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ON A LOCALIZATION OF THE SPECTRUM OF A COMPLEX
VOLTERRA OPERATOR

MIRON B. BEKKER AND JOSEPH A. CIMA

ABSTRACT. A complex Volterra operator with the symbol g = log (1 + u(z)), where
u is an analytic self map of the unit disk D into itself is considered. We show
that the spectrum of this operator on HP(D), 1 < p < oo, is located in the disk
A Ix+p/2l <p/2}

1. Let g be a function holomorphic on the unit disc D of the complex plane. For
1 < p < oo we consider the following operator on H?(DD):

(1) Vof)(2) = / HQOd Qe

The operator Vj is called a complex Volterra operator with symbol g. It is well known

(see, for example [1] for details and further references) that the operator V; is bounded

on H?(D) if and only if g € BMOA(D) and V, is compact if and only if g € VM OA(D).
Suppose that the operator V; is bounded and consider the resolvent operator

(2) R(\) = (V, = AI)~%
If R(A\)f = h, then f = V,h — Ah, that is
Q | 01 == .
0
In particular, f(0) = —Ah(0). We differentiate both sides of (3) and obtain
1
(®) W)~ 10 (h(z) =~ f(2), F(0) = ~Ah(0).

The solution of the differential equation above is given by
1 z
h(z) = Qs — Lo / FI(Q)e=9 O/ .
0

We integrate last term by parts and obtain
1 e 1
h(z) = CesI — 29 | F(Qe O 4 X/e 9O/ g/ () F(C)dC

0
z

1 1 _ 1 _
— O/ _ Xf(z) + Xe(g(Z) 9(0))/Af(0) _ peg( )/A/e g(C)/Ag’(C)f(C)d(,
0
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In particular, 1(0) = Ce9()/*, Taking into account the initial condition f(0) = —\h(0)
one obtains C' = —f(0)e~9(9/* /X, Therefore

z

1 1 _
o) (RN = =3 £6) = 356 [ 1979501
0
Since for any f € H? we have (V, f)(0) = 0 it follows that A = 0 is always in the spectrum
of V,. It is easy to see that if g € VMOA then the spectrum of V,, o(Vy) = {0}. It is
also evident that o,(V,) = 0. From formula (5) it follows that KerR(\) = {0}. Indeed,
it R(A\)f =0, then

z

AR = [ 0) [R50 dc
0
from which the statement regarding the KerR(\) follows.

Also, for any h € H? there is f € H? such that R(\)f = h. Indeed, f = V;h — AR
satisfies the requirement. Therefore a complex number A € C is in the resolvent set of
Vy if the operator R(A) maps the whole H? into HP.

Note that

1
(6) RN = _Xe(g(z)fg(o))/)\

where 1 € HP? is the function which is equal to one for all z € D.

As a consequence of formula (6) we obtain the following statements:
1. Suppose that g € BMOA. Then for any p > 1 there exists ro > 0 which depends on
g and p such that e9*)/> € HP Y|\ > ro. If g€ VMOA then ro = 0.

2. {\:e9@)/X ¢ Hr} C o(V,).

According to a conjecture of A. Aleman [2], the following equality is fulfilled
o(Vy) ={\:e92)/X ¢ Hp}.

The statement below is in favor of the Aleman’s conjecture.

Proposition 1. Let A € C be such that sup{|Reg(z)/A\|} < oco. Then A is in the
zeD
resolvent set of the operator V.

Indeed, under the assumption of the proposition the function exp [£g(z)/A] € H™.
Therefore for any h € H?P
e9(2)/A /g/(C)[e_g(O/’\h(C)]dC = e9/ V,[e79/*h] € HP.
0

As particular cases of Proposition 1 we obtain that the following statements.
1. Suppose g € H* (hence g € BMOA). Then any nonzero A is in the resolvent set
of the V;. Therefore o(V;) = {0}.

2. Suppose g(z) = log (1 + u(z)), u is a Schur function, that is u € H*®, |lul|e < 1.
Clearly ¢ € BMOA. Then any A = iu, p € R\ {0} is in the resolvent set of the
corresponding operator V.

The last example admits further detalization. Note that the function

exp {log [1 4+ u(2)]/A} = [1 + u(2)]*/*
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is subordinate to (1 +z)/*. (For a notion of subordination see, for example [3].) There-
fore, if [1 +u(2)]'/* ¢ HP? then (14 2)*/* ¢ HP. Now direct calculation shows that the
last condition is fulfilled if and only if for A = A; + 14X the following inequality is fulfilled

(M +p/2° + A< 1.
Thus we obtained the following statement.

Theorem 1. Let V, be a complex Volterra operator operator with a symbol g(z) =
log (1 4+u(z)), |2| < 1, where u is a Schur function. Then the spectrum of V, on the
space HP(D) is located in the disk |A\ +p/2| < p/2.

Remark 1. It is known that if h(z), z € D is a univalent , zero free analytic function
then g(z) = logh(z) € BMOA. This gives a large class of functions that can be tested
for veracity of the Aleman conjecture.
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