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SYMMETRIC EXTENSIONS OF SYMMETRIC LINEAR RELATIONS
(OPERATORS) PRESERVING THE MULTIVALUED PART
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Dedicated to the memory of Professor M. L. Gorbachuk

ABSTRACT. Let $) be a Hilbert space and let A be a symmetric linear relation (in
particular, a nondensely defined operator) in $). By using the concept of a boundary
triplet for A* we characterize symmetric extensions A>A preserving the multi-
valued part of A. Such a characterization is given in terms of an abstract boundary
parameter and the Weyl function of the boundary triplet. Application of these results
to the Hamiltonian system Jy’ — B(t)y = AA(¢)y enabled us to describe its matrix
solutions generating the generalized Fourier transform with the nonempty set of
respective spectral functions.

1. INTRODUCTION

Let $ be a Hilbert space and let T' be a closed linear operator in §). Identifying T with
its graph leads to the concept of a linear relation in $) (i.e., a subspace in $) @ §)), which
turns out to be useful in the spectral theory of linear operators and its applications (see
e.g. [6, 15, 19, 21, 27]). For the linear relation T in $) the subspace mulT C §) given by
mulT = {h €  : {0,h} € T} is called the multivalued part of T. Clearly in the case
T C T one has mul T’ C mul 7. Note also that T is an operator if and only if mul T = {0}.

Let A be a symmetric linear relation (in particular, nondensely defined operator) in £
with deficiency indices ny (A), let A* be its adjoint and let My = ker (A* — ), A € C\R,
be the defect subspace of A. If the operator part of A is densely defined (in particular
if A is a densely defined operator), then mul A = mul A for any symmetric extension A
of A; otherwise it is not true. The paper is devoted to the problem of characterization
of symmetric extensions A > A such that mulA = mul A. For self-adjoint extensions
A = A* this problem has been studied in a number of papers. Namely, let Selfo(A) be the
set of all extensions A = A* of A with mul A = mul A (in the case of an operator A the
later means that A is an operator). In the paper by A. V. Straus [30] the class Selfy(A)
for an operator A is parameterized by means of unitary operators U : 91; — D_; with
special properties. In the case ny(A) = n_(A) another description of the set Selfy(A) is
given by the Krein-Naimark formula for resolvents

(1.1) (Ag =Nt = (Ao = N N0 - Q)T (N), AeC\R,

where Ay = A is a fixed extension of A, v(A) is a so called v-field and Q(A) is a Q-function
of the pair (4, Ag). It was shown by H. Langer and B. Textorius in [21] that formula
(1.1) gives a bijective correspondence A = Ay between all extensions A € Selfo(A) and
all linear relations § = 0* in the auxiliary Hilbert space H satisfying the admissibility
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condition

(12)  s— Jm S[Qiy) + (Q(iy) — Q" (1)) (0 — Q(iy)) " (Q(iy) — Q)] = 0.
In particular Ay € Selfy(A) if and only if

(1.3) s — lim +Q(iy) = 0.

Y—r0o0

During the last period an approach to the extension theory of symmetric relations A
based on the concept of a boundary triplet for A* has been extensively developed (see
[9, 14, 13, 18, 20] and references therein). Such a triplet is of the form IT = {H, T, Ty},
where H is an auxiliary Hilbert space and I'; are linear mappings from A* to H such
that the mapping I' = (I, T';) T is surjective and the abstract Green identity

(flvg) - (fa g/) = (Flfv]-—‘()/g\) - (Fofa]-—‘lg)’ f = {fv f,}’ §: {gag/} € A"

holds. With each boundary triplet II one associates the Weyl function M(-) of II de-
fined by I'y | 91, = M(MTo | 91\, A € C\ R [14, 22]. It turns out that M(:) be-
longs to the class R[H] of Nevanlinna functions with values in the set B(#) of all
bounded operators in H. A connection between Krein-Naimark formula (1.1) and bound-
ary triplets has been discovered in [14, 22, 11, 12]. Namely, it is shown in these pa-
pers that each boundary triplet {#,To,I'1} for A* gives rise to formula (1.1) with
Ag = kerTo, v(A) = ([p | M\)~L, 0 = LAy, Q(A) = M()) and the admissibility
condition (1.2) is equivalent to the following two simpler conditions:

(0—M(@iy)) ™' =0 and s— lim 207! — M (iy))~' =0.

(1.4) s— lim X L
y—o0 Y y—o00 Y

In the case § = B € B(H) conditions (1.4) are equivalent to a unique condition

(1.5) 5— ylln;o S (B—M(iy)~' =0.

In the present paper we extend the above results to symmetric extension A of a
symmetric linear relation A in . It turns out that for symmetric extensions A of A the
criterions for mul A = mul A differ essentially from those for self-adjoint extensions.

For a Hilbert space H let R,[H] be the set of operator-functions M (-) € R[H] such
that ImM (X\) > aIy with ay > 0, A € C,, and let Ryy[H] be the set of all M(-) € R, [H]
such that

(1.6) s— yginoo iM(zy) =0 and m yIm(M(iy)h,h) = +o0, 0#heH.

li
y—>—+o0
Assume that 7 is decomposed as H = H' & H and let

_ Ml()‘) M2()\) Lyl y / y
(1.7) M(A)<M3()\) M, () HoeoH—-HdH, AeCy

be the block representation of an operator-function M(-) € Ru[H]. Then for each ope-

rator function K (-) € R[H] the equality (the Redheffer transform)

(1.8) mi(X) = Mi(A) = Mo\ (K(N) + Ma(N) "' Ms(N), A€ Cy

defines the operator-function mg(-) € R,[H']. Moreover, we show in the paper that if
mg () satisfies

(1.9) s— lim Smg(iy) =0

y—r—+oo

for some K € Rp[H], then it satisfies (1.9) for any K € Rp[H]. This fact enables us to
introduce the following definition.
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Definition 1.1. Let a Hilbert space H be decomposed as H = H’ & H. An operator-
function M(-) € R,[H]| with the block representation (1.7) is referred to the class
Ruo[H' @ H] if for some (and hence for all) K (-) € R[] the operator-function mx(-) €
R, [H'] of the form (1.8) satisfies (1.9).

Next assume that a symmetric relation A in §) has equal deficiency indices and let
{#H,T0,T'1} be a boundary triplet for A*. Then according to [18, 22] the abstract bound-
ary conditions N R ) )

Ag={fe A" ATof,T1f} € 6}
give a parametrization A = Ag of all symmetric extensions Aof A by means of symmetric
linear relations §# = I'A in H. If in particular H’ is a closed subspace in H and 6 =
{0} @ H/, then A := Ay is given by

(1.10) A={fe A :Tof=0,T1feM}
Moreover, if B(= 6) is a bounded symmetric operator from H’ to H, then
(1.11) Ap={fe A :Tof €H T1f—Blyf =0}

In terms of the y-field y(\) and @Q-function Q(A) = M () of the pair (A, Ap) the extension
A of the form (1.10) can be defined as follows. Let 9, = v(i)H'(C 0N;) and let U : N; —
9_,; be a unitary operator, which defines Ay by means of the Von Neumann formula.
Then A is defined by the same formula with the isometry V = U | N

The criterions for mul A = mul A and mul A5 = mul 4 are given in the following two
theorems proved in the paper.

Theorem 1.2. Let Il = {#,To,I'1} be a boundary triplet for A*, let M(-) € Ry[H] b
the Weyl function of 11, let H be decomposed as H = H & H and let A by the symmetmc
extension (1.10) of A. Then mul A = mul A if and only if M(-) € Ruo[H & H].

Theorem 1.3. Let IT and M(-) be the same as in Theorem 1.2. Moreover, let H =
H' ®&H, let B be a bounded symmetric operator from H' to H with the block representation
B=(B1,By)" : H — H ©H, let M()\) has the block representation (1.7) and let

(1.12) N(\) =
( (B — My(X) ™t (B1 — M1(\))~H(Bs — Ma(X)) )
(Ba — M3(X))(By — My(N) ™' My(X) + (By — M3(N))(By — My(X)~H(Bs — Ma(N))”

Then N(-) € Ru[H] and the symmetric extension Ap of A given by (1.11) satisfies
mul Ap = mul A if and only if N(-) € Ryo[H' & H].

In the case H' = H one has A = Ay(= kerI'y) and the condition M(-) € Ryo[H' & H]
in Theorem 1.2 turns into condition (1.3) (with Q(A) = M())). Moreover, in this case
the operator B in Theorem 1.3 is a bounded self-adjoint operator in H, Ap = AB,
N(X\) = (B — M(\))~" and the condition N(-) € Ryo[H' ® H] in this theorem takes the
form (1.5).

We also specify criterions for mul Ap = mul A4 in the case of a general symmetric 6
and for 6 with the closed domain (see Theorems 3.9 and 3.11).

Actually the above results with certain modifications are obtained for symmetric re-
lations A with arbitrary (possibly unequal) deficiency indices. To this end we use a
boundary triplet {Ho & H1,To,T'1} for A* with possibly unequal Hilbert spaces Ho and
Hq (see [24, 25]).

In the last section the obtained results are applied to Hamiltonian systems. Namely,
we characterise matrix solutions of such systems generating the generalized Fourier trans-
form with the nonempty set of respective spectral functions.
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2. LINEAR RELATIONS AND BOUNDARY TRIPLETS

2.1. Notations. The following notations will be used throughout the paper: ), H de-
note separable Hilbert spaces; B(Hj,H2) is the set of all bounded linear operators de-
fined on H; with values in Ha; B(H) := B(H,H); A | L is a restriction of the operator
A € B(H1,H2) onto the linear manifold £ C Hy; C4 (C-) is the open upper (lower)
half-plane of the complex plane. If H is a subspace in H, then Py (€ B(H)) denote the
orthoprojection in H onto H and P. m (€ B(H,H)) is the same orthoprojection con-

sidered as an operator from H to H. Moreover, I,z € B(/H,ﬁ) denote the operator

embedding H into H.

Recall that a linear relation T : Hg — H1 from a Hilbert space Hg to a Hilbert space
H is a linear manifold in the Hilbert space Ho ® H1. If Hy = H1 =: H one speaks of a
linear relation T" in H. The set of all closed linear relations from Ho to Hy (in H) will
be denoted by C(Ho, H1) (C(H)). A closed linear operator T from Ho to Hy is identified
with its graph gr T’ € C(Ho, H1).

For a linear relation T' € C~(H0, H1) we denote by dom T, ranT, ker T and mul T the
domain, range, kernel and the multivalued part of T respectively; moreover, we denote
by T—1(€ C(H1,Ho)) and T*(€ C(H1,Ho)) the inverse and adjoint linear relations of T.

2.2. Linear relations from a Hilbert space to its subspace. In the following Hg
is a Hilbert space, H is a subspace in Ho, Ha := Ho © H1, P := Py, and Py = Py,
For a linear relation 6 € C(Ho, H1) we let

go(h) = 2Im(hy, ho)p, + ||Pahol|?, 7= {ho,h1} € 6.

Definition 2.1. [23]. A linear relation 0 € C(Ho, H1) belongs to the class Diso(Ho, H1),
Aco(Ho, H1) or Symo(Ho, H1) ifgg(ﬁ) >0, gg(ﬁ) <O0or gg(ﬁ) =0, he 6, respectively. A
relation 6 € C(Ho, H1) belongs to the class Dis(Ho, H1) or Ac(Ho, Hy) if it belongs to the
class Diso(Ho, H1) or Aco(Ho, H1) respectively and there is not an extension 6 O 6, 6 # 6
in the corresponding class. We also let Self(Ho, H1) = Dis(Ho, H1) N Ac(Ho, H1)-

Let Jy,,2, € B(Ho @ H1) be an operator defined by

0 0 —Iy,
(21) ']Ho,?'h = 0 _iIHZ 0 TH1 B HoPH1 — H1 D Ho BH-
Iy, 0 0 o o
Then J3; 4, = Jiiﬂ-h = —Ju,,3, and hence the equality
(2.2) [0, k] = (ip 3, ho k), hok € Ho @ Hy

defines the indefinite inner product [-, -] in Ho & H1. Since
(2:3) (h.h) = go(h),  hr={ho,lm} €9,

it follows that the relation 8 € 5(7—[0, ‘H1) belongs to the class Diso(Ho, H1), Aco(Ho, H1)
or Symg(Ho,H1) if and only if it is a nonnegative, nonpositive or neutral subspace in
the space Ho @ H; with the product (2.2) respectively [5]. Moreover, 6 belongs to the
class Dis(Ho, H1) or Ac(Ho, H1) if and only if it is a maximal nonnegative or maximal
nonpositive subspace respectively.

In the case Ho = H1 =: H the classes Diso(H,H) =: Diso(H), Aco(H,H) =: Aco(H)
and Symg(H, H) =: Sym(#H) coincide with the well-known classes of dissipative, accumu-
lative and symmetric linear relations in H respectively; moreover, Dis(H, H) =: Dis(H),
Ac(H,H) =: Ac(H) and Self(H,H) =: Self(H) are the classes of maximal dissipative,
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maximal accumulative and self-adjoint linear relations in H respectively. Observe also
that in this case the operator Jy y =: Jy is

Jy = (IO _é”> HOH — HOH.
H

With each A € C_ one associates the operator X, € B(Ho © H1) given by
(2.4)

1 _)\I’}'[l 0 IHI
Xy= — 0 V—=2ImA I 0 | :Hi ®H2®H1 — Hi ® Ho DHy.
A \/m - Ha 1 2 1 1 2 1
VLTS 0 I3y, Ho Ho

One can easily verify that X is invertible and hence the (Cayley) transform

C(Ho,H1) 30 — 1 =nx(0) := X0 € C(Ho,H1), AeC_

is an automorphism of C(Ho, H1). It is clear that
(25) m(@) = {{(hl — /\Plho) ® vV —2ImAPyhg, hy — Xplho} : {ho, hl} € 9}

Recall that an operator B € B($)1, 92) is called a contraction (isometry) if ||Bf|| < ||f]]
(vesp. [[Bf| = [[fI[ ), f € 9.

Lemma 2.2. The equality n = na(0)(= X,0) establishes a bijective correspondence
between

(1) all 8 € Diso(Ho,H1) and all contractions n € B(dommn,H;) with the closed
domain domn C Hy;

(2) all 0 € Aco(Ho, H1) (0 € Symo(Ho,H1)) and all contractions (resp. isometries)
n~t € B(rvann, Ho) with the closed domain rann C H;

(3) all 0 € Dis(Ho, H1) and all contractions n € B(Ho, H1);

(4) all 0 € Ac(Ho,H1) and all contractions =t € B(H1,Ho)-

Hence dim8 < dimHg, 6 € Disg(Ho,H1), and dimb < dimH;, 0 € Aco(Ho, H1) U
Symo(Ho, H1).

Proof. Let J € B(H @ H1) be an operator given by

R Iy, O 0
J = 0 IHQ 0 cH1 B Ho PH1 — H1 D Ho DH-
0 0 —Iy, o o
Then the immediate checking shows that
(2.6) X5TXx = o 21, -

Let h = {ho,h1} € 0 and let f = {fo, fi} := Xxh. Then by (2.2), (2.3) and (2.6)

[1foll* = 1112 = (TF, ) = (io, 3.1 ) = g (h),
which yields statements (1)—(4). O

For a relation § € C(Ho,H1) and XA € C\ R we let
(2.7) DMA(0) = ran (0 — Alz,) = {(hy — APiho) @ (—APsho) : {ho,h1} €8}, AeC_,

(28) 9)?&(0) = {(h1 - )\Plho) D v —2Im>\P2h0) : {ho, hl} S 0}, AeC_,
(29) 93”()\(9) = ran (0 - Apl) = {hl — Aplho : {ho,hl} S 9}, A E (C+
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(in (2.7) 0 is considered as a relation in Ho(D Hy)). Clearly, the equalities (2.7)—(2.9)
define linear manifolds 9, (€) and M, (0) in Ho for A € C_ and M () in H; for X € Cy.
Moreover,

(2.10) M\ (0) =domny(F), AeC_, My(F) =ranns(d), AeCy,
(2.11) My (0) = THmy(9), AeC_,
where T\ € B(H,) is an isomorphism defined by the block representation
Ty = diag(I3,, fﬁ%) CHL B Ho — Hi D Ho.
Definition 2.3. The subspaces D) (0) C Ho, A € C4, and Ny () C Hi, A € C_, defined
by

MA(0) = Ho ©M(6), A€ Cy, M(B) =Hi6M(h), AeC_

are called the defect subspaces of 8 € C(Hg, H1).

Theorem 2.4. (1) Let 0 € Diso(Ho, H1). Then : (a) Wr(0) is a closed subspace in Ho,
A € C_; (b) the set of extensions 6 € Dis(Hg, H1) of 0 is not empty and for each such
an extension 0 the equality

(2.12) dim(6/6) = dim M, (A), A€ C,

is valid. Hence the dimension of My (0) does not depend on X € Cy.
(2) Let 0 € Aco(Ho,H1). Then : (a) Mx(0) is a closed subspace in Hi, A € Cy; (b) the

set of extensions 0 € Ac(Ho, H1) of 0 is not empty and for each such an extension 0 the
equality

(2.13) dim(A/0) = dimMx(f), AeC_

is valid. Therefore the dimension of M\ (0) does not depend on A € C_.

Proof. (1) Let A € C_, let M) (0) be given by (2.8) and let NL(0) = Ho © M (0).
Then by (2.10) and Lemma 2.2 9, (0) is a closed subspace in Hg, which in view of
(2.11) yields statement (a). Next, by Lemma 2.2 n := n(0) € B(9,(0), H1), |In]] < 1

and the equality 77 = 1, (0) gives a bijective correspondence between all extensions 6 €
Dis(Ho, H1) of 6 and all contractive extensions 77 € B(Ho,H1) of n. Since the set of
such 7 is not empty (for instance, one can put 7 = 1P, an; (9)), the set of extensions

g c Dis(Ho, H1) of 6 is not empty as well. Moreover, each 7] has the block representation
= (1) : MA(0) & NG(O) — Ha
with some 7’ € B(‘)?’X(H), H1). Therefore 77 = n + 1’ and, consequently,
dim /6 = dim7j/n = dim#’ = dim N(6).
Since by (2.11)

(2.14) dim NL(0) = dim Ny (), AeC_,
the equality (2.12) is valid.
Similarly by using Lemma 2.2 one proves statement (2). O

Theorem 2.4 enables one to give the following definition.

Definition 2.5. If § € Diso(Ho,H1) (0 € Aco(Ho,H1)), then the cardinal number
ny () = dim 9%y (0), A € C4 (resp. n_(0) = dimMNx(0), A € C_) is called the deficiency
index of 6.

If 0 € Symo(Ho, H1)(< 6 € Disg(Ho, H1) N Aco(Ho, H1)), then the cardinal numbers
ny(0) = dim My (0), A € C4, and n_(0) = dimNy(0), A € C_, are called the deficiency
indices of 6.
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Remark 2.6. In the case Ho = H1 =: H and 6 € Symg(H) the equalities (2.7) and (2.9)
take the form My (6) = ran (6 — Al3), A € C\ R. Therefore in this case %5 () is the
defect subspace and ny () are deficiency indices of the symmetric relation 6 in the sense
of the well-known definition (see e.g. [3, 10]).

In the following proposition we parameterize the class Symg(Ho, H1) in terms of isome-
tries V € B(H', Ho), where H' C H;.

Proposition 2.7. The equalities

(L, — Vi
(215) Ko= (’( e 1)) H MO Ha, Ky = Vi+ Lo, (€ B, M),
Ho
(2.16) 0 = {{Koh, K1h} : h € H'}

establish a bijective correspondence between all pairs {H',V'} consisting of a subspace
H' C Hq and an isometry V € B(H', Ho) with the block representation

(2.17) V= @1) H o HL B Ho
2 N———
Ho

and all relations 0 € Symg(Ho, H1). Moreover, grV = n~1(0), where n_;(0) is the Cayley
transform (2.5) of 6 with A\ = —i, and the following equalities hold:

(2.18) dim(H; ©dom V) =n_(0), dim(HoOSranV)=n,(0).
Proof. According to Lemma 2.2 the equality
(219) gI‘V = 77:11(9) = {{hl - ’iplho, (hl + Z.Plho) D \/ipghg} : {ho, hl} S 9}

gives a bijective correspondence between all 8 € Symg(Ho, H1) and all isometries V' €
B(H', Ho) with H' C H;1. Moreover, by (2.10) one has

(2.20) H' =domV =rann_;(0) = M;(#), ranV = domn_,;(0) = M"_,(0).

Let V has the block representation (2.17). Then grV = {{h,V1h @& Voh} : h € H'} and
(2.19) is equivalent to

0 = {{i(h — Vih) ® V2Vah,Vih + h} : h € H'},

which in turn is equivalent to (2.15), (2.16). Moreover, in view of (2.20) H; © domV =
MN_;(0) and Ho ©ranV = MN;(#). This and (2.14) yield the equalities (2.18). O

Proposition 2.7 implies the following well-known result (see e.g. [18]).
Proposition 2.8. Let H be a Hilbert space. Then the equality
(2.21) 0 ={{i(Ipy; s — V)h,(V + Iy 3)h} : h e H'}

gives a bijective correspondence between all pairs {H',V'} formed by a subspace H' C H
and an isometry V € B(H',H) and all relations § € Symy(H). Moreover, 8 = 60* if and
only if H' =H and V € B(H) is a unitary operator.

As is known for each relation 6 € Sym((#) the decompositions
(2.22) H=Hemuld, 0=gB&({0}emuld)

hold with a closed symmetric operator B in ’}-Al, which is called an operator part of 6.
Clearly, dom B = dom §(C H),

(2.23) grB =0 NH>
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and 6 € Self(#H) if and only if B = B*. Moreover, B is a bounded operator if and only if
dom @ is closed, in which case B € B(dom,H) (if 0 € Self(#), then B € B(#)). These
arguments yield the following lemma.

Lemma 2.9. Let Hy be a Hilbert space. Then for any relation 6 € Sym,(H1) with the
closed domain there are a decomposition

(2.24) Hi=H oM, &My
and a pair of operators B; = Bf € B(H}) and By € B(H), H1) such that
(225) 6= {{h1,31h1 ® hy ® B2h1} thy € Hll, hy € HIQ}

Moreover, H} = dom@, H, = mul@ and B = (By, By)" is the operator part of 6 (hence
decomposition (2.24) and operators B; in (2.25) are uniquely defined by 6).

Definition 2.10. The representation of a linear relation § € Sym,(#;) with the closed
domain by means of (2.24) and (2.25) will be cold canonical. Such a representation will
be written as 0 = {H| & Hy © H1, B1, Ba}.

Definition 2.11. A pair (Cp, Cy) of operators C; € B(H), j € {0,1}, is said to be
a self-adjoint operator pair if Im(C1CE) = 0 and (Co £ iCy)~t € B(H). In the case
dim H < oo the last condition can be replaced with ran (Cy, C1) = H.

The set of all self-adjoint operator pairs (Cy, C1) with C; € B(H) will be denoted by
SP(H).

As is known, for each pair (Cy, C1) € SP(H) the equality
(2.26) 0 ={{h,h'} € H*: Coh+ C1h' = 0}

defines a relation 6 € Self(#H) and, conversely, for each 6 € Self(H) there is a pair
(Co,Cy) € SP(H) such that (2.26) holds.

Proposition 2.12. Let (Cy,C1) € SP(H) and let 6 € Self(H) be given by (2.26). Then
(1) dom @ is closed if and only if ran Cy is closed.
(2) If Ky :=ranCy is closed, Hy = ker Cy, Hy := H O H) and Ko := H S Ky, then
dom @ = H}, muld = H), and the block representations of Cy and Cy are

(2.27)

CO _ (Col COQ) Hll @HIQ N ’Cl @’CZ; Cl — (Cll 0) Hll @H/Q - Kl @KQ

0 Cos 0 0
Moreover, C* € B(K1,H}) and the operator part B'(€ B(H})) of 0 is B' = —C;;*Coy.

Proof. (1) Since ran (Cy + iC1) = H, it follows that ran (Cy,C1) = H. Therefore (see
e.g. [23, Proposition 3.1]) 8* = {{-CTh,Cih} : h € H} and in view of the equality
6 = 0" one has dom 6 = ran C}. Hence dom @ is closed if and only if ran C is closed or,
equivalently, if and only if ran C; is closed.
(2) Since C1h =0 < Cy-0+C1h =0 < h € mul¥d, it follows that mul§ = ker C; = Hj.
Since ran C is closed, by statement (1) dom @ is closed. Therefore dom 8 = HEH,) = H).
It follows from (2.26) and (2.23) that grB’ = {{h,h'} € HZ : Coh+ C1h’' = 0}. Hence

(2.28) ColHy=~Cy I H; B

and, consequently, ran (Cy [ H}) C ran C; = K. Thus equalities (2.27) are valid.

Next, the second equality in (2.27) yields ker C11 = ker (Cy | H}) = {0} and ran Cy; =
ran C1 = Ky. Therefore the operator Cy; is invertible. Moreover, by (2.28) and (2.27)
Co1 = —C11B’, which implies the required equality for B’'. a

The following lemma will be useful in the sequel.
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Lemma 2.13. Let H' be a subspace in Hq, let V € B(H', Ho) be an isometry with the
block representation (2.17) and let 0 € Symg(Ho, H1) be respective relation (2.15), (2.16).
Assume also that n_(0) < ny(0). Then

(1) There exist a Hilbert space Hy D Hi1 and a unitary operator U € B(Ho, Ho) such
that V-1 C U. N

(2) If U € B(Ho, Ho) is a unitary operator from statement (1) and

(2.29) U= (“1 “2) CHy B Hy — Hy ® Hs

U3z Ug N—_—— N——

Ho Ho

is the block representation of U, then the equality
(2.30) 7= (Zl 22) cHo @ Hy — Ho @ M,

Z3  Z4
where

L +1 —tu ~
(2.31) 2 = 2 g ) T tHy D Ho — Hi & Ho,
WUB Uy N—— N——
Ho Ho

i T ~

(2.32) zy = ( 2(1 ”1)) cHy — Hy @ Ho,
WUS ——
Ho
(2.33) zZ3 = (%(ul — IHI), %UQ) : Hl EBHQ — 7'[1, Z4 = %(U1 + I?-h)
Ho

define the operator Z € B(Ho @ Hl,ﬁo @ H1) such that
(2.34) Z*Jﬁo,ﬂlz =Juomss ZJuom, Z* = ‘]ﬁo,Hl’
(2.35) Z0={0}oH ={{0,h} :h e H'}.

If in addition dim 0 < oo (in particular, if dimH; < 00), then there exists a unitary
operator U € B(Ho) such that V=1 C U and for this operator U statement (2) holds
with Ho = Ho and Ho = Ho.

Proof. (1) Since n_(0) < ny(0), it follows from (2.18) that dim(H; © ranV 1) <
dim(Hp © dom V ~1). Therefore there exist a Hilbert space Ho D H1 with
dim(Ho © ran V1) = dim(Ho © dom V1)

and a unitary operator U € B(Ho, Ho) such that V=1 c U.

(2) Let U € B(Ho,Ho) be an operator from statement (1) with the block represen-
tation (2.29) and let Z be given by (2.30) - (2.33). Then the equalities U*U = I3, and
UU* = I yield

(2.36) wiug +ujus = Iy, udug +ujus =0, udus + ujug = Iy,
(2.37) uruy +ugus = Ipgy,  uguj +uguy =0,  uzuy + uquy = Ly
and the immediate calculations with taking (2.36) and (2.37) into account give the equa-
lities (2.34). Moreover, since UV = I, 7 = (IHIO’Hl), it follows from (2.29) and (2.17)

that

utVi +ueVo = Iy 3, usVi +ugVa =0.
These equalities together with (2.31)-(2.33) and (2.15) yield
(2.38) 21Ko + 20K =0, 23K+ 24Ky =21y 3, .
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It follows from (2.16) that {ho,h1} € 0 if and only if hg = Koh and hy = K1h with some
h € H'. Moreover, in view of (2.38) one has

Z{ho, hl} = {(ZlKo + ZQKl)h, (ZgKo + Z4K1)h} = {0, 2h}

This proves (2.35).

Assume now that dimf < oo. Since by Proposition 2.7 grV =1 = n_;(0) = X_,0,
it follows that dim(dom V') = dim(ran V') < co. Therefore dim(Ho © dom V1) =
dim(Ho © ran V1), which implies the last statement of the lemma. O

The following corollary is immediate from Lemma 2.13.

Corollary 2.14. Assume that H is a Hilbert space, H' is a subspace in H, V € B(H', H)
is an isometry and 0 is a symmetric relation (2.21) in H. Assume also that n_(0) =
ny(0). Then

(1) There exists a unitary operator U € B(H) such that V=1 C U.

(2) If U is an operator from statement (1), then the equality

([ U+T  —i(U-1)\
Z_(z‘(UI) U1 ).H@H%H@H

defines the operator Z € B(H®H) such that Z* Iy Z = ZJyZ* = Jy and Z0 = {0} dH'.

2.3. The classes R(Ho,H1), R(#) and R[H]. By using Lemma 2.2 one can easily
verify that (0 —iPy)~! € B(H1,Ho) for each 6 € Ac(Ho, H1).

Definition 2.15. [23, 25]. A function 7(-) : C4 — C(Ho, H1) is referred to the class
R(Ho, H1) if —7(\) € Ac(Ho,H1), A € C4, and the operator-function (7(A) +iP;) ™! is
holomorphic on Cy.

A function 7(-) € R(Ho,H1) belongs to the class RO(Ho, H1) if —7(\) = 6, X € C.,
with some 6 € Self(Ho, H1).

It turns out that the equality
(2.39) T(A) ={Co(N),C1(N)} := {{ho,h1} € Ho D H1 : Co(A)ho + C1(AN)hy =0}

with A € C,. enables one to identify a function 7(-) € R(Ho,H1) and a pair of holomor-
phic operator-functions C;(-) : C4 — [H;, Ho], j € {0, 1}, satisfying

(2.40)  2Im(C1(\)PLCE(N) + Co(M)PoCi(A) >0, (Co(N) —iCr(N)Py) ™t € [Ho)

for all A € C... Moreover, for a function 7(-) € R®(Ho, H1) one has 7(\) = {Co, C1}, A €
Cy, that is Cj()\) does not depend on A (for more details see [23, 25]).
In the case Ho = H1 =: H the class R(H, H) coincides with the well-known class R(H)

of Nevanlinna C(H)-valued functions (Nevanlinna operator pairs) 7(\) = {Co(A), C1 (M)},

while the class R°(H,H) turns into the class RO(H) of all 7(-) € R(H) such that 7()\) =

0, \ € C,, with some 6 = 0* € C(H). Recall also the following definition.

Definition 2.16. A holomorphic operator-function M(:) : C; — B(H) is referred to
the class R[H] if InM(X) > 0, XA € C,. A function M(-) € R[H] is referred to the class
R, [H] if ImM (X) > axly with some ay >0, A € C,.

Clearly, R[H] C R(H).
As is known (see e.g. [8]) a function M (-) € R[H] admits the integral representation

1 1



162 V. I. MOGILEVSKII

where Ay = Ay, € B(H), By € B(H), B > 0 and Zy(-) : R B(H) is a
nondecreasing strongly left-continuous operator-function such that X,,(0) = 0 and

/(t2 + 1) dZp(t)h,h) < 00, h € H.
R

The operators Aps, By and the function Xj(+) are uniquely defined by M(-). In par-
ticular,

(2.41) By =s ygrfoo 5 M(iy).

Definition 2.17. An operator-function M (-) € R,[H] is referred to the class Ry[#H] if
it satisfies (1.6) or, equivalently, if

By =0 and /(dZM(t)h,h):—FOO, 0#£heH.
R

The following proposition is well known (see e.g. [25, Proposition 2.2]).

Proposition 2.18. Assume that the Hilbert space H is decomposed as H = H' & H and

(2.42) M) = (%;8; 3‘283) HeHHOH, AeCy
H H

is the block representation of an operator-function M(-) € R[H]. Then: (i) M1(-) € R[H']

and My(-) € R[H]; (ii) Bar = 0 if and only if By, =0 and By, = 0.

Proposition 2.19. Let the conditions of Proposition 2.18 be satisfied and let M(-) €
R,[H]. Then the equality

(2.43) mi(A) = Mi(A) = Ma(A)(K(X) + My(N) " M3(A), A eCy

defines a mapping R/H] > K(-) = mg(-) € R,[H'] of the set R[H] into R,[H'].
Proof. Let K(-) € R[H] and let K ()\) = diag(0, K(\)) € B(H' & H). Then

7% _ (Mi(N) Mo (N) Lyl y / y
Koo+ = (0] )80 y) W e R W e Aec,
Since K(-) € R[H] and M(-) € R,[H)], it follows that (K + M)(:) € R,[H] and hence
(K + My)(-) € Ry[H]. Therefore the operators K(A) + M(X) and K(\) + My()) are
invertible and by the Frobenius formula one has

(2.44) Preger (=(EO) + M) ™) TR = —mt (V).

Since (K + M)(:) € Ru[HM], it follows that —(K + M)1(-) € Ry[H] and by (2.44)
—mp(-) € Ry[H']. Therefore mg(-) € R,[H']. 2

Remark 2.20. The transform (2.43) is an analog of the Redheffer transform for contractive
operator-functions (see e.g. [2]).

2.4. Boundary triplets and self-adjoint extensions. Let $) be a Hilbert space, let
A be a closed symmetric linear relation in $) with deficiency indices ng (A4), let 9\ (A)
be the defect subspace of A and let 9y (A) = LA fen(4)}, A€ C\R. Denote
also by Ext 4 the set of all proper extensions of A, i.e., the set of all relations Ae CN(S'j)
such that A € A C A*. As is known (see e.g [22, 30]) each dissipative, accumulative or
symmetric extension A>Ais proper (that is, Ac A*).

As before we assume that Hg is a Hilbert space, H1 is a subspace in Hg, Hs := HoSH1,
P1 = P?-loﬂ-h and P2 = Pq.[2.
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Definition 2.21. [24]. A collection IT = {H¢ & H1,T, 1}, where I'; : A* = H;, j €
{0,1}, are linear mappings, is called a boundary triplet for A*, if the mapping I : j/"\%
{Fof, r f}, fe A*, from A* into Ho P H; is surjective and the following Green’s identity
holds for all f = {f, f'}, §={g,g'} € A*:

(f',9) = (f,9) = (TLF,Tod)ay — (TofsT1g)a + i(PaTof, Palog) a0, -

According to [24] a boundary triplet IT = {Ho @& H1,To, 1} for A* exists if and only
if n_(A) <ny(A), in which case dimH; = n_(A4) and dim Hy = n4(4).
Proposition 2.22. Let II = {Ho ® H1,T0,T1} be a boundary triplet for A*. Then

(1) kerT' = A and T is a bounded operator from A* into Ho ® Hi;

(2) The set of all proper extensions A € Exta is parameterized by linear relations

0 € C(Ho,H1). More precisely, the mapping
(2.45) 0 — Ag:={f € A* : {Tof,T1f} € 6}
establishes a bijective correspondence A= Ave between all relations 0 € 5(7-[0, H1) and all

extensions A € Exty. The equality A = Ay means that § = TA = {{Fof, Flf} . fe A}.
(3) The following equivalences hold:

(2.46) Ay € Disg(§)) <= 6 € Diso(Ho,H1), Ap € Aco(H) < 0 € Aco(Ho, H1),

(2.47) Ag € Symo()) < 60 € Symg(Ho, H1), Ag € Self(H) <= 0 € Self(Ho, H,).
Moreover, the deficiency indices of Ay and 0 are connected by

(2.48) ny(Ag) =ny(0), if AgeDisg(H); n_(Ag)=n_(0), if Ape Aco(9);

(2.49) ny(Ag) =ny() and n_(Ag) =n_(0), if Ay e Symo(5).

Proof. Statements (1), (2) and equivalences (2.46), (2.47) are proved in [24]. Next,
assume that Ay € Disg(5)) and hence 6 € Diso(Ho, H1). Let 8 € Dis(Ho, H1) be an ex-
tension of #. Then Ay C g‘; and by the first equivalence in (2.46) /~1§ € Dis($). It follows
from Theorem 2.4, (1) that ny(f) = dim6/0 and ny (Ay) = dim Zg/gg. Moreover, by

statement (1) dim gby/ Ag = dim /6. This proves the first equality in (2.48). The second
equality in (2.48) can be proved similarly. Finally, (2.49) is a consequence of (2.48) O

According to [24] for each boundary triplet IT = {Ho®H1, o, I'1 } for A* the operator
Ty [ 9MA(A), A € C, isomorphically maps 915 (A) onto Hg. Therefore the equality

(2.50) Ty [ 9a(A) = My (MTo [ MA(4), AeCy

correctly defines the operator function M, (-) : C1 — [Ho, H1], which is called the Weyl
function of the triplet II. This function is holomorphic on C and the block representation

(251) M+(>\) = (M(/\),N+(/\)) HL B Hy > H1, ANE (C_A,_
defines the operator function M(-) € R, [H1].

As is known a linear relation A = A* in a Hilbert space fj D § satisfying A C Ais
called an exit space self-adjoint extension of A. Such an extension A is called minimal
if there is no a nontrivial subspace ' C S;J O $ reducing A. In the following we denote
by S’evlf(A) the set of all minimal exit space self-adjoint extensions of A € Symg($).
Moreover, we denote by Self(A) the set of all extensions A = A* € C($) of A (such an
extension is called canonical). As is known, for each A € Sym(($)) one has §éTf(A) # 0.
Moreover, Self(A) # § if and only if ny(A) = n_(A), in which case Self(A) C Self(A).

Parametrization of all extensions A € Self(A) and all A € Self(A) with mul A = mul A
in terms of a boundary triplet for A* is specified in the following theorem.
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Theorem 2.23. [24, 26]. Let II = {Ho ® H1,T0,T1} be a boundary triplet for A* and
let My (-) be the Weyl function of II. Then
(1) The equalities
(2.52) AN =A_ny ={f € A*: Co(MTof — CL(MT1f = 0}(€ Exta),
(2.53) Pr(A-N"1ro=(AN-N"", AeCy

give a bijective correspondence A = A, between all functions (opemtor pazrs) T=7(\)=
{Co(N), CL(N)} € R(Ho, H1) defined by (2.39) and all extensions A € Self(A) Moreover,
A, € Self(A) if and only if T € RO (Ho, H1).

(2) If 7 = {Co(N),C1(A\)} € R(Ho,H1), then the equalities
(2.54) @, (A) = Pi(Co(N) = CL(NM (X)) IO (AN (= =Pi(r(A\) + M (V) ™),
(2.55) ®,(A) = Mp(A)(Co(N) — CLO)ML(A) "' Co(N) [ Hi, AeCy

define the functions (), () € R[H1] and the equality mul A, = mul A holds if and
only if
(2.56) s— lim L@, (iy) =s— lim L&, (iy)=0.

y——+oo Y y—+oo Y
Remark 2.24. If Hy = Hy := H, then the triplet IT turns into the boundary triplet
IT = {H,Ty,I'1} for A* in the sense of [18, 9]. In this case n4(4) = n_(A) = dimH and
the function M(\)(= M4 ()\)) € R[H] coincides with the Weyl function of IT introduced
in [14, 22]. Observe also that for the triplet IT = {#, Ty, I'1 } the results of this subsection
coincides with those from [11, 12, 14, 22].

3. SYMMETRIC EXTENSIONS PRESERVING THE MULTIVALUED PART

In what follows A is a closed symmetric linear relation in $) with n_(A4) < ni(A4).
Clearly, for each symmetric extension A of A one has Self(A) C Self(A).

Proposition 3.1. Assume that 11 = {Ho @& H1,To,T1} is a boundary triplet for A*
and M, (-) is the Weyl function of II. Let H' be a subspace in Hi, let Ho and Hi be
decomposed as

(3.1) Hi=H oM, Ho=H dHo=H ®H ®Hs

(here Ho = Ho © H1 = Ho © Hl)» let

(3.2) Do=(T), To)" : A* = H ©Hy, T1=(I), 1) 4" =>H oH,
be the block representations of I'g and 'y and let

B3 = (30 M) Hem s w ek, Aec,

be the block representation of M (\). Then
(1) The equalities

(34) A = Z{O}@H’ = {‘]/0\6 At 61?: 07 FOJ?: Flf: 0}7
(3.5) A ={fe A :Tyf =0}
define a closed symmetric extension A of A and its adjoint A*. Moreover, n_(A) <
n(4)- o .

(2) The collection 11 = {Ho & H1,L'o [ A*,T'1 [ A"} is a boundary triplet for A* and
the Weyl function M+( ) of this triplet is M+(/\) M4+(/\) reCy.

(3) If 7 = {Co(N), C1(\)} € R(Ho, H1) and A = A; € Self(A), then
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(i) the equality mul A = mul A holds if and only if the following two conditions are
satisfied:

(3.6) s— lim APy o (Coliy) — Ci(iy)May (iy)) " Ci(iy) = 0,
y——+oo W )
BT s= T HMay(iy)(Coliy) — Ciliy) May (i)~ Coliy) | Ha = 0;

(ii) the operator-function
(38)  ms(A) = Mi(A) + Moy (A)(Co(A) = CL(N)May (\) ' CL(N)M3(N), A€ Cy
belongs to R[H'] and the equality mul A = mul A holds if and only if in addition to (3.6)
and (3.7) the following condition is satisfied:
(3.9 s— lim imT(zy) =0.

Yy—r+00

Proof. For a triplet {H,To,T'1} (i.e., in the case Hg = H; =: H) statements (1) and (2)
are proved in [11, Proposition 4.1]. In the case of the triplet {Hq @ H1,To, 1} the proof
is similar. _ .

Let us prove statement (3). The equivalence of the equality mul A = mul 4 to (3.6)
and (3.7) directly follows from Theorem 2.23, (2) applied to the triplet II. Next, in view
of (2.52) and (2.53) the extension A is defined by (2.53) with
(310) AN =A_;(\) ={fe A" : Co(MTof — CL(MT1f = 0}(€ Ext;), AeCy.

It follows from (3.5) that (3.10) can be represented as
(3.11) AN ={fe€ A" :T)f =0, Co(MTof — C1 (A1 f = 0}(€ Exta), AeCyg.
Letting

_ IH’ 0 .y ¥ 1 y
(3.12) CQ()\) = ( 0 Co()\)> H ®Ho—H D Ho,
0 Ho
(3.13) C(A)—(O 0 )~H’@H —H oH
1 Ho

and taking (3.2) into account one rewrites (3.11) as (2.52). Thus the extension A belongs
to Sfé/lf(A) and in the triplet IT for A* it is given by (2.52) and (2.53) with Cy(\) and Cy ()
of the form (3.12) and (3.13). Therefore by Theorem 2.23 the equality mul A = mul 4
holds if and only if the operator-functions ®..(-) and EI;T() of the form (2.54) and (2.55)
satisfy (2.56).

It follows from (3.3) and (3.12), (3.13) that

. I 0 -
(Cold) = LNMLA) ™ = (01<A>M3(A> Col) - c'1<A>M4+<A>)

I 0
B <(C'0()\) — CLAN) Mgy (V) TCLN)M3(N)  (Co(N) — 01()\)M4+()\))_1) -

IH/ 0 . 0 . .
0 Pﬂo,?-h)’ Co(N\) [ H1 = ( 0 C'o()\) f7:l1) and the immediate
calculation shows that
o\ = (2 . 0 .
N0 Py g, (Co(X) = Cr(A) Mg (V) 71 Ci(A)

Moreover, P; =

) :H/@H1—>H/€BH1,

=~ o mT()\) * Y, . ’ .
800 = (" ) o 0 )
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for all A € C, (the entries % do not matter). Since by Theorem 2.23, (2) ®,(-), ®,(-) €
R[H4], it follows from Proposition 2.18 that m;(-) € R[H'] and conditions (2.56) are

equivalent to (3.6), (3.7) and (3.9). Hence mulA = mul A if and only if conditions
(3.6)—(3.9) are satisfied. O

Lemma 3.2. Let an operator-function K(-) belongs to the class Ry[H]. Then
(1) —K~(-) € Rn[H] . B
(2) For each function 7(-) € R(H) one has (t1(A) + K(\))™' € B(H), (r7*(\) +
K=1(\)™' € B(H) and
s— Tim L(r(iy)+ K(iy)) ' =s— lm_ (i) + K (i)~ = 0.

y——+oo Y y——+oo Y

Proof. According to [14, Corollary 2] there exist a Hilbert space §, a densely defined
symmetric operator A in $) and a boundary triplet II = {#,T,T'1} for A* such that
K(-) is the Weyl function of II. Moreover, according to [22] I = {H,Ty,~Ip} is a
boundary triplet for A* as well and the Weyl function of s —K ~1(.). Therefore by
[14, Corollary 2] —K ~!(-) € R[], which proves statement (1).

Next assume that 7 = 7(-) € R(’H) and let A = A, € Self( ) be the respective
extension of A in the triplet II (see Theorem 2.23, (1)). Since A is densely defined,

it follows that mulA = {0}(= mul A). Moreover, A = A_,—1 in the triplet II and
application of Theorem 2.23, (2) yields statement (2). O

Theorem 3.3. Assume that Il = {Ho ® H1,To,T1} is a boundary triplet for A*, M, (-)
is the Weyl function of I and M(-) € Ry[H1] is the operator function defined by (2.51)
(in the case Ho = Hy1 =: H M(-) is the Weyl function of I1). Let H' be a subspace in H1,
let Ho and Hy be decomposed as in (3.1), let Ty and T'y have the block representations
(3.2) and let A € Exty be a symmetric extension (3.4) of A. Assume also that

(3.14) M) = (%;Eig AAZE?D H o s H eH, reCy

is the block representation of M(-) and let K(-) € Ru[H.] (see Definition 2.17). Then
the equality mul A = mul A holds if and only if the operator-function mg(-) € Ry,[H'] of
the form (2.43) satisfies

(3.15) s— lim Lmg(iy) = 0.

y——+oo Y

Proof. Tt follows from (2.51) and (3.14) that M (\) has the block representation (3.3),
where

(3.16) Moyr(N) = (My(N), Na(N) : Hy @ Ho — H',
(3.17) My (N) = (Mg(\),Na(N) : Ha @ Ho — Ha

and the entries M;(\), j € {1, ..., 4}, are taken from (3.14). Let

(3.18) Co(\) = (_K(A) 0 ) CH, ©Ho — Hi @ Ha,
0 I’Hg R,_/ %/—’
’Ho HO
(3.19) Ci(\) = (I;,,0)" :Hy — Hi®Ha, ATy,

Ho
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Then

2110 P, G5 0) + o) Prs o) = 2tm | (T ) (- (0,0

—K(\ 0 0 0 —K*(\ 0 2Im K (A 0
0 Ho Ho ) 7—122'
S0 )6 ) O ) = (0 )=

Moreover,

s Y o —K(/\) 0 . 17_'[ 0 . —(K()\)-f—iI?_'Ll) 0
o - (4 2l (0
and hence the operator Co()\) — iCl()‘)PHO,Hl is invertible. Thus, conditions (2.40) for
C-'o(:\) and C()\) are satisfied and, consequently, the pair 75 := {Co()\), C1(\)} belongs

to R(Ho, H1). .

Since M(:) € Ry[Hi], it follows from (3.14) that My(-) € Ry[H1]. Therefore the
operator My()\) is invertible and —M, *(-) € R[H;]. Let us show that
(3:20) Py 5, (Co(A) = CrO)May (V) 71 CL(A) = =(Ma(A) + K(A) 7,
(321)  Mar(M)(Co(A) = CL)Mas (A) T Co(N) [ Hy = (My ' (A) + K1 (V)
Indeed, by (3.18), (3.19) and (3.17) one has

o - i) = (Y §) = (0) ann. v

_ ((M4()\)0+ K(N) N;(A)) |

Therefore
(Co(\) = CL(A) My (A) !

B L R e
0 I —_——  ~——

and, consequently,

(3.22)  (Co(N) = CoN)Mas (V)" Ch(N) = (‘(M‘*(A) SFK(A))_I) L Hy = T @ Ho.

This equality yields (3.20). Moreover, Co(\) | Hy = <_I§)(>\)> and

My (A\)(Co(N) = Cr(NMar (X)) 'Co(A) [ Hy = (Mu(N), Na(N))

" ((M4(A)§K(>\))1 —(My(N) +[§(/\))1N4()\)> (IE(A)>

= My(A\)(Ma(X) + K(N) T E(N),
which implies (3.21).
Next assume that A = /LO € Sré/lf(A) is the extension of A corresponding to the pair
7o in the triplet IT (see Proposition 3.1, (2)). It follows from (3.20), (3.21) and Lemma
3.2 that the pair 7 satisfies conditions (3.6) and (3.7). Therefore by Proposition 3.1, (3)
one has mul A = mul A. On the other hand, the respective operator-function ms,(-) of
the form (3.8) is

ey (3 = M) + (2, Mo ) (O EEODT a3y — e
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(here we made use of (3.16) and (3.22)). Therefore by Proposition 3.1, (3) the equality
mul A = mul A is equivalent to (3.15). This yields the statement of the theorem. O

Proposition 3.4. Let under the conditions of Proposition 2.19 K(-) — mg(-) be the
mapping of the set R[H] into R,[H'] defined by (2.43). If mk(-) satisfies (3.15) for some
K () € Ru[H], then the same holds for any K(-) € Ru[H)].

Proof. According to [15] there exist a Hilbert space §, a symmetric (possibly non-densely
defined) operator A in $) and a boundary triplet I = {H,To,T'1} for A* such that M(-)
is the Weyl function of II. Let A = A{o}@w be a symmetric extension of A (in the
triplet II). Then according to Theorem 3.3 for each K (-) € R[] the equality (3.15) is
equivalent to mul A = {0}(= mul A), which implies the required statement. O

Proposition 3.4 enables us to introduce Definition 1.1 of the class Ryo[H' ¢ 7—[]

Remark 3.5. (1) Assume that H = H' @& H. Since ily € Ru[H], it follows that a
holomorphic operator-function M(-) : C4 — B(H) with the block representation (2.42)
belongs to Ry,o[H' & H] if and only if M(-) € R,[H] and the operator-function

(3.23) m(X) = Mi(A) — Ma(A\)(Ma(N) +ily) " Ms(X), XeCy

satisfies (3.15).
(2) Statement of Theorem 3.3 can be reformulated as follows: the equality mul A =
mul A holds if and only M(:) € Ryo[H' @ Hi].

In the following proposition we give a sufficient condition for an operator-function
M () to belong to the class Ryo[H' @& H].

Proposition 3.6. Let M(-) € Ru[H] and let By = 0 (for By see (2.41)). Then
M(") € Ryo[H' @ H] for each decomposition H =H' ©H.

Proof. As was mentioned in the proof of Proposition 3.4 M () is the Weyl function of some
boundary triplet IT = {H, T, I'1 } for A* ( A is a symmetric operator in £)) and according
to [22] Ap = Z{O}@H = {fe A* :Tof = 0} is a self-adjoint extension of A. Moreover,
since Bys = 0, it follows that mul Ay = {0}(= mul A) (see [21, 15]). Let H = H' & H and
let A= Z{O}@Hl (in the triplet II). Then A c Ay and, consequently, mul A C mul 4.
Therefore mul A = {0}(= mul A) and by Remark 3.5, (2) M(-) € Ryo[H' @ H]. O

In the following theorem we provide a criterium, that guarantees the equality mul A=
mul A for a symmetric extension A of a symmetric relation A with n_(4) < n4(4).

Theorem 3.7. Assume that A € 5(.6) is a symmetric linear relation with n_(A) <
ny(4), T = {Ho @ Hl,FO,Fl} is a boundary triplet for A* and M, (-) is the Weyl
function of II. Let A=Ay € Exty be a symmetric extension of A corresponding to the
boundary parameter 0 € Symg(Ho, H1) (see Proposition 2.22) and let n_(A) < ni(A).
Then B

(1) There exist a Hilbert space Ho D H1 and an operator

(3.24) 7= (zl Z) {Ho @ Hi — Ho @ Ha,

satisfying (2.34) and (2.35) with a certain subspace H' C H;.

(2) Let Ho be a Hilbert space, H' be a subspace in Hi and Z be an operator (3.24)
from statement (1). Moreover, let H1 = Hi © H', so that Hy = H' & Hy. Then the
equality

(3.25) My () = (23 + 24 My (V) (21 + 22My (V) "1 (€ B(Ho, H1)), XeCy
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together with the block representation
(3.26) Mi(\) = (M), Ny(\) : Ha @ Ho — Hi, AeCy

defines the operator-function M() € Ry[H1] and the equality mul A = mul A holds if and
only if M(-) € Ryo[H' & Hi).

If in addition A is an operator (that is, mul A = {0}), then A is an operator if and
only if M(-) € Ruo[H' @ H,].

Proof. Since n_(A) < ny(A), it follows from (2.49) that n_ () < ny (). Therefore by
Lemma 2.13 statement (1) is valid.
Let us prove statement (2). According to [25, Proposition 4.3] the equalities

1:o = 21y + 21y, f1 = 2300 + 241"y

define a boundary triplet = {’HO @ Hq, Fo, Fl} for A* and the Weyl function M+( ) of
Il is given by (3.25). Moreover, in this triplet A = A with § = Z0 = {0} @ H’. This
and Remark 3.5, (2) yield the required assertions. |

Remark 3.8. Lemma 2.13 provides an explicit construction of the coefficients z;, j €
{1,...,4}, in (3.25). Namely, assume that under the conditions of Theorem 3.7 the
relation 6 is represented in the form (2.15), (2.16) with an isometry V- € B(H', Ho) (H' C
H1) and U € B (Ho,ﬁo) is a unitary extension of V~! with the block representation
(2.29). Then by Lemma 2.13 one can take the operators z; of the form (2.31)—(2.33) as
coefficients in (3.25).

In the case ny(A) = n_(A) and ny (A) = n_(A) statements of Theorem 3.7 can be
rather simplified. Namely, the following theorem is valid.

Theorem 3.9. Assume that A € C(8)) is a symmetric relation with ny(A) = n_(A),
II={H,To,I'1} is a boundary triplet for A* and M(-) is the Weyl function of I1. Let A=
Ay € Ext 4 NSymg($) with the respective 6 € Symg(H) and let ny (A) = n_(A). Assume
also that 0 is represented in the form (2.21) with an isometry V. € B(H',H) (H' C H).
Then

(1) There exist a unitary operator U € B(H) such that V=1 C U.

(2) If U is an operator from statement (1), then the equality

(327) MO\ =(GU—-1)+U+DHMMN)(U+1)—i(U - M), AeCy
correctly defines thef\gpemtor-function M() € Ru[H] and the equality mul A = mul A
holds if and only if M(-) € Ryo[H' @ H] (here H =HSH').

Proof. Since ni(A) = n_(A), it follows from (2.49) that ny () = n_(#). Now the
required statements are implied by Corollary 2.14 and Remark 3.5, (2). O

Lemma 3.10. Assume that a Hilbert space H is decomposed as
H=H oH,dH =N &H,
where H' = H) & H5,

(3.28)
Mii(A) Mia(A)  Mis(A) , :
M) = [ Mz () Map(N) Maz(N) | - 7'[/1 @ 7‘[/2 S H1— Hll @ HIQ GH, reCy
M3 () Msa(X)  Mss()N)
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is the block representation of an operator-function M(-) € Ry[H] and Ny(-) € Ry [H!&H]
and No(+) € Ry[HYy @ Hq] are the operator-functions given by

My (A Myz(A Mag(N)  Mas(X
(3.29) Nl()\)<M31E)\§ MSEAD N2<A>(M§§EA§ M§§EA§)

Then M(-) € Ryo[H' @ H1] if and only if N;(-) € Ruo[H; @ Hi], j € {1,2}.

Proof. Clearly, (3.28) can be represented as (2.42) with M;(\) = (%1183 %wgi;),
21 22

Ma(N) = (Miz(N), Maz(N) T, M3(A) = (Mz1(N), M32(2)) and My(X) = Mzz()). Let
m(A) be given by (3.23). Then

_ (M M2\ (Mg | _ (mi(N) *
m()\) = <M21 Mgz) (M23) (M33 + 7’I7~L1) (Mgl,Mgg) = % mz()\) y
where M;; = M;;(X) and m,;(X) is the operator-function (3.23) for N;(-), j € {1,2}.
This and Proposition 2.18 yield the required statement. |

In the following theorem we characterize explicitly symmetric extensions Z@ € Exta
with mul A9 = mul A under the additional condition that an abstract boundary param-
eter 6 has the closed domain.

Theorem 3.11. Assume that A, II and M, (-) are the same as in Theorem 3.7 and
let M(-) € R,[H1] be the operator-function defined by the block representation (2.51) of
My (X). Let 6 € Symo(H1) (so that 6 € Symo(Ho, H1) as a subspace in Ho & Hy D H2),

let dom @ be closed, let A= Ay € Exty be the respective symmetric extension of A and
let 0 = {H" & H, & Hy, B1, Ba} be the canonical representation (2.24), (2.25) of 6 with
operators By = Bf € B(H}) and By € B(H),H1) (see Definition 2.10). Moreover, let
M () has the block representation (3.28), let p1(\) = By—Mi1(A), p2(X) = Ba—M3z1(A),
pox(N) = By — Mi3(\) and let

(W o1 (Vs () e
0= () a0 C e i 1) € B0 2 70)

)
No()) = (M22(>\) + Moy (N)@y (A Mia(X)  Mas(A) — M21(>\)<P1_1(>\)</32*(>\))
? Mis2(A) — p2(A)e 1(/\)M12(/\) M3z(X) + 02 (N7 (M) pae(N)

(€ B(Hy @ Hy)),

where X € Cy. Then N;(-) € R,[H; © H1] and the equality mul A = mul A holds if and
only if N;() € Ryo[H} & Ha), j € {1,2}.

Proof. Let H' = H} &M, and let X; € B(H1), j € {1,...,4}, be the operators given by

the following block representations (with respect to decomposition (2.24) of H;):
-B; 0 -Bj I 00 -I 0 0 0 00
X,=|l 0o 1 o |, Xxo=[00 0|, x3=]0 0o, xu=[0T1o0
0 0 1 0 0 O -By, 0 0, 0 0 I

The immediate checking shows that
XiXs—-X3X1=0, XiXy—-X;Xo=1I X;X4—X;X5=0,
Xo X7 —X1X5 =0, XuX7—Xs3XJ=1I X,X;—X3X;=0.

Therefore the operator

VARV
ZZ(Z; Zi>1HO@H1_>HO@H1
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. X X
Wlchlz( 1 0)17‘[1@7‘[2—)7‘[1@7‘[2, ZQZ( 2)2H1—>H1€9H2,
0 Iy, —_——— e — 0 —_———
Ho Ho Ho
Z3 = (X3,0) : Hi®Hy — Hi and Zy, = X, satisfies 2 I, Z = Jpym, and
—_———r
Ho

Z Jyo 1, Z* = Jpg .21, - Moreover, by (2.25)
Z0 = {{Fl(hl,hg) + Fg(hl,hg),Fg)(hl,hg) + F‘4(h17 hg) thy € Hll,hQ € 7‘[/2},

where
Fi(hi,he) =21 T H1-hi =X1(hi ®0@0) ® 0y, = ((—B1h1) 0D 0) @ Oy,
Fy(hi,he) = Zo(B1h1 @ he ® Bohy) = Xao(Bihi @ ha @ Bahy) @ 04y,
= (B1hy ® 0@ 0) ® 0y,
F3(hi,ho) = Z3 | Hi-h1 = X3(h1 @0®0) = (—hy) © 0@ (—Bahy),

Fu(h1, hs) = Zs(Bihy @ ha @ Bahy) = Xo(Bihy ® ha ® Bah1) = 0 @ hy & Bahy.
Hence Z6 = {{0, (=h1) @ ho ®0: hy € Hy, he € Hy}} = {0} & (Hy ®Hy) = {0} & H'.
Thus by Theorem 3.7 mul A = mul A if and only if the operator function M(-) € Ry[H1]
defined by (3.25) and (3.26) belongs to Ryo[H' @ Hi]. It follows from (2.51) that

2y + ZoM, = (%1 ?) + <)g2> (M), Ny (V) = (Xl “ézM(A) Xzf\?(A)) |

(Xl +X2M(>\))71 *

> v I3+ ZyMy = (X34 XyM(N), %),

where M = M ()\) and * denotes the entries that do not matter. Therefore

(Xl +X2M()\))_1 *)
0 I

= (X3 + XaM(\) (X1 + XaM(N) 7L, Ny (V)

My(\) = (X3 + XaM(N), %) (

with some N (A) and in view of (3.26) M()\) is

(3.30) M) = (X3 4+ XuM\))(X1 + XoM(A)™L, AeCy.
Next,
-B, 0 —Bj I 0 0\ [Mi(\) M\ Ms())
X1+ XoMN=| 0 I 0 )+<0 0 o) (le(A) Maa(N) M23(>\))
0o 0 I 0 0 0/ \Ms1(\) Msa(\) Msz(N)
—p1(A)  Mia(A)  —p2.(N)
= O I O )
0 0 I
—01 ') e A Mi(N) —or (V)e2e(N)
(X1 +XoM(\) ™t = 0 I 0 ,
0 0 I
-1 0 0 0 0 0\ [Mi(\) M\ Ms(\)
Xs+X,MN) =] 0 0 0)+(0 I 0) (le(A) Maz(N) MQJ(A)) =
—By, 0 0, 0 0 I) \Ms(A\) Msy(\) Mss(N)
—I 0 0
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and with respect to the decomposition (2.24) of H; one has

M(\)
~1 0 0 —o1 ' ) et )Mia(A) =7 (N)pae(N)
= Mar(\) May(N) Mas(N) 0 I 0
—p2(A)  Msa(N) Mss(N) 0 0 I

o1 (M) * o1 (N2 (V)
= * Mas(X) + Moy (N)py "(A)Mia(A) - Mag(A) — Mar(A)gy H(M)ae(A) |-
PN () Maa(N) = 02Ny "N Mi2(A)  Maz(A) + 02(N)pr (Mo (A)
This and Lemma 3.10 yield the statement of the theorem. (|

Remark 3.12. In the case ni(A) = n_(A) < oo each boundary triplet Il = {Hy ®
H1,To,T'1} for A* satisfies Ho = Hq =: H (i.e., in fact I = {H,T,T'1}) and dim H < oc.
Therefore in this case Symg(Ho, H1) = Sym(H) and dom 8 is closed for each 8 € Sym(H).
Thus in the case ny (A) = n_ (A) < oo Theorem 3.11 provides an explicit parametrization
of all symmetric extensions A € Ext, with mul A = mul A.

The following corollary is immediate from Theorem 3.11.

Corollary 3.13. Assume that under the conditions of Theorem 3.11 muld = {0}, that
is 0 = grB, where B € B(H',H1) is a symmetric operator in Hy defined on the closed
subspace H' C Hy. Let Hy be decomposed as Hi = H' @& Hi, let B = (B1,B2)"
H — H @®Hy and (3.14) be block representations of B and M(N) respectively and
let N(-) : C; — B(Hi1) be the operator-function given for all X € C4 by the block
representation (1.12) (with respect to the mentioned decomposition Hy = H' & Hy).
Then
(1) A admits the representation in the form of abstract boundary conditions as

A={feA* :Tof eH, T1f— BIof =0}

(2) N(-) € Ry[H1] and the equivalence mulA = mulA <= N(-) € Ryo[H' @& H1] is
valid.

Corollary 3.14. Assume that A, 11, M, (-) and M(-) are the same as in Theorem 3.11.
Let H' be a subspace in Hy and let (Cy, C1) € SP(H') be a self-adjoint operator pair (see
Definition 2.11). Assume that HY := ker Cy and H, = H' © H}, so that H' = H| & H),
and decomposition (2.24) of Hi holds with Hi = Hi1 ©H'. Moreover, let the subspace
K1 :=ranCi C H' be closed and let Cj1 := Py, C; | Hi(€ B(H!,K4)), 7 €{0,1} (so
that Co1 and Cog are the left upper entries in matrices (2.27)). Assume also that M ()
has the block representation (3.28) and let

(3.31) Y(A) = —(Cor + C11 M11(N)) "' Cuy,
AT B Mis(V) o
(3:32) M) = (—M?,l(A)w(A) Mas(\) + My (A >1§<A>>M13<A>> (€ B(H, © 1)),

_ (Ma2(A) + Mar (N (M) Mia(A) - Mag(A) + Mar(A)gp(A) Mas(A)
(3:33)  Nao(N) = (Mgg()\) + Mz (A9 (A) Mia(N) Mgg(A)+M31(A)w(A)M13(A>>

(€ B(Hy @ H)),

where A € C1. Then
(1) The equality (the abstract boundary conditions)

(334) Av = {fe A* Fofe 7‘[’, Flfe H/, C()Fof—‘r C’ll“lf: O}

defines a symmetric extension Ae Exta.
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(2) N;() € Ru[H; @ H1] and the equality mul A = mul A holds if and only if N;() €
Ryo[H; ® M), j € {1,2}.
(3) If in addition ker Cy; = {0}, M(\) has the block representation (1.7) and
(3.35)
N = < —(C’o—&-C’lMl()\))_lg'l (Co—l—ClMl()\))_lClMg_()\) >
My(M)(Co + CLMi(A\) "1 C1 Ma(A) — Ma(A)(Co + C1Mi(N) " CrMa(N) )
AeCy

(with respect to the decomposition Hy = H' ® Hi ), then N(-) € R,[H1] and the equality
mul A = mul A holds if and only if N(-) € Ryo[H' & Ha].

Proof. (1) Let 6 € Self(H') be given by (2.26). Since H'? C H? C Ho @ Hi, it follows
that 6 € Symg(#1) N Symo(Ho, H1). Let A = Ay € Exty be the respective extension of
A given by (2.45). Then by Proposition 2.22 A € Symg($)) and in view (2.26) A admits
the representation (3.34).

(2) According to Proposition 2.12 dom 6 = H}, mulf = H}, Cy and C; have the block
representations (2.27) and the operator part B'(€ B(H})) of 6 is B’ = —C;*Co1. Next,
consider # as a symmetric relation in H; and let B be the operator part of this relation.
Clearly, the block representation of B is B = (B’,0)". Therefore by Lemma 2.9 the
canonical representation of 6 is § = {H} @ H) @ Hi, By, By}, where

(3.36) By = —C;'Co1, Bs=0.

Let N;(-) € Ru[H & H,], 7 € {1,2}, be the operator functions defined in Theorem 3.11.
Then in view of (3.36)

P(A\) =1t (\) = —(C'Cor + M1 (V)™ = —(Cop + C1i M1, (M) "1 Chy,
©2(A) = =M31(N),  @2.(X) = —Mi3(N)

and hence Ni(\) and N2(A) admit the representation (3.32), (3.33). Now statement (2)

is implied by the equality A = Ay and Theorem 3.11.
(3) If ker C; = {0}, then H5 = {0}, H} = H' and by (2.27) Cy = Cp1 and Cy = Ch;.
Therefore the required statements follow from statement (2). O

4. APPLICATIONS TO HAMILTONIAN SYSTEMS

Let H be a finite-dimensional Hilbert space, let H= H & H and let

7=(% ). men s Hem
Iy 0

As is known (see e.g. [4, 17]) a Hamiltonian differential system on an interval Z =

[a,b), —o0 < a < b < oo, (with the regular endpoint a) is of the form

(4.1) Jy — B(t)y=AA(t)y, teZ, MeC,

where B(t) = B*(t) and A(t) > 0 are B(H)-valued functions on Z integrable on each
compact interval [a, 8] C Z. Below we assume that system (4.1) is definite. The latter
means that for some (and hence all) A € C there is only a trivial solution y(¢) = 0 of
(4.1) such that A(t)y(t) =0 (a.e. on 7).

Denote by $(= LA(Z)) the Hilbert space of functions f(-) : Z — H such that
J(A@)f(¢), f(t)) dt < co. With system (4.1) one associates minimal and maximal linear
I

relations Tinin and Tax in $ (see e.g. [7]). It turns out that T, is a closed symmetric
relation with finite deficiency indices n4 (Tiin) < dim H, which coincide with the number
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of linearly independent solutions y € $) of (4.1) for A € C4.. Moreover, Tax = T}, and
for all y, z € dom Ty,ax there exists the limit

10 = lm(Ty(2), 2(1).
Clearly each function y € dom Ti,,x admits the representation
(4.2) y(@) ={yo(®), 1 ()} (e HO H), tel.
Assume that (Cy, C1) € SP(H) (see Definition 2.11). Then according to [27]
(4.3) T :={{y, [} € Tmax : Coyo(a) + C1y1(a) =0 and [y, z], =0, z € dom Typax }

is a closed symmetric extension of Ty, (here yo(a) and y1(a) are taken from (4.2)).

Let ¢(-,\)(€ B(H,H)) be the operator solution of (4.1) with the initial value p(a, \) =
(C3,—C)" (e B(H,H @ H)). Denote also by $);, the set of all functions f(-) € § with
compact support. With each function f(-) € £, one associates the generalized Fourier

transform f(-) : R — H given by

o~

(4.4) flo) = [ e toamsa

As is known a non-decreasing left-continuous function o(-) : R — B(H) with ¢(0) = 0 is
called a B(H)-valued distribution function.

Definition 4.1. A B(H)-valued distribution function o(-) is called a g-pseudospectral
function of the system (4.1) if the operator (V f)(s) = f(s), f(-) € $, admits a contin-
uation to a partial isometry V, € [§, L?(o; H)] (for the Hilbert space L?(o; H) see e.g.
16, Ch.13.5]).

According to [27] for each g¢-pseudospectral function o(-) one has mulT C ker V.

~

Moreover, the inverse Fourier transform f(t) = [ ¢(¢, s)do(s)f(s) exists only for f() €
R
6 kerV, . These facts make natural the following definition.

Definition 4.2. [27]. A g-pseudospectral function o(-) with the minimally possible
kernel ker V, = mul T of V;, is called a pseudospectral function of the system (4.1) (with
respect to the pair (Co,C1) € SP(H)).

Definition 4.3. [1, 29]. A B(H)-valued distribution function o(-) is called a spectral
function of the system (4.1) (with respect to the pair (Cy,C1) € SP(H)) if the following
Parseval equality is valid:

[ a7 Fon = [(a®F@. @)t 50 €
R T

Assertion 4.4. [27]. (1) A B(H)-valued distribution function o(-) is a spectral function
if and only if it is a pseudospectral function such that V, is an isometry.
(2) Let (Cy,Cy) € SP(H) and let T € Extr, . be symmetric relation (4.3). Then the

set of spectral functions (with respect to (Cy, C1)) is not empty if and only if mulT = {0},
in which case the sets of spectral and pseudospectral functions coincide.

Definition 4.5. A self-adjoint operator pair (Cy,Cy) € SP(H) is referred to the class
SPy(H) if the respective relation T' of the form (4.3) satisfies mulT = mul T};,, and to
the class SP{(H) if mulT = {0}(= mul Tpyin).

Remark 4.6. (1) Clearly, SP{(H) C SPy(H) and by [28, Lemma 3.4] SPy(H) # 0.

(2) Since mul Tryin, € mulT), it follows that for a pair (Coy, C1) € SPy(H) the partial
isometry V, corresponding to the pseudospectral function o(-) (with respect to (Cp, Cy))
has the minimal kernel in the following sense: for any pair (C{, C7) € SP(H) the partial
isometry V, corresponding to the pseudospectral function o’(-) (with respect to (Cy, C1))
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satisfies ker V,, C ker V. Moreover, by Assertion 4.4 a pair (Co,Cy) € SP(H) belongs
to SPJ(H) if and only if the set of spectral functions (with respect to (Cp,C1)) is not
empty.

Our next goal is to characterise the classes SPy(H) and SP}(H).
In the following we assume for simplicity that 74 (Tiin) = 7— (Tmin). Then according
to [27] there exist a finite dimensional Hilbert space H, and a surjective linear mapping

(4.5) Ty = (Tob, D1p) " 2 dom Tinax — M @ Hy,
such that the following identity is valid
(46) [i% Z}b = (FObyaFIbz) - (Flby7FObz)7 Y,z € dom Tmax

(actually T'py is a singular boundary value of a function y € dom Ti,ax at the endpoint b).
Moreover, a collection 11y = {H,Tg,T'1 } with

(4.7) H=H&Hs,
(48) FO{y7 f} = yO(a) S¥ FOby7 Fl{ya f} = yl(a) D (_Flby>7 {yv f} € Tmax

is a boundary triplet for Ti,ax.
The classes SPy(H) and SPj(H) are characterized in the following two theorems.

Theorem 4.7. Assume that system (4.1) is definite and ny(Tmin) = n—(Tmin). Let
Iy = {H,To,T1} be the boundary triplet (4.7), (4.8) for Tmax and let M(-) be the Weyl
function of . Let (Cy,C1) € SP(H), K1 :=ranC; C H, Hy := kerC; and H}| =
H o H), so that

(4.9) H=H,oH, H=H &H),dH.

Moreover, let Cj1 := Pux,C; | Hi(e B(H},K1)), j € {0,1}, let M(X) has the block
representation (3.28) (with respect to the second decomposition in (4.9)) and let N;(-) €
Ru[MH; © M), j € {1,2}, be the operator functions defined by (3.31) - (3.33) (in (3.28),
(3.32) and (3.33) Hy should be replaced with Hy). Then (Co,C1) € SPy(H) if and only
if Nj(+) € Ruo[H; @ Ha], j € {1,2}.

If in addition ker C1; = {0} and M (X) has the block representation (1.7) (with H' = H
and My = Hyp), then (Co,C1) € SPy(H) if and only if N(-) € Ryo[H ® Hp], where
N(-) € R,[H @& Hy) is the operator function (3.35).

Proof. Since dim H < oo, the subspace Iy is closed. Moreover, since I'y is surjective, it
follows from (4.6) that (4.3) can be written as

T ={{y, f} € Tmax : Coyo(a) + C1y1(a) = 0, Lopy = I'1py = 0},

that is, in the form (3.34). Now the required statements follow from Corollary 3.14
applied to the boundary triplet I1,. O

Theorem 4.8. Assume that system (4.1) is definite and ny (Tmin) = n—(Twin)- Then the
set SPJ(H) is not empty if and only if mul Ty, = {0}. Moreover, if mul Ty, = {0},
then Theorem 4.7 holds with SPy(H) instead of SPy(H) .

Proof. For each pair (Cy,Cy) € SP(H) one has mulT D mul Ty, Therefore in the case
mul Thin # {0} the set SPy(H) is empty. If mul T, = {0}, then SPJ(H) = SPy(H).
Hence SP§(H) # () and Theorem 4.7 holds with SP{(H) instead of SPy(H) . O

Remark 4.9. Note that the Weyl function M (A) in Theorems 4.7 and 4.8 is defined in
terms of the boundary values of respective operator solutions of (4.1) at the endpoints a
and b (see [27, Proposition 4.9]).
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