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WEAK AND VAGUE CONVERGENCE OF SPECTRAL SHIFT
FUNCTIONS OF ONE-DIMENSIONAL SCHRODINGER OPERATORS
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Dedicated with great pleasure to Konstantin Makarov on the occasion of his 60th birthday

ABSTRACT. We prove weak and vague convergence results for spectral shift functions
associated with self-adjoint one-dimensional Schrédinger operators on intervals of the
form (—¢,¢) to the full-line spectral shift function in the limit £ — oo for a class
of coupled boundary conditions. The boundary conditions considered here include
periodic boundary conditions as a special case.

1. INTRODUCTION

We consider the limit £ — oo of spectral shift functions corresponding to restrictions of
pairs of one-dimensional Schrodinger operators to intervals (—¢, £) with coupled boundary
conditions at the endpoints of the form

()= &) (09)

where ¢ € [0,27), a € R\{0}, and b € R are fixed, and obtain weak and vague convergence
results for the corresponding sequence of spectral shift functions. The class of coupled
boundary conditions considered here includes periodic boundary conditions (viz., ¢ = 0,
a = 1, and b = 0) and, more generally, quasi-periodic boundary conditions (viz., ¢ €
[0,27), a =1, b = 0) as special cases.

The infinite volume limit of spectral shift functions of pairs of Schrodinger opera-
tors has been studied by many authors (e.g., [3], [4], [7], [12], [13], [17], [8], [9]). Simply
stated, the problem is this: consider two Schrodinger operators Hy and H, éo) in the Hilbert
space L?((—¢,¢)";d"z) which are self-adjoint realizations of the differential expressions
—A+V and —A, respectively, with appropriate fixed boundary conditions on the bound-
ary O(—£,£)™ and a measurable function V' : R® — R which decays in some appropri-
ate sense at infinity. If £( ';Hg,ngo)) denotes the spectral shift function for the pair
(Hy, Héo)), ¢ € N, normalized to vanish identically in a neighborhood of —oco, in what

manner does the sequence {{(-; Hy, H Z(O))};fil converge to the normalized spectral shift
function &(-; H, H©®) for the pair H and H®, the self-adjoint realizations of —A + V/
and —A in L?(R";dz)?

We refer to [8] for a detailed history of work on the problem up to about 2012, and
recall here only those results pertaining to the one-dimensional context, n = 1. First,
it is known that one cannot expect pointwise convergence of spectral shift functions in
the infinite volume limit for the following simple reason. The spectral shift function
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&(-;Hy, H, éo)) is the difference of the eigenvalue counting functions for H, and HIEO)
(cf., e.g., the remarks following [25, Theorem 8.7.2]), so it is necessarily integer-valued
almost everywhere. On the other hand, £(-; H, H®), which coincides with the scattering
phase for H and H® up to a constant multiple (cf., e.g., the remark following [26,
Theorem 5.4.3]), is a continuous function of A > 0 which goes to zero as A — oo. Clearly,
the sequence of integer valued functions &(-; Hy, H, éo)) will not converge pointwise to a
function that is non-constant and continuous on (0, 00).

In the context of spectral shift functions, vague convergence has proven to be a more
suitable mode of convergence. One recalls that a sequence {f¢}7°, of locally integrable
functions on R is said to converge vaguely to the locally integrable function f if for every
g € Cy(R), with Cy(R) denoting the set of all compactly supported continuous functions
on R, one has

(1.2) Jim / fe0) (A dx = / fx

Borovyk and Makarov ([4], see also [3]) investigated the infinite volume limit problem for
spectral shift functions with the half-line (0, co) playing the role of the infinite volume and
finite intervals of the form (0, r), with V' € L'((0,00); (1 +z) dz) and Dirichlet boundary

conditions at the endpoints of (0,7). They proved vague convergence of &(-; H,, Hﬁo))
to &(-; H, H)) as the right endpoint r tends to oo,

(1.3) lim f(A H,, H) g()\) dA:/g(A;H,Hng(A) d\, g€ Cy(R),
R

T—00

as well as the 1nterest1ng assertion that the half-line spectral shift function may be re-
covered pointwise in terms of the following Cesaro limit:

(1.4) Jim 7/ EX Hy HOYdr = ¢\ H H®), X e R\(0,(H) U{0}),
—oo R
where 0,(H) denotes the point spectrum of H. In [8], Gesztesy and one of the present

authors extended the vague convergence result in (1.3) to all separated self-adjoint bound-
ary conditions,

(1.5) cos(a)u(0) + sin(a)u’(0) = 0, cos(B)u(r) + sin(B)u’(r) = 0,

where «, 8 € [0, 7) are fixed, under the slightly weaker assumption that the potential V'
belongs to L'((0,00); dx). Actually, convergence is strengthened in [8] to the result that

, {)\H,,H(O ¢\ H,HO)
(1.6) Tlgélo/ e A)d\ = / EEESVER FN)dX
for every bounded continuous function f on R and any set of separated self-adjoint
boundary conditions at the endpoints of (0,r). The statement in (1.6) means that
(L4127t  H,, HY )) converges weakly to (1+ |- |2)72¢(-; H, H®) as r — co. Note
that (1.6) immediately implies (1.3) by choosing f(\) = (1 4+ A?)g(A) in (1.6). Also, the
inclusion of the weight (1 + A?)~! in (1.6) is crucial; otherwise, the integrals may be
divergent.

A closer look at [8] reveals that the arguments presented there extend to the case where
the infinite volume is R, and the finite intervals take the form (—¢,¢), with separated
self-adjoint boundary conditions at the endpoints (cf. [9, § 4(I)]),

(1.7) cos(a)u(—¢) +sin(a)u' (=€) =0, cos(B)u(f) + sin(B)u'(¢) = 0.

Infinite Fredholm determinants and convergence properties of resolvents of the finite in-
terval Schrodinger operators as  — oo (or £ — o0) play a central role in [8]. This
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determinant approach led to the development of abstract criteria in [9] for vague con-
vergence of spectral shift functions in terms of the convergence properties of associated
sequences of Birman—Schwinger-type operators (i.e., resolvents conjugated from the left
and/or right with suitable factors of the potential) in the Hilbert—Schmidt or trace classes.

Although the question of vague convergence of spectral shift functions is answered in
[8] for all separated self-adjoint boundary conditions (1.7), which includes both Dirichlet
(viz., « = = 0) and Neumann (viz., « = § = m/2) boundary conditions as special cases,
the analogous problem for coupled self-adjoint boundary conditions, which include peri-
odic boundary conditions as a special case, is not treated. Moreover, coupled boundary
conditions are not discussed in the applications in [9].

In this paper, we extend (1.6) to all coupled boundary conditions of the form (1.1) and
for V € L*(R;dx) by employing Krein-type resolvent identities, in particular their precise
form for regular Sturm-Liouville operators developed recently in [6], in order to verify
and apply the abstract convergence criteria from [9]. A Krein-type resolvent identity
relates the resolvent operators of two self-adjoint extensions of a symmetric operator
with equal deficiency indices, and abstract identities of this type have been presented in
various sources (cf., e.g., [1, § VIL.84], [20, § 14.6], and [22, Lemma 2.30]) and studied in
both abstract and concrete applications by a number of authors (e.g., [2], [5], [6], [10],
[15], [16], [18], and [19]).

In general, coupled self-adjoint boundary conditions for a regular Sturm—Liouville
operator on the interval (—/¢,¢) are of the form (cf., e.g., [6, Theorem 2.5], [24, Theo-
rem 13.15])

u(ﬁ) _ g R171 R172 ’U,(—E)
(18) <UI(€)> = <R271 R2,2> (’U/(—é) ’
where ¢ € [0,27) and the matrix R = [R; |1 k<2 belongs to SLy(R), that is R €

R?*2 and det(R) = 1. Now, if W € L'((—¢,¢);dx) and Hy g, denotes the self-adjoint
realization of the differential expression

d2
(1.9) T=-13 +W
in L2((—¢,¢); dr) with the boundary conditions in (1.8) and Hy p denotes the self-adjoint
realization of 7 in L?((—¢,¢); dz) with Dirichlet boundary conditions, then the difference
of the resolvents of H; g 4 and Hy p is finite rank with rank at most equal to two. In
fact, if Ry 2 = 0, then the difference is precisely rank one, owing to the fact that Hy r 4
and Hy p are not relatively prime (see [1, § 84]) with respect to the underlying minimal
operator when R; 3 = 0, and (cf. [6])
(HZ)D — zILz((,z,g);dx))_l - (HZ,R,¢ - ZILz((ff,é);dz))_l
= a,rs(2) (urs(Z, ) )2 eopdnyure(2 ), 2 € p(Hep) N p(Her,g),
where ug 4(z, -) is an spanning vector for ker(Hymax — 2112((—¢,0):d2)) (the operator
Hy max is the maximal operator associated to 7 in L2((—/, £); dz) and is defined precisely
in Section 2) and g¢r,4(-) is a nonvanishing complex-valued function on p(Hy p) N
P(HeR.g)-

In order to apply the abstract convergence criteria of [9], it is necessary to prove
appropriate convergence results for Birman—Schwinger-type operators for the finite in-
terval Schrédinger operator with coupled boundary conditions in the limit ¢ — oo.
To do this, we make use of the Krein identity in (1.10) to relate the corresponding
Birman—Schwinger-type operators for the finite interval Schrédinger operators with cou-
pled boundary conditions to the Birman—Schwinger-type operators for the finite-interval
Schrédinger operators with Dirichlet boundary conditions, plus a rank one term. The
required convergence properties of the Dirichlet Birman-Schwinger-type operators as

(1.10)
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¢ — oo are known from [8], so we are left to analyze the limiting behavior as £ — oo of the
remaining rank one term. A precise knowledge, in particular the explicit /-dependence,
of the factor g r,4(2) and the function ug g (2, -) is essential to this approach.

We should note that if Ry 2 # 0, then the resolvent difference on the left-hand side in
(1.10) is precisely rank two, and

o (He,p,p — ZILQ((fé,Z);d:r))_l

(He.p — 21 12((—0,0):d2))
2
(1.11) Z (Qe.r.o(2 ]Jvk(uk(zv )y ) L2((—0,0):dz) i (2, ¢ ),

J,k=1
z € p(Hep) N p(HeR0),

where {uj r (2, -)}j=1,2 is an appropriate basis for ker(Hgmax — 2112((=¢,0);d0)) and
Qe,r,¢(+) is a nonsingular C?*?-valued function on p(Hy,p) N p(Hyre). In this case,
the problem of vague convergence of spectral shift functions is slightly more delicate due
to the complicated nature of the coefficients in the rank two term of the Krein formula
(1.11) and we will return to this elsewhere.

Next, we briefly summarize the organization and contents of each section of this pa-
per: In Section 2, we rigorously define the self-adjoint Schrédinger operators H, H(©)
in L?(R;dz) acting formally as —d?/dz? + V and —d?/dz?, respectively, and their re-
strictions Hy, H 2(0) to (—¢,¢) with coupled self-adjoint boundary conditions of the form

(1.1). We also introduce the restrictions Hy p, Hé% to (—¢,¢) with Dirichlet boundary
conditions. We discuss their basic properties and recall Krein’s resolvent identity which
relates the resolvents of Hy and Hy p via a rank one term. In Section 3, which contains
the bulk of our major analysis, we use the Krein resolvent identity to study convergence
properties in the limit £ — oo of the Birman—Schwinger-type operators associated to Hy
and H, . The results in Lemmata 3. 3, 3.4, and 3.5 are fundamental to our approach,
and they are precisely the results that ultimately yield vague convergence of spectral
shift functions and the analogue of (1.6). In Section 4, we combine the convergence
results from Section 3 with the abstract convergence criteria from [9] to obtain weak and
vague convergence of spectral shift functions in the limit ¢ — oo for the class of coupled
boundary conditions in (1.1). To our knowledge, these are the first results of their type
for classes of coupled boundary conditions. Appendix A recalls some basic convergence
results for trace ideals that are used throughout this paper. For completeness, Appen-
dix B contains a summary of the convergence criteria from [9], suitably tailored for the
applications to Schrédinger operators in L?(R; dz) and L2((—/, £); dz) to be studied.

Finally, we comment on some of the basic notation used throughout this paper. Let
‘H be a separable complex Hilbert space, (-,-)y the scalar product in H (linear in the
second argument), and Iy the identity operator in H.

If T is a linear operator mapping (a subspace of) a Hilbert space into another, then
dom(7T) and ker(T") denote the domain and kernel (i.e., null space) of T. The closure
of a closable operator S is denoted by S. The spectrum and resolvent set of a closed
linear operator in a Hilbert space will be denoted by o(-) and p(-), respectively. The
point spectrum (i.e., the set of eigenvalues) of a linear operator T will be denoted by
op(T). The quadratic form sum of two self-adjoint operators A and W will be denoted
by A+, W

The convergence of bounded operators in the strong operator topology (i.e., pointwise
limits) will be denoted throughout by s-lim. The Banach spaces of bounded and com-
pact linear operators on a separable complex Hilbert space H are denoted by B(H) and
B (H), respectively; the corresponding ¢P-based trace ideals will be denoted by B, (H),
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their norms are abbreviated by || - ||, (2), p € [1,00). Moreover, try (A) denotes the
corresponding trace of a trace class operator A € B;(H).

For any closed finite interval [a,b] C R, AC([a,b]) denotes the set of absolutely con-
tinuous functions defined on [a, b]. The symbol sgn(-) denotes the signum function on R,

(1.12) sgn(z) = 4 1ol " < R\0),
0, z=0.

We denote by C'(R) the space of continuous functions on R, by Cy(R) the continuous
functions on R with compact support, and by Cj(R) the bounded continuous functions on
R. L} .(R;dz) denotes the set of (equivalence classes of) locally integrable (with respect
to Lebesgue measure) functions on R, and H'(R) (resp., H!(a,b)) is the Sobolev space
of order one on R (resp., (a,b) C R) (cf., e.g., [20, Appendix EJ). If u is a function on a
set 3, then the restriction of u to a subset 2 C 3 will be denoted by u|q. Finally, “resp.”
is used as an abbreviation for “respectively,” and “a.e” is used as an abbreviation for
“almost everywhere” and “almost every.”

2. ONE-DIMENSIONAL SCHRODINGER OPERATORS, THEIR PROPERTIES, AND KREIN’S
FORMULA

In this preparatory section, we rigorously define the one-dimensional Schrédinger ope-
rators and their restrictions to finite intervals of the form (—£,¢), £ € N, to be studied
in the sequel and recall some of their basic properties. In particular, we recall a spe-
cial case of Krein’s resolvent identity which relates the resolvent of Schrédinger-type
operators on (—¢,¢) with the coupled boundary conditions in (1.1) to the resolvent of
the Schrédinger-type operator with Dirichlet boundary conditions at the endpoints. We
begin by introducing the following set of hypotheses which also introduce much of the
notation to be employed in the sequel.

Hypothesis 2.1. (i) Suppose

(2.1) V € LY(R;dx) is real-valued a.e.,

and

(2.2) M = /OO |V (x)|dx.

For each £ € N, let Vy denote the restriction of V' to (—¢,¢) so that
(2.3) Vi(z) = Vl]ep(x) forae x e (—L1),
and define

(24)  De={f € L*((=C,0);dz) | f. " € AC([=4,4]), —f" + Vof € L*((=¢,0);dx)}.
Introduce the differential expression T by
2
da?
and let Hp max denote the mazimal operator associated to T in L*((—£,£);dz) so that
(Hemaxf) () = =f"(x) + V(2)f(x) for a.e. x € (=L, 1),
fedom(Hymax) =Dy, ¢ €N
(17) Let V(z) and Vi(z), ¢ € N, be factored according to
V(e) = u(@)o(e), o(z) = V(@)% ulz) = v(@)sgn(V(2)),
for a.e. x € R,

(2.5) T= +V(x),

(2.6)

(2.7)
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Vi(@) = Vl]en (@), ve(x) =v[(r0)(x), we(®) = ul(_gp(),
for a.e. x € (—£,¢), ¢€N.

(143) For each ¢ € N, let Hyp denote the self-adjoint Dirichlet operator defined in
L2((—¢,0);dz) by

(Hepf)(x)=—f"(2)+V(z)f(z) fora.e x € (—LF),
f€dom(H,p)={g9 €D|g(—L) = g(£) = 0}.

(iv) Fiza € R\{0}, b € R, and ¢ € [0,27). For each ¢ € N, let Hy denote the self-adjoint
operator defined in L*((—£,();dx) by

(Hef)(@) = —f"(x) + V(@) f(x) for a.e. w € (=L, 1),
f € dom(H,) = {g €D, (5,((%) = ¢i® (‘; a01> (5,2_%) } feN.
Moreover, let

(2.11) AY = —jb(a™! + a)|[1 +2]b(a +a)]].
(v) Let H denote the self-adjoint operator defined in L*(R;dx) by
(Hf) () = —f"( )+ V(@) (@) forae zeR,
(2.12) f € dom(H {g€L2 (R; dx) ‘g g € AC([-R,R]) forall R >0,
—g" +Vge L*(R;dx)}.

(2.8)

(2.9)

(2.10)

Assuming Hypothesis 2.1, we introduce the following notation for the resolvent
operators of Hy p and Hy:

-1
(2.13) Rep(2) = (Hep — 2I12((—0.0):a))  » 2 € p(Hep),
-1
(2.14) Re(z) = (Hy — zI12((—00)40)) > 2 €p(Hy), (€N,
and for the full-line Schrodinger operator H:
-1

In the special case when V( ) = 0 for a.e. x € R, we append the superscript (0), and
write H,SOE),, Héo) ©) R ( ), R(O)( 3, RO)(.) for the corresponding “free” Schrodinger
operatoré and their resolvents

In light of the assumption in (2.1), one immediately infers that

(2.16) u,v € L*(R;dx), wug,ve € L*((—(,€);dz), €€N.

Note that Hy (resp., Hy,p) is the self-adjoint restriction of Hy max with coupled (resp.,
Dirichlet) boundary conditions at the endpoints of (—¢, ¢). Alternatively, Hy (resp., Hy p)
is the unique semibounded (from below) self-adjoint operator associated via the KLMN
Theorem (cf., e.g., [22, Theorem 6.24 & Corollary 9.36]) with the closed, semibounded
symmetric sesquilinear form qg (resp., q¢,p) defined by (cf., e.g., [6, (5.3)] and [20, § 10.2])

é — R
(2.17) qelf.g] = / [f'(rv)g’(w) + V(w)f(x)g(fv)] dx —b(a™" +a) f(—0)g(—0),
f,9 € dom(qe) = {h € H'(—£,0)| h(€) = ac'’h(—0)}, (€N,

(2.18) <reSp-7 ae.olf. 9 = [ i [mg’(fv) + V(I)mg(x)} da,

f,g € dom(qep) = {h € H'(=,0) |h(—£) = h(¢) =0}, (€ N).
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In particular, Hy is the quadratic form sum of H éo) and the operator of multiplication
by Vi,
(2.19) Hy=H" +,Vi, (€N

Similarly, H is the unique semibounded self-adjoint operator associated via the KLMN
Theorem with the closed, semibounded symmetric sesquilinear form ¢ given by

e20)  alfgl= [ [F@ @)+ TV o f.g € dom) = (@)

— 00

In fact, H is actually the quadratic form sum of H(©) and the operator of multiplication
by V,

(2.21) H=HO" 1, V.

A close look at the quadratic forms q, q¢, and g, p, combined with well-known esti-
mates, reveals that H, Hy, and Hy p are bounded from below uniformly in £ € N.

Theorem 2.2. Assume Hypothesis 2.1. If qo, q¢,p, and q are defined by (2.17), (2.18),
and (2.20), respectively, then

(2.22) ae.olfs f1 2 =MM + D[ flli2—,0a0)» [ € dom(qe,p), €N,
(2.23) alg, 9] = =M (M + 1)[|gl|72(;0r): 9 € dom(q),
and

(2.24)  qelh,h] = (= M1+ 2M) + AXO) k)32 t.y:ar)y: D € dom(ar), €€N.
In particular, H, and Hy p are uniformly bounded from below in £ € N by the constant
(2.25) Moo 1= —M(1+2M) + 2\,

Proof. Fix £ € N, and let us consider g, p first. The result is obvious if M = 0, so we
may assume without loss that M > 0. The explicit form of q¢, p implies

L

226)  quplf £ 2 17 e rran) — / V@IS ds, 1 € domfap).

By [22, Lemma 9.32], one has
) n+1 ) 1 n+1 )
s [f@P<e [P (10 1) [T iR
(227) z€[n,n+1] n € n
nezZ, —L<n<l—1, feHY ((-£10), >0.

Choosing e = M~! and splitting the interval [—/,] into intervals of unit length, one
obtains

¥/
/ V@@ da

n+1

B -1
= V(@)||f(2)]* dz
ng:é/n

(2:28) _ § {M‘l/n+1|f’(a@’)|2daz’+(1+M)/
n=—=t n

n

n+1 n+1
|f<x'>|2dw’} [ vl

n+1

<M § {M1/:+1|f’(x’)2dx/+(1+M)/

n=—/{ n

)P

= Hf/”%Z((—E,Z);dm) +M(M + I)Hf”QL?((—Z,Z);dx)v f € dom(qr,p).
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Thus, upon combining (2.26) and (2.28),
(2.29) ae,plf, f1 2 =M(M + V| 1220042y | € dom(qe,p).

Since ¢ € N was arbitrary, (2.22) follows. A similar argument yields (2.23). The operators
Hy p are bounded from below by —M (M + 1) by [14, Theorem VI.2.6].

Next, we consider q; with ¢ € N fixed. If b = 0, then the same argument in (2.26)-
(2.29) shows that q.[f, f] > —M(1 +M>||f‘|%2((7£,l);dz)7 f € dom(qe), and (2.24) follows.
Therefore, we may assume without loss that b # 0. We will also assume M > 0, the case
M = 0 being slightly simpler. Then

¢

9elfs f1 2 1 12 tyiam) —/ V(@)1 (@) da — [ba™ + a)[[ f(=O)F,
-t

f € dom(qy).

(2.30)

Proceeding similar to (2.28), but choosing ¢ = (2M)~! in (2.27) instead, we obtain

4
1
| V@@ dr < Gy + M+ 2y

f € dom(qy).

(2.31)

On the other hand, choosing € = (2|b(a™t + a)|)~! in (2.27) yields

_ 1
—[p(a™t +a)l|f (=) > _in/H%?((fZ,Z);dm) + AN 172 (.0
f € dom(qy).

(2.32)

Finally, combining (2.30), (2.31), (2.32), one obtains

(2.33) Qlfs 12 Mool FI 22— e0ysaeys € dom(ae).
U

Remark 2.3. Of course, for each £ € N, the operators Hé% and Héo) are bounded below
(uniformly in ¢ € N) by AD.

Using a Krein-type resolvent identity, for each fixed ¢ € N, one may relate Ry(z) to
Ry p(z) for z € p(He)Np(He,p). The precise form of these resolvent identities was worked
out in detail in [6] for all self-adjoint restrictions of the maximal operator associated
to 7, that is, for all separated and non-separated (i.e., coupled) self-adjoint boundary
conditions. In the case of a general self-adjoint restriction of Hymax with the coupled
boundary conditions in (1.8), the resolvent difference R;(z) — Ry p(z) is at most rank
two. However, when R 2 = 0, which is precisely the case for Hy, the difference is actually
rank one, owing to the fact that Hy and Hy p are not relatively prime (see [1, § 84]) with
respect to the underlying minimal symmetric operator. For completeness, we recall the
result for the special case of the coupled boundary conditions considered in this paper.

In order to state Krein’s identity, one introduces for each z € p(Hy,p) a distinguished
basis for ker(Hemax — 2112((—¢,0);dz)), denoted by {9;(2, -)}j=1,2, by specifying the
boundary values

’(/)l,f(za _g) = 07 1/)1,2(75’6) = 1a
’(/)2,[(2, —é) = la 1/’2,2(%5) = 07

in addition to the requirement

(235) Hé,maxﬂ)j,i(za ) = ij,f(z, : )a .7 € {132}

(2.34)
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Of course, (2.35) implies that v, ¢(z, - ) € dom(Hp max) satisfies the ordinary differential
equation
=7 (2, 2) + V()02 @) = 2054(2,2), xe(=L,0), je{l,2},
z € p(Hep), CeN
In the special case when V(z) = 0 for a.e. z € R, we will follow our previously adopted

convention (of appending the superscript “(0)”) and denote the maximal operator by
7O

(2.36)

and the distinguished basis for ker (Héglax — 2I12((—0,0);42)) by {wﬁ)(z, )}i=1,2-

£, max
Actually, {1/1](4?2(2, -)}j=1,2 may be computed explicitly, and one finds for each ¢ € N,
O (2, 2) _ 1fcos(z'%z) sin(z'/?z)
LEVT7 9| cos(21/20)  sin(21/20) |
(2.37) ¢éog(2,$) _ 1 cos(z'/%x) B si'n 212g) ’
’ 2| cos(21/2¢0)  sin(21/2()

ze[-40, Im(z"?) >0, ze€p(Hpp).

Returning to the case of general V, and with the basis {1} ¢(z, - ) }j=1,2 in hand, we now
recall Krein’s resolvent identity for R,(z) to Ry p(z).

Lemma 2.4. (Krein’s resolvent formula, [6]). Assume items (i), (iii), and (iv) in Hy-
pothesis 2.1. If {1j¢(2, - )}j=1,2 denotes the basis of ker(Hymax — 2112((~¢,0);d0)) which

satisfies (2.34) for z € p(Hy p), then
gy )= (=) 0
’ — e_wa_lwlz’z(z,ﬁ) — 1//1’5(2%), z€p(H))Np(Hep), C€EN,

is nonzero and

(2.39) Ry(z) = R&D(Z) + Pg(Z), z € p(Hg) N p(]‘[g’D>7 leN,

where Py(z) € B(L?((—¢,);dx)) is the rank one operator defined by

(2.40) Py(2) == —qe(2) " (We(Z, )y ) r2((—t.0yan)le(z, - ), 2z € p(Ho)Np(Hyp), £EN,

with

(241) (2, x) =€ Ca Yo (2, 7) + b1 4(2,2), x €[4, z€p(Hyp), LEN.
Of course, in the free case, Vp(z) = 0, the terms in the Krein formula (2.38)—(2.41)

may be computed explicitly.

Example 2.5. In the special case when V(x) = 0 for a.e. x € (—{,{), the terms in
(2.40), (2.38), and (2.41) may be computed explicitly, and one obtains

(242)  R(2) =R () +P(2), zep(HD)Np(HSY), (€N,
where
(2.43) PO(z) = =a” ()T (G ) ) pag o Y6 (),

zep(H)Np(HSY), Im(z'/?) >0, (€N,
with

1 -2
qéo)(z) = b + +Tazl/2han(zl/2€) — cot(2/20)]
a

(2.44) + leﬂ[cot(zl/?e) +tan(2'/20)], 2z € p(H”) 0 p(H)),

a
Im(z'/2) >0, ¢eN,
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and
/2 o (1/2
(0) cos(z1/%x) sin(z'/*x)
,T) = _ , e [—¢,4,
(2.45) Ve (ze) = cos(z1/20) e sin(21/2¢) vel=64]
z € p(HéO)) N p(Hé%), Im(zY/2) >0, (€N,
with
—ig—1
(2.46) cy = 116%

The assumptions on V' in Hypothesis 2.1(¢) (in particular, the fact that the conditions
in (2.16) hold) imply that Ré%(z)w and ugRg)l))vb defined initially only on the dense
subspace dom(vy), extend by continuity to bounded operators on all of L?((—/,¢);dx)

(i.e., their closures belong to B(L?((—¢,¢);dz))). In fact, one has the following Hilbert—
Schmidt and trace class containments (cf., e.g. [8, (2.69), (3.12), and (3.14)]):

(0) (0) 2
weR z), R z)vg € Ba(L £,0);dx)),
(2. 7) £ Z,D( ) e,D( ) L 2( (( ) ))

w R (2)oe € Bi(LA((—¢, 0);d)), 2 € C\o(H[)), CEN,
and there exist /-independent constants Ep < 0 and Cp > 0 such that

<0D|Z|71/23 z € (7007ED)5 ¢eN.

248) [k
( ) ¢ E,D( Je B1(L2((—£,0);dx))

Analogous statements hold true for R(®)(z)v and uR(® (2)v with

uR(O)(Z)7 RO)(2)v € Bo(L*(R; dz)),

(2.49)

uRO) (2)v € By (L*(R;dx)), 2z ¢€ C\[0,00),
and
(2.50) HuR(O)(z)vH < COnl2|™V2, 2 € (—00, Bx),

B1(L?(R;dx))
for suitable constants Fo, < 0 and Co, > 0. An application of (2.42), combined with
(2.47), yields immediate analogues of (2.47) and (2.48) for Héo).

Lemma 2.6. Assume items (i), (ii7) and (iv) in Hypothesis 2.1 hold. If z € p(HéO)),

then REO)(Z)W and quéo)(z)w defined on dom(vy) extend by continuity to bounded linear
operators on L*((—£,£);dz). Moreover,

(2.51) wRY (2), R (2)vy € Ba(L2((—, 0); da)),
(2.52) weRY (2)vg € Bi(L*((—£,0); dz)), z € p(HY), (€N,
and

(0) —1/2
2. < ) - 7E ) é Na
(2.53) HWRE <Z)W‘BI<L2<<4,@M>> Ol se(—00,E), le

for suitable £-independent constants E < 0 and C > 0.

Proof. Let ¢ € N be fixed for the remainder of this proof. Suppose z € p(HlSO)). Since uy €
L2((—¢,¢); dz) and REO)(Z) is an integral operator with an integral kernel which is contin-
uous (hence, bounded) on [/, ¢] x [—£, ], the inclusion ugRl(ZO)(z) € Bo(L*((—¢,0); dx))
holds by [23, Theorem 6.11]. Then

(2.54) RO (2)vy = [RP(2)ve]™ = [eR (2)]" € Ba(L2((—1, £); dz)),
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since vy € L2((—£,{);dx) and REO)(f) has a continuous (hence, bounded) integral kernel
on [—£, 0] x [—£,£].

It suffices to prove (2.52) for one z € p(HéO)) which we take to be z = —k? for some
fixed k > |Aoo|'/? which guarantees —k? < Ao. The desired containment then extends to
all z € p(H, éo)) by the first resolvent identity combined with (2.51). By Krein’s resolvent
formula (2.42),

ueRY (—k2)ve = ug[RY) (—k2) + PO (—k2)] v,

(2.55) = wRC) (—k2)ve + ug P (—k2)vy.

The splitting of the closure in (2.55) is justified by the fact that ugR,(f’Oj)j(—kQ)w and

wPZ(O) (—k?)vy are both bounded on the dense subspace dom(vy), so the closures appear-
ing on the right-hand sides in (2.55) are simply the continuous extensions of the under-
lying densely defined operators to all of L?((—¢, £);dx). Moreover, for f € dom(vy), one
computes

nge(o)(fk2)’l}zf
(2.56) = =" (R (0" (R ), ) o yam [0 ()]
= _qEO)(_kP)_l (\II(—]{;2, : )7 f)Lz((_&g);dx)(I)(_k?v : )7

where

(k2 2) = vp(2) 0V (k2 z) and (—k2, z) = up(z) " (—k>, )
(2.57) for a.e. x € (—£,0).
Thus, ’U,zPe(O)(—/ﬂz)’Ug is the restriction of the bounded rank one operator
(258) = a (R T (WA=, ), ) o payany P (K ) € Bu(LA((=L, 0); da))
to the dense subspace dom(v,). Therefore, by continuity,
(259)  wP (k) = =g (=k*) 7 (TR, ), )

2
LQ((fé,é);dx)(I)Z(_k ) " )

Applying (2.55) with (2.47), (2.58), and (2.59), one arrives at
(2.60) ue R (—k2)vy € By(L2((—¢, 0); dx)),

and (2.52) follows.
In order to prove (2.53), let z = —k? with k > \)\00\1/2. Applying the simple estimate

[O(—k*, )] = [@(=k*,2)[* < (lex| + |e-])* Vi ()]

2.61
( ) for a.e. z € (=£,¢) andall k> |)\oo|1/27

in conjunction with (2.59) and Proposition A.1, one infers

HWPK(O)(—]CZ)W‘

By (L2((—£,£);dx))
(2.62) = 160 (k) TR, )2 (—eoran 1=K, | n2((—tyda)
< (Jes] + e )2MgV (k)7L k> A2
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On the other hand,

-1 -2
09 (—k?) = k{ a - b_1 +2“ [tanh (k) + coth(ke)]

0s(¢)

(2.63)
+ —— [coth(kt) tanh(kz)]}, E> | Aool?,

and since the expression in braces converges to —(1 +a~2) and k — oo, and the conver-
gence is uniform with respect to £ € N, there exist /-independent constants Cy > 0 and
ko > |Aoo|*/? such that

(2.64) 40 (k)7L < Cok™t, k> ko, €N

Thus, (2.55), (2.62), and (2.64) imply

HWREO)(#W! < Opk™ 4 (e | + le-)*CoME™,

Bi(L2((—£,0)idw))

(2.65)
k > max {|Ep|"/? ko }.

Therefore, (2.53) follows with £ = min{Ep, —kZ} and C = Cp + (|cy| +|c_|)2CoM. O

3. CONVERGENCE PROPERTIES OF RESOLVENTS

In this section, we study various convergence properties of the resolvents of the periodic
restrictions H éo) and Hy introduced in the previous section. Ultimately, the results of this
section will combine to yield vague convergence for spectral shift functions in the limit,
£ — oo. In order to recall the corresponding known results for the Dirichlet restrictions
H Z()OL), and Hy p, and state our new results for H, éo) and Hy, we first introduce the following
¢-dependent direct sum decomposition of L?(R;dxr).

Let £ € N. If f € L?((—£,£);dz) and g € L*(R\(—Y,¢); dz), then we define (f @, g) €
L?(R;dx) by
f(z), forae. ze (—£1),

(3.1) (f ®eg)(x) = {g(x), for a.e. z € R\(—4,0).

From the properties of the Lebesgue integral, it is clear that (f @, g) € L?(R;dz) and
that

(3.2) 1 @6 gl 2 meamy = IFIT2((—t.0ysay + 191F 2R\ (0950

for all f € L*((—¢,¢);dz) and all g € L?*(R\(—¢,¢);dx). In addition, every function
u € L?(R;dx) may be expressed in the form (3.1):

(3.3) u=f@®cg with f=uf_rpn and g=ulr\(—r0)-

Thus, for each £ € N, L?(R; dx) may be expressed as a direct sum of L?((—£,/);dx) and
L2(R\(—4,£); dx):

(3.4) L*(R;dz) = L*((—£,0); dz) ©¢ L*(R\(—£, £); dx).

By the additivity property of the Lebesgue integral, the inner product of two functions in

L?(R; dr) may be expressed as a sum of individual inner products of their corresponding
components: if u,v € L?(R;dx) are given by

(3.5) u=fi®rg1 and v = fs 9o,
for some f; € L?((—4,£);dx) and g; € L*(R\(—4,¢);dz), j € {1,2}, then evidently
(3.6) (U»U)LZ(R;dm) = (f1, f2)L2((—Z,€);dm) + (glaQQ)LZ(R\(—é,Z);dm)-

In the sequel, we shall make use of the fact that a function v € L?(R;dz) may be
decomposed according to (3.3). Since the decomposition obviously depends on the value
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of ¢ € N, and we intend to study various limiting phenomena as ¢ — oo, we insist on the
notation “@,” to bring out the explicit /-dependence of the decomposition in (3.3).
If

(3.7) A :dom(A) C L*((—¢,0);dx) — L*((—¢,0); dx)
and
(3.8) B :dom(B) C L*(R\(—4, £);dz) — L*(R\(—, ¢); dz)

are linear operators, then their direct sum A @, B is defined in L?(R;dx) according to
the direct sum decomposition in (3.4) in the standard way by setting

(3.9) (A®¢B)f = (Af1)®¢(Bf2), f=f1®ef> € dom(A®,B) = dom(A)®,dom(B).

Next, we recall two important convergence results for the free Dirichlet restrictions
H é% that are proved in [8]. Actually, these results are proved in [8] for intervals of the
form (0, £), but as noted in [8], the situation for intervals of the form (—¢, ¢) is completely
analogous. The first result is that H, ,EO]% @®¢ 0 converges to H® in the strong resolvent

sense as ¢ — oo.

Lemma 3.1. (Lemma 3.1 in [8]). Assume items (i)—(iii) in Hypothesis 2.1 hold. Then
the sequence {Hé% &3] O}Z1 converges to H©) in the strong resolvent sense. That is, for
each fized z € C\[0, 00),

-1
. 0
(3.10) s@;hg ({Hél)j De 0} - ZIL'Z(R;dx)) = R(O)(z)'

Lemma 3.2. (Lemmata 3.1 and 3.2 in [8]). Assume items (i)—(iii) in Hypothesis 2.1
hold. For each fived = € C\[0, 0), the following convergence results hold in Ba(L?(R; dx)):

. (0) — uR© ’ =
11 -
(3.11) s H [WR&D(Z) De 0} R o e
1 i H[ FONE } _T’ =0,
(3.12) Jm ||| Bep(2)ve @e 0] = RO v o)

and the following convergence result holds in By(L?*(R;dx)):

(3.13) Zli>nolo H {qué%(z)w . O} —uRO (2)v

Bi1(L2?(R;dz)) -
By applying Krein’s resolvent identity (2.42), we obtain the following extension of
Lemma 3.1 to the case of the coupled boundary conditions at the endpoints of [—Z, /]

in (2.10).

Lemma 3.3. Assume Hypothesis 2.1. The sequence {Héo) &2 O}Z1 converges to H©)

in the strong resolvent sense. That is, for each fixed z € C\[)\gg), 00),
: (0) 0!
(3.14) s-lim ([HZ S 0} _ zILz(R;d$)> — RO(2).
{— 00

Proof. We begin by introducing some notation. For each f € L?(R;dxz) and ¢ € N, we
define the function f_, € L?((—¢,¢);dz) by the requirement that

(3.15) fo(x)=f(z) forae ze(—¢70).

It suffices to prove (3.14) for just one z € C\[Ag), 00), which we take to be z = —k? with
k > ko fixed, where kg is the constant from (2.64). The result then follows for arbitrary
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z € <C\[/\£,2), 00) by the application of a standard resolvent identity (cf., e.g., [23, Exercise
7.8]). Therefore, we will show

o Il ] ) -

L2 (R; dac)
f € L*(R;dx).

For each f € L%(R;dx), we use various properties of the direct sum and (2.42) to compute

H ([H‘EO) D O} T k2IL2(1R;dx)) F— RO(—k2) f‘

L2(R;dx)

—1
= ‘ [(H[EO) + kQILz((ff,Z);dz)) Dy _k_21L2(]R\(7f,é);dx)}f

_k2 ’
)f L2(R;dz)
-1
(3.17) - H {(Hé,ol)? +k21L2((—e,e);dx)) + sz(O)(_kQ)} Dt _kiz‘rLQ(R\(_[’“;d”‘)}f
— k2 ’
) L2 (R;dx)
~1
(0) 2 —RO(_p2 ‘
< 2(R;
= ‘([Hw@f O} R (R’d“)> J-RU(R] L2 (R;da)
PO (g2 ‘ teN
[P 0|, o teN
By Lemma 3.1,
: (0) 2 ’
(318) t}gl’(l) ”<|:H£,D Dy 0:| + k ILZ(]R;d:c)) f R f L2(R; dz) ’

so in view of the inequality in (3.17), the claim in (3.16) reduces to showing that

(3.19) lim H [P£<0>(—k2) ®e 0} f ‘

£— 00

L2 (R;dx) =0, f < L2(R; da:),

that is, that the sequence of operators {PK(O) (—k?) @y O}Zl converges strongly to the zero

operator in L?(R; dx). To this end, we claim that the sequence of operators {PZ(O) (—k2)®
0},-, is uniformly bounded in B(L?(R;dz)). Indeed, by (2.43), and (2.45), with Cy the
constant from (2.64),

0)/_ 1.2
HP’z (=) & HB(LZ(R;dm))

oo
¢ B(L2((—0,0);da))

= ’qéO)(_kQ)_lHWEO)(_kQ’ ')Hiﬁ((*l,lﬁdaﬁ)

14 h2 YA h2

1 |c+|2/ cos 2(k‘x) dx+|c,|2/ 51.n 2(k‘x) d
—¢ cosh”(k() —¢ sinh*(k¢)

= 2Cok ™ {|c4|? [k~ " tanh(ke) + Csech®(k()]

+ [e—|? [k~ coth(kl) — Lesch®(ke)]}, ¢ €N,

(3.20)
< 204k

which is clearly bounded by a constant, say C; > 0, uniformly in ¢ € N. Therefore, by [23,
Exercise 4.28], it suffices to prove the convergence in (3.19) for all f from a dense subspace
of L*(R;dx), which we take to be L?(R;dz) N L'(R;dz). Let f € L?(R;dz) N L' (R; dzx)
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and note that
[0 2col ]

= [POr)1.

L2(R;dz)
2

“llL2((—2,0);d2)

27.—2 (4(0) (1.2 (0)(_1.2 2
(3.21) < Cok ‘( {4 (_k ) ) f<e)L2(( —£,£);dx) de _k ) ')HLQ((—Z,Z);dx)
<203k {|es |? [k tanh(kl) + fseChQ(M)]

+ |e—[* [k~ coth(kt) — £ csch? (k)] }‘ O (—x2, )i fee) :

L2((—4,6);dx)
2

_ 0
< COClk ‘( é )(_k'27 : )7f<é)L2((7€,£);dz) f S N

Clearly
cosh(kx) sinh(kx)
(3.22) ‘X““) () {” cosh(50) T smn (ko) | @)
< (Jex| + [e=D|f(z)|] for ae.z€R, (C€N,

and

. cosh(kx) sinh(kx) B
(3.23) elggo X(—e,0)(x) [c+ cosh (K0) +ec_ (kD) f(z) =0 fora.e. xz€R,

so an application of dominated convergence yields

l— 00 £— 00

(320)  Jim (00 (K% ), o) oy = m/ﬁ>2ﬂmmﬂ
Finally, (3.24) and the last inequality in (3.21) imply

=0, feL*R;dx)nLY(R;dz),

; (0) 2
(3.25) elim H { —k7) @ O}f ’ L2(R;da)

which yields (3.19) and completes the proof. a

Another application of Krein’s resolvent formula (2.42) yields the extensions of (3.11)
and (3.12) to the case of the coupled boundary conditions at the endpoints of [—¢,¢] in
(2.10). The proofs of these results rely on two classic convergence results for the trace
ideals By, () which we recall in Appendix A for completeness.

Lemma 3.4. Assume Hypothesis 2.1. For each fixed z € (C\[)\((,g),oo), the following
convergence results hold in Ba(L?(R;dx)):

(3.26) Jim H[WR‘ (2) @¢0] —uRO(z )‘

Ba(L2(R;dx))

=0.

(0) “ RO ‘
(3.27) hm H[R 2)vp 69@0} RO (z)v (L2 (Rode)

Proof. Tt suffices to prove (3.26) for one z € (C\[)\((,E)))7 00). In fact, suppose that

, | -l o)
(3.28) im {“43 (Zo)@@o} R0 g, 2 oy
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for some fixed zy € (C\[)\gg),oo). We claim that (3.28) actually implies (3.26) for all
z € C\[,\EQ,), 00). Indeed, for any z € C\[Agg), 00), the first resolvent identity implies

[wRéo) () ®e 0} —uR©(2)

_ [WR;EO)(ZO) =y O] — uR© ()

(3.29) »
+ (2 — Zo){ {WREO)(ZO) De 0} ([Héo) B¢ 0] — ZIL2(]R;d:v))

—uR® (zo)R(O)(z)}, (eN,
so that

(0) _ .. p(0) '

H [WRK (Z) De 0] ult (Z) Ba(L2(R;dz))
< H [uZREO)(zo) &) O] — uR(o)(zo)‘

(330) Ba(L?(R;dx))

+ ‘Z - 20|H [UERéo)(Z()) @g 0:| ([ngo) EB{ 0] — ZILZ(R;dr)>

- uR(O)(,zO)R(O)(z)‘ leN.

Ba(L2(R;da))’

The first term on the right-hand side of the inequality in (3.30) goes to zero as £ — oo
by (3.28). To show the norm in the second term on the right-hand side of the inequality
in (3.30) goes to zero as £ — oo, we apply Griimm’s Theorem (i.e., Theorem A.2) with
the choices p = 2 and

A=uRO(z), A= [WRS”(ZO) ®e 0}, (N,
(3.31) )
B=RO(z), B,= ([Héo) Sy 0} - ZILQ(R;dwO . leN.

If dist (¢, §2) denotes the distance from a point ¢ € C to a subset Q C C, then

_ (0) -1
1Bell s gy = [ B 2) @0 (== ncrnm) |y 2

<Jp
H e (?) B(L2((—£,0);da))

(3.32) H —2 YT
2T 2@ 000 || 5 Lo yany
= dist (z,a(HéO)))fl + 27!
< dist(z, [/\((72)700))_1 +zI7h LeN,
shows that
(3.33) ?elg HBEHB(LZ(]R;dz)) < .

In (3.32), we have used the standard norm estimate for the resolvent of a self-adjoint ope-
rator (cf., e.g., [22, Problem 3.5 on p. 111]). Moreover, Lemma 3.3 implies s-limy_, o By =
B. Therefore, the choices in (3.31) satisfy the hypotheses of Griimm’s Theorem. Conse-
quently, one infers that

-1
vay e o) (00 )
3.34 °

— wRO (5 )RO ‘ —
WG RTCy, amaa)
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and (3.30) implies

(3~35) le)rglo H [UgRéo)(Z) Dy 0] - ’uR(O)(Z)‘ = 0.

B2 (L?(R;dx))

We will now prove that (3.28) holds for zg = —k? with k > k¢ fixed, where k is again
the constant from (2.64). By Krein’s resolvent formula (2.42),

[WRg(J)(—kQ) ®e 0} — uRO (k)
(3.36) = [ue(REOM(—K2) + P (k%)) @0 0] — uRO (—k?)
_ {ugRé%(sz) ®e 0] —uRO(—k2) 4 [Wp;m(fm) @,0|, feN.
Applying the triangle inequality for norms,
H {WREO)(—]CQ) B 0} - uR(O)(—kQ)‘

Ba (L2 (R;dx))

(3.37) < H (R (—k2) @0 0] — wR® (—2)|

B2 (L2(R;dx))

+ HWP;O)(—W) ®e 0‘ eN.

B (L2 (Ridx))’
By (3.11), the first term on the right-hand side of the inequality in (3.37) converges to
zero as £ — oo. Thus, it suffices to show

3.38 li H P (—k? 0‘ -
(3.38) || Uety (k%) & By (L2 (Rdz))

To this end, note that
HuzPé(O)(ka) Dy O’

B2 (L2(R;dx))
= HUKPE(O)(—]CQ)‘

B2 (L2 ((=¢,£);dz))
(339) = ‘qém(_kQ)_l|Hu€(w§0)(_k2v ')7 ')LQ((,E’g);dz)wéO)(_ka )‘

-1 (0) 2 (0) 2
< Cok H(% (F% s ) pa ey Ut (7k’.)’Bz(L2((*E,Z);d1))

_ —11|,,(0) 2 (0) 2
= Cok HW (=F7, ')HLz((fz,e);dx)H“We (=K%, ')|‘L2((4,4);dz)7 teN,
where we have used the simple fact that

|4 ®¢ Ol 3, (22 (Riawy) = I Alls, (L2((~t,01:a2y)s A € Bp(L* (£, €); dx)),
p€[l,00), L€N.

B (L2 ((—¢,£);d))

(3.40)
On the other hand,
0 —
196”02, | 2 preyuamy < {2les 2[R tanh(ke) + sech® (k)]

(3.41) +2|c_[* [k~ coth(kt) — £ csch®(k0)] }1/2
< 023 le Na

for some constant Cy > 0. In addition,

et (=82, ) yan)

¢ 9| cosh(kx sinh(kx
(3.42) =/é |ue()] (k) (k)

+c
_ / T e @) V(@)

2
dzx

“eosh(kf) sinh(kf)
[ cosh(kzx sinh(kx) }
Ct

) 2
cosh(k?) e sinh(k?)

dr, (eN.
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An application of dominated convergence, using V € L!(R;dx), then yields

(3.43) lim |jugey” (—k> —0.
£—00

2
e HLQ((fé,Z);dz)

Therefore, (3.38) follows from (3.39), (3.41), and (3.43).

The claim in (3.27) actually follows for all z € C\[,\S,?, o0) by a simple adjoint argu-
ment. Indeed, one notes that

(0) *
RS — (R =),
(3.44) (Jve = e f; @ ))* .
RO(2)v = (vRO(z) )", zeC\\Y, ),
and since ||A*||z,(2) = | All,(3), A € B2(H), one obtains

H [R§°>(z)w ®e o} ~ RO}

(345) B2 (L?(R;dz))

= ||[or? @ 0 0] —or) 2 e C\DY, 00).

Ba(L2(R;dx))

By repeating the proof of (3.26) with u, and u replaced by v, and v, respectively, one
infers that

: 0) (- o p0) = _ (0)
(3.46) Jim H[nge (2) @0 o} ROG), Lo =0 2eC\DQ c0),
and (3.27) follows. O

Next, we extend (3.13) to the coupled boundary conditions in (2.10).

Lemma 3.5. Assume Hypothesis 2.1. For each fized z € C\[)\gg),oo), the following
convergence result holds in By (L*(R;dx)):

4 li H o) — WR©® ‘
(347) v [WR‘ (2)ve B 0} uRO (=)o B1(L2(R;da))

Proof. 1t suffices to prove (3.47) for one z € (C\[/\g({)7 00). To see this, suppose that

: (0) —WRO ’
(3.48) Jim H[WRZ (20)ve Do 0] uROGojol|, o

for some fixed zp € C\[Aso A9 o0). If z € C\[)\ég)7 00), then (3.48) actually implies (3.47).
Indeed, by the first resolvent identity,

{UKREO) (2)ve By 0:| —uRO (2)v
(3.49) = [uZRéO)(zo)ve D O} —uR© (z0)v
(2 zo){ [ngm(zo) ®e 0] [R§0>(z)w ®e 0} —uR<°>(zo)R<0>(z)v}, leN.
As a result, one obtains the following estimate:

H ['LLEREO)(Z)Ue <Y, 0} —uRO (2)v ‘

B1(L2(R;dx))

< H [UgRgo)(Zo)’Ug Dy 0} — uR(O)(zO)U ’

(350) Bl(L2(R;dac))

+ |z — zo|H {wRéO)(zo) ) O} {Rﬁo)(z)w D 0}

— uR©(29)RO)(2)v ‘ ¢ eN.

B1(L2(R;dz))’
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In light of (3.48), the first term on the right-hand side of the inequality in (3.50) goes to
zero as { — oco. By (3.26) and (3.27), one has

: (0) — uR© ‘ =
elinQoH{“‘Rf (20) D 0} G P

b

(3.51)

[ ) T 1,
im y (2)ve Do (2)v B2(L2(R;dz))

£—00

so the second term on the right-hand side of the inequality in (3.50) goes to zero as
¢ — oo by a direct application of Lemma A.3. Finally, (3.47) follows from (3.50) by an
application of the squeeze theorem.

To show (3.47) holds for z = —k? with k > ko, where kg is the constant in (2.64), we
compute

[u@RgO)(ka)vg ®e 0] — uRO (k2
(3.52) R R
= [weR{,(—k2)vr @0 0] — RO (k2o + [w PO (~k2)oe ©,0], (€N,

where the splitting of the closure is justified by the fact that for each £ € N, ugRg?,)j(—k;Q)vg

and ulgPé(O)(fk2)w are bounded operators with domains equal to the dense subspace
dom(vy) C L2((—4,);dz), so all closures involved are simply the continuous extensions
of the underlying operators to all of L2((—/,¢);dz). By (3.52),

H{M@E()}m

B1(L2(R;dx))

(3.53) < H [ R (—k2)oe @0 0] —uR(O)(—kz)v‘

B1(L?(R;dzx))

+ H we PO (—k2)v, @y oj CEN,

By (L?(R;dz))’

In light of (3.13) and (3.53), to prove (3.47) for z = —k?, it suffices to show

(3.54) lim =

{— 00

B1(L2?(R;dx))

uzP;O)(—kQ)ve B 0‘

The closure UgPZ(O) (—k2)vp was computed explicitly in (2.59). By the equality in (2.62)
and the estimate in (2.64), one obtains

HUgPZ(O) (71472)1)[’

B1(L2((—¢,0);dz))
(3.55) < Cok ™ W (—A2, ')||L2((—£,Z);dz)H(I)(_k2a Mez((—e.00;2)

it [ xcmvie S+ )

2
dr, (€N,

so (3.54) follows from an application of dominated convergence, using V € L'(R;dz)
once more.

]

4. CONVERGENCE PROPERTIES OF SPECTRAL SHIFT FUNCTIONS

In this section, assuming Hypothesis 2.1, we introduce the spectral shift functions
for the pairs (H,H(O)) and (Hg,HéO)), ¢ € N, and apply the convergence properties
of resolvents developed in Section 3 and the abstract convergence criteria from [9] (and
summarized in Appendix B) to obtain weak and vague convergence results for the spectral
shift functions in the limit ¢ — oco.
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As a consequence of Lemma 2.6, one notes that for each fixed £ € N, the conditions
in [9, Hypothesis 2.1] hold upon making the identifications
(4.1) B=H, A=HY, W=V, Wi=u, Wy=u.
As a result, the resolvents of Hy and H, LSO) satisfy the following Kato-type resolvent
identity:
- _— 1
Ro(z) = R (2) = B (2), [IL?'((fZ,Z);dz) + WREO)(Z)W] uRY (2),
z€p(H)Np(HY), CeN.

By Lemma 2.6 (viz., (2.51)), and the fact that the product of two Hilbert—Schmidt

operators is trace class, H, and Héo)

(4.2)

are resolvent comparable,

(4.3) [Re(z) — R (2)] € Bi(L2((=¢,0);dx)), =z € p(Hy) N p(H), ¢eN.
In a similar vein, the resolvents of H and H(® satisfy

(14)  R(z)= RO() - RO @0 | Iisauan + 1RO wRO(), = € plH),
and

(4.5) [R(z) — R(2)] € Bi(L*(R;dx)), =€ p(H).

The resolvent comparability condition in (4.3) guarantees the existence of a real-valued
spectral shift function &(-; Hy, H, éo)) for each £ € N which satisfies

Hy, HY
(4.6) / Wlf—’v)'w«m and £\ He, HY) =0, A€ (=00, Ano),
and

/ (N He,H“” "

tr L2 ((—t.0pde) (Re(2) — RV (2)

z € p(He) N p(HéO))7 ¢eN.
Similarly, by (4.5) there exists a real-valued spectral shift function &( -; H, H®) which

satisfies

> ¢\ H,HO
(4.8) / wwiv)' dr<oo and ENH,HO)=0, Xe (=00, s0),

and

(49) tI‘LQ(]R;da:) (R( ) R(O

0))
S

The conditions in (4.6)—(4.9) guarantee that £( - ; Hy, ng )) and £( -5 H, H®)) are uniquely
determined almost everywhere. Moreover, for a large class of functions f (e.g., any f
such that the Fourier transform f € L1(R; (1 + |p|) dp)) one has

[F(Hy) — f(H)] € Bi(L*((—¢,0);dx)), (€N,
[f(H) — f(H®)] € By (L*(R; dx)),

and the following trace formulas hold:

W p2((pyany (F(He) — FIH)) = /R FO)EN He, HY)dX, £ EN,

(4.10)

(4.11)
trsageaan (FCD) = FHO) = [ 700 0 HHO)
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For these, and many other pertinent facts related to spectral shift functions, we refer to
[25, Chapter 8].

At this point, assuming Hypothesis 2.1, we may verify the conditions of Hypothesis B.1
and apply Theorem B.2 and Corollary B.5. In the notation employed in Hypothesis B.1,

v corresponds to V7, u corresponds to Vs,
(4.12) vy corresponds to Vi, ug corresponds to Vo, £ €N,
H®O corresponds to A(O), ngo) corresponds to Ago), e N.

Under the correspondences in (4.12), it is clear that items ()—(¢i7) hold in Hypothesis B.1.
In particular, (B.2) and (B.3) hold in light of the fact that functions in dom(|H(®|*/2)
and dom(|Hé0)|1/2) are bounded on R and (—/,f), respectively, and u,v € L?(R;dx),
while ug, vy € L2((—4,£);dz). Ttem (iv) in Hypothesis B.1 follows from (2.49), (2.50),
and Lemma 2.6. The strong resolvent convergence condition in item (v) of Hypothesis
B.1 follows from Lemma 3.3, and conditions (B.11)—(B.13) follow from Lemmata 3.4 and
3.5. Plainly, item (vii) in Hypothesis B.1 is satisfied since V' is a.e. real-valued. Finally,
item (viii) in Hypothesis B.1 follows from the fact that the operator of multiplication
by a function from L!(R;dx) (resp., L*((—¢,£); dx)) is infinitesimally form bounded with
respect to H®) (resp., Héo)).

Having verified the criteria of Hypothesis B.1, we are now in a position to invoke
Theorem B.2 and Corollary B.5 to obtain weak and vague convergence results for the
spectral shift functions {£(-; Hy, Héo))}}ﬁl as £ — oo.

Theorem 4.1. Assume Hypothesis 2.1. If f € Cy(R), then

, gAmﬁ@ gAHH@
(4.13) Jm [ SR A= [ SR ) f0 .
The result of Theorem 4.1 is that
(4.14) W converges weakly to £(|’2’+1) as £ — o0.

By applying Corollary B.4, the continuity assumption on f in Theorem 4.1 may be
relaxed.

Corollary 4.2. Assume Hypothesis 2.1. Then (4.13) holds for any bounded Borel mea-
surable function g that is continuous almost everywhere with respect to Lebesgue measure
on R. In particular,

(4.15) lim

éAmJN)M /fAHH i
{—00 14+ )\2

14+ )2

holds for any set S C R that is boundaryless with respect to Lebesgue measure (i.e., any
set S C R for which the boundary of S has Lebesgue measure equal to zero).

Finally, an application of Corollary B.5 yields the following result.

Corollary 4.3. Assume Hypothesis 2.1. If g is a bounded Borel measurable function
that is compactly supported and Lebesgue almost everywhere continuous on R, then

(4.16) tim [ 6O He, B o) dA = [ €0 H,HO) g dx
£— o0 R R

Of course, (4.16) holds in particular when g € Cy(R), so
(4.17) &( -;Hg,HéO)) converges vaguely to  &(-; H,H®) as £ — .
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APPENDIX A. BACKGROUND RESULTS FOR B, (H)

In this appendix, we collect some well-known facts pertaining to the trace ideals
B,(H), p € [1,00), which are used extensively throughout this paper. In the first result,
we compute the B,-norm of a rank-one operator. Though elementary, this result plays
a fundamental role in handling the rank-one terms which appear as a result of Krein’s
resolvent identity in the proofs of Lemmata 3.3-3.5.

Proposition A.1. Let H denote a Hilbert space with inner product (-,-)y. If ¢,¢ €
H\{0}, then the lone nonzero singular value of A = (¢, )¢, dom(A) = H, is s1(A) =
|kl @ll% - In particular, for each p € [1,00),

(A1) 1All,@0) = 12l @]l
Proof. In light of the identities

(A.2) (f, Ag)w = (f, (0, 9)n¢),, = (W 9)n(f, &)

= ((fv¢)?—lwag)7.[: ((¢7f)7’lwag)%a f7g€H7
the adjoint of A is A* = (¢, -)x1. Therefore,

(A.3) AAf = A (0, [lud = 1ol (0, Flue, feH,

that is, A*A = ||¢||3,(,-)¢. It follows that the lone nonzero eigenvalue of A*A is
llol13,11¥]13,, and A has one nonzero singular value, namely s1(A) = |||/ ||¥||. Since the
By,-norm of A is the £-norm of its sequence of singular values, we have || A3, ) = s1(4),
and the result follows. O

The following convergence results are classic and deal with sequences of products in
the trace ideals.

Theorem A.2. (Griimm’s Theorem, [11]). Let p € [1,00), A € By(#H), and suppose that
{Ag}le C Bp('H) with limy_, o ||Az — AHBp(H) =0. IfB S B(H), {B[};il C B(H) with
supyey || Bellg) < 0o and s-limy_,oc By = B, then

(A4) lim HA@B@ - ABHBP(’H) = lim ||BgAg - BAHBP("H) =0.
£—00 £—00

Lemma A.3. Letp,q,7 € [1,00) withp~'+q~t =r=1. If {A}52, C B,(H), {Be}32, C
By(H), A€ B,(H), and B € By(H) with

{— 00 {— 00
then
(A6) Zliglo ||Ang - ABHBT(H) =0.

The proof of Lemma A.3 is a simple exercise which makes use of Hélder’s inequality
for the trace ideals (cf., e.g., [21, Theorem 2.8]).

APPENDIX B. CRITERIA FOR VAGUE AND WEAK CONVERGENCE OF SPECTRAL SHIFT
FUNCTIONS

In this appendix, we recall the criteria for convergence of sequences of spectral shift
functions introduced in [9]. For clarity, we state the criteria and the corresponding
convergence results in the context in which they are applied in this paper, that is for
pairs of self-adjoint operators acting in the Hilbert spaces L?((—/, £);dx) and L?(R;dx).
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Hypothesis B.1. (Hypothesis 3.1 in [9]). Let H := L?(R;dx).

(i) For each £ € N, decompose H according to

(B.1) L*(R;dx) = L*((—¢,0); dx) ©¢ L*(R\(—¢, {); dx),

and write He := L*((—¢,0);dz) and H§ = L*(R\(—,¢); dx).

(ii) Let A©) be a self-adjoint operator in H, and for each £ € N, let AEO) be self-adjoint
operators in He. In addition, suppose that A©) is bounded from below in H, and that for
each £ € N, Aéo) s bounded from below in H,.

(#i1) Suppose that V1, and Vs are closed operators in H, and for each ¢ € N, assume that
Vi, and Vo, are closed operators in H, such that

(B.2) dom (V1) N dom(Va) 2 dom(|A@|1/2),

(B.3) dom(V1,¢) N dom(Var) D dom(|A[/?), £eN,

where

(B.4) V =V"Va s a self-adjoint operator in H,

and for each ¢ € N,

(B.5) Ve =Vi,\Vau s a self-adjoint operator in H.

(1v) Suppose

(B.6) Va(A©) = 1)1V, Vao(AY — 20yy,) 71V, @00 € By(H), (€N,
(B.7) Vo(A© — 21) 7Y Vo (A — 201,,) "L @0 0 € Bo(H), (€N,

(B.8) (A —2L) "V, (A — 2Iy,) "1V, @00 € Bo(H), (€N,

for some (and hence for all) z € C\R. In addition, assume that

tim ||[ V(A0 =201V —0,
(B.9) RN | REREER
Jim | VoAl - 2Du) =1y, @00 s =0 LEN
(v) Assume that for some (and hence for all) z € C\R,
-1
(B.10) st [ (A0 = 2 80 | = (40 = 2

(vi) Suppose that for some (and hence for all) z € C\R,

B.11 Jim || Vae( (A — 20,)~ 1V, @00 — Va(AD) — 2L) 1V =0,
€ 1.4 1 (H)
1
B12)  Jim | [Vau(Af? - 2h) 7t ©00] - Va(A® 2B =0,
( ) im [ 2,0 zIy,)” @ ] o ( 21y) B0
: 0) _ —1y/* _ (A0 — 11+ _
(B.13) Z%‘){(Ae 2l,) 1V, @eo} (A0 ) vy, =0

(vit) Suppose that

(Vaf,Viglu = (Vif,Vag)n, f,g € dom(V1) Ndom(V2),

Voo fsVieg)w = Vief, Vaug)n, f.g € dom(Vig)Ndom(Vay,), £€N.
(viii) Decomposing V,Vy, £ € N, into their positive and negative parts,

(B.15) Vi=/VI£V], Vix=(1/2)[Vi| V], L€N,

(B.14)

Vi are assumed to be infinitesimally form bounded with respect to A, and for each

¢ e N, Vy 1 are assumed to be infinitesimally form bounded with respect to A(O)
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These hypotheses permit one to identify A and A, with the quadratic form sums of
A©) with Vi*Va and Aéo) with VY‘:KVQ’b respectively:
A=A40 +q ViV,
(B.16) ) .
Ae=A)" +qVi'gVau, LeN.

Assuming Hypothesis B.1, the pairs (A,A(O)) and (Ag,AEO)), ¢ € N, are resolvent
comparable in the sense that

(B.17) [(A—2I) 7t = (AQ - 2I) 7] € Bi(H), z€C\R,
and
(B.18) [(Ag = 2) "' = (A = 2I) "' € Bi(H), z€C\R, (€N

Therefore, Hypothesis B.1 guarantees the existence of real-valued spectral shift functions
(-3 A A and £(-; Ap, A ) ¢ € N, which satisfy

(X A, A

try ((A — 21 A _ 1 /5 A,

(B.19) ry ((A—2ly) 7 —( zIy)
z € p(A)N p(A‘O)),

and
(A A A<°>
£ Ay — 21 AY —21) /5 t d,
(B.QO) T, (( L=z 7-[) ( z

z € p(A) N p(A§ >), (€N,
and are determined uniquely (a.e.) by the conditions

ENAADY =0, X < inflo(A) Ua(AD)],

B.

o (4, A0) € LB (14 X)),

and

(B 22) f(/\; AbAéO)) =0, A< inf[a(Ae) U O'(AgO))],

€ AL A e MR (14 2%)7Y), (eN.
Moreover, for a large class of functions f, for example, any f such that the Fourier

transform f € LY(R; (1 + |p|) dp), Krein’s trace formula holds:

(B.23) try (f(A) — fF(AD)) / FrONEN A AD)a),

(B.24) trag(f(Ae) — F(A)) /f e AL AV dN, LeN.

We refer to [25, Chapter 8] for these, as well as many other, properties of spectral shift
functions.
Under the assumptions in Hypothesis B.1, the following convergence results hold for

the sequence of spectral shift functions {£(-; Ay, AEO))};;.

Theorem B.2. (Theorem 3.13 in [9]). Assume Hypothesis B.1. Then

gAAg,A(O) A dA = /f)\AAO)
A2 41

The factor (1 + /\2)_ is essential in (B.25). Without it, the integrals need not exist.

As a consequence of Theorem B.2, {£(-; Ay, Aﬁo))}ﬁl converges vaguely to £(-; A, A(0))
as £ — 0o, which is the content of the following corollary.

(B.25) lim

{—00 )\2 +1 f()‘) dA, f S Cb(R).
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Corollary B.3. (Corollary 3.11 in [9]). Assume Hypothesis B.1 and let g € Cy(R).
Then

(B.26) Jim §(>\ Ap, Ay g(\) dX = /g (A A, A©) g(A) d.

Actually, the Contlnmty assumption in Theorem B.2 may be relaxed, as in the following
result.

Corollary B.4. (Corollary 3.14 in [9]). Assume Hypothesis B.1. Then convergence
n (B.25) holds for any bounded Borel measurable function that is continuous almost
everywhere with respect to Lebesgue measure on R. In particular,

(0)
(N A A dA /‘§A<A<A )

B.2
( 7) E—)oo 1+ )\2

holds for any set S C R that is boundaryless with respect to Lebesque measure (i.e., any
set S C R for which the boundary of S has Lebesgue measure equal to zero).

Corollary B.5. (Corollary 3.15 in [9]). Assume Hypothesis B.1. If g is a bounded
Borel measurable function that is compactly supported and Lebesgque almost everywhere
continuous on R, then

(B.28) Jim §(>\ A, AY g(\) dx = /g (A A, A©Y) g(A) d.

REFERENCES

1. N. I. Akhiezer and I. M. Glazman, Theory of Linear Operators in Hilbert Space, Vol. I1, Pitman,
Boston, 1981.

2. S. Albeverio and K. Pankrashkin, A remark on Krein’s resolvent formula and boundary condi-
tions, J. Phys. A 38 (2005), no. 22, 4859-4864.

3. V. Borovyk, Box approximation and related techniques in spectral theory, Ph.D. thesis, Univer-
sity of Missouri, Columbia, 2008.

4. V. Borovyk and K. Makarov, On the weak and ergodic limit of the spectral shift function,
Lett. Math. Phys. 100 (2012), no. 1, 1-15.

5. J. Brining and V. A. Geyler, The spectrum of periodic point perturbations and the Krein
resolvent formula, Differential Operators and Related Topics, Proceedings of the Mark Krein
International Conference on Operator Theory and Applications (Odessa, Ukraine, August 18-
22), Vol. I, 1997, 71-86. Oper. Theory Adv. Appl. 117, Birkhauser, Basel, 2000.

6. S. Clark, F. Gesztesy, R. Nichols, and M. Zinchenko, Boundary data maps and Krein’s resolvent
formula for Sturm—Liouville operators on a finite interval, Oper. Matrices 8 (2014), no. 1, 1-71.

7. R. Geisler, V. Kostrykin, and R. Schrader, Concavity properties of Krein’s spectral shift func-
tion, Rev. Math. Phys. 7 (1995), 161-181.

8. F. Gesztesy and R. Nichols, Weak convergence of spectral shift functions for one-dimensional
Schrédinger operators, Math. Nachr. 285 (2012), no. 14-15, 1799-1838.

9. F. Gesztesy and R. Nichols, An abstract approach to weak convergence of spectral shift functions
and applications to multi-dimensional Schrédinger operators, J. Spectr. Theory 2 (2012), no. 3,
225-266.

10. G. Grubb, The mized boundary value problem, Krein resolvent formulas and spectral asymptotic
estimates, J. Math. Anal. Appl. 382 (2011), no. 1, 339-363.

11. H. R. Grimm, Two theorems about Cp, Rep. Math. Phys. 4 (1973), 211-215.

12. P. D. Hislop and P. Miiller, The spectral shift function for compactly supported perturbations of
Schrédinger operators on large bounded domains, Proc. Amer. Math. Soc. 138 (2010), 2141—
2150.

13. P. D. Hislop and P. Miiller, Uniform convergence of spectral shift functions, RIMS Kokytroku
Bessatsu B27 (2011), 35-43.

14. T. Kato, Perturbation Theory for Linear Operators, corr. printing of the 2nd ed., Springer,
Berlin, 1980.

15. P. Kurasov, H_y, -perturbations of self-adjoint operators and Krein’s resolvent formula, Integral
Equations Operator Theory 45 (2003), no. 4, 437-460.

16. P. Kurasov and S. T. Kuroda, Krein’s resolvent formula and perturbation theory, J. Operator
Theory 51 (2004), no. 2, 321-334.



17

18.

19.

20.

21.

22.

23.

24.

25.

26.

INFINITE VOLUME LIMITS OF SPECTRAL SHIFT FUNCTIONS 403

W. Kirsch, Small perturbations and the eigenvalues of the laplacian on large bounded domains,
Proc. Amer. Math. Soc. 101 (1987), 509-512.

G. Nenciu, Applications of the Krein resolvent formula to the theory of selfadjoint extensions
of positive symmetric operators, J. Operator Theory 10 (1983), no. 2, 209-218.

A. Posilicano and L. Raimondi, Krein’s resolvent formula for self-adjoint extensions of sym-
metric second-order elliptic differential operators, J. Phys. A 42 (2009), no. 1, 015204 (11
Pp)-

K. Schmiidgen, Unbounded Self-Adjoint Operators on Hilbert Space, Graduate Texts in Math-
ematics, Springer, New York, 2012.

B. Simon, Trace Ideals and Their Applications, Mathematical Surveys and Monographs, 120,
2nd ed., Amer. Math. Soc., Providence, RI, 2005.

G. Teschl, Mathematical Methods in Quantum Mechanics with Applications to Schrédinger
Operators, Graduate Studies in Mathematics, 157, 2nd ed., Amer. Math. Soc., Providence, RI,
2014.

J. Weidmann, Linear Operators in Hilbert Spaces, Graduate Studies in Mathematics, 68,
Springer, New York, 1980.

J. Weidmann, Lineare Operatoren in Hilbertraumen. Teil 11, Mathematische Leitfaden, Teub-
ner, Stuttgart, 2003.

D. R. Yafaev, Mathematical Scattering Theory. General Theory, Transl. Math. Monographs,
105, Amer. Math. Soc., Providence, RI, 1992.

D. R. Yafaev, Mathematical Scattering Theory. Analytic Theory, Math. Surveys and Mono-
graphs, 158, Amer. Math. Soc., Providence, RI, 2010.

MATHEMATICS DEPARTMENT, THE UNIVERSITY OF TENNESSEE AT CHATTANOOGA, 415 EMCS BuILD-
ING, DEPT. 6956, 615 MCCALLIE AVE, CHATTANOOGA, TN 37403, USA
E-mail address: nvh968@mocs.utc.edu

MATHEMATICS DEPARTMENT, THE UNIVERSITY OF TENNESSEE AT CHATTANOOGA, 415 EMCS BuiLD-
ING, DEPT. 6956, 615 MCCALLIE AVE, CHATTANOOGA, TN 37403, USA
E-mail address: Roger-Nichols@utc.edu

Received 07/04/2017



