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ON EXTENSIONS OF LINEAR FUNCTIONALS WITH
APPLICATIONS TO NON-SYMMETRICALLY SINGULAR
PERTURBATIONS

MYKOLA DUDKIN AND TETIANA VDOVENKO

This paper is dedicated to the 75th anniversary of V. D. Koshmanenko

ABSTRACT. The article is devoted to extensions of linear functionals, generated by
scalar products, in a scale of Hilbert spaces. Such extensions are used to consider
non-symmetrically singular rank one perturbations of H_g-class. For comparison,
we give main definitions and descriptions of singular non-symmetric perturbations of
H_1 and H_o-classes.

Together with outstanding mathematicians S .Albeverio [2], P. Kurasov [3], W. Kar-
wowski [11], L. Nizhnik [16], V. D. Koshmanenko is one of the founders of the singular
perturbation theory of self-adjoint operators in general cases (for an abstract self-adjoint
operator and an abstract Hilbert space).

In our article we continue investigations of singularly perturbed operators in a case of
non-symmetric perturbation. In this connection, we would like to show one simple, but
useful in applications, expansion method of liner functionals generated by scalar products
in rigged Hilbert spaces.

1. AN EXTENSION OF FUNCTIONALS FOR AN EQUIPPED HILBERT SPACE

Let H be a separable Hilbert space with a norm || - || and a scalar product (-,-).
Consider an unbounded positive self-adjoint operator A > ¢I, ¢ > 1 with a domain D(A)
in H.

Via the operator A, we introduce an A-scale of Hilbert spaces [1, 13]: Hp = Hi(A),
k € Z (briefly A > 1), where H, = D(A*/?), a € N and the norm is generated by the
scalar product

(9. 9)a = (A°20, A%/%Y), .9 € D(A/?);

Ho = H; the space H_., o € N is constructed as a completion of H with respect to the
norm

(f,9)—a = (AT2f,A7%g), fgeH.
By (w,¥)—a.as @ € N we denote the dual scalar product for w € H_,, and ¢ € H,.
The operator A has the following properties in the scale Hy(A4) [1, 13]:

A2 H, — Ho,
AT Hy — Ha,
(A2l g — H g,
(A_O‘/Q)Cl cH_o — Ho, a€N,

(1)
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where “cl” denotes the closure of an operator in the corresponding space. The scalar
products have the following properties in the scale Hy(A) [1, 13]:

(fa@)0:<f790>7a,aa f€H07 @67{&;

(W, ) —aa = (W, (A%)"0) o = (A7) w, )a = (A7) %w, (A%/2)% )0,
weEH o, ¢EHa a€eN;

<wa<p>—a,a: <Wa§0>—5,37 a<ﬁa Q,BEN, WEH—OU QOGHQ

Next, for the simplicity, we consider only some part of the A-scale,

(2)

(3) H_ D HoDHy,
where H_ = H_y, Hy = Hi, i.e., we have the equipped Hilbert space Hy with a
positive and a negative spaces [7]. in this connection, we denote (-,-) := {(-,-)_11. As

it is well known [7], H_ is a space of linear continuous functionals on #. Hence, each
element w € H_ generates a linear continuous functional Z,(p), ¢ € Hy of the form
Zo(p) = {(w, @) (but this functional is an unbounded and a densely defined one in H).

Let us consider an extension by linearity of the functional Z,(¢) on some elements of
Ho (or in general on H_). An example further in the first section illustrates a possibility
of such a situation. Following the article [4] we denote the extension Z,e= = (W, ),
where ¢ € Hy U®, & C Hp (or in general & C H_). We extend Z,(p) by assigning
an arbitrary convenient value ¢, := Z,ex(¢) € C. Under an extension by linearity we
understand the equality

Lew (ap + bip) = aZyex (@) + blyex V),
Va,be C, o, € PUHy, O CHo(dCTH).

Analogously we consider:
e the functional Zy(¢) = (¥, )+, ¢, ¥ € H4, and its extension

Tyer(p) = W, 0)4, VEHL, @eHL UL, Py CHyy
e the functional Z,(¢) = (w, d)_, w,¢ € H_, and its extension
Tpex(p) = (W™, 0)-, weH_, ¢eH_UDP_, D_CH_o;
e the functional Z;(g) = (f,9)o, f,g € Ho, and its extension
Trex(9) = (f“,9)0, fE€Ho, ge€HoUPy, PoCH_.
For simplicity we suppose that the subsets ®, ®;, i = {0, +, —} are one dimensional.
Proposition 1. If we put ¢ = (A~Y%, f = (A~Y?)%w, and suppose that AY?®, =

g, (AYV2)lDy = &_ and &, = ®, then we can choose extensions of the functionals
Z,(9), T,(¢), Zy(p) and Zs(g) so that

(4) Lier (p) = Luew (9) = Lyex () = Lpex (9)-

Proof. The chain (4) has a form of the second line in (2),

(5)  (wp) = (@, (A7) = (AT w, )+ = (A7), (AV2)M0)o, weH-,

if o € H4. For ¢ € ® we can put a joint convenient constant. ]

Proposition 1 has a generalization for an arbitrary scale Hy, k € Z. Namely, let us
choose k1, ko, k3 € Z, such that ky < ky < k3, |ka — k1| = |ks — k2|, and consider the part
of the scale Hy, k € Z,

(6) Hiy O Hiy D Hiy-

The triplet (6) is associated uniquely with a positive self-adjoint operator A (see [1, 13]).
Let us consider the following:
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o the functional Zy,(¢) = (¥, ©)ks, @, € Hi,, and its extension

Tyer (@) = (V" @ kg, U € Higs @ € Hig UPry,  Ppy C Hiys
e the functional Z,,(¢) = (w, d)g,, w,d € Hy,, and its extension

Zer(9) = (W, O)kyy wWEHk, ¢ EHpy UPkyy oy CHiyjpy—hy 5

o the functional Z;(g) = (f, 9)k,, [f,9 € Hi,, and its extension

Tyea(g) = (F" Dksr [ EHbyy g€ Hiy UPpy,  Pry CHyys
o the functional Z,,(¢) = (W, ©)k, ks» w € Hi,, @ € Hy, and its extension

Len () = (W, 0) )by kgy WE Hiy, @EHLUP, & CHy,.
The next theorem generalizes Proposition 1.

Theorem 1. If we put ¢ = (A=Y, f = (A=Y, and suppose that AY/2®,,, = &y,
(AY2)lD, = &y, and Oy, = O, then we can choose extensions of functionals T,,(y),
Z.(9), Zy(p) and Is(g) so that

(7) Lsex (p) = Luex (@) = Lyea () = Lger (g)-
Proof. The chain (6) has a form of the second line in (2) with the chains of indexes
(8) <W7 (P>k1,k3:(w, (A)d%p)klz((A_l)0lw7 (p)k?s = (("4_1/2)Clw7 ("41/2>CZ§0)1€27 w € Hk17

if ¢ € Hy,. For ¢ € ¢ there we put a convenient constant. |

Example 1. Let Hg = Lo([1,00), dz) be the space of square integrable functions on the
half interval [1,00) with respect to the Lebesgue measure, and A be an operator of a
multiplication by the independent variable “x”,

Af(x) =xf(z), D(A) = {f(z) € La([1,00),dx) | xf(z) € La([1,00),dx)}.

In such a case, H, = D(A'Y?) is the space with the scalar product
(Y, 9)+ = (A1/2¢7A1/2§0)0 - /W@@(@xd%
1

ie. Hy = Lo([1,00),xdx). The space H_ has a scalar product,

(w.6)- = [ wl@)ole) da,
1
i.e., H_ = Ly([1,00), 2dx). Hence we the have rigged Hilbert spaces
1
Lg([l,oo)?dm) D Ly([1,00),dz) D La([1,00), zdx).

Let us choose w = %, and consider the functional Z,(¢) on Hy, ie., ¢ € Hy,
oo

because w € La([1,00)1, dz), since [ ﬁ%%dz =1<ooand w ¢ Ly([1,00),dx), since

1 T
00

J

1

dr = oo.

S+
-

x
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But, for ¢ = 1 we have 1 € Ly([1,00)dz), since [ L dz = 1 < oo and what is
1

1

unexpectedly ﬁ% dxr = 2 < oo. Hence, this is a reason to put

Tper = (W, ) = /w(a:),go(x) dx.
1

1

But it is not only one possible way to extend the functional Z,,. Hence, for ¢ = =

can put

we

oo

(9) I (SD) f w(.’L‘)(ﬂ(J:) dl‘ - ] natu a]]
ex = i ) I y,
c’ ) m genera].

Remark 1. The considered in the article functionals are useful in corresponding parts of
singular self-adjoint [4, 5, 13] and non-self-adjoint [9] perturbation theory. We illustrate
this below.

Remark 2. For example, the functional Z,.. = (w®, ), where ¢ € Hy U P, can be
extended in general to ® C H_,, for an arbitrary o > 1. Each of the considered above
functionals can be extended in such a way.

2. SOME REMARKS ON SINGULAR NON-SYMMETRIC PERTURBATIONS OF H _1-CLASS

Let us consider a linear operator V acting from H; into H_;. Let it have the form
V =V¥e2 = (- w)ws, wi,ws € H_y. If we define by A an extension by linearity of the
operator A that is a bounded operator acting from Hi; to H_1, then A + V is also a
linear operator from H,;1 to H_;. For the operator in the scale we know the concept of
an adjoint operator (A + V')*, which acts also from #H; into H_; [6].

For a formal expression A 4 (-,w;)ws we can give the meaning of an operator in H
[10, 12]. We take A + (-, w;)ws and restrict it to H and denote it by A“1«2,

(10) AYY2 = (A + <'7W1>OJ2) [7.[ .

Sometimes we will also be using the notation of the operator A instead of A, if it will
not lead to any obvious contradiction.

The restriction process is not always convenient, hence we used the following definition
of singularly non-symmetrically perturbed operator [8, 9].

Definition 1. Let A > 1 be a positive self-adjoint operator defined in a separable Hilbert
space H. For wy,wy € H_1 \ H, w1 # wo, we put 7; = A lw;, i = 1,2.

The operator A“n*2 is called singularly non-symmetrically rank one perturbed of
‘H_1-class with respect to A, if

D(Aw1w2) = {w = p—bns | ¢ € D(A),

" (Ap,m)
b= b(@) = 1+ (A1/27727A1/2771> }

in the case (AY/2n,, AY/?n,) # —1; and
(12) Q(Awh“&) = ®H1+{CU2}7 :D'Hl = {80 € :D(A) | (A%Ul) = 0}7

(c € C) in the case (AY2n,, AY/?n;) = —1, (and we denote A“1%2 € P(A)).
The action is given by the rule A¥t“2¢) = Ap.
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The operator A is called (initial) non-perturbed, and V' = (-, w;)wsy is called the
perturbation (of the #H_;-class). Hence, A“1*2 is naturally to call as perturbed operator.

The presented definition generalizes non-local interactions [5, 14, 15] with a self-adjoint
operator to the case where the perturbed operator is non-self-adjoint.

The fact that the space H is separable is not obligatory in the Definition 1. The
positivity of the operator A or its semiboundedness is also not obligatory. In such a
case it is need to require for (11) the following: the positive space 41 with the norm
lellir = 1(AIY2+1)ell, ¢ € Hy1 and H_; is a completion H with respect to the norm
1£l-1 = (A2 + D[, £ € H; Hoz with the norm |lg] 12 = [ (A + D], ¢ € Hos
and H_o is a completion of H with respect to the norm ||f||—2 = |[(|A| + I)f||, f € H.

In particular, in what follows we consider for convenience that the operator V is of
the form V = (-, w;)ws with the constant @ € C,0 < |a| < oo. Such a form does not
differ from the previous consideration, since we can every time write

(13) V =al,w)ws = (-,wy)aws = (-, awi )wa,
but it is convenient for applications. In particular, A%¥1w2 = Awi,awz

Therefore, Definition 1 can be generalized.

Definition 2. Let A be a self-adjoint operator defined in a separable Hilbert space H.
For wi,wy € H_1 \ H, w1 # wa, we put 1;(z) = (A — 2) " w;, i = 1,2, z € p(A), where
p(+) is a resolvent set of the corresponding operator.

The operator A¥1*¥2 ig called singularly non-symmetrically rank one perturbed of
H_1-class with respect to A, if

D(a=re) = i = p-bum(2) | ¢ € D(A),
14 S (G 15
T o+ (A= 2)m(z),m(2)
in the case ((A — 2)n2(2),m(Z)) # —1/« for a fixed z; and
(15)  D(A*2) =Dy, Hema(2)}, D (2) = {w € D(A) | (A= 2),m(2) = 0}

(c € C) in the case ((A — 2)n2(2),m(Z)) = —1/a, (and we denote A2 ¢ P(A)).
The action is given by the rule (A“1%2 — z)ih = (A — 2)p.

But this Definition has also its own drawbacks. The written form of domains (14) and
(15) depend on z. In spite of such a drawback, it is useful for the next example with the
Schrodinger operator.

Proposition 2. Definition 1 is equivalent to Definition 2, if we consider positive (semi-
bounded with the corresponding shift) self-adjoint operator A.

Proof. In one way the proof is trivial. It is enough to put z = 0.

In general the proof is very complicated. In this short article we present only a
sketch of the proof. For operators from Definitions 1 an 2 we write the corresponding
resolvents (see the Theorem 2 below), and comparing the obtained resolvents we conclude
equivalence of the operators. By the writing the resolvent corresponding to the operator
from Definition 2, we prove independence of (14) and (15) on z. O

Schrodinger operator with non-local interactions. Let us consider the operator
2
A = —4 with the domain ®(A) = W(R) in the space Lo(R?,dz). The operator A is
defined by the extension of A to W3 (R!) in the sense of generalized functions, i.e., as an
operator acting from Wy (R') into Wy *(R?).
Proposition 3. The operator
d2

611,04512 v .
(16) —A = + a0z, )0z, a€C,
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where 6, and ., are d-functions of Dirac concentrated at the points x1, T2, T1 # T2,
z1, T2 € RY, has the domain

(17) D(=A%%2) = {$ e Wy (RN NWFR"\ {21}) | ¥(21+) = (1),
V(o) = ¢ (22—) = av(a1)}
and it acts as follows:
(18) _AzS,l ,aéww — _(p//.
Proof. Firstly we consider the case
((A=2)m2(2),m(2)) # —1/a.
From the Definition 2, in accordance with expression (14), the vector 3 has the form

- — & i ik|z—wz2|
V= 14 eiklzi—as 2k ’

where z = k? and k = v/Ei, Imk > 0, n;(2) = oge*le=2il j = 1,2 are taken from [2)].
In particular, in the sense of generalized functions, we have
(A= 2)p,m(2)) = (v, (A= 2)m(2)) = (#,02,) = p(a1)
and .
(12(2), (A = 21 (2)) = (1a(2), 85,) = 5eIm =2,
The first equality in (17), namely ¢ (z1+) = ¥ (x1—), is fulfilled,

_& 1 ikl (@1+4) —ws|
(,0((51—’_) é+24 etk|r1—z2| 2]€
T ) -z
=p(x1—) — 5 90( 1) ikl (@1—) =2l

1 + ezk|:1:1 2| Qk;
Let us show the second equality in (17). Since

T v
vie) = ile) = I+ soillil)m e ke (@ — a2),

where 6(z — x2) is the Heaviside function with the jump at the point xo, we have

Pl (za+) — r(22—)
_ {4,0/ + 90(1'1) 1 eik\w—wz\ike(x _ 1.2)}

ezk|w1 za| 2k

(19) T 7.
{gp/ —+ ('0( ) elklxmlikﬁ(x:pg)}

etklzi—z2| 2k

T=x2+

r=To—

(1) So(xl)
- ik|z,—a 7Zk( ( 1)) - ik|xy —a2|’
7+ e‘l 2| 2k 7+ e|1 2|

where it is taken into account that ¢'(z2+) = ¢'(x2—), since ga(x) € WZ(RY).
The left part of the second equality in (17) has the form

(,0(.%'1) iezk|w1—w2\
7_;,_ ezk|a:1 z2| 2k

(P( ) +<P( ) i zk|w1 z2| _ @(xl)eikm_”

1 2 ik|ry—x2
a+2ke | !

1 p(z1)
1 i gik|ry—xa|
@ o + 2k€ |2 2|

p(z1) —

(20) -
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Comparing the ends of the expressions in (19) and (20), we obtain
P (@at) — ¢ (22-) = agp(z1).

Hence, we proved the case —é #+ ﬁeik‘ml’“‘.
Let us consider the case (15), namely,

(21) —1/a = (A= 2)ma(),m(2) = gretnrl,
In such a case,
Dy, (2) = {9 € WE(R) | (A~ 2)p,m(2)) =0}
= {p € WI(R) | p(z1) = 0}.
For h(z) € D, (%), we have h(z1+) = h(z1—) = h(z1) = 0.
For ny(2) = #-e*1=2| we also have

kl(@it)—za| _ oikl(z1—)—w2|

For h(z) € Dy, (z), we have h'(za+) = h'(z2—) and h(z1) = 0, i.e., the second equality
n (17) holds true.

Let us write the second equality in (17) for no(z) = -e™*l*=72l. The left-hand side
has the form

Vi(aat) = Yi(za=) = ek (e = 2ol

(22) i 1

Y iklz—za], o _ _ s
57¢ 1kO(x — x2)|pmay— 2(1 (=1)).

The right-hand side of the second identity in (17) has the form

1 1
(23) anz(2)|a=z, = agre = agy

Indeed, (22) is equal to (23), if we take into account (21). Hence, (17) is also true for
vectors from (15).
The action (18) is obvious. O

ik|x7m2|‘ ik|z1—x2]
r=x € .

Let us denote the resolvent R, = (A — 2)7h 2z € p(A) of the operator A and find a
general form for the resolvent R, = (A —2)~!, 2z € p(A) of perturbed operator A.

Theorem 2. Let A > 1 be a positive self-adjoint operator defined in the separable Hilbert
space H and, A be an operator singularly non-symmetrically rank one perturbed of H_1 -
class with respect to A defined in Definition 1.

For the resolvents R, = (A — 2z)~! and R, = (A — z)™', the M. Krein type formula

(24) Rz = Rz + bz('anl(g))n2(z)’ Za§ € p(A) N p(A),
holds true with the vector-valued functions
(25) m(z) = (A=A =2)""m(6), m(z)=(A-A—-2)""n(),
where n1(z),n2(2) € Hi1 and with the scalar-valued function
(26) b7t = bt = (6= 2)(m (), ma(2))-
The vectors n1(z),n2(z) are connected with the value b, and w1, ws by the relations
n(z) = R.wi, 12(2) = R.we,
(27) -1 -1 -1
b =a + ((A—2)" wa,wr),

where 0 < |a| < 00.
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For the main idea of the proof of Theorem 2, see in [8, 9].

In general, case a = 0 can also be taken into consideration by putting b, = 0 and
understanding as R, = R.. We can also put |a| = oo, then in the last expression in (27)
we do not have the first term, i.e., o~ 1.

For the operator in Definition 2, we can formulate a theorem similar to Theorem 2
but it needs new independent proof.

Let us define an adjoint operator (A“1*2)* for a given operator A“1*2. We will use
Theorem 2 and, in particular, the next general but obvious proposition. For this reason,
let us introduce the bounded linear operator

T =T +bo(-,m1)n2,

where T is a bounded self-adjoint operator defined in the space H and by € C, 11,712 €
Hir CH.

Proposition 4. For an arbitrary bounded self-adjoint operator T defined everywhere in
the space H and for arbitrary vectors ni,me € Hi1 C H and a number by € C, the
operator

(28) (T)* =T +bo(-,12)m
is an adjoint operator to T.

Proof. For all vectors f,g € H,

(29) (Tf,9) = (ITf +bo(f,m)m2], 9) = (T'f,9) +bo(f,m)(n2, 9)-
On the another hand, we have
(£, (T)*g) = (f,[Tg + bo(g,n2)m])
(30) - (fa g) (f7 bO(ga”h)nl)
= (Tf,9) +bo(g,n2)(f;m)
= (Tf,9) +bo(n2,9)(f,m)-
Comparing (29) and (30) we verify (28). O

Using Proposition 4, we can define (A“*“2)*. Let A be a positive self-adjoint operator
in the separable Hilbert space H. For wi,ws € H_1 \ H, w1 # wa we put n; = Aw;,
1 = 1,2. The operator A“>“* in accordance with the Definition 1 is an operator that is
singular non-symmetric rank one perturbed H_;-class with respect to A, if

D(A) = {w = p—bm | p € D(A),

_ _ (A(p,?h)
b— b(@) - 1 + <A1/27’]17A1/27’]2>}

in the case (AY/2n;, AY/?n,) # —1; and
DA = D% +H{em}, D%, ={p € D(A) | (Ap,n2) = 0}

in the case (A2, AY?n,) = —1.
The action is the same as in Definition 1,

AY29) = Agp.

Analogously to Definition 2, we can define ((A“1*“2)* — 2), z € p(A), which we need
for the next consideration. Namely,

D((A=2)) = { = p=bm () | ¢ € D(A),

(31) o (A Dem)
ST e+ (A= mE),me)
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in the case ((A — 2)m(2),n2(z)) # —1/a for fixed z, Im(z) # 0; and
(32) D((A*)") = D3, Hem (2)}, Dy, (2) = {v € D(A) | (A = 2)p,ma(2)) = 0}
in the case (A — 2)m(z),m2(2)) = —1/a.
The action is defined by
(33) ((AZ2992)* = 2)¢ = (A = Z)p.

The operator adjoint to the Schréodinger operator with non-local interactions.

The operator
d2
_Aa§m2,5zl — _@ + a< 6 >§Il7 [V AS (C,

is adjoint to the operator (16) and has domain
(34) D(-A¥=2%) = {y € Wy (R) NWFR"\ {x2}) | (x2+) = ¥(22-),
P(x1+) =Y (21-) = ay(za)}
and acts as follows: —A®w2:919h) = —" where @, ¥ are from (34).
Proof. Firstly we consider the case
((A=2)m(2),m2(2) # -1/
In accordance with (31) for ¢ € D(A™w2:9e1)

PSS o ) R
1/)—90 + ezk|m2 1| le

)

where z = k2, k = v/*i, Imk > 0, 77]-(2) = ﬁeﬁ“'x*%", j=12.
In particular, in the sense of generalized functions we have

(A= 2)p,m2(2)) = (¢, (A = 2)m2(2)) = (p,0,) = p(x2)

and )
_ _ — ? ik To—T1
(A= 2m(2) () = (m(2), b2, = ool
The first equality in (34), namely ¢ (zo+) = ¥ (x2—), is true,

e e
'(/J((EZ—’_) 1 +761k\$2 x| 2]{/’

b _% U ik|(z2—)—a1]
=Y(22—) __|_ ezk|x2 @1 | Qk '

Let us show the second equality in (34). Slnce

P T2 i eikle—a
¢':¢’_4+ (em\)w — 2k ik| 1\2k9(x—x1)

where 0(xz — 1) is the Heaviside function with the jump at the point zo, we have

Y (x1+) — Y (21—)
(@) Ramalg,
{90 *+fe“f\732 x| 2Ee ik0(z — 21)  lo=a1+
2k
(35) . )
@<x2> ? ik|le—z1|,;
i e pe i S S

¢(w2) _ o(r2)
- 7+ _ezk\xg 1| ﬁ’Lk(l_(_l))_ 7+ Z_ezk|m2 1|’
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where we use that ¢'(ze+) = ¢'(z2—), since p(z) € WZ(R).
The left-hand side of the second equality in (34) has the form
p(x2) A ikle—m]
L4 Leiklea—ml 2k
pl2) + p(2) gt ml — () retblean

l L_ il%|zgfxl|
& T ar¢

p(r2) —

(36) -

1‘2)
eik‘z2711‘ :

Q=6

1
al
a4+
Comparing the expressions (35) and (36), we obtain
¥ (@14) — ¢ (21-) = agp(w2).
Hence we proved the case —é =+ 5%6“5“2_’””.
Let us consider the case (32), namely
1%
37 ——=({(A=2m(z = —¢tklra—a],
(37) L= ((A- @) m) = e
In such a case,
D31, (2) = {9 € WE(R) | (4 - 2)¢,m2(2)) = 0}
= {p € WI(R) | p(z2) = 0}.
For h(z) € ©3,, (2) we have h(z1+) = h(z1—) = h(x1) = 0.
For m1(2) = ieik‘z*$l| we also have
eil_c|(a;2+)—x1\ — e'“::l("l"?_)_£1|.
For h(z) € D3, (2) we also have h'(z2+) = h'(z2—) and h(zz) = 0, i.e., the second
equality in (34) holds true. )
Let us consider the second equality in (34) for n3(z) = ieimm’wl‘. The left-hand side
has the form

W (wat) = ¥/ (e2=) = 5™ RO (0 — 20) o+
(38) .
— ﬁemz*xllil_cﬂ(az —21)|pzg— = —=(1 = (-1)) = -1

The right-hand side of the equality (34) is

5 =V ikle—ay N 2—T1
(39) am (2)|z=wy = aﬁemlx ail| g, = aﬁemlw 1
Indeed, (38) is equal to (39), if we take into account (37). Hence, (34) for (32) is also
true. The action —A®#1:9w249hy = —" follows from (33). d

3. SOME REMARKS ABOUT SINGULAR NON-SYMMETRIC PERTURBATIONS OF
H_o-CLASS

Let us consider an extension of the operator A to the space H_o as a bounded operator
acting from Hy into H_o, or as an unbounded operator with the domain Hg in H_5. We
denote such an extension in this section also by A. In the scale

H_o DH_1DHoDHi1 D Hyo,
we consider the linear operator V from H ;o into H_5. Let it be of the form V = V¥1%2 =
(-,w1)wa, w1, ws € H_o. Since the operator A is bounded as acting from Hg into H_o,

we see that A + V is also a bonded linear operator from Hg into H_s. The concept of
an adjoint operator (A + V)* is valid and it acts from Hg into H_o [6].
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For a formal expression A+ (-,w;)ws we can give a sense of an operator in H [10]. For
this reason we restrict A + (-, w;)ws to H and denote it also by A¥1«2

A2 = (A A (- wi)wa) T -
If this will not lead to a confusion, we will use the notation A, instead of A.

The next definition for the perturbed operator A““2 of H _5-class is presented in [9].

Definition 3. Let A > 1 be a positive self-adjoint operator defined in a separable Hilbert
space H. For wi,ws € H_o \ Ho, w1 # wa, either wy € H_ o\ H_1, or wo € H_o \ H_1,
we put n; = A lw;, i =1,2.

The operator A“1“2 is called an operator singularly non-symmetrically rank one per-
turbed of H_s-class with respect to A, iff

@(Awl’wz): {w:gp—bnz | QDEQ(A)v
w0 (Ap,m)
b= = T Az - 1)*1772,771)}

in the case 1+ 7 + (A(A% + 1)71na,m1) # 0, where 7 € C is an arbitrary parameter; and
(41) Q(Awl’wz) = @7.&4’{0772}, D, = {‘P € Q(A) | (Asﬁﬂh) = 0}7

(c € C) in the case 1+7+ (A(A%2+1)"1n,71) = 0, (and it is denoted by A1z € P, (A)).
The action is given by A“1%2¢) = Ap.

The operator A is also called (initial) non-perturbed, and V = (-,wi)ws is called a
perturbation (of H_s-class). Hence, A“1'*2 is naturally called a perturbed operator of
‘H_o-class, or an operator that needs an additional parameterization.

The proposed definition generalizes the case of non-local interactions (of H_s-class)
[14, 15] for self-adjoint operators to the case of non-symmetric perturbations.

Next we consider V in the form V = a(-,w;)ws, with a constant o € C, 0 < |a] <
oo, that has no difference from the previous one due to (13). In particular, we have
Adrwz = Awn,aw2 (60 Therefore, the Definition 3 has the following form.

Definition 4. Let A be a self-adjoint operator in a separable Hilbert space H. For
wi,wy € H_o \ Ho, w1 # wo, either w; € H_o\ H_1, or wo € H_o \ H_1, we put
me(2) = (A —2)lwg, k=1,2, z € p(A).

The operator A“1*“2 is called an operator singularly non-symmetrically rank-one
perturbed of H_o-class with respect to the A iff

D) = {1 = o~ b(2) | ¢ € D(4),
_ _ ((A—2)p,m(z))

= = ba(0) = T/a+7+ ((A—2)1+2zA)(A2+ 1) Lpa(z),m(2)) }

in the case ((A — 2)(1 4+ 2A4)(A? + 1)~ te(2),m1(2)) + 1/a + 7 # 0 for a fixed z, where

7 € C is a parameter; and

(43)  D(A*?) =Dy, H{om(2)}, D, = {9 € D(A) | (A - 2)p,m(2)) = 0}

(c € C), in the case ((A—2)(1+2A)(A%+1)"tna(2),m(2)) + 1/a+7 = 0, (and it is also
denoted by A¥1¥2 € P_(A)).
The action is given by the rule (4“2 — z)h = (A — z)e.

(42)

b

Definition 3 has also a limitation, i.e., it is formulated for a positive (semibounded)
operator. Definition 4 removes this flaw but the domains in (42) and (43) depend on z.

The next theorem (as Theorem 2) gives a description of non-symmetrically singular
‘H_o-class perturbations of self-adjoint operators in terms of their resolvents.
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Theorem 3. Let A > 1 be a positive self-adjoint operator in a separable Hilbert space H
and A be an operator singularly non-symmetrically rank one perturbed of H_o-class with
respect to A defined in the Definition 4.

The resolvents R, = (A — 2)~! and R. = (fl — 2)71 satisfy a M. Krein type formula,

(44) R. = R: +b:(,m(2))e(2), =€ € p(A) N p(4),
with the vector-valued functions

(45) m(z) = (A=(A-2)""m(E), m(z)=(A-A-2)""n(¢),
where n1(z),n2(2) € H and

(46) —bo=aT T+ (A= 2)(1+ 2A) (A7 + 1) na(2),m(2)),

where a € C, 0 < |a| < 0o and V1 € C; the scalar-valued function for which satisfies the
equality

(47) bt = bt = (€= 2)(m(6),m (2).
The vectors n1(z),n2(z) are connected with wy,ws by the relations
(48) 771(3) = szla 772(’2) = sz2)

In general, the case o = 0 we can also be considered by putting b, = 0 and supposing
R. = R.. We can also put |a| = co. In such a case, the first term, i.e., a~!, in the
equality (46) must be absent.

The proof of Theorem 3 (as a part) contains the proof the fact that the domains in
(42) and (43) are in fact independent on z.

Analogously we can also define (A¥1%2)* of H_o-class. Let A > 1 be a positive self-
adjoint operator in a separable Hilbert space H. For wy,wqy € H_o \ Ho, w1 # wa, either
w1 € H o\ H_1,0r we € H_o\ H_1, we put n; = Aw;, i = 1,2. The operator A¥2:*1
due to Definition 3, is an operator singularly non-symmetrically rank one perturbed of
H_o-class with respect A iff

D(A=) = {1 = p-bm | p € D(4),

b="b(p) = 5 + 74 (A(A2 + 1)—1771,772)}

in the case 1+ 7 + (A(A% 4+ 1) "1, m2) # 0, where 7 € C is a parameter; and
(50) D(A) = D3, Hem}, Dy, ={p € D(4) | (Ap, n2) = 0}

in the case 1+ 7 + (A(A% + 1) 1n1,m2) = 0.
The action is given by A¥2“1q) = Ap, where ¢, 1 form (49) and (50).

Proposition 5. The operator A“1“2 defined in Definition 3, is adjoint to the operator
A2 defined also using Definition 3 by expressions (49) and (50).

Proof. The case 1 + 7 + (A(A% +1)71n1,m2) # 0 is fulfilled.
Indeed, for A“+*2 we have
1

51 Avren)=h = A7
(51) ( ) 147+ (A(A2 + 1)1y,

)('a 771)772

with a parameter 7 € C.
And for A¥2“1 we have

(52) (Aveny=t = A1 — !

L+ 7+ (A(A% + 1)~ g1, m2)

(s m2)m,

where we put the parameter 7.
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Comparing (51) and (52) we get ((A“1«2)~1)* = (A“2:%1)~1 since
(A(A2 + 1)~ T2, m) = (n2, A(A? + 1)~ 1) = (A(A® + 1) "1, 72).
Let us also show the case
(53) 1+ 74 (AA* +1) "2, m) = 0.

Let ¥y = @otcama € D(A“12), defined in (41), and 15 = @i+cim € D(A“2%1) defined
n (50). Then

(A“v924hy, 03) = (Apo, ¥g+Feam) = (Ao, ¢5) + c1(Ago, M),

(A%29195,4h2) = (Agg, potcanz) = (Apg, 5) + ca(Apg, n2).
From the last two expression we have

(A1 24y 155) = (AP35 ) = (. A 5),

because of
(Ao, 3) = (Agg; o) = (o, Apg)
and (Agg,n1) = 0 for ¢ defined in (29) and (Apog, 12) = 0 for p* defined in (50).
The case where, for example, 1); is defined in (40) and 19 is from (50) (or conversely,
11 from (41) and o from (49)) is impossible due to (53)). O

By analogy with Definition 4 we define ((A“1*“2)* — z). Namely,

D)) = {v = 9~ bum(2) | ¢ € D(A),

(1) - (A= 2, m(2) }
T la+7+ (A-2) 1+ 2A)(A2 + 1)~ (2), m2(2))

in the case 1/a+ 7+ (A —2)(1 + 2A) (A% + 1)~y (2),m2(2)) # 0 for a fixed z; and
(55) D((A*)") =Dy, Hem(2)}, Dy, (2) = {p € D(A) | (A —2)p,m2(2)) = 0}

in the case 1/a + 7 + (A — 2)(1 + zA) (A% + 1) "1 (2),m2(2)) = 0.
The action is given by ((A¥1%“2)* — 2)y) = (A — Z)¢, where ¢, ¢ from (54) and (55).

4. A SPACIAL CASE OF SINGULAR NON-SYMMETRIC PERTURBATIONS OF H _5-CLASS

Let us compare the coefficient b in (11) and in (40). If wy,ws € H_1, i.e., n1,12 € Hy1,
then (A/2ny, AY/?n,) is a well defined expression, and we have an H_;-class perturbation.

If wi,we € H o\ H_1,1.e., m1,m2 € Ho\H11, then (A 21y, AY/2p;) is not well defined.
In such a case, we consider (A(A% 4+ 1)~'ny,n,) instead of (AY/2n,, AY/?n;) and we have
an ‘H_o-class perturbation.

But in the important Example 1 we meet a situation in which (AY/2ny, A21,) at first
glance exists and in spite of 11,72 & Ho. It was possible because the scalar product (-, ) =
floo -,-dz has a “natural” extension (9), i.e., we meet the existence of the corresponding
integral.

At the end of the article we propose some typical (but not general) variant which
allows us to consider b in (11) instead of in (40), but with 71,72 & Ho.

In the spirit of the first section, we extend the scalar product (-,-) to the case (f,g),
when f € H_o\Ho, g € Ho\H+1, (f # g). For example, if we can decompose the vectors
f = fi+f2 and g = g1+go such that spsupp(f;) C F; C R, spsupp(g:) C G; CR,i=1,2;
FiNFy :@, GiNGy = (Z), F, =G5 and f; € 7‘[_2\7'[0, g1 € H_Q\HO, but f2, 92 € Hp.

In such a case it would be natural to put (f1,¢91) =: 0 and (f, g) understood as

(f,9) = (fi + fo, 91 + g2) = (f1,91) + (f1,92) + (f2,91) + (f2,92) = (f2, 92)-
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In the last considerations by spsupp(:) we denote the spectral support (of a vector)
with respect to the corresponding operator A. Let us remark that each extension of a
functional depends on some self-adjoint operator A.

Example 1 show that the described above version of an extension of a scalar product
is not necessarily typical and unique. Due to this remark we can put (f1,g91) =: ¢, with
an arbitrary constant ¢ € R\ {0, 00} without loss of correctness.

Acknowledgments. The authors are grateful to Professor L. P. Nizhnik for stimulating
discussions and important suggestions.

10.

11.

12.

13.

14.

15.

16.

REFERENCES

S. Albeverio, R. Bozhok, M. Dudkin, and V. Koshmanenko, Dense subspaces in scales of Hilbert
spaces, Methods Funct. Anal. Topology 11 (2005), no. 2, 156-169.

. S. Albeverio, F. Gesztesy, R. Hgegh-Krohn, H. Holden, Solvable Models in Quantum Mechanics,

2nd ed. with an appendix by Pavel Exner, AMS Chelsea Publishing, Providence, RI, 2005.

. S. Albeverio and P. Kurasov, Singular Perturbations of Differential Operators and Solvable

Schrodinger Type Operators, Cambridge Univ. Press, Cambridge, 2000.

. S. Albeverio, S. Kuzhel, and L. Nizhnik, On the perturbation theory of self-adjoint operators,

Tokyo Journal of Mathematics 31 (2008), no. 2, 273-292.

. S. Albeverio and L. Nizhnik, Schrédinger operators with nonlocal potentials, Methods Funct.

Anal. Topology 10 (2013), no. 3, 199-210.

. Y. M. Berezansky and J. Brasche, Generalized selfadjoint operators and their singular pertur-

bations, Methods Funct. Anal. Topology 8 (2002), no. 4, 1-14.

. Yu. M. Berezansky, Z. G. Sheftel, G. F. Us, Functional Analysis, Vols. 1, 2, Birkh&user Verlag,

Basel-—Boston—Berlin, 1996. (Russian edition: Vyshcha shkola, Kiev, 1990).

. M. Dudkin and T. Vdovenko, Singular rank one nonsymmetric perturbations of selfadjoint

operators. Spectral theory of operators and sets of operators, Zb. prac’ Inst. mat. NAN Ukr.,
Kyiv 12 (2015), no. 1, 57-73. (Ukrainian)

. M. Dudkin and T. Vdovenko, On nonsymmetric rank one singular perturbations of selfadjoint

operators, Methods Funct. Anal. Topology 22 (2016), no. 2, 137-151.

T. V. Karataeva, V. D. Koshmanenko, Generalized sum of operators, Math. Notes 66 (2000),
no. 5-6, 556-564.

W. Karwowski, V. Koshmanenko, and S.Ota, Schrodinger operator perturbed by operators re-
lated to null sets, Positivity 2 (1998), no. 1, 77-99.

V. Koshmanenko, Singular Quadratic Forms in Perturbation Theory, Kluwer Academic Pub-
lishers, Dordrecht, 1999. (Russian edition: Naukova Dumka, Kyiv, 1993)

V. Koshmanenko and M. Dudkin, The Method of Rigged Spaces in Singular Perturbation Theory
of Self-Adjoint Operators, Operator Theory: Advances and Applications, vol. 253, Birkh&user,
2016.

L. Nizhnik, Inverse nonlocal Sturm-Liouville problem, Inverse problems 26 (2010), 9 pp.

L. Nizhnik, Inverse spectral nonlocal problem for the first order ordinary differential equation,
Tamkang Journal of Mathematics 42 (2011), no. 3, 385-394.

L. P. Nizhnik, On rank one singular perturbations of selfadjoint operators, Methods Funct.
Anal. Topology 7 (2001), no. 3, 54-66.

NATIONAL TECHNICAL UNIVERSITY OF UKRAINE (KPI), 37 PEREMOGY Av., KyIv, 03056, UKRAINE
E-mail address: dudkin@imath.kiev.ua

NATIONAL TECHNICAL UNIVERSITY OF UKRAINE (KPI), 37 PEREMOGY Av., KyIv, 03056, UKRAINE
E-mail address: tanyavdovenko@meta.ua

Received 03/06/2018; Revised 24/06/2018



