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ON WELL-BEHAVED REPRESENTATIONS OF A»-DEFORMED CCR
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In memory of beloved professor M. L. Gorbachuk

ABSTRACT. We study well-behaved #-representations of a A-deformation of Wick
analog of CCR algebra. Homogeneous Wick ideals of degrees two and three are
described. Well-behaved irreducible #-representations of quotients by these ideals
are classified up to unitary equivalence.

1. INTRODUCTION

In this paper we continue to study *-representations of certain type of conic commu-
tation relations. Namely, we consider the Wick algebra, see [6], 2y, A € C, |A\| = 1,
generated by a;, a;, ¢ = 1,2, satisfying the following relations:

aja; =1+ a;a;, 1=1,2; ajas = Aagaj.

The case A = 1 was studied in [8], where representations of the quotients of 2A; by
the largest quadratic and cubic ideals were described. Representations of 2y /Zo were
classified in [12]. In particular, the definition of well-behaved representation of 21 /Z,
by unbounded operators was given. It was also proved that the Fock representation is a
unique, up to unitary equivalence, irreducible well-behaved representation of 2y /Z>. We
plan to discuss in full details well-behaved representations of 2 /Z3. For d > 2 we study
the case where A = 1.

2. PRELIMINARIES

Recall the notion of analytic vectors for a linear operator on a Hilbert space, see [1].
The history of the subject can also be found in [3, 4, 7].

Definition 1. Let A be a linear operator acting on a Hilbert space H. A wvector f is
called analytic for A if f € D(A¥), k € N, and the series

$ Il
|

—~ nl

converges for some s > 0.

Remark 1. A vector f € D is analytic for A iff there exist C > 0 and M > 0 such that
A" fl| < C-M"n!, neN.

Denote by A,, n € N, the set of all words of length n in an alphabet F = {4;, j=
1,...,d}. In the following we identify any v € A,, with the corresponding product of
operators.
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Definition 2. Let D be a linear domain of a Hilbert space H which is invariant with
respect to the family F = {A;, j =1,...,d} of closed operators on H. We say that
f €D is jointly analytic with respect to F if the series

o0 n
S

> = > vl
n.

n=1 vEA,

converges for some s > 0.
We say that f € D is jointly analytic in a strong sense with respect to F if the series

S
n=1

veAa,

converges for some s > 0.
Remark 2. A vector f € D is jointly analytic with respect to F iff there exist C > 0,
M > 0 such that

S llwfll<C-M™"nl, neN.

vEA,
The condition of strong joint analyticity is equivalent to

> wfll<C-M™), neN.

vEAa,
3. *-ALGEBRA 2,

In this section we study representations of the Wick algebra 2l , generated by elements
a1, as with the relations
afa; =1+ aa;, i=1,2
ajas = Aajas,
where A € C, |A] =1, is fixed.

We shall focus on irreducible well-behaved representations of quotients of 2y by the
largest quadratic and cubic Wick ideals.

3.1. Homogeneous Wick ideals in 2. Recall that by a Wick ideal in ) we mean a
two-sided ideal Z of the subalgebra C{a1, a2) C 2 having the following property:

a;T CI+Zay +Zaz, i=1,2,
see [6] for definition of Wick ideals for general algebras allowing Wick ordering. If a Wick
ideal 7 is generated by homogeneous polynomials in the generators ay, ag, it is called a
homogeneous Wick ideal of the corresponding degree.

First we describe the largest quadratic and cubic Wick ideals of this algebra. To do
so we consider the operator of coefficients T, see [6]. For 2[, it has the following form:

T:H®? - H®?, H=C /ey, e3),
T61®€1‘:€i®6i, T€1®62:X€2®61, T€2®61:>\61®62.
It is easy to see that T satisfies the Yang-Baxter equation and
ker(l + T) =C <E12 =ea ey — )\61 (%9 62> .

Then, as it follows from results of [6, 10], the largest quadratic Wick ideal Z of 2 is
generated by the element a12 = asa; —Aajas. Here and below we identify the subalgebra,
generated by a;, i = 1,2, with the full tensor algebra 7 (H).

Note also that —1 < T < 1 and the Fock representation of 2, is positive, see [2, 5].
Moreover, the kernel of wp coincides with the two-sided *-ideal generated by Zs. So,
7w is a faithful irreducible representation of 2y/Z,. In [12] the authors prove that
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7 is a unique irreducible well-behaved representation of this algebra. This result can
be treated as an analog of the von Neumann Theorem on uniqueness of well-behaved
irreducible representation of CCR with finite degrees of freedom.

To construct a largest cubic Wick ideal one has to use extensions of T to H®3, i.e.,

Th=T®R1ly, To=1yxT.
The largest cubic ideal Z3, see [10, 8], corresponds to the subspace
(1 — Tng)(ker(l + T) ® H) = C<E12 Kep—Aep ® FEio, F1a ®eq — XBQ X E12>.
In an explicit form, we have
I3 = {a12a1 — Aa1a12, G12a2 — Aaza12) .
In the following we will need commutation relations between the generators aj, a5 and
a12. Namely,
ajais = aj(aga; — Aarag) = Aagaja; — Aajajas
= Xaz(1 + ara}) — M1 + ara})as = Aasaral — Najaqsal = Aayqal.
Similarly one can get
a5a12 = Aajaas.
3.2. Representations of 2, . Before a detailed study of well-behaved representations

of Ay 3 = Ax/Is we give a sketch of the situation with representations of Ay o = Ay /Zs,
see [12] for more details,

* *
Ano = C(ah as | aja; =1—a;al,

1=1,2, ajas = Aazal, asa; = )\ala2>.
First we recall a definition of well-behaved representations of 2(y 2. One can do it in

terms of invariant domains, in a manner presented in [13, 9].

Definition 3. We say that closed operators A;, i = 1,2, acting on a Hilbert space H
determine a well-behaved representation of Uy o if there exists a dense linear domain
D C H, invariant with respect to A;, AY, i = 1,2, and such that

(1) for any f € D one has
ATA f =1+ ALADf, i=1,2
ATAof = Mg ATz,  AsAif = A1 Asf;
(2) all vectors in D are analytic for A = AT A1 + A3 As.

The definition can also be given in terms of bounded operators. For a selfadjoint
operator A let F4(-) be the resolution of the identity of A.

Definition 4. For closed operators Ay, A on H let A; = S;C;, where C? = A;A;, be
the (left) polar decompositions of A;, i = 1,2, and let D; = S;C;S}, i = 1,2. We say
that A1, As determine a well-behaved representation of Ay 2 if

(1) Cy and Cy strongly commute, i.e. Ec,(A1)Ec,(As) = Ec,(A2)Ec, (A1) for any
Borel subsets A; CR, 1 =1,2;
(2) S1, Sa satisfy the relations

SrS; =1, i=1,2
5782 = AS2S7,  S251 = AS159;
(3) if F(-) is a real bounded Borel function, then
F(D})S; = S;F(1+ D7), F(D})S;=S;F(D}), i,j=12 i#]j.
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Remark 3.
Note that condition 3) is satisfied iff for any Borel 6 C Ry

EDjz((S)Sj = SjEDJz(é -1, ED]z (0)S; = SiED]z(é). 1#£7, i,j=1,2.
The following proposition was proved in [12].
Proposition 1. Definition 3 and Definition 4 are equivalent.

The next step is to define notions of irreducible representation and unitary equivalent
representations of 2y o.

Definition 5. A family of closed operators {A1, Aa} acting on a Hilbert space H deter-
mines an irreducible well-behaved representation of Ay 2, if it satisfies the conditions of
Definition 4 and the following family of bounded operators

B = {Si7 SZ*7EDJ2(6J)7 17.7 = 1727 6.7 € %(R)}
is irreducible on H. Here SB(R) denotes the Borel o-algebra.

Definition 6. Irreducible representations of 2o determined by families {Agi),Ag)},
i = 1,2, are unitary equivalent iff the corresponding families of bounded operators B®,
i =1,2, are unitary equivalent.

The main result of [12] gives the following classification of irreducible well-behaved
representations of 2y o.

Theorem 1. There exists a unique, up to unitary equivalence, irreducible well-behaved
representation of Ax 2. Namely, the representation space is H = 12(Z1) @ 12(Z4) and
Di=D®1, Dy=1® D,
S1=85®1, 52:d(/\)®5,
where D, S, d(N): l2(Zy) — 12(Zy) are defined on the standard basis e,, n € Zy, as
follows:
De,, = \/ﬁena Sen = €n+1, d()‘)en = A"en.
The operators Ay, Ao in this case are of the form
A1 =a® 1,
A2 = d()\) [029] a,
where a denotes the creation operator of the Fock representation of CCR with one gene-

rator given by
ae, =vVn+leyt1, nEZy.

Remark 4.
1. The vector Q = eg ® eg € H = l2(Z+)®? is cyclic for the constructed representation
and
ATQ =0, AQ=0.
So, the unique trreducible well-behaved representation coincides with the Fock represen-
tation of ™Ax 2 and we have an analog of J. von Neumann’s result.
2. The proof of Theorem 1 implies that any well-behaved representation of A x is
defined, up to unitary equivalence, by operators
Aii 12(Z+)®2 QK — lQ(Z+)®2 ® ]C,

having the following form:

A1 =a®1,®1c, Ay=d)\)Ra® 1k,
K being a Hilbert space.
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3.3. Representations of 2(, 3. In this Section we focus on well-behaved irreducible
representations of the algebra

Ql,\,g, = 9[)\/13.

Note that the case A = 1 was considered in [8], so here we generalize ideas presented
there. The algebra 2, 3 is generated by the elements a;, as, a12 subject to the relations

aja; =1+ aaf, =12, ajaz = Aagaj,
a12 = a2a1 — Aaias,
a12a1 = Aajaiz, Q1202 = Aasaiz,
afalg = )\(112CL>'{7 a§a12 = Xalga;
Let us first observe that a2 is normal. Indeed,
alyais = (afal — Naja})ais = Aajaipal — Aajaisa)
= M\a12a;as — Majpasal = ajzal,.
Moreover, aj,ai2 is contained in the center of the algebra
ajalsa1z = Najsaials = A\aj,a12a] = ajqaieal,
taking the adjoint we get aj,a12a1 = aia12a],; in the same way one can show that
asajsaie = ajqa12a5 and  ajsaisas = agalsare.
Further, we construct new generators of 2 3. Namely, put by € 21y 3 to be
bg = as — (llgaik.
Obviously, 2, 3 is generated as a x-algebra by the elements a,, by and a;2.
Lemma 1. The following commutation relations hold:
b;bQ — be; =1 =+ a’{2a12,
aTbg = )\bgaT, bgal = )\albg,
ai‘zbg = )\bgaIQ, b2a12 = )\algbg.

Proof.
1. We first show that b5by — babs = 1 + aj2a],

b3ba — babs = (a3 — arajy)(az — aizay) — (a2 — a12a7) (a3 — araj,)
=ajas — agay + (a1ajsa12a] — ajgaiaraly)
+ (a2a1a]y — a1ai,a2) + (a12aia3 — asa12a7)
=1+ (a12ai5a1a] — ajajai2ais)
+ (agaialy — Najasaly) + (araial — Najpaial)
=1- a12GT2 + a12a>{2 + alga*{Q =14 a12GT2.
2. We next prove that ajbe = Abaaj, and baa; = Aaibs
aibs = aj(az — ajzal) = Aasaj — /\algaIQ = \boa
and

* *
baa = (a2 - a12a1)a1 = a2a1 — 4120101

aio + )\alag — (ng(l + alaf) = ayg + )\alag —aig — )\alalga*{

)\al (CLQ — alga*{) = )\albg.
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3. We also have ajyba = Ab2ajy and baaia = Aaigba. Indeed, multiplying the equality
az = ba + a12a] by a2 from the left we obtain

Q1202 = a12by + G%QGT = a12bs + Aaj2aiarz
implying
a12by = ajpas — Xalzafam = X112(112 - XauaTalz = Xb2a12-
Similarly, multiply a5 = b5 + a1a]5 by a2 from the right to get
a§a12 = b§a12 + alaT2a12.
Further we use that aj,a12 = a12a7, and aja12 = Aai2a1 to get
XG,lQa; = b§a12 + X(ngalaTQ
or
b§a12 = Xalg(az — alafz) = Xalgb;.
O

Conversely, consider the %-algebra B, 2, generated by c1, c2, 12, satisfying relations
of the form

C3Cy — CaCy =1+ Clyci2, cjcr —cic] =1, cjac12 = C1acy,
) ciee = Aeacy, CoC1 = ACiCa,
( ) CTC12 = )\0120? €12€1 = ACiC12,
CTQCQ = )\CQCTQ, C2C12 — )\61262.
Note that relations (1) imply that c;2 is normal and ¢f5c¢12 is contained in the center of
%)\,2. Put do =9 + 0128*{.
Lemma 2. The elements c1, da, c12 generate By o and satisfy the following commutation
relations:

dsde — dodl =1,
Cidg = )\dQCT, d201 — )\Cldg = (12,
d;C12 = XCmdz, Clgdg = ngclg.

Proof.
1. First we show that didy — dod5 = 1:

dydy — dad; = (c3 + c1ciy)(c2 + cr2¢]) — (c2 + c12¢7)(c3 + c1cly)
=c5cy — 25 + (c1¢]9c12¢] — Cr2¢iC16]5)
+ (e1€f9ce — cac1¢ly) + (che1ac] — cracics)
=1+ cjyc12 + (c16] — cfe1)ciqct2
+ (Aereacty — Aereacty) + (Aeracher — Aeracher)
=1+ CTQClg — CTQClg =1.
2. We prove that cjds = Adacy:
cida — Adacy = ¢ (ca + c12¢]) — Aez + c12c}) e
= cjca — Aeac] + (cfe1a — Acjach)e; = 0.
3. Let us verify that docy — Aerds = c19:
dQCl — )\Cldg = (CQ + clgcf)cl — )\Cl (CQ + Clgci)
= C2C1 — )\0102 + (clgc’{cl — )\0161261{)

= Cm(CTCl — clc’{) = C12.
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4. We have also that d5ci2 = Xclgd’z‘:
d3012 = (C; —+ ClcTQ)Clg = C;Clg —+ ClcikQClQ = 63012 —+ 010120T2
= Xclgcé + Xclgclcfz = XClg(Cs + 61012> = Xclgds.
5. Finally we show that ciads = Adaca:
c12ds = c12(ca + c12c1%) = Acacia + Aciaciern

= X(CQ + 01201()612 = ngclg.

The following statement is evident.
Proposition 2. The x-algebras A 3 and By o are isomorphic.

Let us give definitions of well-behaved representations of B 5 similar to those formu-
lated above for the algebra 2 .

Definition 7. We say that closed operators C1, Ca, Cio determine a well-behaved re-
presentation of By o2 on a Hilbert space H if there exists a dense linear D C H invariant
with respect to C;, CF, Ci2, Cly, © = 1,2, and such that
(1) C1, Cq, Cha satisfy relations (1) on D;
(2) any f € D is analytic for
A =C7Cy + C5Cy + C75Cha.
Definition 8. For closed operators C1, Co, C12 on a Hilbert space H let C; = S;T;,
i =1,2, Cio = UT be the (left) polar decompositions of C;, i = 1,2, and Cia, and let
D; = S,T;SF, i =1,2. We say that Cy, Cs, Cia2 determine a well-behaved representation
of B2 if
(1) Ty, Tz and T strongly commute, i.e., they commute in the sense of their resolu-
tions of the identity;
(2) for any real bounded Borel function F(-) and i,j = 1,2,
F(DY)Sy = $1F(1+ DY), F(D3)Sy = $F(1+1T%+Dj),
F(D?)S; = S;F(D}), F(T)S; = S;F(T),
F(DHU =UF(D?), F(T)U=UF(T).
(3) Si, © = 1,2, are isometries that together with the partial isometry U satisfy the
following commutation relations:

5182 = AS2ST, 9251 = AS1.9,,
STU = UST, US; =\SU,
SsU = \US;, USy = AS,U.

Definitions 7 and 8 are equivalent, the idea of the proof is the same as in the case of
the equivalence of Definitions 3, 4, see [12].

Further, definitions of irreducible well-behaved representation and unitary equivalent
well-behaved representations of B o can be given in a similar way as it was done for 2y ».
Namely, denote by E;(-) the resolutions of the identity of the operators Djz», j=1,2, and
by E(-) the resolution of the identity of 7.

Definition 9. We say that a well-behaved representation of By o is irreducible iff the
family of bounded operators

F = {Sia S, U, U, Ej(éj)v E(9) | 9,0; C BRy), j= 172}

1s irreducible.



REPRESENTATIONS OF A-CCR 199

Remark 5. A well-behaved representation of B 2, determined by the operators C, Cs,
Ci2 on H is irreducible iff there is no non-trivial subspace K C H and a dense linear
domain D1 C K, satisfying the conditions of Definition 7.

Definition 10. Well-behaved representations corresponding to families F;, i = 1,2 are
unitary equivalent iff the families F;, i = 1,2, are unitary equivalent.

Below we give a classification of irreducible well-behaved representations of B ».

Theorem 2. For any irreducible well-behaved representation of By 2 one has T = pl
for some p > 0. Moreover, any such representation is unitary equivalent to one presented
below.

(1) If p=0, then H =12(Z4) ® I2(Z4) and
T=0, U=0,
D1:D®1, DQZ].@D,
S1=5®1, S=d\)®S.

(2) If p> 0, then H =12(Z4) ® 12(Z4) and
T=p-1®1, Di=D®1, Dy=+/1+p2-(1®D),
U=e?-dAN)®dN), Si=S®1, S=d)®1l,
where, ¢ € [0,2m) and, as above, D, S,d(\): l2(Z4) — 12(Z4) are given by
Sen =eni1, De,=+ne,, dNe,=N"e,, n€Z,.
Representations corresponding to different values of parameters are non-equivalent.

Proof. We note first that Definition 8 implies that the spectral projections of T com-
mute with the spectral projections £;(d;), 6; C B(R), and the operators S, S¥, j = 1,2,
U, U*. Then using Schur’s Lemma we state that E(d0) is a scalar operator for any
d C B(R). Hence T is a scalar operator, T = p1 for some p > 0.

If p=0weget T =0, U =0 and the operators S;, D;, i = 1,2, determine an
irreducible well-behaved representation of 2 o considered in Theorem 1.

Let p # 0. Then U is unitary and S;, Sf, i = 1,2, Dy, (1 + p?)~2 Dy determine a
well-behaved representation of 2y ». In particular, S;, S2 are pure isometries and the
spectral decompositions of Dy, Dy have the following form:

Dy =Y V/n(Spsim — Sprisymth,
n=0

D= (14 %% S Val(Syssm — Sytisgmt).

n=0
Evidently, the representation is irreducible iff such is the family
S§={S;,S/,U,U" i=1,2}.

Similarly, two such representations are unitary equivalent iff such are the corresponding
families S.

So it remains to classify irreducible families S = {S;, S}, U, i = 1,2}, satisfying
relations of the form

SrSi=1, S;S =AS:S;, i=1,2,
SiU = AUSY, US, =A\S1U, SiU=AUS;, USy=ASU,
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here U is unitary and Sy, S are pure isometries. It follows from results of [11] that, up
to unitary equivalence, any such family acts on H = 12(Z) ® l2(Z) as follows:

S1=8®1, So=dN®S, U=ec?-d)\ad)),
where ¢ € [0, 27).
Finally, from spectral decomposition formulas we get that
Di=D®1, Dy=(1+p*)?1D.

Obviously, representations corresponding to different pairs (p, ¢), p > 0, ¢ € [0,27) are
non-equivalent. O

We return now to the algebra 2, 3.
The following definition is a natural generalization of a well-behaved representation of
2, 5 presented in [8].

Definition 11. We say that closed operators Ay, Az, Ais determine a well-behaved
representation of Ay s iff C1 = A1, Co = By = Ay — A12A}, Cia = Aix determine a
well-behaved representation of By a.

We also call a representation of 2 3 irreducible iff such is the corresponding repre-
sentation of By 2. The equivalence of representations is defined in the same manner.
Applying Theorem 2 we get immediately the following result.

Theorem 3. Let operators A1, As, A1 determine an irreducible well-behaved represen-
tation of Ay 3 on a Hilbert space H. Then, up to unitary equivalence, H = lo(Z1)®l2(Z4)
and

A1 =a® 1,
(2) Ay = /14 p2-d(\) @ a+ pe'® - d(N)a* @ d(N),

Ag = pe'? - d(\) @ d(N).

Representations corresponding to (p1,$1) # (p2, ¢2), where p1 > 0, are non-equivalent.
Representations corresponding to (0, ¢) are unitary equivalent for any ¢ € [0, 27).

Proof. To prove the theorem we only note that due to Theorem 2 we have
Ai=a®1l, By=d\)®a, Aiz=pe?-d\) @d),

for some p > 0 and ¢ € [0, 27). |

Fix p > 0 and consider the *-algebra 2, 3 , generated by elements a1, a2, u, subject
to the relations

aja; —aa; =1, 1=1,2, ajaz = Aagay,
(3) asay — Aaias = pu, uwu=1,
aju = \uaj, aju=luaj.

Let us give a definition of well-behaved representations of 2, 3 , in terms of a;, ¢ = 1,2,
and wu.

Definition 12. We call a representation of Uy 3., determined by closed operators Aj,
Ag and unitary U, well-behaved if there exists a dense linear domain D C H such that D
is invariant with respect to U, A;, AY, 1 =1,2, any f € D is jointly analytic in a strong
sense for the family {A;, AY, i =1,2} and the operators A1, As, U satisfy (3) on D.

Definition 13. Say that a well-behaved representation of Uy 3., is irreducible if there is
no closed subspace K C H and a dense linear domain D1 C K satisfying conditions of
Definition 12.
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Theorem 4. Let p > 0. Any irreducible well-behaved representation of Ay 3, is de-
termined, up to unitary equivalence, by {A1, Ao, U := p~L1A1a}, where Ay, Ay, Ajs are
given by (2) and ¢ € [0, 27).

Proof.

1. We show first that if {A;, As,U} satisfy the conditions of Definition 12 then
{A1, A, pU} determine a well-behaved representation of 2y 3 (in the sense of Definition
11). Indeed, evidently D is invariant with respect to Ba, Bj, where By = Ay — pU Aj.
Next we see that any vector of D, which is jointly analytic in a strong sense for the family
{A1, A%, By, B3}, is analytic for the operator

A = Aj Ay + BBy + p*U*U = p*1 + A} A, + B3 Bs.
Since
UA; = AAU, AU = UA;, AU = UAS, UAs = NAU
and |A| = 1, for any product v of the elements A}, A;, U, U*,i=1,2 and f € D we get
£l =11z £,

where the product 7 is obtained from v by dropping all the factors equal to U or U*; the
empty product is assumed to be equal to the identity operator.

Denote by A,(Cl) (resp. Af)) the set of all products of the operators A;, AY, i =1,2,
(resp. Ai, A}, Ba, B3) of length k.

Note that, for any u € A,(f),

lefll< Y @+ lvfll, feD,

VEAS)
and hence
Soodlufll< Y > (L+p)lvfll, feD.
neas) neal veall

As f is jointly analytic in a strong sense for the family {A;, Af,i = 1,2} we get
D L+ p)Mwfll < M !

veny,)

for some M > 0. Therefore,

S llufll < 2
peasy)
and hence f is jointly analytic in a strong sense for {4y, A}, Ba, B3 }.

Obviously, a well-behaved representation of 2y 3 , is irreducible iff the corresponding
representation of B o is irreducible, hence one can apply formulas (2).

2. Next we prove that if A;, As, Aja, are given by (2), then Ay, Ay, U = p~ 1Ay, satisfy
the conditions of Definition 12 on the domain D = C<er Res, 7,8 € Z+>.

Put Ry = \/1+ p?-d()\) ® a and Q = pe®d(N)a* ® d()\). We show that the vectors
of D are jointly analytic in a strong sense for the family F3 = {A1, A}, Ra, R3,Q2, Q3 }.
Below by A,(:') we denote the set of all products of the elements of F3 of length k. Recall
that

ae, =vVn+le, 1, a‘e, =+/ne,_1, a*ey=0.

Then for any product p of operators a, a* of length k and any r € Z one has

[luer|] < [la%e.|].
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Further, since d()\) is unitary and a*d(\) = Md(\)a*, d(A\)a = Aad()), for any product
IS Aé‘jl) and r,s c Z+, g - D’ ||g|| = 1’ one has

2n

lver ® esl] < (14 p°)"([1(a*"e,) ® el + ller @ (@ e)l) < (L + p*)"2 [ ] VIt E,
k=1

where | = max{r, s}.

FIRV/ES”

Denote by «,, = ' . Then
n!
42 (I +2 2
ozn+1:\/( +2n+1)(I +2n+ )_>2’ s o,
anp, n+1

Hence, there exists M > 1 such that % <M,n>1,and
llve, @ es|| < (14 p*)"an - n! < 201 (1 + p*)"M"n!.

Finally,
Z l|ve, ® es|| < Z -l < 4% 200 (14 p?)"M™nl.
vEAap vEAay

Since Ay = Ry + ()2 for any product p of length k of the operators A;, A}, i=1,2,
and any f € D we get

lefll< > el

veal®
Then
Doollwfll Yo D Al <4 Y (vl
peAll) neal) veal® veal®
Thus f is jointly analytic in a strong sense for the family {4,, A¥, i =1,2}. O

4. THE CASE A =1

In this section we study representations of ng\di),) with A = 1. In this case the elements
Yij = aja; — a;a; belong to the center of the algebra. So, keeping in mind irreducible
representations, we shall assume that y;; € C, i # j, i.e., we shall consider the x-algebra

ngd?))({y”}) generated by the following set of relations:

aja; —aja; =1, aja; —aa; =0, i,j=1,....d, i#j,
a;ja; — a;a; = yjﬂ‘].7 j > 1.
Let us introduce a new family of generators of ngd?),({ym}),
l)l:ah bj:aj—yjﬁlaik, j:27,d
Lemma 3. The elements b;, j = 2,...,d, commute with by and b} and satisfy the
relations
bibj —bb; = Yiayjal j#i,
(4) bibi —bib; = 1+ |yial%,
bjbi — bibj = yjﬂ‘]_.

Proof. Evidently, aib; — bja] = 0 and

arbj — bjay = (ara; — yjaaay) — (a1 — yjaaiar) = (=yj1 + ;1)1 = 0.
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Further, for ¢ # j one has
bib; — b;b; =(a; — yinar)(a; — yjuai) — (a; — yjna1)(a; — yinar)
=(aja; — a;a7) —Yii(ara; — ajar) — y;a(ajal — aja;)

+Tiayji(aa] —ajar) =iyl

Analogously, one gets
Finally, for i # j,

bjb; — bibj = (a; — y;jnai)(a; — yinai) — (a; — yinai)(a; —yj1a7) = yjil.

Let a;j = ¥i,1yj,1- At the next step of reduction, we put ¢; = b;, i = 1,2, and

Y2,1Yk,1 Y2k * Q2 Y2,k *
by : b5 = by — ~— by ——b;, k=3,...,d.
L+ |y2,1? 1+ |y2a|? 2 1+ ass 1+agy °

Lemma 4.

The elements ¢; and ¢, ¢ = 1,2, commute with all ¢, k > 2, and

a2iYj2 + aQ,jy2,i)

cici —cicj = (Y5 — T 1, j>i,
Qi+ Y2,iY2,; .,
ciej —ejc; = === kg,
1+ Qg9
. . aii + |y2,il?
cici—cicl =1+ ——=2—,
1+ Qg2

So, for the generators ¢;, i > 2, we have obtained relations similar to (4) and can
continue the process inductively.

If all y;;, =y, j > ¢, then the reduction looks very simple,

« Y
=b, — by — ——b3
ck F 1t a? 1ta
where a = |y|?, and the relations between b;, j =1,...,d,
bjbl — blbj = 0, bij — bfbj =0, j7>1,
bjbi - bzb] = v, b;kbj — bjbj: = qQ, 7 # j, Z,j > 1,
bfbl - blbI = 1, b:bl — bzb: =1l4a, i1>1,
transform into
cjci—cic; = 0, cicj—cici =0, i=1,2, j>2
o+ y2 . . ..
cici —cicy =Y, Cicj—cic = T|a" 1#£ g, 4,] > 2,
cier—ccl = 1, chea—cac; =1+q,
o+ y2 .
C;-kcifcicf = 1+T|Oé|7 1> 2.

We will get at the end that the algebra m§d§ (y) is isomorphic to the algebra generated
by di, di, k=1,...,d, such that

[d,d;] =0, |[di,d;j]=0, i#j.
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and
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didi—d;di=1+a;, i=1,...,d,

where a; are defined recursively,

Q= |y|2 Qpy1 = Gl i |y|2
’ + 1+ ag :
The isomorphism is given by
dy a,
dy = a—ydj,
* a1 Y *
ds = a3—yd] — dy — ds,
3 3 — Yyap 1+a121+a12
N aq Y « Qf—2 Y *
dp = ap—yd] — dy — — e ——dp 1 — ———d;_4.
k BTV 1+aoq 2 1+a; 2 1+Oék_2k1 1+ ap_o k=1
The theory of irreducible well-behaved representations of the algebra generated by
d;, i =1,...,d, satisfying the above relations is well-understood: there is the only one

irreducible well-behaved representation given on H = ¢2(Z, )®? by

di=vVItul®..01l® a ®l...®1,i=1,....d,

3

where a is the creation operator ae, = v/n + le,y 1 on £2(Z,).
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