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LOCALIZATION PRINCIPLES FOR SCHRODINGER OPERATOR
WITH A SINGULAR MATRIX POTENTIAL

VLADIMIR MIKHAILETS, ALEKSANDR MURACH, AND VIKTOR NOVIKOV

ABSTRACT. We study the spectrum of the one-dimensional Schrodinger operator Ho
with a matrix singular distributional potential ¢ = Q' where Q € L2 _(R,C™). We

loc
obtain generalizations of Ismagilov’s localization principles, which give necessary and

sufficient conditions for the spectrum of Hp to be bounded below and discrete.

1. INTRODUCTION

Schrédinger operators occupy a special position in the modern mathematical physics
because they have numerous applications to physical problems and other branches of
mathematics; see, e.g., [2]. Nowadays the spectral theory of these operators has de-
veloped very profoundly and contains a number of fundamental results. Specifically,
this concerns the questions about self-adjointness, semiboundedness, and discreteness of
the spectrum. These questions are studied in the greatest detail for one-dimensional
Schrodinger operators [3, 7, 10, 13, 18], with local integrability being a standard condi-
tion on the regularity of the potential. Moreover, in last years of growing interest are
problems in which the potential is singular and contains delta-functions supported on
a discrete set or contains more general Radon measures [1, 17]. A direct generaliza-
tion of classical theorems to such operators is associated with serious difficulties. These
difficulties become greater if the potentials are matrix-valued and the operator acts on
vector-valued functions [8].

The main purpose of our paper is to ground the fundamental localization principles
for the most general operators of the mentioned type. In next papers this will allow us
to obtain necessary and/or sufficient constructive conditions for these operators to be
semibounded and for their spectrum to be discrete provided that we impose additional
restrictions on the matrix potential. The proofs of the results given below is based on
the regularization of the differential expression with the help of quasiderivatives [4, 5, 6,
9, 12, 14, 16].

The paper consists of five sections and Appendix. Section 1 is an introduction. Sec-
tion 2 contains the statement of the problem and formulation of our main results, The-
orems 1 and 2. They are generalizations of the localization principles of Ismagilov [7] to
the case of a matrix distributional potential. These theorems are proved in Section 5.
Their proofs are based on the basic Lemma 2 established in Section 4. Beforehand we
will obtain some auxiliary results in Section 3.

2. STATEMENT OF THE PROBLEM AND MAIN RESULTS

We consider a linear differential expression
(1) h(y) == —y" +ay
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in the complex separable Hilbert space L?(R,C™), with m > 1. Here, y := (y1,...,Ym) €
L?(R,C™), and q := (qiﬁj)g’szl is a matrix potential such that each

¢ij = Q;,; foracertain Q;; € L .(R,C).

Throughout the paper, derivatives are understood in the sense of the theory of distri-
butions. Put @ := (Qi;)i";—1- In the sequel, the matrix potential @ is supposed to be
Hermitian-symmetric, i.e., Q = Q*.

Using the quasiderivatives

yWi=y' —Qy and y2 = (") + Q" + Q%

(see, e.g., [12]), we write the differential expression (1) in the form h(y) = —y!?. Following
[12, Section 1], we associate the maximal, preminimal, and minimal operators with this
expression in the following way: the maximal operator

(2) Hy := —yP
is defined on the natural widest domain
D(H) = {y € L*(R,C™) : y,y!l € ACic(R,C™), y? € L2(R,C™)}.

Here, as usual, ACjo.(R,C™) denotes the set of all vector-valued functions y : R — C™
that are absolutely continuous on every compact interval [a,b] C R. By definition, the
preminimal operator H|, is the restriction of the maximal operator (2) to the set of all
compactly supported functions y € D(H), and the minimal operator Hy is the closure
of Hj. It is known [12, Corollary 2 and Proposition 7] that the domains of H, H{, and
Hy are dense in the Hilbert space L?*(R,C™) and that the operators H/, and Hy are
symmetric and
H = (H))" = Hj.

The main results of the paper are generalizations of the localization principles by
Ismagilov [7] to the case of a matrix distributional potential.

Let us introduce some designations. Given a nonempty open set 2 C R, we put

H,

A(Q) = inf{<<yoyz;>y> : y € D(H() \ {0}, suppy C Q}

Here and below, (-,-) is the inner product in the Hilbert space L?(R,C™). Since the

operator HY, is symmetric, the inclusion (Hjy, y) € R holds; therefore A\(Q?) is well defined.
We choose a number ¢ > 0 arbitrarily and put

Wy,

¢ (n—é, nt + E) for every n € Z.
272
As in the case of a locally integrable scalar potential, each number A(w’) coincides
with the smallest eigenvalue of the bounded below selfadjoint operator HP (w’) generated
by the differential expression (1) and the homogeneous boundary conditions y(nf/2) =
y(nf/2 + ) = 0 in the Hilbert space L?(w’,C™) (see Appendix below). Therefore these

numbers make physical sense.

Theorem 1 (the first localization principle). The minimal operator Hy is bounded below
and selfadjoint if and only if the sequence of numbers (A(w?’))2° . is bounded below.

n—=—oo

Theorem 2 (the second localization principle). The operator Hy is a bounded below
selfadjoint operator with discrete spectrum if and only if

(3) Awh) = 400 as |n| = oco.

Remark 1. It follows from Theorems 1 and 2 that if for a certain ¢ > 0 the sequence
(A(wh));7>2  is bounded below or satisfies (3), this sequence will have the same property

for every ¢ > 0.
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Remark 2. In Theorems 1 and 2 it is possible to replace all the intervals qu where n € Z,
with their shifts at an arbitrarily chosen number a € R.

Remark 3. Analogs of Theorems 1 and 2 are true in the case where the differential
expression (1) is given on a semiaxis.

Remark 4. Theorem 1 somewhat generalizes and together with Lemma 2 for Q := R
supplements the known statement [12] about the self-adjointness of the bounded below
operator Hy. Specifically, it follows from Theorem 1 that the operator Hy with the
periodic matrix potential @ is bounded below and selfadjoint; cf. [11], where the case of
m = 1 is examined.

3. AUXILIARY RESULTS

Given vector-valued functions y, z : R — C™, we let (y, z) denote the scalar complex-
valued function defined by the formula (y, 2) := y121 + - - - + YmZm on R. Note that

(y,2) = /Oo(y,Z) dx

if y, 2 € L?>(R,C™). Throughout the paper all integrals are understood in the sense of
Lebesgue, and dz denotes the Lebesgue measure on R, we omitting the argument = of
functions under the integral sign.

We choose a real-valued function 6 € C*°(R) such that supp 8 = [0, 4] and

(4) 02(z) +0%(x —£/2) =1 for every x € [(/2,4].

An example of this function will be given at the end of the present section. Given k € Z
and y € D(H{), we introduce the functions

Op(z) := 0(x — k£/2), up(x):=02(x)y(z), and wvp(x):= Op(x)0ki1(x)y(x)
of x € R.

Lemma 1. Let y € D(H(). Then ug,vy € D(H]) for every k € Z, and we have the
equality

o0

(Hoy,y) = Y (Hour,ux) +2 Y (Hovg, vp)

k=—o00 k=—o00
(5) - ke/2+¢
23 [ -0 e
k==00 pp/3+e/2

Proof. We choose k € Z arbitrarily and will show that ug, v, € D(H{)). Since the func-
tions y € ACjpc(R,C™) and 0, 0+1 € C°(R,R) are compactly supported, the functions
ug, and vy, are also compactly supported and belong to both the spaces AC),.(R,C™) and
L?(R,C™). Besides,

Wl =l — Qui, = (63y) — Q6fy = (63)'y + 63y — Qb}y
= (62)'y + 07y € AC1oc(R,C™)
and
uf = (W) + Qull! + Qi = ((6)'y + 63y) + Q((03)'y + 3y™) + Q*6y
= 00"y + (v + (0)'y™ + 0 (1) + (0R)' Qu + Ry + 62Q%
=02y +(07) (v + v + Qu) + (67)"y
=07y +2(67) (s + Qy) + (67)"y € Lo(R,C™).
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Here, we use the fact that y!l € AC,.(R,C™), y1? € L*(R,C™),and Q € L2 (R,C™*™).

loc
Replacing u, with v and 0,% with 030,11 in the above equalities, we obtain the inclusions

v,[cl] € ACoc(R,C™) and v,[f] € Lo(R,C™). Thus, ug,vr € D(H]) by the definition of
D(HY).
Let us now prove equality (5). Integrating by parts, we write

(Hoy,y) = (2, y) = - / () + QW' — Qy) + QPy,y)da
(6) o
= /((y[”,y’) —(Qy',y))dz.

Equality (6) holds true for every function y € D(H{). Since ug, vy € D(H{), we may put
Y := uj or ¥y := v in this equality and write

ke/2+0

(1) (Houp, ug) = / () — (Quiyup) )z,
ke/2
ke/2+¢

(8) (Hovg, o) = / (0, 0) — (Qul, vn)) do.
kt/2+¢/2

Here, we use the fact that suppuy C [k€/2,k€/24 ] and supp vy, C [k€/24£/2,kL/2+ ).
Owing to (7) we write

o0

> (Houk, ur)

k=—o0
kl/240/2
=3 () - Qe
k==c0 ki/a
o kt/2+e
Y [ ) - @)
k==0010/940/2
jb/2+¢
= Z / (<u£ﬂuu;~+1)—(QuQH,um))da:
I=7%50/240/2
o k2
Y [ ) - @)
k==00 kp/210/2
ke/240

=Y / () + (1) — (Qulpyur) — (Qul 1, upeyn) ) da.
k==00yp/240/2
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By virtue of this formula and (8), we obtain the equalities

o0

Z <H0uk7uk>+2 Z <H01)k,’l]k>

k=—00 k=—oc

ke/2+6
=Y @ e 208 )
k=—co /2402
9) — (Qui,ur) — (Quiy 1, uks1) — 2(Quy, v)) da
ke/2+4
=Y [ (@) + 2k ) + ()
k==00yr/240/2
— (Qui, up) — 2(Qui, vy,) — (Qui+1, Ujyq)
— (Qui, ur) — 2(Quy,, v) — (Quijpy 1, Uk+1)) da.
Let us show that for every k € Z the last integrand is equal to
(10) W', y") +2(0:0k+1 — 001 1)* (. ) — (Qu.y') — (QY'.y).
We note beforehand that
(uisui) = ((G79)', (03y)") = ((2000,y + 07y), (2000,y + 67y))
= 403(0%) (. ) + 260305 (v, 9) + (v, ) + 05y, y/)
and
(V> 1) = ((OkOr119)'s (BxOr113)")
= ((0k0k+1)'y + 0Ok1y', (OkOrs1)'y + Okbri1y)
= ((0k0k+1)") (W, y) + 0kOk1(0k0k1) (v, ¥') + (¥, )
+ 91%91%“(1//,1/).
It follows directly from formula (4) and the definition of 6}, that
ay R =1 ad @)+ @) =0
for every x € [k€/2+0/2,k/2+ ).
Therefore we have the following equalities on [k€/2 4+ £/2,k¢/2 + ¢):
(0 1) + 2005, 04) + (W, )
=2(y,y) (263(0%)° + ((010k11)")* + 20341 (6711)°)
+2((,9") + (', ) (0303 + OkOrr1 (Okbrsr) + 0741051 1)
+ (YY) (0} + 20307 1 + 0341)
=2(y,y) (203 (6)° + (01)0% 11 + 2080108110711 + 02 (6)11)° + 2671 (0741)%)
+2((y.9") + (' ) (0R0) + Oc0k0% 41 + OR0k103 11 + 03110k 11)
+ (Y OF +071)°
=2(y,y) (29126(92)2 + 49k9§<9k+102+1 + 29%+1( ;€+1)2
+(01)%07 1 — 2010301110411 + 03(0741)%)
+2((0,9') + (') (07010 + 105 1) + 071 (0405, + Or116711)) + (v, 4))
=2(y,y) (2(000% + O410541)%) + (040k+1 — 005 41)%) + (¥, 9)
=2(y,y)(0}.0k+1 — 005 1)* + (v, ),
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ie.,
(12) (k> ug) + 2(0g, Vi) + (Uhy 1y i) = (V' y') + 2(010k41 — 0k 4 1) (1, ).
Besides,

(Qui, uy) = (Q(02y), (BRy)) = 07(Qy, 20104y + 07y) = 2036, (Qy. y) + 04 (Qy. )

and

(Qui,vy,) = (Q(OkOk11Y), (Ok0k11Y)") = OkOr11 (Qy, (Ok0k11)"y + OOk s1y")
= 0k0k41(0k0k41) (Qy,y) + 0707 11 (Qu, ).

Hence, in view of (11), we have the following equalities on the compact interval [k¢/2+
0/2,ke)2 + {]:
(Qui, uy) + 2(Qui, vy) + (Qugy1,up 1)
=2(Qy, y) (0305, + Ox0,07 11 + 02041041 + 031104 41)
+(Qu, ) (0 + 203071 + 01 41)
=2(Qy: y) (0% (Ox0k + Oks1041) + 05 11 (00 + 0103 11)) + (Qu ) (0F + 0711)°
=(Qy.y"),

ie.,
(13) (Qui, u) + 2(Quk, vg) + (Qui+1, up 1) = (Qy, Y)-
Since @ = Q*, the equalities
(QU;W Uk) + Q(Qvl/w Uk) + (Qu§c+17 uk+1)
(14) =(u, Qui) + 2(vi, Que) + (Upy1, Quit1)

=(Qu,v") = (QY',v)

hold on the same interval.
Owing to (12)—(14) we conclude that the last integrand in (9) equals (10) for every
k € Z. Hence, according to (9) and (6), we have the equalities

oo

Z (Houg, ug) + 2 Z (Hovk, vg)

k=—o0 k=—0c0

kl/2+0

= > / (') + 20030011 — 003,11)* (0, 9) — (Qu,¥) — (Qu',y))dx
k=—0c0p/940/2

oo o k240
= / (v = Qu,y") — (Qy,y))dz +2 > / (04041 — Ok0541)* (v, y) da
oo k=—0c0 /2402
£/2+10

—(Hoy,y) +2 > / (04041 — Ok05,11)° (y,y) da.
k==001p/910/2

This immediately implies the required formula (5). |
Example. Let us give an example of a real-valued function § € C°°(R) that satisfies the

equality supp € = [0, ¢] and condition (4). Recall that this function is used in Lemma 1.
We choose a function 19 € C°°(R) such that suppng = [0,¢] and ny(x) > 0 for every
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€ (0,). Let n denote the ¢-periodic extension of the function n2 over the whole R. We
introduce the real-valued function
O(x) := ()
V(@) +n(z —h/2)
Since n(z) +n(x —h/2) > 0 for every = € R, this function is well defined and satisfies the

conditions # € C*°(R) and suppd = [0,£]. It also satisfies condition (4). Indeed, given
x € [¢/2,{], we obtain the equalities

of zekR.

) , n2(z) ng(x —¢/2)
@)+ =D = i) a2 e =)
_ (@) i —6/2) _
n(x) +n(z —£/2)

in view of the definition of 7.

4. Basic LEMMA
We put
s :=max{|0'(z)| : 0 <z < (}.

Lemma 2. Let 2 be an nonempty open subset of R. Then there exists n € Z such that
wNQ# 2 and

(15) v(wh) < A(Q) + 852

Proof. It follows from property (4) and the definition of s that 0 < i(z) < 1 and
|07,(x)| < > for arbitrary k € Z and 2 € R. Therefore (0}0r41 — 00}, )% (x) < 457
hence, owing to Lemma 1, the inequality

oo

(16) (Hoy,y) > > (Hour,ux) +2 > (Hovg,vi) — 85 (y,y)

k=—o00 k=—o0

holds true for every y € D(H).
Note that the equality

o0

(17) Woy) = > (ukur) +2 Y (ok,ve)

k=—o0 k=—oc0
is valid for every y € D(H{). Indeed,

ke/2+¢

> tww) = Y Guttn = > [ @0t
k=—o00 k=—oc0 k=—0co ri/9
o k/2+0/2 o k20
= > / Oy, y)de + > / Oy, y)da
k=—co  1i/o k==00 /94072
/24t 0/2+¢
= > / 041 (y.y)dz + Z / Oi(y,y)de
T==% 5y 540)2 F==00 k/210/2

ke/2+¢€

- Z / (O +60) (Y, y)dz.

k== 1p/210/2
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Besides,
D weve) = > (Ok0k11y, Ok0k11y)
k=—o0 k=—o0
- 0)2+4
= > / (Okbk+1Y, OOk +1y)da
k==0010/210/2
ke/2+¢
= > / 0307 1 (y, y)da.
k==00pp/240/2
Therefore
- - W kE/2+e
> w2 3 eud= Y [ @4 s
k=—o0 k=—o0 ki*ook-é/Z-&-é/Z
ke/2+£

> / (v, y)dz = (y,y).

k=—c0pp/940/2

It follows from the definition of A(Q2) that for every number § > 0 there exists a
function y € D(H{) such that suppy C 2 and

(Hoy,y) < (M) +0)(y,v)-
Applying (16) and (17) to the last formula, we obtain the inequality

Z (Houk,uk> + 2 Z <H01Jk,1)k>
k=—o00 k=—o0
_ (8%2 + )\(Q) + 5)( Z (uk,uk> + 2 Z <'Uk7'Uk>) < 0.
k=—oc0 k=—o00

Grouping summands, we write this inequality in the form

o0

Z ((Houk,uk> — (M) + 82 + 5)(uk,uk>)

k=—o00

+2 Z (<H0’Uk,’0k> — ()\(Q) + 82 + 5)<vk,vk>) < 0.
k=—o00
Here, at least one of the summands is less than zero. Let a negative summand have an
index k = ko. Then ug, # 0 or vg, # 0 for otherwise this summand would equal to zero.
Hence,

() # (supp ug,) U (suppvg,) C 2N wﬁo,
ie., wy, NQ# 0. Besides,
(Howg, , Wi, )
<wkovwko>

with wg, = ug, or wy, = vg,. It follows from this inequality and the inclusion
supp wg, C w,‘;o that

< M) + 852 + 6,

Awp,) < A(Q) + 85 + 4.
Passing here to the limit as 6 — 04, we obtain the required inequality (15). ]



LOCALIZATION PRINCIPLES FOR SCHRODINGER OPERATOR 375

5. PROOFS OF THE MAIN RESULTS
We will prove Theorems 1 and 2 with the help of Lemma 2.

Proof of Theorem 1. Sufficiency. Assume that there exists a number o € R such that
Aw!) > a for every n € Z. Then, according to Lemma 2 for  := R, we have the
inequalities
A(R) > M\w!) — 852 > a — 85°.

Hence, H}y > (o — 83¢®)I, where I is the identity operator. Then the operator Hy is also
bounded below so that it is selfadjoint due to [12, Corollary 2]. Sufficiency is proved.

Necessity is obvious. Indeed, if Hy > BI for certain 3 € R, then v(w’) > B for every
n € 7. |

Proof of Theorem 2. Sufficiency. Assume that A(w’) — +oc as |n| — oo. Then, owing
to Theorem 1, the operator Hy is bounded below and selfadjoint; hence, Hy = H. Let
us prove that its spectrum is discrete, i.e., gess(Hg) = 0. We arbitrarily choose a number
r > 0. By our assumption, there exists a number n,. € N such that

ANwh) >r  whenever |n| > n,.

Let us use Lemma 2 for the open set
nt n,
Q= <—oo,77 75) u ( : +e,oo).
Observe that w’ N Q # () = |n| > n,. Therefore it follows from this lemma that

(18) (Hoy,y) > (r — 85*)(y,y) whenever y & D(H}) and suppy C Q.
We put 7 := n,.£/2+2¢ and consider the decomposition of the Hilbert space L?(R,C™)
in the orthogonal sum of its subspaces
L*(R) = L*(—00, =] & L*[~,7] & L[y, 00).

For the sake of brevity of formulas in the proof, we omit the expression C™ and ex-
terior parentheses in designations of spaces of vector-valued functions. For example,
L?(—00, —v] stands for the space L?((—o0, —v],C™). Besides, we identify vector-valued
functions given on an interval G C R with their extensions by zero over the whole R. In
this sense, L?(Q) is considered as a subspace of L?(R). With the operator Hy and this
decomposition we associate three unbounded operators H;y := —y[2 where j € {1,2,3}.
They are defined respectively on the linear manifolds

D(Hy) :={y € L*(=00,—] : y,y™" € ACipe(—00, =,

y(—) =y (=) =0, ¥ € L*(—00, —1]},
D(Hy) :={y € L*[-v,7] : y,y!") € AC[—7,7],

y(—y) =y (=) = y(y) =y (y) = 0, ¥ € L*[—y,11},
D(Hs) :={y € L*[,00) : y,y!" € ACioc[y, >0),

y() = yM(7) =0,y € L*[5,00)}.
Each operator H; is closed and a restriction of Hy. This follows from the fact that
(091 = 0;(y!) and (0;4) = 0;(y?)) for every y € D(H;), where O; is the operator
of the extension of a function by zero from the corresponding set onto the whole R. Hence,
Hy is an extension of the orthogonal sum Hy, & Hy & Hj of these operators. Since Hy is

bounded below, all H, Hy, H3 are also bounded below.
We let H]F denote the selfadjoint Friedrichs extension of the semibounded operator
H;, with j € {1,2,3}. The spectrum of H} is discrete [16]. Owing to property (18) and
the definition of 7, the operators H} and HY are bounded below by the number r — 8%,
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The resolvents of the selfadjoint operators Hy and HY @ HY @& HY in L?(R) differ in an
operator with finite rank. Hence,

Uess(HO) = O-ess(Hf) U UeSS(Hg)’
which yields the equality
Tess(Ho) N (=00, 7 — 832) = .

Thus, 0ess(Ho) = @ because the number 7 > 0 is arbitrarily chosen. Sufficiency is proved.
Necessity. Assume that Hy is a bounded below selfadjoint operator with discrete
spectrum. Let us deduce property (3) by means of proof by contradiction. Suppose
the contrary, i.e., there exists a number r > 0 and sequence (ng)3>,; C Z such that
|ng| — oo as k — oo and that )‘(Wka) < r. Passing to a subsequence, we may suppose
that wy, Nwy, = 0 whenever k # p. Tt follows from the definition of A(wy, ) that for
every integer k > 1 there exists a vector-valued function y, € D(H]) \ {0} such that
suppyx C wflk and (Hyyr — Ty, yr) < 0. Let G be a linear span of {y; : 1 < k € Z}.
Since supp yx Nsuppy, = @ whenever k # p, we deduce the properties dim G = oo and

(Hoy — ry,y) <0 for every ye G\ {0}.

Therefore, applying [3, Chapter 1, Theorem 13] to the selfadjoint operator Hy, we con-
clude that the set o(Hp)N(—o0,r) is infinite. This contradicts our assumption, according
to which the spectrum of Hy is bounded below and does not contain any limit points.
Necessity is proved. (Il

APPENDIX

Let n € Z. In the complex separable Hilbert space L2(wfl,(C’”) we consider the
operator HP (w!) which is the restriction of the maximal operator H on the set of all
vector-valued functions y € D(H) that satisfy the boundary conditions y(n¢/2) = 0 and
y(nl/2 4 £) = 0. The operator HP (wf,) is selfadjoint and bounded below [9].

Theorem A. The operator HP (w') is the Friedrichs extension of the minimal operator
Ho(wh) generated by the differential expression (1) on the interval w’ .

Since the spectrum of HP(w?!) is discrete [16], it follows from Theorem A and prop-
erties of the Friedrichs extension that the first eigenvalue of HP(w’) coincides with the
number A\(w,) introduced in Section 2.

Let us outline the proof of Theorem A. This theorem is known in the case where ¢ = 0
and m = 1. If ¢ = 0 and m > 2, the minimal operator Ho(wfl) is the orthogonal sum
of m scalar minimal operators. It follows then from the construction of the Friedrichs
extension (see, e.g., [15, Section 124]) that the operator HP(w!) is the orthogonal sum
of m Friedrichs extensions of the scalar minimal operators. If ¢ # 0 and m > 1, then,
using the reasoning from [14], we may show that the operator HP(w!) is the form-sum
of the free Hamiltonian (¢ = 0) and the quadratic form corresponding to the singular
potential. The latter is zero relative form-bounded. This implies Theorem A in view of
KLMN theorem.
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