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ABSTRACT. We study 1-D Schrédinger operators in the Hilbert space L?(R) a with
real-valued Radon measure ¢'(x), ¢ € BV,.(R) as potentials. New sufficient con-
ditions for minimal operators to be bounded below and selfadjoint are found. For
such operators, a criterion for discreteness of the spectrum is proved, which gener-
alizes Molchanov’s, Brinck’s, and the Albeverio—Kostenko—Malamud criteria. The
quadratic forms corresponding to the investigated operators are described.

1. INTRODUCTION AND MAIN RESULTS

We consider the 1-D Schrédinger operator
(1.1) S(q)u = Su = —u" + ¢ (x)u,
in the complex Hilbert space L?(R). The potential of (1.1) is the generalized derivative

¢'(z) of a certain real-valued function ¢ € L? (R). Following [13], we define S(q) as a
quasi-differential operator,

lylu] = —(u' — qu)’ — q(u’ — qu) — ¢*u,
Dom(ly) :={u:R — Clu,u’ — qu € AC},(R) }.
The quasi-differential expression [, [u] is equal to —u"'+¢’(z)u in the sense of distributions,
(lul, ) = (—u" + ¢'(z)u, ) for every ¢ € CF,,,(R).
1

Hereafter ul!l := 4/ — qu denotes the quasi-derivative. Then the operators (1.1) are
defined as

S(q)u = lg[ul,
Dom(S(q)) := {u € L*(R) | u,v’ — qu € ACic(R), lg[u] € L*(R) },
and ' '
So(@)u == l4[u], Dom(Se(q)) := {u € Dom(S(q)) |suppu € R}.

As usual, the operators S(¢) and So(q) are called maximal and preminimal, respectively.
Under these assumptions the operator So (¢) is symmetric and closable, its closure being
denoted by So(q) (see Proposition in Appendix).

Necessary and sufficient conditions for the operators Sg(g) to be bounded below and to
have discrete spectrum are found in [11]. However, they are not constructive. Nonethe-
less, in physical applications the most interesting situation is where the potentials ¢'(x)

in (1.1) are real-valued Radon measures on a locally compact space R, i. e. ¢ € BV,.(R)
(see, for instance, references in [2, 1, 8]). This situation is investigated in this paper. The
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case where the Radon measure is absolutely continuous, i. e. ¢’ € L}, .(R), was studied in

[3, 12]. The approach applied in [3] may be generalized onto arbitrary Radon measures
on R.

Let us suppose that there exists a finite number C' > 0 such that for all intervals J of
the real axis R with length <1 we have

(Br) /J dq(x) > —C.

Without loss of generality we may assume that in the Brinck condition (Br) C' > 2 and
we assume this in what follows.

Theorem A. Under the condition (Br) the operator So(q) is bounded below, selfadjoint
and So(q) = S(q).

The following theorem gives necessary and sufficient conditions for the spectra of the
minimal operators to be discrete.

Theorem B. Let the potential ¢'(x) satisfy the condition (Br). Then spectrum of the
operator So(q) is discrete if and only if the Molchanov condition is satisfied,
a+h
lim dq(x) = +o0,
la| =00 J,
for all h > 0.

The following theorem gives a description of the quadratic forms generated by the
Schrodinger operators. We use notations and definitions from [7].

Theorem C. Let the potential ¢'(x) satisfy the condition (Br). Then following state-
ments are fulfilled.

(I) The sesquilinear form

iSO(q) [u,v] = t[u,v] == (So(q)u,v) L) /Rulydz + /Ru@dq(o:),
Dom(iso(q)) := Dom(So(q)),

1s densely defined, symmetric, and bounded from below,

(SO(Q)%U) @) > —2C°|[ul|22(g)-
The form iso(q) 1s closable.

(IT) ”Potential energy”
N

Q)= im [ ju@)Pdet)

exists and is finite for all w € Dom(S(q)), moreover,
Dom(S(q)) € H'(R).

(IIT) The closure t of the sesquilinear form t, t := (£)~, may be represented as

N
— o) : =
t{u,v] = /Ru v'dx + M,ljbrgoo » uvd q(x),
N
Dom(t) = {u € H'(R)| 3 _lim lu(z)*d q(x) € R} :
M,N—=oo |y

The sesquilinear form t is densely defined, closed, symmetric, and bounded from
below.
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2. PROOF OF THEOREM A
We begin with formulating two necessary lemmas.

Lemma 2.1 (T. Ganelius [4]). Let f > 0 and g be functions of bounded variation on a
compact interval J. Then

dg < (inf f 4 var su/d,
/Jfg <Jf Jf)KCI?IKg

where K is a compact subinterval of J.

Lemma 2.1 is crucial in our proof of the fact that the preminimal operator So(q) is
bounded below under the condition (Br).
The following lemma plays a technical role.

Lemma 2.2 (I. Brinck [3]). Let J be a compact interval of length . Then for all x € J
and f € HY(J) we have

1 _ 1 _
5! A0 — §l||f’|\i2(J) <@ <27 f G0y + U 120y, 0<t <1,
and

. 2 —1 2
inf [f@)]" < TFIZ2 )

Lemma 2.3. Let ¢'(x) satisfy the condition (Br). If I is a finite interval of length I and
if f € HY(I), then

ey [ 1@k > = (200/m) 1 + G )
where n is an integer such that n — 1 <1 < n, and h is an arbitrary number from (0, 1].

Proof. There is no loss of generality in supposing that I = (0,1).
We first suppose [ = 1 and apply Lemma 2.1. Thus

- [1r@Paate) < = (intl P+ varl ) sup [ (o)

Due to (Br) the factor —supgc; [ dq(x) is majorized by C, and from Lemma 2.2 we
get
inf |f(@)* < I fllZe < P L2y, e (0,1

We now write f(z) = fi(x) +if2(z), where f1 and fo are real-valued functions. Due to
Cauchy’s inequality we get

wrli@f = [| i

and, hence,

dz = / VFufl+ Fofdl dz < 20 flloe ol e,
I

- [@Pda@) < ont (111 + 20 ez 1 o)

< Ch (2 ey + 21 Wary)

which proves the lemma for [ = 1.
To prove the lemma for arbitrary [ we put Q(x) = g(in~'z). Then

l n n
x 2 xr) = nilx 2 nflx = nilm 2 T
/0 (@) Pda(z) / ) Pdg(inx) / F(n~ 1) 2dQ(a)

- g -1 2
=3 [ W 0Paqe)
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Note that the function @) satisfies condition (Br) with the same constant C for all intervals
of length < n/l and, hence, for all intervals of length < 1. Therefore the assumption of
lemma for intervals of unit length implies

/k F(in~ o) PdQ(x) > —C (wl /k f(In~ a)Pda + h /'“ 4
k k

-1 -1 k-1 dT

If(ln_lx)Ide> ;
and hence, summing over k, we get

/n F(In~12)2dQ(x) > —C (2h1 /On F(in~1a)2d + h/on CZC|f(ln1x)|2dx>

0
l l
=—C|2n 1t 2dx+ hin™! "(z)|2dz |,
< n/o\f(x)l £+ hin /Olf(fc)l )

which proves the lemma. O

Corollary 2.3.1. If the length of an interval I does not exceed 1, then
/\u’(w)\zdx—&-QCQ/\u(x)|2da:—|—/|u(x)|2dq(a:) >0
I I I

for any u € HY(I).

Proof. Due to the choice of n in Lemma 2.3, we get n/IC < (I41)/IC. Since we assume
that C' > 2, we may conclude that n/IC' < 1if I > 1. Thus, we may put h = n/IC in

(2.1), which yields the corollary. a
Corollary 2.3.2. Let the condition (Br) be satisfied. Then

(22) [ @) a(o) = =€ (20l gey + Al e )

for allu e HY,, (R) and h € (0,1].

Proof. We divide the real axis into a sum of disjoint intervals of unit length. Then (2.1)
holds on each of these intervals and the summation gives (2.2). ]

Remark. If the support of u is not compact, Corollary 2.3.2 obviously still holds if
N
li 2d
ylim [ )P
exists as improper Riemann—Stieltjes integral. Then the integral in (2.2) must, of course,
be interpreted accordingly.
Lemma 2.3 allows us to prove that the preminimal operator is bounded from below.

Theorem 2.4. Let the potential ¢ (z) satisfy the condition (Br). Then the preminimal
operator So(q) is bounded from below and the following estimate holds:

(So(q)u,u) > —202Hu||2L2(R), u € Dom(Sy(q)).

Proof. For arbitrary u € Dom(So(q)) there is a positive integer N such that suppu C
[~ N, N] (recall that Dom(So(q)) C lllf,omp(R)7 see property 6° of Proposition in Appen-
dix). Therefore,

(SO(Q)UaU)LQ(R) = (lq[u]au)L2(R) = ||u/||2L2(]R) + /R |U(l’)|2de(T/)

N
— el + Y [
n=—N [

|
n,n+1)

(2.3)
u(z)|*dg(x).



244 V. MIKHAILETS AND V. MOLYBOGA

To estimate the terms f[n 1) |u(z)|?d g(z) we apply Lemma 2.3 with [ = n = 1 and
h = C~1 (recall that C' > 2) and get

(2.4) /[ . (@) Pdg(x) > =2C%|ullZ2 nnsry)) = 1412 (mns1))-
n,n

Substituting the estimate (2.4) into (2.3) we receive the estimate we require,
N

(So(q)u, u)r2(r) > HUIH%Q(R) + Z (_QCQHUHQp([n,nH)) - ||U/||2L2([n,n+1))>
n=—N

= *QOZHUH%Z(R)-
Theorem is proved. O

If the preminimal operator So(q) is bounded from below, the minimal operator Sy(q)
is selfadjoint and coincides with the maximal operator S(q) (see [1, Remark III.2] and
[10, Corollary 2]). Therefore Theorem 2.4 implies Theorem A.

Theorem A is proved.

3. AUXILIARY RESULTS

We shall make use of a set of functions ¢(x) with compact supports and uniformly
bounded derivatives. We define ¢ as follows:

. 1 for —r<x<R,
W) o@)=plenR) = 0 for z<—-r—landaz>R+1.
(3.1) (ii) For every z the function ¢(x) is increasing in r and R.
(ili) The derivatives ¢'(x) and ¢”(z) are continuous and uniformly bounded
inz,r and R.

It follows from this definition that 0 < ¢ < 1 and that ¢ — 1 as min(r, R) — oo.

Lemma 3.1. Let w : R — R be a bounded, twice continuously differentiable function
with bounded first and second derivatives. If

(3.2) /Jw(x)dq(a:) >-C

for all intervals J of length < 1, then
/w2|u'|2dx < o0
R
2

Proof. Let ¢ be one of the functions introduced above and put 1 = p?w?.
function in Dom(S(q)) we get, integrating by parts,

(3.3) /w udx—/d/uﬂdx—i-/zﬂu |2dx+/1/)\u|2dq

Now, let u be a real-values function in Dom(S(¢)). Then the first integral in the right-
hand side can be integrated by parts, yielding

1 " !/
(3.4) /Rz/)lq[u]ﬂdx:—ﬁ/Rw |u|2dx+/Rw|u |2dm+/ﬂ§w\u|2dq.

The functions 1 and v” tend boundedly to w? and (w?)”, respectively, as ¢ — 1, that is
as min(r, R) — oo, and, since |w?,[u]u| and (w?)”|ul? are both integrable the first two
integrals in (3.4) tend to the finite limits [, w?l,[u]tudz and [ (w?)"|ul*d z, respectively
as ¢ — 1. Since the convergence of v is also monotone, we conclude that wa\u’ |2d

for all w € Dom(S(q)).

If u is any
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must tend to [, w?|u/[*d x although this limit may not be finite, and therefore [, ¥|u|*dq
must also have limit (possibly —c0).

We put d W(z) = w(x)dq(x). It follows from (3.2) that W satisfies a condition of the
type (Br). Therefore, we apply Lemma 2.1 (as in the proof of Lemma 2.3) to obtain

—/ YlufPdq = —/ w(z)p?(z)|u(z)[PdW(z) < C <2/ O*wlu*dx +Vargo2wu|2> .
R R R
But varg?w|u|? is bounded by

[ Pllupda+2 [ euldlluPdn+2 [ wgulds
R R R
which in turn is majorized by

M[ul® + 2[|ul [l ew'|,

where the coefficient M depends only on the bounds for w, w’, and ¢’. Hence, it follows
from (3.4) that

lpwn'[|* < O(1) + 2|full | owe||.
Thus, ||ewu/||* = [ *w?|u/|*d2 = [ 1]u/[*d 2 must be bounded. Therefore,

(3.5) /wQ\u’|2dx < 00,
R

and the lemma is proved for every real u € Dom(S(q)).
Since every u in Dom(S(g)) can be written as uy + iuz, where u; and ug are real and
from Dom(S(g)), the proof for real u shows that [pw?|uj[*dz < co and [, w?|ub|?dz <

oco. Hence, [, w?u/[*da < oo for all u € Dom(S(g)). The proof of the lemma is complete.
([

We observe that [, 1|u|?d ¢ has a finite limit for all u in Dom(S(q)), and that |u'z| is
integrable. Hence [, ¢'u/tdx in (3.3) tends to [ (w?)'uw/udx for all u € Dom(S(q)).
We obtain the following useful result from Lemma 3.1 with w(z) = 1.

Corollary 3.1.1. Let the condition (Br) be satisfied. Then
Dom(S(q)) € H'(R).
We see from (3.3), (3.4), and (3.5) with w(z) = 1 that ||o/||? is finite and that

lim/@2|u\2dq($) exists
=1 Jp
and also that
S@uu)iam = [ Llads = [ [uPdo+ i [ Pluldoe)
R R el JR

This enables us to prove that the ”potential energy”

N
(3.6) Q= im [ jufe)Pdg(x)

exists and is finite for every u € Dom(S(q)) as improper Riemann—Stieltjes integral.
Let o1 = ¢*(x,m, R) and @y = ¢*(z,r — 1, R— 1), with ¢ being defined by (3.1). Then

obviously
R —r R+1
/ |u|2dq=/<p1|u|2dq—/ @1Iu\2dq—/ o1lul*dq
-7 R —r—1 R

R —r+1 R
/ ufdq = / poluldq + / (1— po)luPdq+ / (1— po)luPdq.
R

—-r - R-1

and
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In these two identities, each of the four integrals over intervals of unit length can be
one-sidedly estimated in terms of the norms of u and ' over the interval by Lemma 2.3.
Since u and ' are both from L?(R), those norms vanish with increasing r and R. Thus

R
/ poluldq — o(1) < / lu?dq < / orluld + o(1),
R R

-r

and, hence,

R
/ |u|*dq — lim / olul?dq
—r p—1 R
as min(r, R) — oco. Thus, the limit in (3.6) exists. It also follows that
(3.7) Q) = [ fufda = (@) )z = (00 e

for all w € Dom(S(q)), which is equivalent to

(S(@)u, w) p2g) = / lu'|>d = —|—/ lul?d q(x).
R R
We have just proved the first half of the following.

Theorem 3.2. If ¢'(z) satisfies (Br), then the potential energy Q(u) defined by (3.6)
exists and is finite for any u € Dom(S(q)) as improper Riemann—Stieltjes integral. More-
over, for any h € (0,C~1] and every u € Dom(S(q)), we have

(3.8) (1—Ch)(u/,u') 2wy < 2Ch™ (u,u)p2(r) + (S(@)u, u) 2
and
(3.9 (1—Ch)Q(u) > —2Ch™ ! (u, u)r2®) — Ch (S(q)u, W) raw) -

Proof. For all h < C~! (< 1) and every u € Dom(S(g)) we have
Q) = [ Iufdata) > 2Chulfage) = Chlu sce

due to Corollary 2.3.2 and the remark to this Corollary. Then (3.8) and (3.9) follow from
(3.7). O

4. PROOF OF THEOREM B

Let us first prove some preliminary results.
If ¢'(z) satisfies an upper estimate of a type corresponding to (Br), that is,

(4.1) /qu(x) <G

for all intervals J of length < 1, then —¢’(z) satisfies (Br) with C replaced by C;. Hence,
Lemma 2.3 and Corollary 2.3.2 give upper bounds for [ |u|?d . For convenience we state
them in a separate statement.

Proposition 4.1. Let ¢'(x) satisfy (4.1). If T is any finite interval of length | and
f € HX(I), then

[ @) Pdate) < 3 {200/ sy + /) 15 o}

where n is the integer determined by n —1 <1 < n and h is any number in the interval
0<h<1.
If u belongs to H*(R) and has compact support, then also

/R|u(m)\2dq(x) < C{2n 7w ey +R 11w ey }
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for any positive h < 1.

Lemma 4.2. Assume that I is an interval of length < 1, ¢'(x) satisfies (Br) and
[ a)da <

for some function h € HY(I) such that 0 < m < |h(z)| < M for all x € I. Then

(12) | data) < G,

where Cy depends only on C, Cy, m, M, and ||h’\|%2(1).

Proof. We apply Lemma 2.1 with f = |h|~2 and d g = |h|?d ¢ to obtain

(@3) [ dat@) = [1n2nPdg) < (072 + var ) sup [ fhPdgt),
I I JcrJyg

and we shall exhibit a bound for each of the factors in the right-hand side.
For any J C I the set I\ J consists of at most two intervals K and L, of length k and
l, respectively. From Lemma 2.3 with h = 1 we find

[ Pdata) = =0 (267 bl e + FIF )
Since ||hH2L2(K) < kM? and k < 1, this yields

[ (o) = —0 (2322 4 W i)

Because a similar estimate holds for the interval L, we have
[ WPda) = —c (4082 4 W s )
nJ
Hence,
@a) [ nPdate) = [InPdate) - [ hPdat@) <€+ € (10024 ).
J I g

Thus, there exists a bound of the required type for the second factor in (4.2).
On the other hand,

(45) inf[B]2 < m~2,
and
d _
varh|2:/’h(x)|2 dac:/2|h|*4|Re(hh’)|dx
(4.6) I rldz I

<2m Rl 2 10 || 2y < 2m ™ M| L2y
So, in virtue of (4.3), (4.4), (4.5), and (4.6), we get a desired bound for [, dq(z). O

Now we are ready to prove Theorem B.
Let us consider the operator
B =S(q) + (2C* + 1)L,

where I is the identity operator with the domain Dom(S(g)). Let us recall that So(q) =
S(g). It is obvious that the operator S(gq) has discrete spectrum if and only if the operator
B has. We get

(4.7) (Bu, U)Lz(R) > (u, U)L2(]R) .
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Then due to Rellich Theorem the operator B has discrete spectrum if and only if the set
M = {u € Dom(S(q))|(Bu, u)r2r) < 1}

is precompact (i.e., every infinite sequence contains a Cauchy-sequence).
The norms of elements of M are uniformly bounded according to (4.7). Hence, choos-
ing h appropriately in (3.9), we see that ||u’ H%%R) is also uniformly bounded with respect

to u € M. Thus, M is an equicontinuous family of functions u € L?(R), i.e.,
lu(z +h) = u(z)]|72 )

vanishes uniformly as h — 0. A compactness theorem of M. Riesz can now be applied:
The set M is precompact if and only if

(4.8) lim (sup / u|2dgc) =0.
n—=00 \yeM Je>n
We shall now prove that the condition
a+h
(4.9) lim dq(x) =400 forall h>0
la]—=o0 J,

is sufficient for the discreteness of the spectrum. To this end we suppose that (4.8) is not
fulfilled. This means that we assume the existence of a sequence of functions u,, € M
for which

(4.10) / lunPde >0t >0
|z|>n
for some 7 independent of n. Now

(Bt n) 22 = / i, P + (202 + 1) / P + / unPdq(a) < 1,
R R R

according to (3.7), and if n > 1, then

/ lul |2dz + (2C% + 1)/ |un|2d:r+/ lun|?d g(z) > 0

—n —n —-n

due to Corollary 2.3.1. Therefore, in view of (4.10),

/|u’n|2d:c+(2C’2+1)/ \un\2da:+/ lunPdg(z) < 1 gn/ 2 2.
R R R T>n

We split the set (—oo, —n) U (n,00) into a sum of disjoint intervals Ji of equal length
I <1. (This number ! shall be the same for all n. It will be clear below how [ is most
suitable chosen, depending on the numbers C' and 7 only.) Then

(4.11) Z{ \u;|2dx+(202+1)/ |un|2d:c+/ |un|2dq(x)] <oy [ JunlPda.
Jr Ji k Jk

k T
Hence, there exists at least one interval I, = I among Jj such that
(4.12) /|u’n|2dx—|— (2C% + 1)/|un|2d$+/|un|2dq(x) < 77/ |ty |%d .
Lemma 2.3 andI(4.12) yield ' ' I
(1= CDNupliZa(ry + (207 +1 =201 Y JunlZa(ry < nllunlZar)-
Let v, be a multiple of u,, such that ||vnH%2(1) =1, and let [ <1/C. Then
lorllZzr) < (1= CD™ (n+ 20171 —2C2 = 1)1,

which yields
HorllZzcy < U1 =CD™H(nl +2C —1(2C% +1)).
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Since the expression on the right vanishes as [ — 0, there exists a number lo(n, C)
depending only on 1 and C such that [ <y implies l||v;|\2L2(1) < 1. Letting the intervals
in (4.11) have precisely the length [y we conclude from the Lemma 2.2 that

(4.13) 1/4 < |v,(2)|*> < 9/4

for all z in I. Finally, we conclude from (4.12), which also holds for v,, by homogeneity,
that

(4.14) /1 [on(@)Pdq(@) < [lvalZe(ry(n =202 = 1) = Jopllfacy < lo(n —2C% — 1) = K.

In view of (4.13) and (4.14), the assumptions of Lemma 4.2 are satisfied. Hence,

/dQ(CE) < Cy,

I

where Cy depends only on ||U§L||ZL2(I), C,and K, i. e. on n and C only.

Therefore, if M is not precompact, we can find a sequence of intervals I,, of equal
length Iy and with I, outside the interval |z| < n such that [, dg(z) is uniformly
bounded. Then (4.9) cannot be true; hence, M must be precompact if (4.9) holds. This
proves the sufficiency assertion of Theorem B.

It remains to prove that condition (4.9) for the discreteness of the spectrum is nec-
essary. To do this let us consider the operator B!/2 instead of B. The operator B!/2
has discrete spectrum if and only if the operator B has. Then Rellich Theorem for B'/2
reads as follows: spectrum of B!/2 is discrete if and only if the set

M/ = {'LL c Dom(Bl/Q) ||B1/2u||%2(R) + HUH%Q(R) S 1}

is precompact. The operator B/2? is more convenient than the operator B for proving
the necessity because
c (R) C Dom(BY/?).

comp
Let notice that Dom(B'/?) coincides with the domain of the closure of the quadratic
form t'SO( o) generated by the preminimal operator So(q).

Now, suppose that condition (4.8) is not satisfied. This is equivalent to the existence
of a sequence {A}$° of disjoint intervals of equal length x > 0 such that

(4.15) /A dq(z) < Ch

for all v. Obviously there is no loss of generality to suppose that x < 1, for otherwise we
can find a sequence of intervals contained in A, of length < 1 for which (4.15) holds.

We observe that (4.15) implies the existence of an upper bound for the corresponding
integral over any sub-interval J contained in A,, because

/qu(z):/A dq(x)/Adeq(x)gQHCK

in view of (Br).

Let ¢ # 0 be a twice continuously differentiable function with support contained in
A and let ¢, be the translate of 1 to the interval A,. Applying Proposition 4.1 we
then get

/|¢V|2dx+(202+1)/|<py\2da:+/|goy|2dq(x)

R R R

<1+ Er)@, 172w + (2C% + 142K [l 0u 172 m)
= (1+ K&} 132y + (202 + 1+ 2K57Y)||o1]32z)

(4.16)



250 V. MIKHAILETS AND V. MOLYBOGA

for all v. Since the functions ¢, have disjoint supports, it follows that

i — erlliom = 2l@1ll72@ >0 when j# k.
Hence a set containing all the functions ¢, cannot be precompact.

Further, supposing that ¢ is normed so that the right hand side of (4.16) does not
exceed, say, %, and using the fact that B2 > I, we conclude that the set M’ contains
the sequence {¢, }$°. Therefore M’ is not precompact, and hence the spectrum of S(q)
cannot be discrete. Thus, assumption (4.15) must be false if S(g) has discrete spectrum.
Consequently, (4.9) is a necessary condition.

The proof of Theorem B is thereby complete.

5. PROOF OF THEOREM C

Theorem 2.4 and Theorem 3.2 together with Corollary 3.1.1 prove assertions (I) and
(IT) of Theorem C respectively.

Let us prove assertion (IIT) of Theorem C.

We shall deal with the domain of B'/? instead of the domain of the sesquilinear form
t[u,v] (which is a closure of the form iSO (¢ [t: v] generated by the preminimal operator

So(q)). Recall that
B=S(¢q)+ (2C* +1)I and Dom(B) = Dom(S(q)).

The operator B is selfadjoint and B > 1. Tt is well known that Dom(B'/2) coincides with
Dom(t).

For arbitrary f,g € H, (R) we define a new inner product

comp

(5.1) (f.g) = / fFdz+ / fgdp(z)

where p(z) :=

q
dx +/ dp
o) / 1 Bemyda+ [ 1 Badala)
(1= CR)If 22 ay + (202 4+ 1= 200~ N)[| |22y
for all positive h < 1. Therefore with a proper choice of h we get
(5.3) (£ 1) = CrlllF ey + I1F 172 my)

for some positive constant Cy. Closing H},,,,(R) in the norm (5.2) we get a Hilbert
space R.

+ (202 + 1)x. Then in view of Corollary 2.3.2 we conclude that

Lemma 5.1. The embedding R C H*(R) holds true and the inner product in R is given

by

A hy= [ f'Wd hd
(54) (ot = [ e | gy
for any h € H}, (R) and f € R.

Proof. The first assertion of the lemma follows immediately from (5.3). To prove the
second one, let f be defined by a sequence {f,}$° of elements from H},  (R). Then

(5.5) (fu, h) /f h’dx—i—/fl,hdp -

by definition. But f/ and f, converge in Ls(R) to f’ and f respectively. Hence, f,
converges uniformly to f on the support of h. Thus, the integral in (5.5) tends to the
integral in (5.4), which proves the lemma. a

Lemma 5.2. The domain Dom(So(q)) is dense in R.
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Proof. Suppose that (f,u) = 0 for every u € Dom(So(¢)) and some f € R. Integrating
by parts we obtain

0= (f,u) /fu’der/fudpf /fu”der/fudpf (f, Bu) 12(®),

according to lemma 5.1.
But B(Dom(Sg(g))) is dense in La(R), hence f = 0, which proves the lemma. O

Theorem 5.3. The domain of the operator BY/? coincides with R.

Proof. We first note that Dom(So(q)) is dense in Dom(S(q)) in the graph norm, because
S is the closure of its restriction to Dom(Sy(g)). Using well-known functional calculus
for operators, we then conclude that Dom(Sg(q)) is also dense in the domain of B'/2 in
the corresponding graph norm. Since

1/2, nl/2 _ _
(B u, B U)L2(R) = (Bu,u) 2y = (u,w)

for all u € Dom(Sy(q)), then the domain of B'/2 is obtained by closing Dom(Sy(gq)) with
respect to the norm in R. Thus

Dom(B'/?) ¢ R.

But Lemma 5.2 shows that Dom(Bl/ 2) cannot be a proper subset of R, for then_ some
f € R\ {0} would be orthogonal to all 4 € Dom(B!/?) and hence to all u € Dom(Sy(q)),
which is possible only for f = 0. Thus

Dom(BY/?) =R
and the theorem is proved. O

Remark that we have not given any explicit form for the inner product (f,g) of
arbitrary elements in R. It may be of interest to note, however, that an integral expression
corresponding to (5.1) does give the inner product (f, g) for arbitrary f,g € R.

Lemma 5.4. The inner product in R is given by

N N
— : I =
(f.9) —M};VH;OO< _Mfgdx+/_Mfgdp>.

Proof. 1t is sufficient to prove that for every f € R

(56) mn:M%@([ rras [ uda

because then

qf,9)=(f+ag,f+9 —(f—g f—g) +il(f +ig, f+ig) — (f —ig, [ —ig)]
:M,lzizlgooZl(/ fg’da:+/ fgdp)

We define N "
<ﬁﬁn=/'Lﬂ%x+/‘\ﬂ%p
n—1 n—1

for any f € R and infer from the Corollary 2.3.1 to Lemma 2.3 that the number (f, f),
is non-negative for all n. We proceed to prove that the series

oo

(5.7) P(f)= Y (f.f)n

n=—oo

converges to (f, f).
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For any h € H],,,,(R) the series in (5.7) is finite and P(h) = (h, h). Now, let f be an
arbitrary element in R, defined by a Cauchy-sequence {f,}$° of elements in H.,,, (R).
Then, as we have seen, f/ converges in Lo(R) to f' and f, converges uniformly to f
on compacts. Thus the individual terms (f,, f,), converge to (f, f), for every n. But

(fu, fv) converges to (f, f) and hence Fatou’s lemma shows that

P(fy= > (f:hn= D M (fofo)n< lim > (fo,fu)n
= I}Lngop(fu) = VILH;C<fV;fV> = <f7 f>

Thus, the series P(f) converges, because its terms are non-negative, and P(f) < (f, f).
To obtain the converse inequality, we define (f,h), for f € R and h € H},,,,(R) by

(fyh)p = /n:f'h’dx—k/n:fhdp.

Lemma 5.1 shows that
oo

(Fh)y= D (fih)n,
the series in fact being finite. Since (f, f), is positive definite we get by Schwarz’ in-
equality

Hence
oo 2 o0 (o)
(WP =] Y0 (ol < Y0 (i fn Y (hh)n = P(f)(h,h).
This proves P(f) > (f, f), as H,,,,(R) is dense in R. Therefore, P(f) = (f, f) in view

of the inequality obtained above.

We have thus proved that the integral in (5.6) converges to (f, f) when Z > M, N —
oo. But f and f’ are both in L?(R); therefore we can apply Lemma 2.3 to arbitrary M
and N (as in the proof of Theorem 3.2) to obtain

[N]+1 [N]+1 N N
/ R+ / FPdp+o(1) > / Rd+ / FPdp
—[M]-1 —M —M

—[M]-1
[N] [N]

z/ |f’|2da:+/ FPdp - of1),
—[M] —[M]

M

with [N] denoting the greatest integer < N. But we have proved that the expressions on
the left and on the right both tend to (f, f). Hence the lemma is proved. a

Theorem 5.5. The equality
Dom(B'/?) = {u e H'(R) ’ a/ lul?dq € R} :
R

holds, where the integral fR uvd q(x) is considered as improper Riemann—Stieltjes integral.

Proof. We have just shown that the limit in (5.6) exists and is finite for all f € R. Since
f and f’ are in L?(R), then the potential energy exists and is finite.
Conversely, if f satisfies the conditions of the theorem, the formula

N o N o
F(g)=  lim (/Mg’f’da:+/Mgfdp>



SCHRODINGER OPERATORS WITH MEASURE-VALUED POTENTIALS 253

defines a continuous functional realized by some element A € R, and it is not difficult
to prove that the function f — h must then be an L2-solution to the equation Bu = 0.
Since B is positive this implies f = h, hence f € R and the theorem is proved. (]

6. SOME REMARKS

Standard arguments show that the minimal operator Sg(g) is bounded from below
in the Hilbert space L?(R) if and only if minimal operators S(jf(q), generated by the
differential expression S(g) in Hilbert spaces L?(R..) correspondingly are bounded from
below. Herein the discreteness of the spectrum of operator Sp(g) is equivalent to the
discreteness of the both spectra of the operators S% (¢) that correspond to the selfadjoint
extensions of operators S(f(q) with homogeneous Dirichlet condition at the end of the
semi-axis Ry. Therefore Theorems A and B (reformulated accordingly) also hold for
the Schrédinger operators on the semi-axis, which were studied in [1]. These theorems
generalize the results [1, Lemma III.1] and [1, Theorem IV.1].

The following example illustrates the difference between our results and the former
ones.

Example. Let {x,,}5°, be an arbitrary strictly increasing unbounded sequence of posi-
tive numbers such that z, 1 — 2, — 0 as n — oco. Choose p > 0 and {a9,—1}°2; C R4
arbitrarily. Consider the potential of the form

q'(z) = Z(P + aop—1)0(x — Top—1) — Z po(x — zay,).
n=1 n=1

Simple verification shows that the Radon measure ¢’(z) does not satisfy conditions (A)
and (B) from paper [2] and conditions of Theorem IV.1 from [1]. However, ¢'(z) satisfies
condition (Br). Therefore, operator S (q) is bounded from below and self-adjoint. Due
to Theorem B its spectrum is discrete if and only if

E Qop—1 — —I-OO,
Ton—1€EA

where the interval A C Ry moves to +oo preserving its length.

APPENDIX

Let us formulate some known statements about the operators So(q), So(¢) and S(q),
which are used in the paper. Their proofs may be found in [9, 10, 6, 5].

Proposition. The operators So(q), So(q), and S(q) have the following properties:

1°. The domain Dom(So(q)) of the preminimal operator So(q) is dense in the Hilbert
space L*(R).
20, The operator So(q) is symmetric and therefore it is closable.

~

39, Let So(q) := (So(q)> . Then

(80@)) =S(a) and $0(a) < Sola)  S(a).

49, The minimal operator So(q) is a densely defined, closed, and symmetric operator
with the deficiency index (d,d), where 0 < d < 2. The operators So(q) and S(q)
are mutually adjoint, i. e.

So(q) =8S(g) and S*(q) = So(q)-
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The domain Dom(So(q)) of the minimal operator So(q) has the form

Dom(Sp(q)) = {u € Dom(S(q)) |[tt, V] 400 — [t4,V]—co =0 Vv € Dom(S(q)) },

6°.

10.
11.
12.

13.

where [u,v] = [u,v](z) = u(m)pm (z) — ull(z)v(z).
The domains of the operators So(q), So(q) and S(q) satisfy the embeddings
Dom(So(4)) € Homp(R),

Dom(So(q)) € Hipe(R) N L*(R),
Dom(8(q)) C Hioe(R) N L*(R).
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