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TRANSFORMATIONS OF NEVANLINNA OPERATOR-FUNCTIONS
AND THEIR FIXED POINTS

YU. M. ARLINSKII

To Eduard R. Tsekanouvskii on the occasion of his 80th birthday

ABSTRACT. We give a new characterization of the class Ngn[—l, 1] of the operator-
valued in the Hilbert space 91 Nevanlinna functions that admit representations as
compressed resolvents (m-functions) of selfadjoint contractions. We consider the
automorphism I' : M(A)—Mp(X) := (A2 — 1)M(/\))71 of the class N, [—1,1] and
construct a realization of Mr(\) as a compressed resolvent. The unique fixed point
of T is the m-function of the block-operator Jacobi matrix related to the Chebyshev
polynomials of the first kind. We study a transformation T' : M()) — Ma(A) =
—(M(A)+AIgn) ! that maps the set of all Nevanlinna operator-valued functions into
its subset. The unique fixed point Mg of T admits a realization as the compressed
resolvent of the ”free” discrete Schrédinger operator 30 in the Hilbert space Hy =
£2(No) @ M. We prove that My is the uniform limit on compact sets of the open
upper/lower half-plane in the operator norm topology of the iterations {M,41(\) =
—(Mn(X\) + Xop) 71} of T'. We show that the pair {Ho,jo} is the inductive limit
of the sequence of realizations {En,A\n} of {Myp}. In the scalar case (M = C),
applying the algorithm of I. S. Kac, a realization of iterates { M (\)} as m-functions
of canonical (Hamiltonian) systems is constructed.

1. INTRODUCTION AND PRELIMINARIES

Notations. We use the symbols dom T, ranT, ker T' for the domain, the range, and
the null-subspace of a linear operator T. The closures of dom T, ranT" are denoted by
dom T, Tan T, respectively. The identity operator in a Hilbert space §) is denoted by I
and sometimes by Ig. If £ is a subspace, i.e., a closed linear subset of §, the orthogonal
projection in $ onto £ is denoted by Pg. The notation 7| £ means the restriction of a
linear operator T on the set £ C domT'. The resolvent set of T' is denoted by p(T"). The
linear space of bounded operators acting between Hilbert spaces §) and 8 is denoted by
B($, &) and the Banach algebra B($), ) by B($). Throughout this paper we consider
separable Hilbert spaces over the field C of complex numbers. C,/C_ denotes the
open upper/lower half-plane of C, Ry := [0,+00), N is the set of natural numbers,
Ny := NU{0}.

Definition 1.1. 4 B(9M)-valued function M is called a Nevanlinna function (R-function
[15], [20], Herglotz function [12], Herglotz-Nevanlinna function [1], [3]) if it is holo-

morphic outside the real axis, symmetric M(A\)* = M(X), and satisfies the inequality
Im AIm M (\) > 0 for all A € C\R.

This class is often denoted by R[9]. A more general is the notion of Nevanlinna
family, cf. [9].
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Definition 1.2. A family of linear relations M(X), A\ € C\R, in a Hilbert space M is
called a Nevanlinna family if:

(1) M(X) is mazimal dissipative for every X € Cy (resp. accumulative for every
AeCl);

(2) M(A)* =M(N), A € C\R;

(3) for some, and hence for all, u € C4(C_) the operator family (M(X) + ulon) (€
B(9M)) is holomorphic on C(C_).

The class of all Nevanlinna families in a Hilbert space 91 is denoted by R(90). Each

Nevanlinna family M € E(SDT) admits the following decomposition to the operator part
Ms(N), A € C\R, and constant multi-valued part Muo:

M(N) = My(\) @ Moo, Moo = {0} x mul M(N).

Here M,()) is a Nevanlinna family of densely defined operators in 9t © mul M()).
A Nevanlinna B(91)-valued function admits the integral representation, see [15], [20],

(L)) M) :A+B)\+/R (tlk—t> s (b), / =) ¢ gom),

241 R 2+1

where A = A* € B(9), 0 < B = B* € B(M), the B(M)-valued function %(-) is
nondecreasing and ¥ (t) = X(¢ — 0). The integral is uniformly convergent in the strong
topology; cf. [8], [15]. The following condition is equivalent to the definition of a B(9)-
valued Nevanlinna function M (A) holomorphic on C\R : the function of two variables

K\ p) = M(A))\_]\;(M)*

is a nonnegative kernel, ie., Y. (K(Ag, A1)fi, fx) > 0 for an arbitrary set of points
k=1
{A1,A2,..., A} € C,/(C C_) and an arbitrary set of vectors {f1, fo,..., fn} C .
It follows from (1.1) that

. M((iy) o Im M(iy)
B=s—lim =s— lim ————,
ytoo Y ytoo Y

. Y
Im M (iy) = By—l—/ﬂ{de(t),

and this implies that lim,_,., yIm M (iy) exists in the strong resolvent sense as a self-
adjoint relation; see e.g. [5]. This limit is a bounded selfadjoint operator if and only if
B =0 and [, dX(t) € B(9M), in which case s — lim,_,o yIm M(iy) = [, dX(t). In this
case one can rewrlte the integral representation (1.1) in the form

(1.2) M(A):E+/—dz /dZ ) € B(M),

and E = lim,_,o M (iy) in B(9MN).

The class of B(M1)-valued Nevanlinna functions M with the integral representation
(1.2) with E = 0 is denoted by Ro[M]. In this paper we will consider the following
subclasses of the class R[]

Definition 1.3. A function N from the class R[] is said to belong to the class

(1) N if s — limy_, o0 5y N (iy) = —Ion,
(2) NY if N € N and N is holomorphic at infinity,
(3) N9 [—1,1] if N € NS, and is holomorphic outside the interval [—1,1].
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Thus, we have inclusions
N [—1,1] € N9 € N € Ro[9M] € R[] € R(IM).

A selfadjoint operator T in the Hilbert space §) is called 9-simple, where 9 is a
subspace of §, if span {T'— AI)7*9, A € C4 UC_} = H. If T is bounded then the latter
condition is equivalent to span {T"9M, n € No} = $.

The next theorem follows from [8, Theorem 4.8] and the Naimark’s dilation theorem
[8, Theorem 1, Appendix I], see [2] and [3] for the case M € NY,,.

Theorem 1.4. 1) If M € N[9N|, then there exist a Hilbert space $) containing M as a
subspace and a selfadjoint operator T in § such that T is M-simple and

(1.3) M(X\) = Py (T — XI)~' .

for X in the domain of M. If M € N, then T is bounded and if M € N3;[—1,1], then
T is a selfadjoint contraction.

2) If Ty and Ty are selfadjoint operators in the Hilbert spaces $1 and o, respectively,
M is a subspace in H1 and Ho, T1 and T are M-simple, and

M()\) = Pop(Ty — Mg,) "M = P(Ty — Mg,) M, X € C\R,
then there exists a unitary operator U mapping $1 onto Ho such that
UlM=1Iyn and UT) =ToU.

The right hand side in (1.3) is often called compressed resolvent/M-resolvent/the Weyl
function/m-function, [6], [11]. A representation M € N, in the form (1.3) will be called
a realization of M.

We show in Section 2, that M()\) € Ny, [—1,1] <= (A2 = 1)"'M(\)~! € N, [-1,1].
It follows that the transformation
M)~

A2 —1
maps the class N§[—1,1] onto itself and I'"! = I'. In Theorem 2.6 we construct a
realization of (A2 — 1)71M(X)~! as a compressed resolvent by means of the contraction

Ion
T that

is compressed resolvent Py, (Jo — AI) ™1 9y of the block-operator Jacobi matrix

(1.4) N9 [—1,1] 2 M(N\) & Mp(\) = € Ng,[-1,1]

T that realizes M. The mapping I" has the unique fixed point My(\) = —

_ . -
(- 0 0 0
Vo
1
I 0 =I 0 0
\/i m m
1. Jo =
(L1.5) 0 0 ~Ion 0 ~—-I; O ’
0 0 Ly S
oM 9 M

acting in the Hilbert space ¢?(Np) @ 90, and My = M @ {0} & - - -, see Proposition 2.7.

A selfadjoint linear relation A in the orthogonal sum 9t & K is called minimal with
respect to M (see 9, page 5366]) if

Dﬁ@lczm{m+(i—>\1)—1m:/\6p(ﬁ)}.

One of the statements obtained in [9] in the context of the Weyl family of a boundary
relation is the following:
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Theorem 1.5. Let M be a Nevanlinna family in the Hilbert space M. Then there exists
unique up to unitary equivalence a selfadjoint linear relation A in the Hilbert space MBI
such that A is minimal with respect to M and the equality

-1

(1.6) M) = — (Pim (Z— M)*l rzm) Moy, AeC\R

holds.
The equivalent form of (1.6) is
Pop(A =X~ = —(M(N\) 4+ Man) ™%, X e C\R.

The compressed resolvent Py (A — M)~ 9 belongs to the class Ro[9M] and even to its
more narrow subclass, see Corollary 2.4. N

In Section 3 we consider the following mapping defined on the whole class R(91) of
Nevanlinna families:

(1.7) M) Ma(A) = —(M(A) + Man)~L, A € C\R.

We prove (Theorem 3.1) that the mapping T and each its degree T'* has the unique fixed

point
— A+ VA2 -4
Mo(N) = fﬁm
and the sequence of iterations
Mi(A) = —(MA) + M) ™Y, My (A) = —(Mu(A) + M) ™Y, neN,

starting with an arbitrary Nevanlinna family M, converges to M, in the operator norm
topology uniformly on compact sets lying in the open left /right half-plane of the complex
plane. The function My()\) can be realized by the free discrete Schrodinger operator given
by the block-operator Jacobi matrix

0 Im O 0 0
~ I,m 0 L,y 0 O
(1.8) Jo=10 Im 0 Iy 0O

acting in the Hilbert space £2(Np) ® 9. Besides we construct a sequence {§,, A, } of
realizations of functions M,, (M (X) = Pog(An,_1 — M)~ 9, A € C\R) and show that
the Hilbert space £2(Np) ® 9 and the block-operator Jacobi matrix Jg are the inductive
limits of {§,} and {4, }, respectively. Observe that when 2t = C, the Jacobi matrices
Jo and 130 are connected with Chebyshev polynomials of the first and second kinds,
respectively [6].

hi1(t)  haa(t)

Let H(t) =
et (1) {hgl(t) (1)
scalar real-valued entries on Ry. Assume that H(t) is locally integrable on Ry and is

} be symmetric and nonnegative 2 x 2 matrix-function with

trace-normed, i.e., tr H(t) = 1 a.e. on Ry. Let J = [(1) _01] The system of differential
equations

dz o o $1(t)
(1.9) ‘7% = H()Z(t), Z(t) = [xg(t) , teRy, XeC,

is called the canonical system with the Hamiltonian H or the Hamiltonian system.
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The m-function my of the canonical system (1.9) can be defined as follows:
i) (0, )\)
1 (0, )\)7
where Z(¢, \) is the solution of (1.9), satisfying

mH()\) = A€ C\R,

z1(0,\) #0 and /f(t, A)*H()Z(t, N) dt < oo.
Ry
The m-function of a canonical system is a Nevanlinna function. As has been proved
by L. de Branges [7], see also [22], for each Nevanlinna function m there exists a unique
trace-normed canonical system such that its m-function my coincides with m. In the last
Section 4, applying the algorithm suggested by I.S. Kac in [14], we construct a sequence
of Hamiltonians {#,} such that the m-functions of the corresponding canonical systems
coincides with the sequence of the iterates {m,} of the mapping T'

1 1

ml()\) = 7m,..., mn+1()\) = 7m,...,

A € C\R,

where m()) is a non-rational Nevanlinna function form the class N&. This sequence

— A+ VAZ—4
2

{mn} converges locally uniformly on C;/C_ to the function mg(A) =
that is the m-function of the canonical system with the Hamiltonian
T
cos?(j +1)= 0
Ho(t) = 2 o tE€LI+D) VieN.
0 sin?(j + 1)5

For the constructed Hamiltonian #,, the property H,[[0,n+ 1) = Ho[[0,n + 1) is valid
for each n € N. Moreover, our construction shows that for the Hamiltonian H such that
the m-function my of the corresponding canonical system belongs to the class N2, the

Hamiltonian Hg of the canonical system having f‘(m) as its m-function, is of the form
HO(t)a te [0,2)

Hyp(t) = [(1) ﬂ —H(t—-1), t€[2,+00)

2. CHARACTERIZATIONS OF SUBCLASSES
2.1. The subclass Ro[M]. The next proposition is well known, cf.[8].

Proposition 2.1. Let M (X) be a B(OM)-valued Nevanlinna function. Then the following
statements are equivalent:

(1) M e Ro[m],
(i) the function y||M (iy)|| is bounded on [1,00),
(iii) there exists a strong limit s — lirf iyM (iy) = —C, where C is a bounded self-
y——+o00

adjoint nonnegative operator in IM;
(iv) M admits a representation

(2.1) M(\) = K*(T —\)"'K, XecC\R,

where T is a selfadjoint operator in a Hilbert space K and K € B(IM, K); here
K, T, and K can be selected such that T is Tan K -simple, i.e.,

span {(T — \)"'ran K : A € C\R} = K.



TRANSFORMATIONS OF NEVANLINNA OPERATOR-FUNCTIONS 217

Proposition 2.2. ([9],Lemma 2.14, Example 6.6). Let K and 9% be Hilbert spaces,
let K € BON,K) and let D and T be selfadjoint operators in M and IC, respectively.

Consider a selfadjoint operator A in the Hilbert space M KC given by the block-operator

matric
~ [D K*

A= K T}’ dom A =dom D @ domT.

Then A is M-minimal if and only if T is Tan K -simple.
Proof. Our proof is based on the Schur-Frobenius formula for the resolvent (A — \I)~*
(2.2)

(A-AD)" = { V) V()T (T~ AL

(T —A)TLKV(N)™Y (T =AD" (Ix = KV()TIK(T — A)7Y) |
V(A\) :=Mop — D+ K*(T — M) 'K,

A€ p(T)Np(A).
Actually, (2.2) implies the equivalences

Span {m+(Z—AI)—1m:Aec\R}ZM@K

=K ) ker (Pgm(ﬁf )\I)*l) = {0} = [ ker (K*(T - AI)™") = {0}
AEC\R AEC\R
<= span{(T — \) 'ran K : A € C\R} =K.
O
In the sequel we will use the following consequence of (2.2):

(2.3) Pm(A— A" M = — (=D + K*(T = M) 'K + o), A € p(T) N p(A).
Proposition 2.3. (cf. [9], the proof of Theorem 3.9). For a B(9M)-valued Nevanlinna
function M the following statements are equivalent:

(i) the limit value C := —s — HI—P iyM (iy) satisfies 0 < C < Ign;

y——+o0

(ii) M admits a representation

(2.4) M(\) = Pp(A—XI)~'9m, e C\R,

where A is a selfadjoint linear relation in o Hilbert space $ D 9 and Py is the
orthogonal projection from $ onto M,
(iii) M admits a representation (2.1) with a contraction K € B(OM, H);
(iv) the following inequality holds
Im M (M)
Im A

In (ii) $ and A can be selected such that A is minimal w.r.t. M. Moreover, A in (2.4)
can be taken to be a selfadjoint operator if and only if C = Isy. The operator K in (4ii)
is an isometry if and only if C = Iyy.

—~M\M(\)* >0, AeC\R.

Proof. The equivalence (i)<=> (iii) follows from Proposition 2.1.
(i)==(iv). Since (2.1) holds, we get C' = K*K and the inequality 0 < C' < Iy implies
[|K]| <1 and, therefore holds the inequality.
Im M (X)

- * > .
MM 20, AeC\R
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(iv)==(ii). Consider —M (\)~!. Then
Im(—M\)"th — A\, h Im (—M\)"th,h
Im A\ Im A

Hence M(A) := —M(\)~! — Myy is a Nevanlinna family. Due to Theorem 1.5 and (1.6)

we have

—(M) 4+ Aop) ™ = Ppp(A— M) 'O, A e C\R,
where A is a selfadjoint linear relation in some Hilbert space $ = 9 & K.
N (il)=(i). Eet Ay be the operator part of A acting in a subspace £ of §. Decompose
Aas H=GrAo® {0,9 S $Ho}. Then
Pon(A = M)~ 9N = Py (Ag — M)~ Py, | M = Pop Py, (Ag — AI) ™ Py, | .
Set K = Pg, [ : M — §o. Then K* = Py Py, |[|K]| < 1,
M) = K*(Ay— MX)"'K, XeC\R,

and
s— lim iyM@iy) = —-K'K, C=K'K €|0,Ip].

r—+o0
(iii)==(ii). Since ||K|| < 1, M(\) = —M~Y(\) — Aoy is a Nevanlinna family. By
Theorem 1.5 there is a Hilbert space K and a selfadjoint linear relation A in 9t @ K

~ —1
minimal w.r.t. 9% such that M(\) = — (Pgn(A - M)—lrsm) — Mg, \EC\R. O

Corollary 2.4. There is a one-to-one correspondence between all Nevanlinna families
M in M and all B(M)-valued Nevanlinna functions M satisfying the condition (i) in
Proposition 2.1 with C € [0, Iop]. This correspondence is given by the relations

M) = —(M\) + Aon) ™, M) =—-MN\) "' =My, AeC\R.

Remark 2.5. For the case M = C the statement of Corollary 2.4 can be found in [6,
Chapter VII, § 1, Lemma 1.7].

In [10] (see also [4]) it is established that an B(9M)-valued function M(X), A € D C
C,/C_ admits the representation (2.4) iff the kernel

KO = e ary)

is nonnegative on D.
2.2. The subclass N3, [—1,1]. Notice, that if M € NJ,[—1,1], then

(M(z)g,9) > 0Vg € M\ {0}, z < -1
(M(z)g,9) <0Vg e M\ {0}, x> 1
Therefore, see [16, Appendix]
(T+NMN), (Q1—=XNM(\) e RM.
Theorem 2.6. 1) A B(IM)-valued Nevanlinna function M belongs to N§,[—1,1] if and
only if the function
1=AHMWN\) — (1 =EME)* — (A= &)1
L) LM = (1= @)M©* — (- O
A=¢
with X\, & € C\ [-1,1], A # £ is a nonnegative kernel.
2) If M € N, [—1,1], then the function
M)~
A2 17

AeC\I[-1,1]
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belongs to N9, [—1,1] as well.
3) If a selfadjoint contraction T in the Hilbert space $), containing MM as a subspace,
realizes M, i.e., M(\) = Py (T — X)"1[ 9, for all A € C\ [—1,1], then

M)t
M~ pnr-an i aecy L1
where a selfadjoint contraction T is given by
m m
(2.5) T .= DI PDrl o on g
Dp[Im T
Dr D

and Dp := (I —T2)1/2, D :=Ttan Dr. Moreover, if T is M-simple, then T is M-simple
as well and the operator T D is unitarily equivalent to the operator Py T M.

Proof. The statement in 1) follows from [2, Theorem 6.1]. Observe that if M(\) =
Py(T = XI)7H M YA € C\ [—1,1], where T is a selfadjoint contraction, then

Long) = L= NIMO) = (L= @M€" = (A= O
(2.6) —
= Po(T =AM I =TT =€) 7'M, AEeC\[-1,1], AAE

2) Let A € C\ [-1,1], then
(T = ADh, )| > dV)[[* - Vh e 9,
where d()\) = dist(\,[—1,1]). Set h = (T — X)~Lf, f € M. Then

IMNFIAT = 1 MO = [ (f, (T = A7)
= |(h, (T = ADR)| = dN)|[RI* = c(VIIfIP, e(A) > 0.

—~

Hence, ||[M(A)f]| > ¢(A)]|f]| and since M(S\) = MN\)*, we get [|[M(A)*f|| > 0(5\)||f|| It
follows that M(A)~! € B(9M) for all A € C\ [-1,1].
Set

L) == (1=X)M\) — Mop, AeC\[-1,1].
Then from (2.6) we get
L) = L) = (1= A)MQ\) = (1= M) (MN)* = (A= NI
= A= NPy(T = XI)"1(I = T*(T — XI)"*[ 9.
It follows that L(\) and the functions
(1= X)M(X\) = L(A) + Mop, A€ C\[-1,1]

and
-1
—((1 - )\Q)M(A))_l = A/@(A) T AeC\[-1,1]
are Nevanlinna functions. Then from the equality M(\) = —A7! + o(A71), A — oo, we
get that also
M\~

_ -1 ~1
21 AT 4+ o(ATY), A= oo,

ie.,
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3) Observe that the subspace D is contained in the Hilbert space §). Let H := MSDr
and let T be given by (2.5). Since T is a selfadjoint contraction in $), we get for an
arbitrary ¢ € 9 and f € Dp the equalities

(G = (G = () -l s e

Therefore T is a selfadjoint contraction in the Hilbert space H.
Applying (2.3) we obtain
Po(T = A)7' 9 = — (A + PnT I M + P D (T — AI)—lDTrzm)’l
= — (M4 Py (T(T = AXI) + 1 =T?) (T = XI)~' M)
— — (A + Po(I = AT)(T = AI)"'1om)

=— (1= X)Pny(T - AI)*lrz)Jt)‘l = Ai%_(/l\) AeC\[-1,1].

-1

Suppose that T' is M-simple, i.e.,

span {T"M, n € No} =M K <= () ker(PmT™) = {0}.
n=0

Hence, since

D o {span{T" DM, n € No}} = ﬂ ker(PomT" D),
n=0
we get span {T"Dr9M, n € Ng} = Dr. This means that the operator T is 9M-simple.
Let

o [~PxTIM PuDr[®r] _ [PuTIM PuDr] ? R 3.?
| Drplm TIOr | [ Drfmt Tror]t o Do

As has been proved above because the selfadjoint contraction T realizes the function
Q) =\ -1 M), ie,
M)
A2 -1
the selfadjoint contraction T realizes the function (A\2—1)"tQ(\)~! = M (). In addition,
if T is 9M-simple, then T and therefore T are 9-simple. Since
Pp(T = M) M = Pp(T — M) "M = M()), |\ > 1,

the operators T and T are unitarily equivalent and, moreover, see Theorem 1.4, there
exists a unitary operator U of the form

Pon(T = AI) "' [0 = Q(A) = AeC\[-1,1],

m m
U:[I%“ 8} ® - 8,
o9r K

where I := $ © 91 and U is a unitary operator from ® onto K such that
Py TIM PypTIK| I 0| |l O |PeT[9M PomDr|[Dr
PcTIM PcTIK 0O U| |0 U||DprMm T

(PmTIK)U = P Dt [ D1
e { PTIM=UDgM
(PTIK)U =UT D[ Dy

In particular PcT'| K and T|® are unitarily equivalent. ]

TIU:IU’JT:)[
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Observe that for a bounded selfadjoint T' the equality M(\) = Py (T — AI)~1 M
yields the following relation for A € C\R:

_ 2

! Im'i‘ Im M()\) — 2Re (AM (X)) — Iy = Pon (T — XI) (I — T?)(T — M\I)~' .
Hence for M()\) € N9, [—1,1] we get

1—|A>2 Im ((1—A2)M(\) — \)

>
Im A 20,

Im M(X) — 2Re (AM(N)) — Inp =

X Im A # 0.

2.3. The fixed point of the mapping I'.

Proposition 2.7. Let 9 be a Hilbert space. Then the mapping T’ (1.4) has a unique
fixed point

1
(2.7) Mo(\) = —% (ImVX2—1>0 for ImA>0).
Define the weight po(t) and the weighted Hilbert space $o as follows
1 1
t) =——, te(-1,1
pO() ﬂ_m7 6( ) )7
(2.8) $0 :=La([~1,1],9, po(t)) = L2 ([-1,1], po(t)) (K) M

L 2
— {f(t) : /Hfﬁ(ti”:;tdt < oo}.

Then $q is the Hilbert space with the inner product

L 1
(50905, = = [ O, 5Ommic) it =~ [ Wdt.

Identify M with a subspace of Hy of constant vector-functions { f(t) = f, f € M}. Define
in Ho the multiplication operator

(2.9) (Tof)(t) =tf(t), [ € Ho.
Then
Mo(X) = P (To — M)~ .
Let Hy = @ M = 2(Ng) @M and let Jo be the operator in Hy given by the block-
j=0

operator Jacobi matric of the form (1.5). Set My := MEP{0}EP{0}PH---. Then
Mo(X) = Popy(Jo — AI) "1y
Proof. Let My(\) be a fixed point of the mapping I | i.e.,

MO(/\)71 2 1
OV M -
o1 M=y

Since My(A) is Nevanlinna function, we get (2.7).
For each h € M calculations give the equality, see [6, pages 545-546], [18],

Mo(\) = I, AeC\[-1,1].

1
h 1 h 1
‘ﬁﬁ/mﬁd’* A€ AL L
-1

Therefore, if Tj is the operator of the form (2.9), then
Mo(X) = Pm(To = AI)~' M, Ae C\[-1,1].
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As it is well known the Chebyshev polynomials of the first kind
To(t) =1, To(t) :== V2cos(narccost), n>1

form an orthonormal basis of the space La([—1, 1], po(t)), where po(t) is given by (2.8).
This polynomials satisfy the recurrence relations

(Tofe) = S0, ¢Ti(0) = —Talt) + 5Talt).

~ 1~ 1~

Hence the matrix of the operator Ty of multiplication on the independent variable in
the Hilbert space Lo([—1, 1], po(t)) w.r.t. the basis {T),(¢)}32, (the Jacobi matrix) takes

1
the form (1.5) when 9 = C. Besides mg(\) := ((Jo — M) 180, 00) = T where
0o = [1 0 0 ]T [6]. Since Ty = To Q) I we get that Tj is unitarily equivalent to
Jo = Jo ® Im and Mo(A) = Pop, (Jo — A)~1 Mo O

Observe that 9M-valued holomorphic in C\ [—1, 1] function

My(A) == 2(=Mop — M (N) = 2(=A + VA2 — 1) oy
belongs to the class N, [—1, 1].

3. THE FIXED POINT OF THE MAPPING T

Now we will study the mapping T (1.7). Let M be a Nevanlinna family in the Hilbert
space M. Then since

[T (M(A) + Mon) f, £) = [Tm Al[f]]%, TmA#0, f € domM(N),

the estimate
1

1 )+ Aop) 7| € ——, Im A
(3.1) M)+ M)~ < s TmA £ 0
holds true. It follows that Mji(A) = —(M(X) + Aon) ™! is B(9)-valued Nevanlinna
function from the class Ro[9] and, moreover, Mi(A) = K*(T' — /\~I)_1K, ImA # 0,
where T is a selfadjoint operator in a Hilbert space £ and K € B(90, §) is a contraction,
see Corollary 2.4 and Proposition 2.1. For Mg(A\) = —(M;1(A) + Aoy) ! one has

yglfoo l|iyMa(iy) + Im|| = 0,

i.e., Ma(A\) € N|9M]. Thus, see Corollary 2.4,
ranT' = T(R[M)) = {M(/\) € Ro[M] :s — lim (~iyM(iy)) € [O,Im}} :
y oo
ranT* c N[, k>2.

Theorem 3.1. Let 9 be a Hilbert space. Then
(1) the function

SAEVRE AL

(3.2) Mo(A) = 5 m, ImA#0, Mo(co)=0

is a unique fired point of the mapping r (1.7);
(2) if T(M) = Mo, then M(X) = My(N) for all X € C\R;
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(3) for every sequence of iterations of the form
Mi(A) = —(MO) +Aon) ™t Myt (N) = =My (\) +Mop) ™Y, n=1,2...,
where M(X) is an arbitrary Nevanlinna function, the relation
Tim [JM, () ~ Mo(N)]| =0
holds uniformly on each compact subsets of the open upper/lower half-plane of

the complex plane C; R
(4) the function My(\) is a unique fized point for each degree of T.

Proof. (1) Since
M) = —(M\) + Mogp) ™! <= M2(A\) + IM(N) + Iy = 0,

and M is a Nevanlinna family, we get that M given by (3.2) is a unique solution.
(2) Suppose T'(M) = My, ie.,

— A+ VA1

—(MA) + Mop) ™ = 5 I, X e€C\R.
Then
2 — A+ VA2 —4
MO =[—— A= 2 T = Mo

(3) Let F and G be two B(91)-valued Nevanlinna functions. Set
F(A) = —~(F\) + o)™t G(N) = —(G(\) + M) ™!, A€ C\R.
Then F and G are B(9)-valued and
F(N) = GO = (FO) + Ma) ™ (F(V) = GA) (GO + Man) ™"
From (3.1) we get

~ ~ 1
— < — .
ICEQ) = GO < il FO) = G0
Hence for the sequence of iterations {M,,(\)} one has
1
[[(Mn(A) = M (V)] < WHMn—mH(/\) - Mi(N)l, n>m.

It follows that if |[Im A| > 1, then

(|Tm A2) -+
—_— A)— A .

M) = ML > m
Therefore, the sequence of linear operators {M,(A)}>2; convergence in the operator
norm topology, and the limit satisfies the equality M(\) = —(M(X\) + AXI)~1, i.e., is the

fixed point of the mapping T'. In addition due to the inequality

H(Mn()‘) - Mm(/\))H <

1
[(Mn(X) =MW < o= lIMa—me1 () =M, n>m, [ImAl > R, R>1

we get that the convergence is uniform on A on the domain {X: [ImA| > R}, R > 1.
Note that from

MM = [[(My—1(X) + Mar) M| < Im\ # 0

1
[Tm A|’
it follows that the sequence of operator-valued functions {M, (A)}22; is uniformly
bounded on A on each domain [Im A| > r, > 0. Thus, the sequence {M,,}72, is locally
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uniformly bounded in the upper and lower open half-planes and, in addition, {M,,} uni-
formly converges in the operator-norm topology on the domains {A : [ImA| > R}, R > 1.
By the Vitali-Porter theorem [19] the relation

i [[M (3) = Mo(M)] =0

holds uniformly on A on each compact subset of the open upper/lower half-plane of the
complex plane C. R

(4) The function M, is a fixed point for each degree of I'. Suppose that the mapping
T, [y > 2 has one more fixed point £()\). Then arguing as above, we get

IMo(A) = Lo(N)I| < [im AI"20 [l Mo (A) — Lo(N)]| VA € C\R.

It follows that Lo(N\) = Mo(N). O

The scalar case (M = C) of the next Proposition can be found in [6, pages 544—
545], [18].
Proposition 3.2. Let 9 be a Hilbert space.

(1) Consider the weighted Hilbert space

1
20 = L2 ([—2,2}, 27‘(V4_t2> ®9ﬁ

and the operator

(Tof)(t) =tf(t), f(t) €L

Identify MM with a subspace of £y of constant vector-functions {f(t) = f, f € M}.
Then

MO()‘):PW(%fAI)il[SDL )‘GC\[7272}7
where Mo(X) is given by (3.2).

(2) Let Hy = @ M = (2(No) @M and let Jg be the operator in Hy given by the
3=0
block-operator Jacobi matriz of the form (1.8).

Set My := MP{0}EP{0}H---. Then
Mo(A) = Py (Jo = A7 DMy, AeC\[-2,2.

In the next statement we show that one can construct a sequence {5/"_'\)n, ﬁn} of realiza-
tions for the iterates {M,+1 = T'(M,,)}52; that inductively converges to {Hg, Jo}.
Theorem 3.3. Let M()) be an arbitrary Nevanlinna family in 9. Define the iterations
of the mapping T (1.7):

Ml()\) = 7(M()‘) + AIﬁ)ﬁ)717 Mn-‘rl()\) = 7(M7L(>\) + AI’:m)ila n= 17 2... ;
A e C\R.
Let My(\) = K*(f — M)LK, Tm X # 0 be a realization of My(\), where T is a self-
adjoint operator in the Hilbert space $ and K € B(IM,$) is a contraction. Further,
set
(33) M =MEH, H=MaH =MeMae H,

P =MBEH, =MEME - BMDH, . ..
n+1
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and define the following linear operators for each n € N:

93?9;3»—)]1(9;);3:[x,O,O,...,O]Teﬁn,
———

Hp m — P m —zeMLH,) VzeM, Vheh,.

Define selfadjoint operators in the Hilbert spaces .%n forn e N:

N 0 K* m m N N
(34) Al = ~1: & = & s dom Al =M P dom T,
K T =~ =
) )
domf — ./61,
~ o pon] WM _ ~
Ay = ey DAE r 9 = @, domA; =M dom 4y,
m ! 1 1
_ o pom] M n _ _
Apyr = ) % t 9 = @, domA, =M@ dom Ay
m " N Hn
Then A, is a realization of M1 for each n, i.e.,
(3.5) Mus1(N) = Pyp(A, =AD", n=1,2..., AcC\R.

Iff 1s Tan K -simple, 1.e., Span {(f—)\)_lranK : A€ C\R} =K, then A,, is M-minimal

for eachn € N. Moreover, the Hilbert space Hy and the block-operator Jacobi matriz (1.8)

are the inductive limits Hy = li_I>n55n and Jo = lim A,,, of the chains {H,} and {A,},
—

respectively.

Proof. Relations in (3.5) follow by induction from (2.3).
Note that the operator A, can be represented by the block-operator matrix

"0 Ly O 0 0 0 g‘ Zt
Im 0 Ijm 0 0 0 o o

0 Im 0 Iy 0 - 0 . .

o 0 Im 0 Im O o| n n

(3.6) An=1 . : : : A : : — :
O 0 - - - 0 0 Imy 0 ?;t gt

o 0 - - - 0 Iy 0 K . .

o o0 - . . 00 K T . e

- - ] 5]

Besides, if T is bounded, then all operators {gn}nzl are bounded and each M,,(\)
belongs to the class NJy, for n > 2.

Define the linear operators ~ : D — 51, >k, v He — Hy, k € N as follows

(3.7 lf1s fas oo frr @l = [f1s for s £,0,0,...,0, ),
-k
Yelf1, o, o) = L1, fr o5 S, 0,0,
{filicicMm, ¢e 9.
Then
(1) ¥ is the identity on 9y for each k € N,
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(2) ym=Amonqt ifk<I<m,

(3) 'yk:’ylo”yllc,le, keN,

(4) Ho = 5pan {9, k > 1}.
Note that the operators {4} are isometries and the operators {7, } are partial isometries
and kerv, = $ for all k. The family {ﬁk,"yk,fyk} forms the inductive isometric chain
[17] and the Hilbert space Hy is the inductive limit of the Hilbert spaces {53n} (3.3):
H, = lim B

Define following [17] on Dy := |J yndom A\n a linear operator in Hy:

n=1

Ah = lim 'ymﬁm'ﬁc"hk, h =yhr, hi€ Gy @5%,

m—r o0

where {A\n} are defined in (3.4). Due to (3.7) and (3.6) the operator A exists, densely
defined imd its closure is bounded selfadjoint operator in Hy given by the block-operator
matrix Jo of the form (1.8). O

Note that the operator Jg is called the free discrete Schrédinger operator [18]. Observe
also that the function

Mi(\) = %Mo (;) =2(-A+ VA2 —1)Ign, AeC\[-1,1],

where Mg () is given by (3.2), belongs to the class N9, [—1,1]. Besides, for all A €
C\ [-1,1] the equality M;(\) = Py (71 — M)~ 9 holds, where 7; is the multiplication
operator (71 f)(t) = tf(t) in the weighted Hilbert space

Lo ([_1,1}, %\/1 —t2> ® M.

If M = C, then the matrix of the corresponding operator 77 in the orthonormal basis of
the Chebyshev polynomials of the second kind

sin[(n + 1) arccos t]

V1—1¢2 ’

Un(t) = n=0,1,...

1~
is of the form 5.]0 [6].

4. CANONICAL SYSTEMS AND THE MAPPING T

Let m € N2. Then, see [6, Chapter VIL, § 1, Theorem 1.11], [11], [18], the function m is
the compressed resolvent (m(\) = ((J — M) 716,00 )) of a unique finite or semi-infinite

Jacobi matrix J = J({ax}, {bx}) with real diagonal entries {ax} and positive off-diagonal
entries {bx} and in the semi-infinite case one has {ay}, {br} € £>°(Np). Observe that the
entries of J can be found using the continued fraction (J-fraction) expansion of m(\)
[11], [21]

-1 —b3 —b? —b2_,
A—ao f A—a1 + A=z ... A—an ...

On the other hand the algorithm of I. S. Kac [14] enables to construct for given
J({ar}, {bx}) the Hamiltonian H(t) such that the m-function of J({ax},{br}) is the
m-function of the corresponding canonical system of the form (1.9).

m(\) =
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Below we give the algorithm of Kac. Let J be a semi-infinite Jacobi matrix

Qg bo 0 0 0
bo aq b1 0 0
(4.1) J=J({ax}, {0k}) =10 b ay by 0

The condition {ay}, {bx} € £>°(Np) is necessary and sufficient for the boundedness of the
corresponding selfadjoint operator in the Hilbert space ¢?(Np).
Put

(4.2) Ii=1, lo=1, 0.,=0, 6= g
Then calculate
1

4.3 0, = arcta 4+, = .
( ) ! g nao T ! lobg sin2 (91 — 90)

Find 05 from the system

(4 4) C0t<92 — 61) = —alll — COt(tgl — 90)
’ 926(91,91+7T)

Find successively I; and 01, j =2,3,...
- 1
J lj,1b§_1 sin2(6‘j —ijl)’
{ COt(9j+1 — 9j) = —(ljlj — COt(ej — 9j,1)

(4.5)
011 € (05,0, + )
Define intervals [t;,t;41) as follows

(46) t1=-1, tog=t_1+1.1=0, ti=tg+1ly=1,
J
tj+1:tj+lj:1+2lk, jeN.
k=1

Then necessarily, [14], we get that lim;_,o t; = +00. Finally define the right continuous
increasing step-function

m
(4.7) o) = =75 t€ (to,tl? =(0,1)
0;, t € [tj,tj11), jEN
and the Hamiltonian H(t) on R

~|cos6(t) cos sin _ cos? O(t) cos 0(t) sin 0(t)
H(t) = Lin Q(t)} [cos 6(2) 6()] Los 0(t) sin 6(¢) sin? 0(t) ]

T R et A

(4.8)

Then the Nevanlinna function m(A\) = ((J — AI)~1dg, o) coincides with m-function of
the corresponding canonical system of the form (1.9). Observe that the algorithm shows
that

(4.9) H(t)_{g ﬂ t€0,1).
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Using (4.2)—(4.8) for the Jacobi matrix Jo

0100 0
|1t 0100
Jo=10 1 0 1 0 ,
we get
. T .
B=1 6=3G+1); VieN,
™
') =G +1)5 telij+l) VieN,
cos?(j + 1) 0
(4.10) Ho(t) = 2 ]
0 sinz(j—|-1)5
11— (-1 0 o '
T2 0 1+(1)J}7 telj,j+1) VjeNo.

Proposition 4.1. Let the scalar non-rational Nevanlinna function m belong to the class
N2. Define the functions

1 1
—_— M1 (N) = —————, ..,
moy MV = = oS
Let J be the Jacobi matriz with the m-function m, i.e., m(\) = ((J — )\I)fl do, 50) , VA€

C\R. Assume that H(t) is the Hamiltonian such that the m-function of the corresponding
canonical system coincides with m. Then the Hamiltonian H,,(t) of the canonical system
whose m-function coincides with m.,, takes the form

H()(t), te [O,TL + 1),

mi(A) = — A € C\R.

(411) H,(t) = " 11— (=1)" 0
Come-m+5 [ GV ] e
Ho(t), t € [0,n+ 1),
cos? | 0 + nﬂ> (=" sin 26 ;
— ) 2 J ,

™

2

(_1)n , te [tj +n7tj+1+n)7 JEN
sin 20, sin? <9j +n )

where {t;,0;};>1 are parameters of the Hamiltonian H(t).
Proof. Set
| 100

0
1
(4.12) J = 0 7 e

Then (2.3) and induction yield the equalities
((J1 = AD)7'60,80) = —(m(A) + )" =m(N),...,

((Jn - /\I)ildOa 60) = _(mn—lo‘) + >‘)71 = mn(/\)v BERE)
A e C\R.
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Let J = J ({ar}520, {br}72,) be of the form (4.1). Then from (4.12) it follows that for
the entries of J,, = J, ({aén)}iozo, {b,(ﬂn)},;“;o) , n € N, we have the equalities

R O B S (I
a,(fn) =ax_n, k>n ’ b;ﬁ”) =bk—n, k=n

In order to find an explicit form of the Hamiltonian corresponding to the Nevanlinna
function m,, we apply the algorithm of Kac described by (4.2), (4.3), (4.4), (4.5), (4.6),
(4.7), (4.8). Then we obtain

R O R L A
o) =0, 60" = 2, 0 = 7. 00 = (n+ 1),

o=, o) =0, +(n+2)2, jeN.

Hence (4.8) and (4.10) yield (4.11). O

By Theorem 3.1 the sequence {m,,} of Nevanlinna functions converges uniformly on
each compact subset of C;/C_ to the Nevanlinna function

— A+ VAZ—4
2 )
This function is the m-function of the Jacobi matrix :]\0 and the m-function of the ca-

nonical system with the Hamiltonian Ho. From (4.12) we see that for the sequence of
selfadjoint Jacobi operators {J,,} in £*(Ny) the relations

PoJpi1 Py = Py JoP, Vn €Ny
hold, where P, is the orthogonal projection in £2(Ng) on the subspace
E, = span{do,d1,...,0n_1}.

mo(A) = A € C\R.

It follows that R
s — lim Pan+1Pn = J().

n—oo
For the sequence (4.11) of {#,} one has
(4.14) Ml [0,n+1) =Ho[[0,n+1) Vn.

From (4.14) it follows that if f(t) = {fl (t)} is a continuous function on R with a compact

f2(t)
support, then there exists ng € N such that ff(t)* f f f( t)dt
0

for all n > ng.
It is proved in [13, Proposition 5.1] that for a sequence of canonical systems with
Hamiltonians {H, } and H the convergence mi, (A ) — mH( ), n — 0 of m-functions

holds locally uniformly on C, /C_ if and only if f FO) Hy () f(t) dt — f FO H@)f(t)dt
for all continuous functions f(t) with compact bupport on Ry.
In conclusion we note that the equalities (4.9), (4.10), and (4.11) (for n = 1) show
that for the transformation I' one has the following scheme:
N2 > m (non-rational) — H(t) =
Ho(t), te [0,2)

Ha(t) = (1) ﬂ —H(t—1), t €[2,+00)
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