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ON UNIQUENESS OF FIXED POINTS OF QUADRATIC
STOCHASTIC OPERATORS ON A 2D SIMPLEX

M. SABUROV AND N. A. YUSOF

ABSTRACT. The Perron—Frobenius theorem states that a linear stochastic operator
associated with a positive square stochastic matrix has a unique fixed point in the
simplex and it is strongly ergodic to that fixed point. However, in general, the similar
result for quadratic stochastic operators associated with positive cubic stochastic
matrices does not hold true. Namely, it may have more than one fixed point in the
simplex. Moreover, the uniqueness of fixed points does not imply the strong ergodicity
of quadratic stochastic operators. In this paper, for some classes of positive cubic
stochastic matrices, we provide a uniqueness criterion for fixed points of quadratic
stochastic operators acting on a 2D simplex. Some supporting examples are also
presented.

1. QUADRATIC STOCHASTIC OPERATORS

Let us first provide some necessary definitions of non-homogeneous Markov chains and
quadratic stochastic processes by following the papers [5, 6, 26].
m [
Let Q1 =9x = (21,22, ,2p) ER™: Y 2, =1, ; >0, Vi=1,m ; beastan-

i=1
dard simplex. An element of the simplex §2,,_1 is called a stochastic vector. A family of
square stochastic matrices {IF’[”] = (py t]) i rteNt—r> 1} is called a discrete
i,k=1

time non-homogeneous Markov chain if for any natural numbers r,s,t with r < s < t
the following condition, known as the Chapman—Kolmogorov equation, is satisfied

(1) pi = Zpgspﬁt , 1<ik<m.

A linear operator £t Q1 — Q,,_1 associated with the square stochastic matrix

e = (o)
2) (cW] (x))k - <XIP>”1) Zmng};t . 1<k<m,

is called a linear stochastic operator (a Markov operator).
Notice that the Chapman—Kolmogorov equation can be written in the following form:

(3) £t = glstho sl <5 <t
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A stochastic vector x € Q,,_1 is called a stationary distribution of the non-homoge-
neous Markov chain if one has that xP!"* = x for all r,¢ € N. It is clear that a set of all
stationary distributions of the non-homogeneous Markov chain is nothing but a set of all
common fixed points of the linear Markov operators (2) for all r,¢t € N.

Let P = (pijk)?fj’k:l be a cubic matrix and let pije = (Pij1,Pij2,- - s Pijm) for all
1 <14,57 <m. A cubic matrix P = (pijk)?:j,k:l is called stochastic if p;je is a stochastic
vector for all 1 < 7,5 < m. Without loss of generality, we may assume that p;;r = pjir
for any 1 <4, 5,k < m.

A family of cubic stochastic matrices {P[M] = <p£;1§])m e rteNt—r> 1} with

1,7, K=
an initial distribution x(9) € §™~1 is called a discrete time quadratic stochastic process
if for any natural numbers r,s,t with r < s < t either one of the following conditions,
the so-called the nonlinear Chapman—Kolmogorov equations, is satisfied

(Mp%H:Zzﬂﬂ(%ﬂﬂlsaﬁkgm

@%szwﬂwm%iKMMm
a,B,y,0=1
where xk E x; O)x(o pg(jky]. We remark that the conditions (A) and (B) are not
,j=1

equivalent to each other. The reader may refer to [5, 26] for an exposition of quadratic
stochastic processes.
A quadratic operator QI : Q.. 1 — Q,,_; associated with the cubic stochastic

matrix Pt = (pE;’,z])m ,

(4) ( ol t] ) Z xlx]pZ,z , 1<k<m,

i,j=1

is called a quadratic stochastic operator (a nonlinear Markov operator [14]).
Obviously, we have that x*) = Q[0¥I(x(9)). Notice that the nonlinear Chapman-
Kolmogorov equation can be written in the following form:

(5) QItl (x(M) = Qls+t (Q[r,s] (Xm)) Cr<s<t.

The classical Perron—Frobenius theorem states that if P > 0 then a linear Markov chain
has a unique stationary distribution p € Q,,—1 and it is strongly ergodic (asymptotically
stable, reqular) to p, i.e., klim LIF(x) = p for any x € Q,,_1 where £: Q1 — Q1

—00

L(x) = xP is a linear stochastic operator. Unlike the linear case, the structure of a set
of all stationary distributions of the higher-order Markov chains (see [1, 21] for defini-
tions) might be as complex as possible (see [16, 24, 25]). In general, an analogue of the
Perron—Frobenius theorem for positive higher-order hypermatrices is not true. However,
there are some sufficient conditions for the uniqueness of stationary distributions of the
higher-order Markov chains and some iterative methods to find the unique stationary
distribution of the higher-order Markov chains (see [3, 4, 15, 17, 20]). These sufficient
conditions are in the spirit of Banach’s contraction principle.

A quadratic stochastic operator has an incredible application in population genetics
(see [18]). The quadratic stochastic operator was first introduced in Bernstein’s work
[2] and considered an important source of analysis to study dynamical properties and
modeling in various fields of science such as biology (see [13, 18]), physics (see [27]), game
theory (see [7]), control system (see [23]). A fixed point set and an omega limiting set of
a special class of quadratic stochastic operators were deeply studied in [9, 10]. Ergodicity
and chaotic dynamics of quadratic stochastic operators on the finite dimensional simplex
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were studied in [8, 22]. In [11, 20], it was given a long self-contained exposition of recent
achievements and open problems in the theory of quadratic stochastic operators. In
general, if P > 0 then it is not necessary to be true that |Fix(Q)| = 1. In this paper,
we provide a uniqueness criterion for fixed points (stationary distributions) of positive
quadratic stochastic operators on a 2D simplex. Moreover, in general, if Fix(Q) = {p}
then it is not necessary to be true that khﬁr{.lo Q) (x) = p for any x € Q,,,_1. It is worth
mentioning that there are non-contraction positive quadratic stochastic operators which
are still strongly ergodic. We also present some supporting examples.

2. THE UNIQUENESS CRITERION FOR STATIONARY DISTRIBUTIONS

Let Q: Q5 — Q9 be a positive quadratic stochastic operator defined as follows:
T

3 3 3
O(x) = Z DijTiTj, Z 4 TiTj, Z T Ty |
ij=1 ij=1 ij=1
where pij, ¢ij, ri; > 0and pij+qi+ri; = 1 with pij = pji, ¢ij = @5, rij = 150, 1 < 0,5 < 3.
Remark 2.1. Let p1 # po, q1 # qo. It is obvious that two quadratic equations x2+pyx+

q1 =0 and z2 + pox + g2 = 0 have a unique common root if and only if their resultant is
equal to zero, i.e.,

(g2 — q1)* +p1(g2 — q1) (1 — p2) + @1 (p1 — p2)® = 0.

q2 — q1
P1 — P2

In this case, x =

s the only common root.

We first provide a uniqueness criterion for fixed points (stationary distributions) of
positive quadratic stochastic operators on a 2D simplex.

2.1. The uniqueness criterion. Let us define the following constants:

a11 = p11 + P33 — 2p13, Qoo = P22 + P33 — 2p23, Q12 = P33 + P12 — P13 — D23,
P11 = q11 +q33 — 2q13, Bo2 = @22 + 33 — 2423, Bi2 = q33 + Q12 — 13 — 23,
Qo = P33, 1 = P13 — P33, Q2 = P23 — P33, Bo = q33, B1 = @13 — @33, B2 = G23 — 33,
Yo = Boarr — P, 71 = (282 — 1)air — 202811, 72 = @11 — b,
o = (201 — 1)B11 — 2B1an1, 61 = a1aBin — Praaar, Ay =285 — 2710061 + 47067,
Ao = a117 + (201 — 1)7080 + o8], A1 = a1173 + da127261 + danads,
A3 = 2011721 + 20127200 + 427161 + 4o Y281 — 27201 + das2d180 + 8azdy,

A2 = 20117270 + @117 + 20127100 + daiavodt +
+2017280 + 417161 — Y200 — 27101 + 2287 + 8aadi 8o + 4agdi,

A1 = 2011717 + 20127000 + 2017100 + 4 Y001 — Y160 — 27001 + 20285 + dagd1do.
Theorem 2.2. Let a115114A1 # 0. The positive quadratic stochastic operator Q : Qg —
Qo has a unique fized point (a stationary distribution) if and only if the quartic equation

Aat + A3a® + Xoa® + Ma+ g =0
has a unique real root ag € (0,1) \ {—25701} which satisfies 0 < Ap <1 and 0 < By < 1,
where
Ay = Y205 + 100 + 70’
201a0 + 09
(2 + 201)ag + (71 + do)ao + 7o
261a0 + 6o '

By =
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Moreover, in this case, the only fived point (a stationary distribution) is (Ag,ag, 1 —Bo)T.

Proof. In order to find all fixed points of the positive quadratic operator Q : Q5 — Qo
we have to solve the following system of equations:

T1 = pr1x] + P23 + P33 + 2p1212s + 2p132123 + 2Pa3 o,
(6) Ty = qu1TT + q2223 + 3323 + 2q1221%2 + 2q137123 + 2¢23223,

T3 = 7“111‘% + 7“221‘% + 7“331'?)) + 27192122 + 27132123 + 2793T2T3.
Since x3 = 1 —x1 — 9, it is enough to find all solutions (1, z2) of the first two equations
of the system (6) which satisfy the following conditions z1,x9 > 0 and 0 < 1 + z2 < 1.

By plugging x3 = 1 — 21 — x2 into the first and second equations of the system (6),
we can get the following system of equations with respect to (z1, 22):

Ollle% + OCQQx% + 20[121’1.’E2 + (20[1 - 1)1’1 + 20[21'2 + ap = 0,
B117% + Baoxi + 2B121122 + 28171 + (282 — )2 + By = 0.

Let 1 = = be a variable and x2 = a be a parameter. Since aj1011 # 0, the last
system of equations takes the following form:

20190 4+ 207 — 1 Q9902 + 2a0a + ap
T+ =

x? + 0,
2100+ 361 frra® + (260 — Va + B
a a — a
g2 4 P2 Ly o P22 2 0 _ g
611 ﬁll
Let
4 = domat20 -1 g and®tdasatag
@11 11
_ 2B12a+26, Baza® + (282 — 1)a + Bo

Ay By =

Bi1 ’ B11

We then have the following two quadratic equations:

1‘2+A11‘—|—31=0, ZE2—|-A2$—|—B2:O.

Since Ay # 0, we have that A; # Ay and By # By. This means that for any x,y €
Fix(Q) one has that xo # y2. Therefore, the system of equations (6) has a solution
(z1,22), x1,22 > 0 with 0 < 21 + z2 < 1 if and only if the last two quadratic equations
should have a unique common root in (0,1) for a € (0,1). Due to Remark 2.1, the last
two quadratic equations have a unique common root if and only if

(B — B1)? 4+ A1(By — By)(A; — A3) + B1(A; — A3)? =0
By — By

and the unique fixed point is t = ———. Tt is clear that
A — Ay

Ay —Ag = (v20® + Y10 + 70).

201a + 6g), Bs— By =
Qg1 11( ! 0) ? ! 0611511

After simple algebra, we get the following quartic equation:

(7) Mat + \3a® + Xoa® + a4+ g = 0.

Hence, the number of solutions (x1,x2), 1,22 > 0 with 0 < 1 + z3 < 1 of the system
of equations (6) is the same as the number of positive roots in the interval (0,1) of the
quartic equation (7). For every positive root a € (0,1) of the quartic equation (7), the
Y20” + 710 + 70

a1 00 Consequently,

unique common root of two quadratic equations is x =
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the positive quadratic stochastic operator has a unique fixed point if and only if the
quartic equation (7) must have a unique real root ag € (0,1) which satisfies

Y2ad + v1a0 + Yo

0< Ay = 1
< 4o 261a0 + g <5h
(72 +201)ad + (v1 + do)ao + 0
0< By=A = 1.
< By o+ ao 200 + 0 <
In this case, the only fixed point is (Ao, ag, 1 — Bo)T. This completes the proof. |

Remark 2.3. Theorem 2.2 provides a uniqueness criterion for the fized point of the
positive quadratic stochastic operators in the case a116114A1 # 0. It is worth mentioning
that there are also some positive quadratic stochastic operators having three fized points
in the case a11811A1 # 0. Similarly, the positive quadratic stochastic operator may have
one or three fixed points regardless of the condition a11811A1 = 0. Some supporting
examples are provided in the next section.

We now present an application of Theorem 2.2.
2.2. Applications.

Example 2.4 (Lyubich’s Example). Y. I. Lyubich, without proof (see [18], p. 296), had
provided an example for a positive quadratic stochastic operator Ve : 9 — 5 having
three fixed points
(Ve(x)), = (1 — 4e)a? + 2ex3 + 10ea3 + 4ew1m2 + (1 + 4€)z125 + 8ew2m3
Vet q (Ve(x)), = 2e27 + (1 — 3e)23 + ea3 + (3 + 2e)z122 + 2em133 + (1 — 126) 2023 ,
(Ve(x)), = 2ea? +ex3 + (1 — 11e)a3 + (2 — 6e)z122 + (1 — 6e)m123 + (1 + 4e) 7223

where 0 < e < 9_1321/5. However, it turns out that Lyubich’s example has a unique fixed

point. We want to show that V. : Qo — €5 has the unique fixed point
1+ 2a0(1 — ag) 1—2a0 \"
, @0, Q?
2(1 + ap) 2(1+ ap)
for any 0 < e < 1—12 where ag € (0, %) is the unique root of the quartic equation
(2 — 12¢)a* + 16ca® + (16 — 3)a® — (16¢ + 1)a + 5¢ = 0.
It is clear that V. : Q5 — )y is a positive quadratic stochastic operator whenever

0<e< ﬁ in which 9_13)1/5 < % Let us calculate the following constants for V. :

a1 = 2, agg =4e, ago =6 — 0.5, a3 = 0.5 — 8, ay = —6¢, g = 10e
Bi1 =¢€, Bao =10e, Bio = —025+7Te, f1 =0, Bo=0.5—"Te, By =¢,
g = 1662, 41 = —16€2, vo = —82, §; = —82, §y = —16¢2, A = 6144¢°,
A1 = 256t — 15362°, A3 = 20482°, Ay = 204825 — 384¢%,
A\ = —20482% — 12821, Ny = 640¢°.
Obviously, a11811A1 # 0. Hence, we get the following quartic equation:
(8) (2 — 12¢)a* + 16ca® + (165 — 3)a® — (16¢ + 1)a + 5¢ = 0.
Let f(a) = (2 — 12¢)a* + 16ca® + (16c — 3)a® — (16 + 1)a + 5e. Since 0 < € < 5, it is

122

easy to check that f(0) =5e >0, f(1) =9 —2 <0, f(2) =18 — 27¢ > 0. This means
that the quartic equation has at least two positive roots. On the other hand, due to
Descartes’s theorem, the number of positive roots is less or equal to, the number of sign
differences between consecutive nonzero coefficients 2 —12¢, 16¢, 16e —3, —(16e+1), be
of the quartic equation, which is, two. Therefore, the quartic equation has exactly two
positive roots in which one of them belongs to (0,1) and another one belongs to (1,2).
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Hence, for any 0 < ¢ < ﬁ, there exists a unique positive root ag of the quartic equation
which belongs to the interval (0,1). Since f(0) = 5e > 0, f (%) = 1829 <0, one has

8
that ag € (0, %) Consequently, for any 0 < € < ﬁ, the quadratic stochastic operator

T
V. : Q2 — Qy given by (8) has a unique fixed point (%(;)a‘)), ao, ﬁ) € Oy

where aq is a unique root in the interval (0, 1) of the quartic equation (8).

Example 2.5. We define a positive quadratic stochastic operator R. : Q2o — Qs for any
0<e< Tloo as

(Re(x)), = (0.9 — &)z} + ex3 + 0.123 + 2(1 — 2e)x122 + 2ex123 + 26273
Re: { (Re(x)), = 0.123 + (0.9 — €)a3 + exd + 2ex120 + 2em123 + 2(1 — 28)x073
(Re(x)); = ex? + 0.123 + (0.9 — )3 + 2ez122 + 2(1 — 28)z123 + 262013

We would like to show that Fix(R.) = {c = (%, %, %)T} Let us calculate the following
constants for R.:

a1 =1—3g, ago =01—¢, apo=11—-4¢e, oy = —-0.1,a0 = —0.1, ag = 0.1,
B11=01—¢, faga=—11+4e, f1o=-143¢, f1 =0, f2=1-3¢, By =¢,

o = —13e% + 7.5e — 1.11, v, = 20e? — 9.4e + 1.02, vo = —3¢% + 1.1 — 0.01,

0 =13e%2 —7.5e + 1.11, 8 = —2e% + 1.4 — 0.12,

Ay = —1040° + 1369.6¢5 — 715.84e* 4+ 176.616® — 16.2708? — 0.94212¢ + 0.20646,

A1 = 1521e% — 2262e* + 1350.99e% — 405.1822 + 61.0389¢ — 3.6963,
A3 = —2028¢” + 3016e* — 1801.32¢ + 540.24e2 — 81.3852¢ + 4.9284,
Ao = 390e® — 846.4¢? 4 609.42e% — 196.548c% + 28.9314¢ — 1.5318,
A = 845 4 3.2e* — 54.68¢3 4 23.544¢% — 3.2268¢ + 0.0996,
Ao = —15e° 4+ 9.2e* 4 0.55¢% — 1.016¢2 + 0.1217¢ + 0.0001.
Obviously, 1181141 # 0 for any 0 < € < Tl()()' Hence, we get the following quartic
equation:
(9) Aa* 4+ Aza® + Xaa® + Ma+ Ao = 0.
Let g(a) = Ma* 4+ A\3a® + Xaa® + A\ja + Ao. It is easy to check that
g(—-1) <0, g¢(0)>0, g¢(0.2)<0, ¢(0.5) >0, g(1)<0, V0<5<1&6

This means that the quartic equation given by (9) has three positive roots a1 < as < as

in which a; € (0,0.2), a2 € (0.2,0.5), and az € (0.5,1). Moreover, it is easy to check that

as = % is a root of the quartic equation (9) which belongs to (0.2,0.5). Among these

three roots, only for ay = % we have that

(=111 + 7.5e — 13¢%) a® + (1.02 — 9.4¢ + 20e?) @ — 0.01 + 1.1e — 3¢? -
2(1.11 — 7.5e +13e2) a — 262 + 1.4e — 0.12 ’

(111 — 7.5¢ 4+ 132) a® 4 (0.90 — 8¢ + 18%) a — 3e? 4 1.1e — 0.01
2 (1.11 — 7.5e + 13e2) a — 262 4 1.4 — 0.12

Hence, in this case, we obtain that Ag =1 — By = % and Fix(R.) = {c = (%, %, %)T}

1
1000

0< A=

0< B= < 1.

for any 0 < e <

‘We now provide some examples for positive quadratic stochastic operators which may
have one or three fixed points regardless of the condition aq181141 = 0.
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Example 2.6. We pick up three points X = (0.1,0.3,0.6)", Y = (0.2,0.3,0.5)T and Z =
(0.7,0.2,0.1)T from the simplex Qs. We define a positive quadratic stochastic operator
9 : Qy = Qs as follows:

__ 3767082 , 2952 2 202 2 | 17 3 1
(Q(x)); = T402001 t Ti0200%2 + Taos00 %3 T To¥1%2 + FT1T3 + 55T2Ts,

. __ 300 2 3 2 2 2 1467902 2942114 240522
Q: 4 (Q(x)),=133071 + 572 + 575 + Go56776 7172 T 3015885 T173 + Ta10551 72735
_ 873 2, 216412 , 65957 .2 722258 530250 108689946
(Q(%))3= 17005021 T 3509572 T 11005673 T 121935407172 T T519354 173 + Go967700 L2L3-

A straightforward calculation shows that X, Y, Z are fized points of the positive quadratic
stochastic operator Q : Qg — Qg for which Ay = 0. Therefore, we obtain that | Fix(Q)| =
3 in which O‘llﬂllAl =0.

Example 2.7. We define a positive quadratic stochastic operator Q : Qo — o as
follows:
(Q(x)), = 0.1527 + 0.1723 + 0.1723 + 0.32z122 + 0.32z123 + 0.30z273,
Q: ¢ (9(x)), = 0.6827 + 0.67x3 + 0.6623 + 1.32z172 + 1.34x123 + 1.322073,
(Q(x)); = 0.172% + 0.1623 + 0.1723 + 0.36z1 22 + 0.34z1 25 + 0.3822735.
A straightforward calculation shows that the positive quadratic stochastic operator Q :

Qy — Qg is a contraction for which ayy = B11 = 0. Therefore, we obtain that | Fiz(Q)| =
1 in which auﬂuAl = 0.

3. PosITIVITY # UNIQUENESS OF FIXED POINTS 7 STRONG ERGODICITY 7
CONTRACTION

Let O : Qs — Qs be a positive quadratic stochastic operator defined as follows:

T
3 3 3

Qx) = | > pymizs, Y qijizy, » | rizia; |
7,7=1 i,j=1 i,j=1

where p;j, qij, 75 > 0 and pij + qij +rij = 1 with pij = pji, iy = gji, and 15 =75, 1 <
i,j <3.

Proposition 3.1 ([18, 25]). If P > 0 then one has that |Fix(Q) N Qs =1 or 3.

3.1. Positivity A The uniqueness of fixed points. Now, we are aiming to provide
an example for positive quadratic stochastic operators having three fixed points in the
simplex.

Example 3.2 ([24, 25]). We pick up three points A = (0.1,0.2,0.7)T, B = (0.4,0.3,0.3)T

and C = (0.59,0.31,0.1)T from the simplex Qo. We define a positive quadratic stochastic
operator Qg : Qo — Qo as follows:

_ 2328732 , 4717 .2 , 207 .2 , T 3 1
(Qo(%)); = 315300 %1 T 7030022 + Gaseo¥3 T 5102 + 5T1T3 + 5522Ts,

. _ 27 2, 1.2, 3.2, 470171 378421 158157
Qo : 4 (Qo(x)), = 10021 T 322 1 3673 1 F1a300¥1%2 + To7150 L1738 T 514300 £2T3;
_ 54 2 433 .2 | 27037.2 , 18409 191589 1454157,
(Qo(%))3 = 753521 + 1030672 T 3193023 T 514300 %172 T To7150 %123 + Sraz00 L2T3-

A straightforward calculation shows that A, B, C are fized points of the positive quadratic
stochastic operator Qg : Qo — Qo. We can define another positive quadratic stochastic
operator Q1 : Qo — Qo as follows:

17322871 2 , 990257 2 1559 .2 , 13 16 11
(Q1(%))1 = 25357000%1 T 216300072 T 13410600 %3 T 102142 + 557123 + 5562223,
. _ 924 2, 488 2, 125 2 , 703327 19461451 8271787
Q1:4 (Q1(x)),= 100021 1 1000%2 T 100073 T 1017875 %1%2 + 27429000 173 1 24229000 T273>
_ 4301 2, 117199 _2 , 2933179 2 18371 13761989 1601951
(Q1(%))3= 1370200 %1 T 2163000672 T 3352650%3 T 3035750 %122 t 311200002173 T G77160 L273-

A straightforward calculation shows that A, B, C are also fixed points of the positive
quadratic stochastic operator Q1 : Qy — Q. Now, we can define a family of positive
quadratic stochastic operators Q. : Qo — g as Qe (x) = (1 —€)Qp(x) + £Q1(x) for any
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x € Qo and 0 < e < 1. It is clear that A, B, C are also fixed points of the family of
positive quadratic stochastic operators Q. : Qo — Q.

Remark 3.3. It is easy to check in Example 3.2 that a11811A1 # 0. This shows that
one can have |Fix(Q)| = 3 in the case a11511A1 # 0.

3.2. Uniqueness of fixed points # Strong ergodicity. Now, we shall provide ex-
amples for positive quadratic stochastic operators having a unique fixed point in which
they are not strongly ergodic.

Example 3.4. We again consider a positive quadratic stochastic operator R : Qo — Qo

(Re(x)), = (0.9 — &)z? + ex3 + 0.123 + 2(1 — 2e)x122 + 2ex123 + 262273,
Re:{ (Re(x)), = 0.12% + (0.9 — €)x3 + exd + 2ex1 20 + 2em123 + 2(1 — 26) 7073,
(Re(x))5 = ez + 0.123 + (0.9 — )23 + 2ex120 + 2(1 — 28)z123 + 2eT023.

We have already showed that Fix(R.) = {c = (%, %, %)T} forany 0 <e < ﬁ. Let us
1

study the local behavior of the unique fixed point c = (g, %, %)T of the quadratic stochastic

operator Re. To do so, we have to calculate absolute values of eigenvalues of the Jacobian
matriz J(R.) at the fized point ¢ = (1 1 l)T under the constrain r1+xo+x3 = 1. The

37373
eigenvalues are roots of the following quadratic equation (see [18], pp. 292-293)
I(Re(x)), Y O(Re(x)), O(Re(x)),
oy oz Oxs
AR(9), AR, _y OR()y| =0,
6"1:1 6"1;2 6.783
1 1 1
X=cC
which is

16
M (4e —1.8) N+ 352 —4.8:+1.08=0.

The last quadratic equation has two complex roots in which

16 1
A1] = |Aa| = 4/1.08 — 4.8 —e2>1, VO —_—
| 1‘ | 2| \/ €+ 36 > 1, <e< 1000

Consequently, the fized point ¢ = (%, %, %)T is repelling. This means that the trajectory

of the quadratic stochastic operator R, starting from any initial point does not converge

1 11

to the unique fized point ¢ = (g, 3 g)T, i.e., it is not strongly ergodic.

3.3. Strong ergodicity # Contraction. Now, we shall provide examples for the non-
contraction positive quadratic stochastic operators which are strongly ergodic.

Example 3.5 ([23]). Let a; = (0.1,0.3,0.6)T, ay = (0.7,0.1,0.2)T, a3 = (0.2,0.6,0.2)7.
Let us consider the following positive quadratic stochastic operator Qa,azas : 2 — Qo
Qayapas (X) = 2127 + agx3 + azxs + 2a321 20 + 2202113 + 22,1273,

One can see that
Pr=(a a3 ay), Po=(as ay a), Py=(ay a; ag)
are doubly stochastic matrices. Therefore, Qa,azas @ Sla — Q2 is strongly ergodic, i.e.,
11 1\T
373> §)
Qo is not contraction. Indeed, if xo = (0.85,0.1,0.05)T and yo = (0.9,0.1,0)T then
HQa1azas(X0) - Qa1aza3(y0)H1 =0.1005 > 0.1 = HXO - YOHI-

klim Qg]i)azas (x) = ¢ for any x € Qo where ¢ = ( . However, Qa,azas : Q2 —
— 00
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Remark 3.6. It is well-known that if P > 0 then the corresponding positive linear
stochastic operator L : Q, — Q,, L(x) = Px is strongly ergodic if and only if it is a
contraction. Example 3.5 shows that unlike the linear case, the class of positive strongly
ergodic quadratic stochastic operators does mot coincide with the class of contraction
quadratic stochastic operators. This is an unexpected situation. However, there are a
lot of non-negative linear (quadratic) stochastic operators which are strongly ergodic but
not contractions. For example, let us consider the following linear stochastic operator

1 30
L:Q3 — Qs, L(x) =Px, where P = |0 % % is a column-stochastic matrix. It is
0 0 3
1 1—-5 l—ap—35
clear Fiz(L) = {e1}. Since P" = [0 = ap, where ani1 = (5 + an)
0 0 £
with a1 = %, the linear stochastic operator L : Q3 — Q3 is strongly ergodic. However, it
is not a contraction because of ||L(e1) — L(es3)||1 = |le1 — es|l1 = 2. In this sense, it was

naturally expected to have a lot of non-positive quadratic stochastic operators which are
strongly ergodic but not contractions (for example, see [12, 19]).
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