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LACUNARY Z-CONVERGENT AND LACUNARY Z-BOUNDED
SEQUENCE SPACES DEFINED BY A MUSIELAK-ORLICZ
FUNCTION OVER n-NORMED SPACES

M. MURSALEEN AND SUNIL K. SHARMA

ABSTRACT. In the present paper we defined Z-convergent and Z-bounded sequence
spaces defined by a Musielak-Orlicz function M = (M}) over n-normed spaces. We
also make an effort to study some topological properties and prove some inclusion
relation between these spaces.

1. INTRODUCTION AND PRELIMINARIES

The notion of ideal convergence was first introduced by P. Kostyrko [8] as a general-
ization of statistical convergence which was further studied in topological spaces by Das,
Kostyrko, Wilczynski and Malik see [1]. More applications of ideals can be seen in ([1],
[2]). We continue in this direction and introduced I-convergence of generalized sequences
with respect to Musielak-Orlicz function in [19].

A family Z C 2% of subsets of a non empty set X is said to be an ideal in X if

(1) ¢ €1,
(2) A,BeZimply AUB€TZ,
(3) AeZ, BC Aimply B €T,
while an admissible ideal Z of X further satisfies {x} € Z for each z € X see [8].

A sequence (2, )nen in X is said to be Z-convergent to = € X, if for each € > 0 the
set A(e) = {n eN:||a, — || > e} belongs to Z.

A sequence (,)nen in X is said to be Z-bounded to € X if there exists an K > 0
such that {n € N : |z,,| > K} € Z. For more details about ideal convergence sequence

spaces (see [7], [9], [13], [15], [16], [17], [18], [21], [25], [26], [29], [31], [32]) and references
therein.

Mursaleen and Noman [14] introduced the notion of A-convergent and A-bounded
sequences as follows :
Let A = (Ag)72; be a strictly increasing sequence of positive real numbers tending to
infinity i.e.
O< X <A\ <--+ and M, >0 as k— oo
and said that a sequence x = (z) € w is A-convergent to the number L, called the
A-limit of z if Ay, (z) — L as m — oo, where

Ao () = % S0 — A1)

™M k=1

m

The sequence x = (z1) € w is A-bounded if sup,, |A,(z)| < co.
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It is well known n that (see for instant [14]) if lim,, ,, = a in the ordinary sense of

convergence, then
NaE.
hgln (/\m< E (Mg — Mg—1) |z — a|) =0.

k=1
This implies that
lim [Ap, (z) — a] = lim |i Z()‘k — Xe—1)(xg —a)| =0,

which yields that lim,, A,,(z) = @ and hence z = (zx) € w is A-convergent to a. Let
A = (ajk) be an infinite matrix of real or complex numbers a i, where jk € N. We write
Az = (Ag(x)) if Ap(z) = > pey ajkx) converges for each k € N.

An Orlicz function M : [0,00) — [0,00) which is continuous, non-decreasing and
convex with M(0) =0, M(z) > 0 for x > 0 and M(x) — o0 as £ — 0.

Lindenstrauss and Tzafriri [10] used the idea of Orlicz function to define the following
sequence space. Let w be the space of all real or complex sequences x = (xy), then

= frew () <),

which is called as an Orlicz sequence space. The space £,; is a Banach space with the

norm oo
llz|| = inf{p >0: I;M(“”:) < 1}‘

It is shown in [10] that every Orlicz sequence space £, contains a subspace isomorphic to
¢y(p > 1). The Ay—condition is equivalent to M(Lxz) < kLM (z) for all values of z > 0,
and for L > 1.
A sequence M = (M) of Orlicz function is called a Musielak-Orlicz function see ([11],
[20]). A sequence N = (Vi) defined by
Ni(v) =sup{|vju — (M) :u >0}, k=1,2,...

is called the complementary function of a Musielak-Orlicz function M. For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space tyq and its subspace
ha are defined as follows

tam = {wa:IM(cx) < oo for some c>0},

hM:{xGw:IM(c:c)<oo for all c>0},

where Iy is a convex modular defined by

IM(I’) = ZMk(Ik),I = (SCk) [SRAVE
k=1
We consider £ equipped with the Luxemburg norm
lz|| = inf{k >0: IM(%> < 1}

or equipped with the Orlicz norm
1
lz||° = inf{%(l n IM(kx)) k> o}.

For more details about sequence spaces defined by Orlicz function see ([22], [23], [24],
[27], [28], [30]) and reference therein.

The concept of 2-normed spaces was initially developed by Géhler [3] in the mid of
1960’s, while that of n-normed spaces one can see in Misiak [11]. Since then, many
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others have studied this concept and obtained various results, see Gunawan ([4], [5]) and
Gunawan and Mashadi [6]. Let n € N and X be a linear space over the field K, where
K is field of real or complex numbers of dimension d, where d > n > 2. A real valued
function ||+, -,...,|| on X™ satisfying the following four conditions:

(1) ||x1,x2,...,x,|| = 0 if and only if z1, 23, ..., z, are linearly dependent in X;

(2) ||x1,x2,...,x,]| is invariant under permutation;

(3) ||lax1, 22, ..., zs|| = || ||z1,22,...,2,]| for any a € K, and

@) ||z + 2,22, ... x|l < ||z 22, .., 0] + |2, 22, .., 20|
is called a n-norm on X, and the pair (X,||-,-,...,-|| is called a n-normed space over the
field K.

For example, we may take X = R" being equipped with the Euclidean n-norm

l|z1, 22, ..., 2n|| g = the volume of the n-dimensional parallelopiped spanned by the vec-
tors z1,x2,...,2, which may be given explicitly by the formula

H-rlax27~"7xn||E = |det(x”)\,

where x; = (21, Ti2,...,Tin) € R™ for each ¢ = 1,2,...,n. Let (X,]||-,~,...,|| be a
n-normed space of dimension d > n > 2 and {a1,aqg, ..., a,} be linearly independent set
in X. Then the following function ||-,,...,||cc on X"~ ! defined by

[|z1, 22, . s Tn—1||lco = max{||z1, @2, ..., Tn-1,a:|]| : i =1,2,...,n}

defines an (n — 1)-norm on X with respect to {a1,as,...,an}.
A sequence (x) in a n-normed space (X, ||-,-,...,||) is said to converge to some
LeXif

lim ||z — L,21,...,2n-1]| =0 for every z,...,2,-1 € X.
k—o0

A sequence (xy) in a n-normed space (X, ||-,-,...,-||) is said to be Cauchy if

lim ||lzy —2p,21,...,2n-1]| =0 forevery z,...,z,-1 € X.
k,p—o0

If every Cauchy sequence in X converges to some L € X, then X is said to be complete
with respect to the n-norm. Any complete n-normed space is said to be n-Banach space.
Mursaleen and Sharma [19] introduced the following sequence spaces:

cI(M,A,p):{z =(zg)ew:I— liian<w)pk =0, for some L and p > 0},
P

I _ Y [Ak(z)[\Pe
cO(M,A,p)—{x—(a:k)ew.I hian( P ) _O,forsomep>0}

and

loo(M, A, p) = {x = (z3) Ew: SgpMk(Mk[ExM P

) ' < oo, for somep>0}.

We can write
m! (M, A, p) = ' (M, A, p) N loo(M, A, p)
and
my(M, A, p) = (M, A, p) N loo(M, A, p).
In the present paper, we define some new sequence spaces by using the concept of ideal
convergence, lacunary sequence, Musielak-Orlicz function, n-normed and A transform as

follows:
T- Ng(AaM,pv ||'7'7' . 7||) =

1 A P
{wa:I—lim— E [Mk<|\ k(x),zl,...,zn_lHﬂ ’ =0, for some p>0},
r hrkelr P
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I*NQ(Aanl%H'7'7~"7'H):
1 A —L P
{I cw I—hTI‘nhir Z |:Mk<||k(12,217...72n_1||):| k :0,
kel,
for someLandp>0},
I_Ngo(AaMap7H777||):
1 Ak(.%‘) Pk .
{wa:h—rz [Mk(H ) ,zl,...,zn,lH)} =0, is Z- bounded
kel,
for some p>0}.
If we take M(z) = =z, we get the spaces Z — NJ(A,p, |l \l]),
I_NQ(Aap7||'7'a-~'7'||) aHdI—Né)o(A7p,H-,-’...,'||).
If we take p = (py) = 1, we get the spaces T — N§(A, M, |-, ...,
I_Nﬁ'(AaM7||'a'a"'a'||) andI—NGOO(Avan'v'v"'v'H)'

The following inequality will be used throughout the paper. If 0 < pp < suppyx=H,
D = max(1,271) then

(1.1) lar + b |P* < D{|ar|P* + [b|P*}

for all k and ag, by, € C. Also |a|P* < max(1,|a|?) for all a € C.

The main aim of this paper is to introduce the sequence spaces
I—Ng(A,,/\/l,p, H’ ERERE H)a I_NG(Avapa ||a B ||) andI—NéX’(A,M,p, ||a ERRRE H)
defined by a Musielak-Orlicz function M = (M}) over n-normed spaces. We also make
an effort to study some topological properties and prove some inclusion relation between
these spaces.

2. MAIN RESULTS

Theorem 2.1. Let M = (M}) be a Musielak-Orlicz function, p = (p) be a bounded se-

quence of positive real numbers. Then the spaces T — NJ(A,M,p, ||, ...,|]),
Z— No(A,M,p, ||, ...,|]) and T — Ng°(A, M, p,||-,-,...,||) are linear.
Proof. Let x,y € T — N§(A, M,p,||-,---,-||) and let a, 3 be scalars. Then there exist

positive numbers p; and ps such that for every € > 0

21) D)= {r eEN: hi 3 {Mk(nAkp(f),zl,._,7%_1”)}% | }ez,

" kel 2D
(2.2) D, = {r eN: hi Z {Mk<||A;iy),21,...7Zn_l|)}Pk > 2D} cT
" kel,

Let p3 = max {2|a|p1,2|B|p2}. Since M = (M) is non-decreasing, convex function and
so by using inequality (1.1), we have

! [ (||M zl,...,zn_ln)r’“

Dy

kel

1 aAg(x pe 1 P
S hi |:Mk(||+()7zla"-7zn—1”):| hf Z[ ( k )7217"'72n—1||>:|

" kel, P3 r p3

1 Ak(aj) Pk 1 I
SE [Mk(Hipl 7Z1,...,Zn—1||)] }TZ [ ( ,21,...,zn_1||)} )

kel, cl,



374 M. MURSALEEN AND SUNIL K. SHARMA
Now by (2.1) and (2.2), we have

{r eN: x Z [Mk(”M,zl,...,zn,1||)rk > e} C DU Ds.

hy. kel P3
Therefore ax + By € T — NJ(A, M,p, ||, ...,-||). Hence Z — NJ(A, M,p, ||, ...,
is a linear space. Similarly we can establish that Z — Ng(A, M, p, ||, ...,||) and Z —
NF(A, M,p, ||, ...,||) are linear spaces. O

Theorem 2.2. Let M = (My,) be a Musielak-Orlicz function. Then
I-NG(A M.,y ) CT=No(AM,p, [y, o[]) CT=NGE (A Mp, [, D)
Proof. The first inclusion is obvious. For second inclusion, let
z €T — Ng(A,M,p, |l |))-
Then there exists p; > 0 such that for every € > 0
4 ={ren: hi 3 [Mk(||W,zl,...,znl|)}pk >eher.

" kel
Let p = 2p;. Since M = (M}) is non-decreasing and convex, we have
||Ak($) Ak(x) —L

7217"'327171”) S Mk(”i,Zl,...,anlH)
p n

L
+Mk(||7azla"'azn—1‘|)-
P1

i

Suppose that r ¢ A;. Hence by above inequality and (1.1), we have

h%z [M,f(||Ak/f”“"),z1,...,zn_1||)}“

kel,
{3 [ (1= )]
" kel,
+hlrkezjr {Mk(H%,zl,...,zn,lH)rk}
< D{6+ hi Z [Mk(H%,zl,...,zn_1||)rk}.
" kel,

Because of the fact that

L Pk L H
[Mk(H—,zl, N .,zn_1||>} < max{l, [Mk(”—,zl,...,zn_lHﬂ }
P1 P1
we have

1 L Pk
hiz |:Mk(||;721,...72n_1”):| < 00.

kel,

P
Put K = D{e e [Mk(H%,zl, . .,zn,1||>} ’“} It follows that

{ren: Ly [Mk(“Ak(x),zl,...,zn,1||)r)k >K}er,

hr kel P

which means € Z— Ng°(A, M, p,||-,,...,-||). This completes the proof of the theorem.
O
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Theorem 2.3. Let M = (M) be a Musielak-Orlicz function, p = (pr) be a bounded
sequence of positive real numbers. Then T — Ng°(A,M,p,||-,-,...,||) is a paranormed
space with paranorm defined by

(@) :inf{p >0 hi 3 [Mk(||Akp(x),zl,...,zn_1|)p’“ < 1}.

" kel,

Proof. Tt is clear that g(x) = g(—=x). Since M;(0) = 0, we get g(0) = 0. Let us take
T,y € T- Né)o(A7M,p, ||a ) ||) Let

Blz) = {p >0 hi 3 [Mk(”Akp(x),zl,...,zn_1||)pk < 1},
" kel,

B(y) = {p>0: hi 3 [Mk(“Akp(y),zl,...,zn_lDPk <1}.
" kel,

Let p1 € B(z) and ps € B(y) and p = p1 + p2, then we have

h Z[ (Akx—i—y) 217...,zn,1||>

kel,

s<m’2p2>h%z [ (155 )

kel,.

L3 ().

" kel

Thus hi Z [M(Hw,zl,...,zn,l\opk <1 and

T el p1+ p2

gz +y) < inf{(p1+p2)>0:p1 € B(w), pzeB(y)}

{
< inf{pl >0:p; € B(x)} + inf {pz >0:pp € B(y)}
9(@) +g(y).

Let 0° — o where 0,0° € C and let g(z® — z) — 0 as s — co. We have to show that
g(o®z® —ox) — 0 as s — co. Let

B(z®) = {ps >O:hirz [M(HAkp(js),Zl,..,’Zn_”)pk < 1},
B(a:sfx):{ps>0 h Z[ ( 7I),zl,...,zn_1\|)pk§1}.

kel,
If ps € B(z®) and p), € B(z® — x) then we observe that

o Z{ ( Ap(c®z® —ox) ~,Zn71\|)

2 U o = o+ 4ol

< 72{ ( Lulete” - ou) + (o2 ~ o) ,1,--~7Zn—1”>

= Ps IUS — ol + pilo] pslas — ol + pslo]

0"~ alp, (1 Cate D) )
oo el

o] 1 A (z® — )
; L1 [Mk(ué,,zl,...,zn_lu).
pslo® = ol + pslal hr k; Ps

IN
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From the above inequality7 it follows that

" jg: {A4k ( ‘k oSz — ox) ’ 1,~-.,Zn71H)}pk <1

o° — o] + pilo|

and consequently,

IN

g(c°z® — ox)

inf { (pslo” ol + pllol) >0 p, € B(a*),p, € B(a* ~ )}

< (Jo® —o]) > Oinf {p >0:ps € B(xs)}
+ (lof) > 0inf { ()7 : p, € Bla* — )}
—>» 0 as s — o0.
This completes the proof of the theorem. O

Theorem 2.4. Let M' = (M]) and M" = (M) are Musielak-Orlicz functions those
satisfy the Ag-condition. Then

(i)I—NS(A,M»HH'MW»'H) gI—Ng(AaM/OM’p7H"'v"'v'H)v
(ii)I—NQ(A,M,}L||-,~7...,~||) gI—NQ(A,MIOM,p,H-,-,,,.,-H),
(ili) Z — N (A, M, p, || 5o oe|]) €T — NP (A, M o M,p, |- ..o, 0]])-
Proof. (i) Let z € T — NJ(A, M,p,||,,...,-||]). Then there exists K; > 0 such that
1 Ak(x) Pk
= T — _ >
Al {TEN h Z |:Mk( o1 y 21, ) Zn 1||)] le} €l

" kel,

for p > 0. Since M’ is nondecreasing, convex and satisfies As-condition, we have

S CVYVA R

keI,
Mi(I| 255 21z ]]) >0
(2.3)
1 Hy 1 Az Pk
< max {1, (K5M[(2))" - 3 (a1 sl ),zl,...,zn_ln))
r kel P
My (|22 21z 1| ])>6

for K > 1. By continuity of M’, we have

D DR AT

Ap(z) Pk
kp ,21,...,zn_1||)>}

kel,
A
My (|| 252 2z )6
1 oo L hoH
(2.4) < — el < — max{e”, e }.
Ay hy
k€l k€l
My (|12 21z )6 M ()| 252 21z |[)<6

Suppose 7 ¢ A;. Then by using (2.3) and (2.4), we have

S T ()
_ hi > (Mk(||‘4’“p(x>,zl,...,zn1||))’”’

k€l
a
My (|2 2z [[)>6
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+ hi Z (Mk( Ak;x),zl,...,zn1||>)pk

r kel
< max {17 (KSM,;@))H}Kl + max{e", MY = Ky,

215 2n—1|]) <0
1 A P
hence r ¢ By = {7“ eEN: — Z [M,;(Mk(HM,zl,,zn_lH))} s K>} and so
hy h P

Ap(x
My (|| 2EE)

r

B C A; which implies By € Z. This means that z € Z — NJ(A, M' o M, p, ||,-,...,-|]).
This completes the proof of (i) part of the theorem. Similarly, we can prove (ii) and (iii)
part. O

We state the following results without proof in view of the above theorem.

Corollary 2.5. Let M = (M) be a Musielak -Orlicz function which satisfies
Ag-condition. Then

(i) 7T- Ng(A,p,H-,-,...,-H) CT- Ng(A,M,p, H""""'”)v
(11) IiNﬂ(Aapv Hvaa“) CT- N9(A7Map7||'a'a--~a'||)a
(iil) T — N (A, p, || l) CZ = NP (A, M, p, |55 -0 ])-

Theorem 2.6. Let M’ = (M) and M" = (M) are Musielak-Orlicz functions that
satisfies the Ag-condition. Then

(i) Z - NJ(A,M,p, ||y ) NT = NJ(A, M p, ||yl
gI*Ng(A;M/+M7pv”'a'a-"a'”)a

(ll)I—Ng(A,M7p,||,,,||)ﬁI—N9(A,M/,p7H7,,||)
gI—NQ(AaM/+M7p7||'7'7"'7'H)7

(iii)I_Ngo(Avapa||'a'a~"a'||)mI—Né)O(AaM/ava‘»'w“a'||)
gI_Né)O(AaMI+M7p7H777H)

Proof. (i) Let x € T — NJ(A,M,p,||,+...,-|) N T — NJ(A, M, p,||,-...,|]). Then

there exist K7 > 0 and K5 > 0 such that

A = {r eN: hi Z [Mk( A’;(lx),zl,...,zn_1||)]pk > Kl} €T

and

Pk
21,...,Zn,1||)] ZKQ}GI

nmfres b (i

cl,
for some p>0. Let r ¢ A1 U As. Then we have

" Z [M —l—Mk( () zl,...7zn,1|\)}pk

< {5 (o < )
L (A )

< {Kl 2}
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r¢B:{reN:hiZ[(M,g+Mk)(

Akﬁgx)ﬂl,...,znﬂ))m > K}. We have

" kel
Ay UAy € 7 and so B C A; U Ay which implies B € Z. This means that z € Z —
NJ(A, M + M,p,||,+...,||). This completes the proof of (i) part of the theorem.
Similarly, we can prove (ii) and (iii) part. O

Theorem 2.7. Let 0 < px < qr and ( ) be bounded. Then following inclusions hold:

() Z - Ny (A Mg, [ I) €T = NJ(AMp [,
(ii) T — No(A, M, q, ||+ -|) ©Z — No(A, M, p, |-, -..,-]]).
Proof. (i) Let x € T — NJQ(A, M, q, || -..,-|])-
Write ¢, = [Mk(HA’“T(w),zl,...,zn,1||>}% and A\ = 22 so that 0 < A < Ay < 1. By

using Holder inequality, we have

fz = - A’“—&-thk

keI keI, kel
tp>1 tr<l1
< LS+ — 3w
s W) k
keI, kE L,
te>1 tr<l
1\1-2
- )+ () ()
h, Z k +Z k h,
kel kel
tn>1 tr<l
1 ATE\A TN A2\ 1-A
< G+ (X G 1) (2 G) 1)
=, Z k) Z h, k Z (hr
kel kel kel
te>1 th<l tr<l
A
< L ety
kel kel
th>1 th<l

Hence for every € > 0, we have

{r eN: hi Z [Mk< Ak;x),zl,...,znlo]pk > e}

" kel
C {r eN: hir keZI [Mk(HAk/Ex),zl,...,zn_1||)]qk > %}
th>1
o frens b 3 0 )] ()
tr<l

This implies that {r e N: W Z [ ( Ak(z),zl,...,zn_lH)]pk > e} € 7 and so

€I —NJAM,p|l ..., ||) ThlS completes the proof of (i) part. Similarly, we can
prove (ii) part. O
Corollary 2.8. If0 < infpr < 1. Then the following inclusions hold:

(l) 7- Ng<A7M7 ||'7'a seey ||) g 71— Ng(A’Map7 ||'?'7' . '?'||)7

(11) 7- NQ(AaM’ H"'," 7||) CT- NG(AaMapa ||a EEEE ||)
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The proof follows from Theorem 2.7. |
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