,7) = 2" exp (—(1 = 8)Ey- (2,77)) exp (= Eg+ (2,77))

where 27,27 > 0 and ¢, ¢ are assumed to be non-negative, symmetric and integrable.
This model describes the time-evolution of two interacting types of particles. In contrast
to the previous model, the branching of this particles is replaced by an additional source.
The next theorem provides an evolution of states.

Theorem 5.3. Let ¢+, ¢~ , ¢t ¢~ be symmetric, non-negative and integrable and as-
sume that the paramters satisfy the relations

(5.2) " CVT) 4 =B = e Cl1=5)™) " C67) g
(5.3) e O(UT) | gmat e Cl(1=)Y7) e C(7) 9.

Then conditions (A)-(D) are satisfied for T =0 and (3.5) holds.
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In the case s = 0 conditions (5.2) and (5.3) simplify to
(5.4) 27 O " 0(0T) o P,
(5.5) 2T’ C7) e C(6T)  ga,
Of particular interest is the special case ¢7 = 0 = ¢, also known as the Widom-
Rowlinson model. The non-equilibrium dynamics for this model has recently been ana-
lysed in [13], but without conditions (5.4) and (5.5) only existence of a local evolution of

correlation functions could have been shown. Conditions (5.4) and (5.5) are satisfied for
e =C(t)and e P =C(y7) if
1
T<——— and 2t < —
eC(y7) eC(y+)
are satisfied. An extension of such model with density dependent mutation rates (i.e.
particles can change their types) has been recently considered in [19].

Vlasov scaling. For simplicity we consider the case s = 0, hence the death intensities
need not to be scaled, i.e. are given by

d”(z,9%, 77 \2) =1 =d"(z,7"\z,77).

The scaled birth intensities are given by
_ _ 1 L 1 _
b (7)== exp (= By () ) esp (= By (,97) ).

bl (z,7) = 2" exp (—iEw (%7‘)) exp (—iEw (%v*)) :

All previous results can be applied which yields the mesoscopic equations, cf. (4.2)

0p; _
(5.6) %(x) — pr(2) + 2 eBTHD@) W ) @),
ap?_ —(¢pTxpF — (Y™ xp,
(5.7) Lt (2) = —pf(z) +zTe (6Txp ) (@) o= (P xp; )(@)

ot

5.3. BDLP-model in Glauber environment. Let us consider death intensities given
by

d=(z,7", v \z) =1,
d(z,yN\z,y ) =m+ > a(@-y)+ > bz —vy),

yeyt\z yEY™

where m*™ > 0 and 0 < a~, ¢ € L'(R?) are symmetric. The birth intensities are assumed
to be of the form

b~ (z,7) =2~ exp (—Ey(z,77)) ,
br(ey) = Y atl@—y)+ Y b (@ -y),

yevyt yeY~
where 2~ > 0 and 0 < ¢,at, bt € L}(R?) are symmetric.

Theorem 5.4. Suppose that a*,b%, ¢ are bounded and there exist 0 € (0,e*) and b > 0
such that

(5.8) ) dt@-y <>, > a(@—y)+bnT

zent yent\z zent yent\z
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is satisfied. Moreover, assume that for some ¥ € (0,e%) and

(5.9) 0o > b,
(5.10) e’ > 2" exp (°C(1)),
(5.11) mT > e(a”) + e’ (¢) + (aT) + (bT) + e

hold. Then conditions (A)-(D) are satisfied with T =0 and (3.5) holds.

Vlasov scaling. Suppose that a®, bt ¢, 1) are bounded and (5.8)—(5.11) with e’ W) <
e¢” instead of (5.10) hold. Scaling of the potentials by % yields for the death
d~(z,y" 7 \2) = 1,
1 1
d+ + -\ ot — (o _ L — ).
p@aN\e ) =mt = YT AT @y Y blw—y)
yeyt\z yEY~

For the birth we obtain
_ _ 1 _
b, (w,7) =z~ exp (—ﬁEw(%v )> :

by (x,7) :% > at(z—vy) +% > btz —y).

yeyt yEY
Taking n — oo yields DY~ (n) = 01"l and
D () = 0Mm* + 01 My (€5) D7 a7 (@ = y) + 07 r (67) D dla — ).
yegt yEeET
We obtain for the birth intensities
BY () = z"ex (—tp(x — );€7) 017,
BYF(n) = 01 1 pon (67) D at (@ = 9) + 0 1 ren (67) D b (e — ).
yegst yes™
The kinetic equation is therefore given by
e - () (@)
W(z):*m(z)+ze L
o0t

o (@) == (m" + (@ p)) (@) pi (x) = ol (@)(a” * p7)(2)

+ (a5 ) (@) + (07 x py ) (2).

5.4. Density dependent branching in Glauber environment. Suppose that the
death intensities are given by

d”(z,y",y 7 \2) =1,

d* (2,7 \2,77) = m* exp (Eg+ (v,7\2)) ,
where m™ > 0. The birth intensities are given by

b~ (x,7) =z~ exp (—Ey-(2,77)),

bH(a,y) = Y exp(—Ey-(y.77)) at(x—y)

yeyT

with 27 > 0 and a™, ¢, ¢™, 2~ symmetric, non-negative and integrable.
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Theorem 5.5. Suppose that 0 # ¢+, a™ are bounded, there exist constants k > 0 and
b > 0 such that for all n* € Ty

(5.12)

YD dtl@—y) <o)y Y @y +olnt

zent yent\z zent yent\z

and the parameters satisfy the relations

e’ >z exp (eﬂC’(d)_)) ,

peCl—oty | max{(a®) +be™® 9e7 ac(y-)

2>
m+

Then conditions (A)—(D) hold with 7 = ||¢T || and (3.5) is satisfied.

Vlasov scaling. Scaling all potentials by % gives d~ (z,vT,y " \z) =1,

1
o \y) = exp (Lo 077\a))

and for the birth intensities

b (2,7) = 2~ exp (—%E¢(x,7_)> ,

bF(z,y) = % > exp (—%Ew—(ym‘)) a*(z—y).

yeyt

Suppose that 0 # ¢+, at,¢~,9%~,a™ are bounded, (5.12) holds and the parameters
satisfy the stronger relations

e’ >z exp (eﬁ(qﬁ_)) ,
+ - —a _
max{(a™) 4+ be~ %, Je }eeﬂw )

e* (o)
2>e + o

Then conditions (V1)—(V3) are satisfied. This yields the kinetic equations

ap_ — — —(¢p 7 *p; )=z
L1y (a4 e

dp;

o (z) = —m* p; (2)e® @) 4 (aF % pf)(z)e @ *P ) @),
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