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ON THE NUMERICAL RANGE WITH RESPECT TO A FAMILY OF
PROJECTIONS

WAED DADA, JOACHIM KERNER, AND NAZIFE ERKURSUN-OZCAN

ABSTRACT. In this note we introduce the concept of a numerical range of a bounded
linear operator on a Hilbert space with respect to a family of projections. We give
a precise definition and elaborate on its connection to the classical numerical range
as well as to generalizations thereof such as the quadratic numerical range, block
numerical range, and product numerical range. In general, the importance of this
new notion lies within its unifying aspect.

1. INTRODUCTION

In this paper, we establish an abstract notion of a numerical range which forms a
direct generalization of the well-known (classical) numerical range of a bounded linear
operator, defined on a (separable, complex) Hilbert space, as well as of other existing
versions of a numerical range. For a given operator A, the classical numerical range is
defined as

(1.1) W(A) :={(Az,z): € H, ||z|| =1} CcC.

Originally introduced for linear operators on C" (i.e., matrices) by Toeplitz [19] and
Hausdorff [8], it was later extended to more general operators by Stone [16]. Unlike the
spectrum, the numerical range is a unitary invariant but in general not invariant under
similarity transformations and hence provides additional information about the operator
[17]. In particular, the numerical range allows to localize the spectrum and to estimate
the resolvent. More generally, one has the following:

(1) If H = C? then W(A) is a (possibly degenerate) ellipse.

(2) If H is finite-dimensional then W (A) is compact.

(3) o(A) CW(A) and 0,(A) C W(A). (Spectral Inclusion)

(4) W(A) c Cis convex. (Toeplitz-Hausdorff Theorem)

(5) I(A—A4) A ¢ W(A).

- 1

< dist(x,w(4))’
Furthermore, as shown in [4], if A is compact on an infinite-dimensional H then W (A)
is closed if 0 € W(A). If, in addition, A is self-adjoint then W (A) is the convex hull of
the point spectrum of A (see also Proposition 3.4).

The great advantage of the numerical range, when compared to the spectrum, is that it
is relatively easy to compute (certainly in the case of matrices). It was for this reason why
it became a useful tool in many applications in physics [2] and different branches of pure
and applied mathematics such as control theory [15], numerical analysis [7] and operator
theory [13]. Most importantly, however, the concept of the numerical range turned
out to be much more flexible and adaptable to applications which consequently led to
various different versions of a numerical range: quadratic and block numerical range [10],
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c-numerical range [11], essential numerical range [5, 1], joint numerical range [18] and
higher numerical range [3, 12] whose motivation came from quantum error correction.

In this paper, besides the connection to the classical numerical range, we are partic-
ularly interested in the connection of the abstract notion of a numerical range to the
quadratic and block numerical range since these concepts proved particularly powerful
in localizing the spectrum of the operator and sharpening resolvent estimates [9, 10]. In
addition, we establish a connection to the so-called product numerical range which plays
an important role in quantum information theory [14, 6].

2. PRELIMINARIES AND DEFINITIONS

Since we are interested in the definition of the numerical range of a linear bounded
operator A with respect to families of orthogonal projections we define, for £ € N,

(2.1) P:={P € L(H) : P orthogonal projection in H} ,
(2.2) Pi :={P € P: dim(ran(P)) = k} ,

as well as

(2.3) Py :={PeP:PA=AP, dim(ran(P)) < co} .

Proposition 2.1. The sets P, P, C L(H) are closed with respect to the operator norm.
Definition 2.2. For A € L(H) and P € P we define an operator Ap on the range ran(P)
by

Ap :ran(P) —» ran(P), xw+— Apx:= PAx .
The relation between Ap and A can be expressed by

ApP = PAP .

The operator Ap is called the compression of A to ran(P) and A is called a dilation of
AP to H.

Remark 2.3. We have W(Ap) C W(A): For any A € W(Ap) there exists x € ran(P)
with ||z|| =1, Px =« and

A= <Aanx> = <PAP$,I> = <API‘,P$> - <Ay7y> ’
where y := Px. Since ||y|| = ||Pz|| = ||z|| = 1 we conclude X € W(A) .

Due to the spectral inclusion (see 5. in the list above) Remark 2.3 implies, in particular,
that each A\ € o0(Ap) is contained in W (A) given that dim(ran(P)) < co. This motivates
the following definition.

Definition 2.4 (Numerical range with respect to a family of projections). Let A € L(H)
be a bounded operator and P C P. Then

(2.4) Wp(A):= | o(4p)

pPeP
is called the numerical range of A with respect to the family of orthogonal projections P
or P-numerical range of A for short.

Remark 2.5.
(1) Wp(A) is in general not closed.
(2) Wp(A) c{r e C: A <[Al}.
(3) Wp(A*) = (Wp(A))"
(4) For A € L(H) self-adjoint one has Wp(A) C R.
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3. MAIN RESULTS

3.1. Connection to the classical numerical range, higher-rank numerical range
and the (point) spectrum. The first result establishes the connection with the clas-
sical numerical range. For the proof note that, for each P € P} and for any orthonormal
basis {f;}¥_, of ran(P), one has
k
(3.1) Pr=> (x,f)f; VeecH.
i=1

Theorem 3.1. For A € L(H) we have Wp, (A) = W(A).

Proof. Let A € Wp, (A). Then there exist P € Py and f € ran(P) with ||f|| = 1 such
that PAPf = Af. Therefore

(3-2) (Af.f) = (APf, Pf) = (PAPf, f) = (\f, f) = A
and hence A € W(A).

If X € W(A) then there exists f € H with ||f|| = 1 such that A\ = (Af, f). Let P
denote the orthogonal projection onto span{f}. Then, according to (3.1),

(3.3) PAPf = PAf = (Af, f)f = Af
and hence A € o(Ap). Thus A € Wp, (4). O

Remark 3.2. Theorem 3.1 is interesting from the following point of view: In general the
spectrum forms only a “small” subset of W (A) (for example, think of a matriz A € C?
for which the spectrum consists of two points whereas W(A) is a (possibly degenerate)
ellipse). However, by considering the union of all o(Ap) for P € Py instead, the whole
classical numerical range is obtained by “filling it up” with spectral values, see also Propo-
sition 3.4.

Remark 3.3. By Theorem 3.1, Wp, (A) is a conver set.

In order to illustrate Remark 3.2 even more, we present the following statement which
is due to [4].
Proposition 3.4. Let A € L(H) be a compact, self-adjoint operator. Then one has
Wp, (A) = co{op(A)} -
Proof. “ 27 Since co{o,(A)} C co{W(A)} = W(A) Prop. 3.1 Wp, (A) .
“C” We follow [4]: Let A € Wp, (A)\co{o,(A)} be given. Since A € Wp, (A) there
exists « € ran(P) with (w.l.o.g.) ||z|| = 1 such that PAPz = Az. Hence

(3.4) A= (\x,z) = (PAPz,z) = (APz, Px) = (Az,x) .

Employing the spectral theorem one obtains A = Y7 | u,[(z, €,)|?, {un} being the
eigenvalues of A with associated eigenvectors {e,}, and consequently we obtain the re-

lation
oo

(3.5) D= )z en)P =0

n=1
Without loss of generality one can assume that |(z,e,)| # 0 for all n and hence we
conclude that there exist ny,ny € N such that (A — i, ), (A — p1n,) have opposite sign.
However, this readily implies that A € [t , tin,] and consequently A € co{c,(A)} which
is a contradiction. O

The following statement is a direct generalization of Theorem 3.1.

Lemma 3.5. For A € L(H) and the family Py, the following holds:
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(1) If dim H =k, then Wp, (A) = o(A) .
(2) If dim H < oo, then Wp, (A) is closed for 1 <k < dim H .
(3) If dim H > k, then Wp, (A) =W (A) .

Proof. 1. is a direct consequence of the fact that P, = {Jd} given dim H = k.

As for 2., we remark that the cases k = 1 and & = dim H are readily covered by
Theorem 3.1 and 1. Regarding the other cases, assume that (A,)nen € Wp, (A) with
An — A € Cis given. Since A, € Wp, (A) there exists P, € Py, and f, € ran(P) with
|[/2]l = 1 and such that P, AP, f, = A\, fn. Since the Hilbert space is finite-dimensional,
we conclude that (possibly after restricting to a subsequence)

Af = lim (Aufo) = lim (P,AP,f,) = PAPf
n—oo n—oo

for some (normalized) f € H and lim,_, o P, := P € Pj. Consequently, A € Wp, (A).

Regarding 3., let A € W(A) be given. Then there exists fo € H with || fo|| = 1 such
that A = (Afo, fo). Now take fi, fo,..., fr—1 € H with ||f;|| = 1 such that f; L f;
, i # j,fori,j =0,1,...;k—1and f; L Afpand i = 1,...,k — 1. Let P be the
orthogonal projection onto span{fo, f1,..., fr—1} which is a k-dimensional subspace.
Then, employing (3.1),

PAPfy = PAfy = (Afo, fo) fo + (Afo, fi) f1 + -+ (Afo, fe—1) fr1
= (Afo, fo) fo = Afo,

ie., Ais an eigenvalue of PAP. Hence A € Wp, (A4).
Now take A € Wp, (A). Then there exist P € P, and f € ran(P) with ||f|| = 1 such
that PAPf = \f. Hence (Af, f) = (PAPf, f) = (\f, f) = A, implying A € W(A). O

(3.6)

In the next result we show how the family of projections P4 is related to the point
spectrum of the operator A.

Theorem 3.6. For arbitrary A € L(H) one has Wp,(A) C op(A) .
Furthermore, if A is symmetric then Wp,(A) = op(A) .

Proof. For arbitrary A, let A € Wp,(A) be given. Then there exists P € P4 and
0 # f € ran(P) such that PAPf = \f and PAPf = APPf = APf, since f € ran(P).
We obtain APf = Af = Af and hence A € op(A).

Now let A be symmetric: Then, for A € op(A) there exists a normalized f € H such
that Af = Af. Now, choose P to be the orthogonal projection onto span{f}. Applying
P to the eigenvalue equation directly yields PAPf = APf = A\f which shows that \ is
an eigenvalue to PAP. On the other hand, for x € H,

(3.7) PAx = (Ax, f)f = (z, f)\f = APx .
This implies that P € P4 and consequently A € Wp, (4) . O

Remark 3.7. By Proposition 3.4 and Theorem 3.6 we see that Wp, (A) = co{Wp,(A)}
for A symmetric.

Furthermore, regarding Theorem 3.6 we note the following: if A is such that cp(A) =0
then there cannot exist an orthogonal projection P with finite-dimensional range commut-
ing with A. As an ezample, one might think of the right-shift operator R on £*(N) which
has no eigenvalues. This implies that R has no non-trivial finite-dimensional invariant
subspaces. On the other hand, the left-shift operator L on £%(N) is known to have the open
unit disk as point spectrum. However, since the adjoint of L is the right-shift operator
R, there cannot exist any finite-dimensional reducing subspaces as asked after in (2.3)
since they would be invariant under L as well as under R. Consequently, Wp, (L) = ()
and the inclusion in Theorem 3.6 is strict.
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In order to formulate an analogue of Theorem 3.6 for normal operators we introduce
(3.8) Pa:={PeP:PA=A"P, dim(ran(P)) < o} .
Based on this family of projections we then obtain the following result.

Theorem 3.8. Let A € L(H) be a normal operator. Then Wp,.(A) = op(4A*) =
(ap(A))".

Proof. The proof follows the same line as the proof of Theorem 3.6. We only remark
that line (3.7) now reads, A € op(A*),

PAx = (Ax, ) f = (@, A" ) f = (a2, A" )\f = A"Px .
Also note that op(A*) = (6p(A4))* holds for all normal operators. O

3.2. Connection to the quadratic and block numerical range. As defined in [9]
(and discussed in detail in [10]), the quadratic numerical range of a 2 x 2-block operator
matrix

A B
(3.9) A= (C’ D) ,
with A acting as an operator on H; @ Ha, is the set of all eigenvalues of all 2 x 2-matrices
Af.f) (Bg,f >>
3.10 Apg = (A7, ’
(3.10) T <<Cf7g> (Dg, 9)

with f € Hy, g € Hy and || f]| = |lg]l = 1. The quadratic numerical range of A will be
denoted by Wg, m,(A).

In order to relate the quadratic numerical range to a family of projections, one consid-
ers the set of all projections P € Ps such that ran(P) has dimension two and is spanned
by two vectors in Hy @ Hj of the form Fy := f1 ©0, Fy := 0@ fy with (non-zero) f1 € Hy
and fy € Hy. We will denote this family of projections by Pu, m,-

For any such P € Py, p, we obtain

(311) APFl = P.AFl = <.AF1,F1>F1 + <AF1,F2>F2 y
and
(3.12) ApFy := PAF; = (AFy, 1) I + (AFy, Fy) Fy .
Accordingly, Ap can be represented by a 2 x 2 matrix with respect to this basis as
_ ((AF ) (AR F)
(3.13) Ap = <<AF2,F1> <AF27F2> S MQXQ(C) .
Furthermore, a direct calculation shows that
Afi, f1) <Cf17f2>) T
3.14 Ap = < = .
(3.14) » <<Bf2,f1> (Dfa, fa) ) = i

This allows us to establish the following result.

Theorem 3.9. Let H = Hy ® Hy be a Hilbert space and A € L(H) a block operator of
the form (3.9). Then

(3'15) WPHI,HZ (A) = WH1>H2 (A> :

Proof. For A € Wy, u,(A) and by definition of the quadratic numerical range there exist
(normalized) f; € Hy, fo € Hy and a (non-zero) h € C? such that Ag, r,h = M. Let
P denote the orthogonal projection onto span{f; @ 0,0 fo}. Then P € Py, m, and,
according to (3.14), o(Ap) = (A7, ;) which implies A € Wp,, . (A).
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Now, let A € Wp,, . (A) be given. Then there exists a projection P € Pp, u, and
a (non-zero) element h € ran(P) such that Aph = Ah. Employing relation (3.14) again
yields A € Wy, m,(A). Note that the existence of corresponding (normalized) vectors
f1 € Hy, fo € Hy follows from the definition of the family Pr, m,. O

Theorem 3.9 can be directly generalized to k-block operators A acting on a Hilbert
space of the form H = @le H; by defining the family Py, . g, of projections in analogy
to the case of k = 2. Furthermore, in analogy to the quadratic numerical range one
introduces the block numerical range Wy, .. g, (A) (see also [21, 20]) and can obtain the
following result.

Theorem 3.10. Let H = Eszl H; be a Hilbert space and A € L(H) a block operator
on H, i.e., (A)i<ij<i = Aij with A;j : H; — H; bounded linear operators. Then

(316) WPHl Hy, (A) = Wh,,.. .5, (-A) .

Remark 3.11. Regarding Theorem 3.9 and Theorem 3.10 we observe the following: If
A is a n X n-matriz acting on C", we can divide it into blocks as to obtain a k-block
operator acting on C™ & --- & C™ with n; + -+ 4+ ng = n. Also, dividing each C™i
further and hence obtaining a refined partition of C™ yields a p-block operator acting on
C"@---&C" withny + -+ n, =n, p> k. Denoting all three operators by A, the
definition of the families P, ... m, from above allows us to obtain the inclusion

(3.17) Wo o (A) S Wiy (4) C Wi, (4) = W(A)

c™1,...c™p

Cc"k (

where the last equality is due to Proposition 3.1. Regarding the block numerical ranges
we therefore obtain the inclusion

(3.18) Weai . cow (A) C Wena o (A) CW(A) .

It is interesting to note that equation (3.18) was already obtained in [21] by different
methods.

3.3. Connection to the product numerical range. In quantum physics and quan-
tum information theory in particular, another notion of numerical range has proven
interesting, namely, the so-called product numerical range; see [14, 6] and references
therein.
To introduce this, assume that the underlying Hilbert space H is given as a tensor
product of two (separable) Hilbert spaces Hy and Hj, i.e.,
H=H.® H; .

Note that, in quantum information theory, one is often interested in the case where H is
finite-dimensional of composite dimension n = kl where dim Hy = k and dim H; = [.
In any case, for A € L(Hy ® H;), the product numerical range is defined as

(3.19) AP (A) = {{(fe ® f1), A(fx ® f1)) : fr € Hp and f; € H}}

with || fxllz, = 1 as well as || fi||g, = 1. In order to identify (3.19) as a numerical range
with respect to a family of projections we introduce

P:={PeP:3f, € Hy, fi € Hsuchthat P= f, @ fi- (f ® fi,")} ,
again with || fx||z, = 1 as well as || fi|| g, = 1. In other words, for any P € P one has
Ph=fi® fi- (fr ® fi,h)

for some normalized elements f, € Hy and f; € H; and all h € H. Furthermore, we can
establish the following statement.

Theorem 3.12. For A € L(H}, ® H;) we have W5(A) = A®(A).
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Proof. In a first step, assume that A € A®(A): then there exist normalized f;, € Hy and
fi € H; with

A={(fe ® f1), A(fr ® fi)) -
Then, define P to be projection onto the one-dimensional subspace spanned by fr ® fi,
e, P=fu® fi-{fr ® fi,-). Clearly, P € P. In addition,

(PA)(fe ® fi) = M[fr @ fi)

and hence A € W5(A).
In a next step, assume that A € W5(A): again there exist normalized vectors g € Hj,
and ¢g; € H; such that

(PA)(gr @ g1) = Mgk © 1)
with P = g ® g1 - {(gr ® g1, -). However, the structure of P also immediately implies that
A= {(g9x ® q1), A(gr ® gi)) which concludes the statement. O
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