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COMPLEX MOMENT PROBLEM AND RECURSIVE RELATIONS

K. IDRISSI AND E. H. ZEROUALI

ABSTRACT. We introduce a new methodology to solve the truncated complex mo-
ment problem. To this aim we investigate recursive doubly indexed sequences and
their characteristic polynomials. A characterization of recursive doubly indexed mo-
ment sequences is given. A simple application gives a computable solution to the
complex moment problem for cubic harmonic characteristic polynomials of the form
23 4 az + bz, where a and b are arbitrary real numbers. We also recapture a re-
cent result due to Curto-Yoo given for cubic column relations in M (3) of the form
Z3 = itZ + uZ with t,u real numbers satisfying some suitable inequalities. Fur-
thermore, we solve the truncated complex moment problem with column dependence

relations of the form Zk+1 = > anmZ" Z™ (anm € C).
0<n+m<k

1. INTRODUCTION

Let v = {7ij}i.j>0 be a doubly indexed sequence of complex numbers such that ¥,; =
;i and gp > 0. The truncated complex moment problem (TCMP for short) associated
with {7ij}o<i j<r entails finding a positive Borel measure p supported in the complex
plane C such that

(1) Yij = /Eizjdﬂ (0<i,j<r).

A sequence {7;;}o<i,j<r satisfying (1) will be called a truncated moment sequence and g
is said to be a representing measure for {7;; }o<i j<r. The full complex moment problem
(FCMP) prescribes moments of all orders (see, for instance, [3, 30]); more precisely, an
infinite doubly sequence {7;;}i j>0, with ¢,j € Z, is a moment sequence provided that
there exists a Borel measure pu supported in the complex plane C such that,

(2) Yij = /Eizjdu for all i,j € Z,.

J. Stochel [29] has shown that the truncated complex moment problem is more general
than the full complex moment problem, in the following sense: a full moment sequence
{7ij}i,jez, admits a representing measure if and only if each truncation v = {;;}it <,
admits a representing measure.

The truncated complex moment problem serves as a prototype for several other mo-
ment problems to which it is closely related. Its application can be found in the invariant
subspace problem [1], subnormal operator theory [26, 28, 31], polynomial hyponormality
[12] and joint hyponormality [5, 6] and arise in pure and applied mathematics and in
the sciences in general. For example J.B. Lasserre developed, in [21, 22, 23], several
applications of the moment problem in concrete optimization theory; see also [24, 25].

Therefore, the truncated complex moment problem has interested many authors, such
as, for instance, [2, 7, 24, 25, 32]. Although interesting results were discovered, various
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basic situations are considered as open problems. For example, in the truncated complex
moment problem associated with v = {7vi;}o<i+j<r, only the cases r = 1,2,3,4 (the
quadratic [19], the cubic [20] and the quartic [14] moment problem) have been (recently)
completely achieved. All the other cases are open: cintic, sixtic, ...; as indicated in many
recent papers (see, for instance, [15, 16, 17, 33]).

In [7, 8, 9] Curto-Fialkow introduced an approach to study the existence and unique-
ness of solutions of the TCMP, 27) := {7ij Yo<itj<on with Vi = Vi and Yoo > 0, based
on positivity and extensions of the moment matrix M(n) = M (n)(vy3™), built as follows:

M]J0,0] M][0,1] ... M]J0,n]
MI1,0] M][1,1] ... M]Jl,n]
3) M) =" S
Mn,0] Min,1] ... Mi|n,n]
where
Yi,j Yi+1,5-1 .- Yi+3,0
o Yi—1,5+1 Vi, g cee Yitj-1,1
Mli, j] = ) . :
Y0,i4+5  Vlit+ji-1 .- Vs,
The matrix M (n) detects the positivity of the Riesz functional
(4) A,y(’.’n) Zp(Z, 7) = Z aijlej — Z A557Yij
0<i+j<2n 0<i+j<2n

on the cone generated by the collection {pp : p € C,[Z, Z]}, where C,[Z, Z] is the vector
space of polynomials in two variables with complex coefficients and total degree less than
or equal to n. In the sequel, we will write, d, (P), ds(P) and dp = deg P for the degree in
z, the degree in z and the total degree of P, respectively. Considering the lexicographic
order
L,2,2,2%,.22,7°,....2" 2" Z, ... 77" " 7"

to denote rows and columns of the moment matrix M (n). It is immediate that the rows
Z" 7!, columns Z'Z7 entry of the matrix M(n) is equal to Aen (ZH271F) = ;404
For reason of simplicity, we identify a polynomial p(z;z) = > aij?zj with its coefficient
vector p = (a;;) with respect to the basis of monomials of C,,[z; Z] in degree-lexicographic
order. Clearly, M(n) acts on these coefficient vectors as follows:

< M(n)p,q >= A e (pq).
Similarly to (3), the infinite complex moment matrix is built as follows:

M[0,0] MI[0,1] M][0,2]
MI[1,0] M[1,1] M][1,2]
M(y) = M(o0) = | M[2,0] M[2,1] M][2,2]

A result of Curto-Fialkow [7] states that v(27) = {7ij}o<i+j<on has a representing
measure if and only if M(n) admits a positive finite rank moment matrix extension
M () = M(c0). In general, the existence of such extension is difficult to determine, but
a complete solution to TCMP based on moment matrix extensions is known for n < 2
and for M (n) whenever the submatrix M(2) is singular (cf. [10], [14], [19]).

Therefore, the first open case of TCMP concerns n = 3 with M (2) positive definite.
The Curto-Yoo paper [13] concerns part of this problem. We note that if ") has a
representing measure, then M (n) is positive and rank M(n) < card v, (2n), where v, zn),

(2n)

the variety associated with as the intersection of the zero-sets of the polynomials
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p(z;Z) such that M(n)p = 0. In Curto-Fialkow-Moller [11], TCMP is solved for the
"extremal” case when rank M(n) = card v,.). In this case, ™) has a representing
measure if and only if M(n) > 0 and ") is consistent (that is, if p € Ca,[2;Z] and
Plv ey = 0, then A cn (p) = 0). The proof of this fact does not require results on
moment matrix extensions; it is based on elementary tools from vector space duality,
convex analysis, and interpolation by polynomials.

As noted above, the simplest unsolved case of TCMP concerns M (3)(y(®)). Within this
problem, [13] identifies a subproblem which is ”extremal”, with rank M (3) = card v, =
7. Indeed, [13] focuses on the case when M (3) > 0 and M (2) > 0, and there is a column
dependence relation p(Z; Z) = 0 (and automatically, p(Z; Z) = 0), where p is a harmonic
polynomial of the form p(z,%) = 2% — itz — uz, with real parameters ¢t and u. The M(3)
problem remains open and is only partially solved. Lemma 2.3 in [13] states that if
0<|]ul|<t<2]ul, then p has exactly 7 zeros in the complex plane. This later can be
disproved by the next two examples.

Example 1. The equality z® = 2iz — 5% admits only 3 zeros, 0 and i@ei%, although
t =2 and u = —2 verify the condition 0 < |u| < ¢ < 2]u].

Example 2. The equality z* = —2iz + 2% admits 7 zeros, 0 ; :&:@e‘i% and (i?’zlﬁ +
-\/ﬁ)e—ig

i , although t = —2 and u = 2 does not verify the condition 0 < |u| < ¢ < 2|u].

This ”inattention” led to the next incorrect version of the main theorem in [13],

Theorem 1. [13, Theorem 1.5] Let M(3) > 0, with M(2) > 0 and 2z* — itz — uz = 0,
and let Ay be as in (4). For u,t € R, assume that 0 < |u| <t < 2|u|. The following
statements are equivalent.

i) There exists a representing measure for M(3).
Ao (qre) =0,
AV(G) (quc) = 0.

i)

V22 t 4 u)y11 — 2uImygs.

i) qro = i(z —i2)(2Z —u) =0,

{9%712 —Jmyie = u(Reyor — Imyor),

Example 1 shows that for u < 0 the last theorem is not valid, because 6 < rang M (3)
and card v, < 3 (recall that, if 7 is a moment sequence then rang M(3) < card
V. (6) ). Theorem 1 implies Corollary 4.3 in the same paper, which has inherited the same
mistakes.

From the previous discussion, it appears natural to give a new solution to the TCMP
for cubic column relations in M (3) of the forms Z3 = itZ +uZ and Z3 = aZ +bZ, where
a,b,t and u are real numbers. This is the main goal of Section 5, using our methodology
on recursive sequences.

We notice below that the recursiveness in the truncated moment problem is a natural
concept and is totally inherent. It is obvious that the truncated moment problem is
equivalent to the recursive full moment problem. Indeed, given a doubly indexed trun-
cated moment sequence w = {7v;;}o<i j<n- A result of C. Bayer and J. Teichmann [2]
states that if a finite double sequence of complex numbers has a representing measure,
then it has a finitely atomic representing measure. It follows that w admits a finite
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support representing measure p, suppose that supp(u) C v = {A1,A2,..., A} C C. Let
S ) X
p=zTt— a;;Z'27 be a polynomial vanishing on v, since [z"2™p(z,z)dp = 0 for
i+5=0
all n,m € Z,, then p is a representing measure for the recursively generated sequence
v = {"ij}i,j>0 (w C ) defined by the next relations:

1) For all i,57 >0,

(5) Vii = Vij-
1) For all n,m >0,
s
(6) Yrnmtstl = Z Q5§ Ynti,mj-
i+j=0
We shall refer to the polynomial p(z,%) = 25+ — zs: aijEizj as a characteristic poly-
i+5=0

nomial associated with . The sequence v can be associated with several characteristic
polynomials, see Section 2.

Thus every truncated complex moment sequence is a subsequence of a recursively
moment sequence. We deduce that solving the TCMP is actually equivalent to solve
the recursive full moment problem. The main goal in this paper is to investigate use
the recursive double sequences (verifying (5) and (6)) to get an approach, based on the
localization of zeros of the characteristic polynomials, for solving the TCMP.

This paper is organized as follows. We define in Section 2 recursive doubly indexed
sequences. We show that for such sequences the TCMP and FCMP are equivalent. We
devote Section 3 to the study of RDIS associated with analytic characteristic polynomial
and we show that the family of analytic characteristic polynomials is a principal ideal of
C[X]. Section 4 is devoted to give a characterization of recursive doubly indexed moment
sequences. In section 5, we apply our results to give an explicit solution for the TCMP
with cubic column relations in M (3) of the form Z® = aZ + bZ (a,b € R) and also to
regain the correct form of Theorem 1. In the last section, we involve the RDIS to give
a necessary and sufficient condition for the existence of a solution to the TCMP with
column dependence relations of the form Z*+! = > Anm 2 2™ (anm € C).

0<n+m<k
2. RECURSIVE DOUBLE INDEXED SEQUENCES

Let {aix}o<i,k<r be some fixed complex numbers and let v = {%‘j}i,jzo be a doubly
indexed sequence, with vg9 > 0, defined by the following relations:

1) For all i,5 >0,

(7) Vii = Vij-
1) For all ¢ and n with 0 < and r < n,
(8) Yin+1 = Z Al Y14in+k—r-
0<I+Ek<r

Where w = {7;; }o<i<j<, are given initial conditions.
In the sequel we shall refer to such sequence as Recursive Double Indexed Sequence,

RDIS for short. The polynomial P(z,%) = 2"T1— > a;;z'2" is called a characteristic
0<i+k<r
polynomial associated with v, given by (7) and (8). This last polynomial has a finite

roots set. More precisely P has at most (r + 1)? roots ( see Proposition 4.4 in [14]).
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A RDIS can be defined in various ways using different characteristic polynomials as

. . . . —_ 1+
is shown in the following example. Let v = {7;;}i j>0 with ~;; = ( 12) "+ 1Re((1 —
2i)*(1 4+ 2¢)7). Then v may be defined by the following recursive relations,
® Vnit2m = _2’7n,m+1 - Tn,m> with Yn,m = imﬂu for Yoo = 1,’}/01 = 710 =
0,"}/11 = 3.

® Yni3m = Yn+2,m — Vn+1,m — Vnms With Y m = Yy 1, for 700 = 1,901 = 710 =
0,711 = 3,702 = 720 = —1,721 = 712 = 2,722 = 13.
Therefore, P(z,Z) = 22 + 2z + 1 and Py(2,2) = Q(z) = 2% — 22 + 32 + 5 are two
characteristic polynomials associated with .
Let P, be the set of characteristic polynomials associated with the sequence v =

{ijtig>o-

Remarks 2. i) The subset P., is an ideal of C[z,Z].
1) The characteristic polynomial P, together with the initial conditions and the re-
lations (7) and (8), are said to define the sequence 7.
i1i) We notice that because of condition (7) , Equation (8) is equivalent to : For all
nand j with0<jandr <n,

(9) V41,5 = E AU Yn—rtk,i+j-
0<I+E<r

r+1 l

The polynomial Q(z,z) = 2"t — 3 apztz
0<I+k<r
assoctated with {; j }i j>0 given by (9), where {~i; }o<j<i<r are given initial con-

ditions.

is a characteristic polynomial

The following result is an immediate consequence of (8).

Lemma 3. Let v = {7i;}i ;>0 be a doubly indexed sequence and let p(z,z) € C|z,7Z].
Then p(z,%) is a characteristic of v if and only if M(y)p = 0.

We use a structural properties of moment matrices to get the following interesting
result.

Lemma 4. Under the notations above, for every f,g,h € R[x1,...,x4], we have

(10) FIM(7)(gh) = (fg)" M (7)h.

Proof. Let f,g,h € R[xy,...,24] be polynomials. We write f = Zfixi, g= Zgjxj and
h =Y hex¥. As the entry of the moment matrix corresponding1 to the colu;nn x! and

k
the line xJ is 714j, we obtain

FIM()(gh) = O i) MO gihed™) = > figimcviine = (F9)T M (7)h.
i ik ijk
The lemma is proved. O

It follows that

Proposition 5. Let v = {;}i j>0 be a doubly indexed sequence and let M(y) such that
its associated moment matriz M () is semidefinite positive. Then, for any polynomial
p € Clz,Z] and any integer n > 1,

(11) M(y)p" =0= M(y)p =0.
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Proof. f M(y)p? = 0, then 0 = M(y)p? = 1TM(y)p?> = pT" M(v)p, from (10); since
M(y) > 0, we obtain M(v)p = 0 and hence (11) holds for n = 2. By induction, (11)
remains valid for any power of 2. Now , if M (y)p™ = 0 we choose r in such a way that
r + k is a power of 2 to ensure that

M(y)p™*" = (p") M (y)p" = 0.
Which gives M (v)p = 0. |

In the next, we involve the celebrated Hilbert’s Nullstellensatz to obtain a very useful
result. Let I, = (p) be the ideal of C[z,Z] generated by p. The set V(I,,) := {z € C |
f(z) = 0 for every z € I,} is the (complex) variety associated with I,. I(V(I,)) :=
{f(2) € Clz,7] | f(z) = Oforevery z € V(I,)} and /I, := {f € Clz,7] | f* €

I, for some integerk > 1}, are again ideals in C[z Z|, that obviously contain the ideal I,,.
The Hilbert’s Nullstellensatz states that

V(L) = /1.

Now let us consider a polynomial ¢ €  Clz,Zz] satisfying that
Z(p) := {z € C such that p(z,z) = 0} C Z(q). We have ¢ € I(V(I,)) hence q € \/I,,
that is, there exists some integer k > 1 such that ¢* € I,. Thus, by Remark 2-i) and
Lemma 3, M(v)q* = 0. This implies, by Proposition 5, that M(y)g = 0 and therefore,
from Lemma 3, ¢ is a characteristic polynomial of ~.

Proposition 6. Let v = {v;;}i j>0 be a RDIS, associated with the characteristic polyno-
mial p(z,Z). Then every polynomial vanishing at all points of Z(p) := {z € C such that
p(z,Z) = 0} is a characteristic polynomial of .

In the following proposition, we show that for a given RDIS the TCMP and the FCMP
are equivalent.

Proposition 7. Let v = {v;; }i j>0 be a RDIS whose initial conditions and characteristic

polynomial are {7i;}o<i<j<r and P(z,Z) = 2" — 3 ainZ' 2*, respectively. The
0<l+k<r
following are equivalent.

i) There exists a positive Borel measure i, solution of the FCMP for v = {~i; }i j>0-
ii) There caists a positive Borel measure p, solution of the TCMP for
w = {735 bo<i<j<r with
supp(p) C Z(P) := {2 € C such that P(z,%) = 0}.

Proof. i) = i) It suffices to prove that supp(u) C Z(P).
Write v;; = [Z'27dp, for i, j > 0. Since, for every ¢ > 0 and r < n, we have

Yin+1 — E alk7l+i,n+k—r == 07

0<I+k<r
we get
/Eizn+1 o E alkZlJrz n+k— Td,LL . O
0<l+k<r
Hence

/E"z"*TP(z,E) dp=0 forevery i>0 and r <mn.
Taking an adequate combination, we manage to obtain
/ﬁ(z,E)P(z,E) dp = / | P(2,%) |> du = 0.
It follows that P.yy = 0, and thus supp(p) C Z(P).
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ii) = i) Suppose that v;; = [Z'27dy, for all integers i, j such that 0 < j <4 <r, and
that supp(p) C Z(P). Since vi; = 7;;, we also have v;; = [Z'2/dp, for every i, j such
that 0 <4,5 <r. Now

Vier1 = 3 amzﬂ',k:/?i( > anz'z)dp,

0<i+k<r 0<I+k<r
and since supp(u) C Z(z"t — >0 az'2*), we get i1 = [Z2" .
0<l+k<r
By induction we obtain v;; = [Z'27dp (for all 4,5 > 0) and consequently, p is a solution
of the FCMP for {’Yij}i,j20~ O

3. RECURSIVE SEQUENCES OF FIBONACCI TYPE

In this section, we focus ourself on a particular case of RDIS, which will play a crucial
role in the sequel.

We shall refer to a RDIS with analytic characteristic polynomial as Recursive Se-
quences of Fibonacci Type (RSFT for short). In other words, a sequence v = {7i; }i.j>0,
with 4909 > 0, is said to be RSFT, associated with the characteristic polynomial P(z) =

" —agr" ' — ... — ap_2x — a,_1, if it verifies the following relations:
i) For all i,5 >0,

(12) Vii = Vij-
it) For all ¢ and n such that 0 <i<r—1<n,

(13) Yin+1l = @0Yi;n t @1Vin—1+F Gr—1Vin—r+1-

We denote by A, the family of analytic characteristic, monic, polynomial associated
with ~.

Remarks 8. o A, CP,.
o A sequence v = {vij}ij>0 is a RSFT if and only if A, # 0.

Proposition 9. Let v = {vi;}ij>0 be a RSFT, satisfying the relations (12) and (13).
Then A, is a principal ideal of C[X].

Proof. It’s obvious that A, is an ideal of C[X]. It suffices to show that there exists a

unique analytic characteristic polynomial, P, € A, with minimal degree and that every

characteristic polynomial is a multiple of P,. Since, for every j > 0, the polynomial
n

P(z) = 2" —apz" ' — ... —a,_27 —a,—1 = [[ (z — \i)% is a characteristic polyno-
k=1

mial associated with the singly indexed Fibonacci sequences v; = {7i;}i>0, then (by

[4, Proposition 3.1]) there exists a unique characteristic polynomial of minimal degree

n

Py, = [[(xz — X\)®9, that divides P(z), associated with v;. Since 0 < ay; < d, for
i=0
n
every j > 0, then P, = A P,, = [[(z — X)*, where a; = max;>o o, is the smallest

§>0 i=0
common multiple of P, divides P and provides a positive answer to the proposition. [J

Let v = {7i;}i,j>0 be a RSFT, we call P, the minimal polynomial associated with .
Below, we associate with every RSFT its minimal polynomial.

Corollary 10. Let v = {v;;}ij>0 be a RSFT, associated with the minimal analytic
characteristic polynomial P, € C[z]. If M(y) > 0, then P, has distinct roots.
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T

Proof. Setting Py(z) = [](z — A;)™ for the characteristic polynomial of (), we get

=

T T

M®) [I(z=X)™ = 0 (by Lemma 3). It follows that M(v) [ (z — A\;)™ = 0, where

i=1 =1

m = mralxni, and then from Proposition 5, we have M(v) [[ (z — A;) = 0. Therefore,
i= i=1

T
again by Lemma 3, the polynomial [](z — );) is a characteristic polynomial of v and
i=1

divides P,. Since P, is minimal, then P, = [] (2 — ;). |
i=1

We next solve the complex moment problem for a RSFT. Consider the following
quadratic forms

Clz, 7] —C
O > ayZ 7 D @ij AnkYitk,j+h
0<itj<n 0<itj,htk<n

and
V=7
Pn = (p\Cn[ZZ]'
Let M(v) and M(n)(y) be the matrices associated with ¢7 and ¢}, respectively. We
denote M (n)(vy) € M,,(C), where m = m(n) = w Let also {e;;}o<itj<n be the

canonical basis of C™, that is, e;; is the vector with 1 in the Z'7i entry and 0 all other
positions.
The next proposition establishes a link between the positivity of ¢ and that of ¢].

Proposition 11. Let v be a RSFT such that deg Py = r and let n > 2r — 2. Then ¢},
is positive semi-definite if and only if @7 is positive semi-definite. Moreover rank ) =
rank @7 .

Proof. We only need to show the direct implication. To this aim, we construct a matrix
W € My, n+2(C) such that the successive rows are defined by
) r—1
ZZZQT71*’L — Zaje(i’gr_g_i_j), forall 0 < 7 <r-— 1,
j=0

and

r—1
7 —1—i _ ije(i—j—1,zr—1—i)a forall r<i<2r—1.
=0

Clearly M(n + 1)(vy) has the form M(gl(’Y) g), with B = M(n)(y)W and C =
B*W. Since M(n)(y) > 0 then, by the Smul’jan’s theorem (see [27]), M(n + 1)(v) >0
and rank M(n)(y) = rank M(n + 1)(v). By induction we obtain M (y) = M(cc) > 0
and thus @7 is positive semi-definite, as desired. ]

We are able now to give a necessary and sufficient condition for a RSFT to be a
moment sequence.

Theorem 12. Let v = {v;j}ij>0 be a RSFT, and P, of degree r be its minimal analytic
characteristic polynomial. Then ~ admits a representing measure p if and only if ©3, o
is positive semi-definite. Moreover

supp(p) = Z(Py).
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Proof. If v admits a representing measure y; then, for any p € C[z,z], pf M(y)p =
J | p|? dp > 0. Thus it follows that ¢ is positive semidefinite, and hence ¢J,. ,
is positive semi-definite. Conversely, if M (2r — 2)(y) > 0, then using Proposition 11,

we get M(y) = M(oo) is a positive semidefinite. Now let Py(z) = [[(z — A;) and
i=1

let Ly, = <H< )\ZJ —/\>11 € Clz,2z] (i = 1---,7) be the interpolation polynomials at the
1<:<r
iF g
points of Z(P,). Since the polynomials Q(z,zZ) = 2™ — Y.._; ALy, and H(z,z) =

Zm =30 XTK vanish at all points of Z(P,), we derive from Lemma 6 that, Q(z,%) and
H(z,%) are characteristic polynomials of 7. Hence Lemma 3 ensures that M (v7)Q(z,%) =
M(v)H(z,%z) = 0, thus Yy, (m,n € Z4) can be expressed as follows:

Ymn = (Zm)TM(V)Zn
= 1"M(y)(z"=z™) by applying (10)

= 1TM(7)(Z ArLy,Z™) from Remark 2-i) and Lemma 3
i=1

=17 M(y ZA"LA Z/\ Ly,))

17 M ( Z AN Ly Iy,

1,0=1

D NN T M(7)(La, Iy,)-

ij=1

If i # j, then Ly, Ly, vanishing at all points of Z(P,), hence (in this case and from
Lemma 6 ) Ly, Ly, is a characteristic polynomial of v, that is, M(v)(Ly,Ly,) = 0. Thus

Ymn = A AT M (y)(La, L)) Z AN, LY M(y)Ly,.
i=1
Since M(y) > 0, we get ¢; = LY M(y)Ly, > 0 for i = 0,...,r. Therefore the measure
= i_, ¢idx, gives a positive answer to the problem (1) associated with ~.

It remains to show that supp(u) = Z(Py), thatis, ¢; #0forall i =0,...,r. Indeed, if
¢i = 0forsomei € {1,...,r}, then L{ M(v)Ly, = 0. Since M(y) > 0, then M (y)Ly, =0
and from Lemma 3, L), is an analytic characteristic polynomial of v, and this is a
contradiction, because the degree of the polynomial L, is less strictly than the degree
of the minimal polynomial P, . O

4. SOLVING THE COMPLEX MOMENT PROBLEM FOR RDIS

Let v = {7ij}i,j>0 be a double indexed recursive moment sequence, associated with

the characteristic polynomial P(z,%z) = 2" — > aixz' 2", Proposition 7 ensures the
0<l4+k<r-—1

existence of a representing measure p associated with + such that supp(u) C Z(P) :=

{Xo, -, An}. Tt follows that Q(2) = [[ (2 —2;) = 2" —a12" 1 —---—a, is a characteristic
i=1

polynomial associated with -y, and since for every ¢ > 0 and n > r, we have

Yin — O1Yin—1 — G2%in—2 — *** — QpYin—r = /Eizner(z) dp = 0.

We conclude that a double indexed recursive moment sequence is a RSFT.
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In order to obtain necessary and sufficient condition for a RDIS to be moment se-
quence, we need to find the smallest n which verifies the following equivalence:

M(n) >0 <= M(y) = M(c0) > 0.

Since v admits a characteristic polynomial of the form 2" — P._1(2,%) (with deg P,_; <
r — 1) the best known result in this direction is the one given by Curto-Fialkow [9,
Theorem 3.1] which guarantees the equivalence for every n satisfying the inequality r <
(3] + 1. In the next theorem we involve the characteristic polynomials P(z,%) and Q(z)
(associated with 7) to refine this result.

Theorem 13. Let vy = {;;}i ;>0 be a RDIS associated with the characteristic polynomi-

als P(2,Z) = 2" — Y. apZ'2® and Q(2) = [[(z—\i), where Z(P) = {\1,..., \n},
0<I+k<r—1 i=1

then:

i) There exists a characteristic polynomial, h(z,Z) € Clz,Z], associated with v such
that Q(2) = h(z2,%) + fi(2,2)P(2,%) + f2(2,2) P(2, Z), where f1, fo € C[2, %], with
d.(h) <r and dz(h) <.

ii) Let Ay, be the set of monomials Z'27 in h such that i + j = dy, and denote
c1 = max{k | 2% € AL} and ¢} := max{l | Z'2* € A,}. We also define ¢y :=
max{k | Z'2% € A, \ {7 29}} and ¢, := max{l | 2 € A \ {z1 24— 11,
if card Ap, > 2. We put for convenience co = ¢ = —oo, in the case where
card(Ap) = 1. We finally denote ¢ = sup(c1,c}), ae, = inf(r —ci,c1 — c2) and
ag =inf(r —cj,cy —c3). Then

M(o0) > 0<= M(2r—2—a«.) >0.

Proof. i) It obvious to show that there exists h(z,Z) such that

Q(z) = h2,2) + f1(2,2)P(2,Z) + fa(2,Z)P(2,%)

for some f1, fo € Clz,%], with d.(h) < r and d=(h) < r. Since P, P and @ are charac-
teristic polynomials then h(z,%) is also a characteristic polynomial associated with (7).

i1) Since the two conditions are symmetric, we only need to prove the case ¢; > ¢j.
Recall first that for m > 0, M,,(C) denotes the algebra of m x m complex matrices
and for n > 0, let m = m(n) := (n+ 1)(n + 2)/2 and M(n)(y) € M;,(C), as in the
introduction. We define a basis {e;; }o<it+j<n of C™ as follows: e;; is the vector with 1
in the Z' 27 entry and 0 all other positions.

The main idea is to write, from the characteristic polynomials associated with =,
monomials of order 2r —1 — a, + e — 1 (e € N) as linear combination of monomials of
order strictly less than 2r — 1 — o + e modulo P, P, h and h, that is,

22Tt = Higor 1—aute—i)(2,Z) mod {P, P, h, h},

with 0 <@ <2r —1—a.+eand deg Hj; 2r—1—a,4e—i)(2,2) < 2r —2 — ac.

We construct for every e € Z; a matrix W, € M, (2r—2—a,+e),2r—1—a.+e(C) such
that the coefficients of the column Z Z2r—1=ecte=i (0 < j < 2r —1 — a. + e, are
that of the polynomial H; 2, _1_q,+e—s) (considering the lexicographic order cited in the
introduction).

Since P, P,h and h are characteristic polynomials associated with -, the above dis-
cussion leads, in view of Lemma 3, to the following equality:

M@2r—1—a.+e)(y) = <M(2T - 25*0‘0 +e)(7) 2) :
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such that B = M(2r — 2 — a. + €)(y)W, and C = B*W,, for all e € N. According to
Smul’jan’s theorem we have

M@2r—2—a.+e)(y) >0 M2r—1—a.+e¢€)(y) >0,
and hence it follows by induction that
M@2r —2—a.)(y) >0 <= M(co)(y) > 0.
We distinguish 3 cases,
e r<i<2r—1—a,+e. Sincez =P+ > az" %', we obtain

0<l+k<r—1
zi22r717(16+671 _ 7zfrz2r717ac+efzﬁ+ E alkzk+zfrzl+2r717ac+efz.
0<l+k<r—1
Hence
i 2r—1—a.te—1i __ —
YAV = g AUKE (kti—r +2r—1—aete—i)-

0<I4+k<r—1

e 0<i<r—1—-—q., Asz"=P+ > izl 2*, we get

0<i+k<r—1
Eiz2r—1—ac+e—i — Ei T—l—ozc-i-e—iP_’_ § alkZl-Q—iZk:-Q—T—l—ozc—i-e—i7
0<l+k<r—1
and thus,
i 2r—1—a.+e—i __
YAVA = E AUEC(I4i,k+r—1—ac+e—i)-
0<l+k<r—1

e r — . <i<r—1. This third case requires more work. We will distinguish two
subcases.

a) Card A =1. (In this case we have a, = r —¢1). Let
h(z,Z) =712 — Z an? 2",
0<l+k<dn—1

we have
=124 = h(z,7) + E apz'2*

0<I+k<dp—1
and since d, < ¢1 + ¢] < 2¢1, we get
ET+61 +€717izi — E'r+201 +e—1—i—dj Zi—cl (Edhfcl ch),
_ ET+201+€717i7dh Zi—cl h(Z, z
+ Z alkzl+r+2cl+eflfzfdh Z’<>+Z—C1_
0<I+k<dp—1
Hence,
—rt+cite—1—i
Z Z' = E AUk C(1ri2c1+e—1—i—dp k+i—c1)s
0<I+k<dp—1
and it follows that,
—2r—1—a.+e—1 i
Z Z' = E QLC(143r— 200 +e—1—i—dp, k+i—rtas)-
0<I+k<dp—1

b) Card A > 2. Let

ZI =z = h(z,7) + E o' 2" + E az' 2",
I+ k=dp, 0<i4k<dy—1
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we deduce that,

Fe2—citr,en (E'f'—dh'f‘CZ ) (Zdh_cl ~C1 )

— zr—dnteap 4 E alk§l+r—dh+02zk
l+k=dp
+ Z alkEH—T_dh +co Zk.
0<i4+k<dp—1

Since in the above equality, all monomials in the sum ) apz"Hmdnten gk
I+k=dy,

satisfy dz(Z17" =9 Te22F) > ¢ (since k < ¢y and [+ k = dj, then | — dj, + co > 0),
we get

— o
Z alkzl-l—f'—dh-‘rCQZk =P Z El_dh—‘rszk _ Z al'k;’zl Zk ,
I+k=dy, I+k=d, 0<l/+k' <r4ca—1

where {ay k' }o<i/+k'<rtcps—1 are complex numbers. Thus, there exists ayrr € C
such that

1"
cay—c1+71 C
Z 2 1 z 1 —

Z Oél//k//flﬁz mod(?, h)
0<I k" <rdcy—1
Here again we discuss two situations,
NIfr—c <cp—co (that is, ac =1 —¢1).
Then 0 < c¢;—r+c;—co <i—r+ci—cpand 0 < co—cy+7 (since o < ¢ <i <r),
hence (14) yields

Eizr+cl+e—1—i _ (zi—cr&-cl —7'Zr+e—1—i) (202—01—&-7"2,01)

" . " . —
— E Oél//kufl +7'_C2+CI_TZ]€ +T+e_1_lm0d(P, h)
Ol +k"<r4+ca2—1

Then

i r+ci+e—1—1 __
ZZ ! = QUi €1 fi—cotcy—r k! +r+e—1—i)>
0< 1"+ k" <rtco—1

that is,

i 2r—1—ac.+e—i
47 = QUK €1 fi—codci—rk! +r4+e—1—i)-
0<1"+k" <r+co—1
)Y Ifr—cg > ¢ — co (that is, a. = ¢1 — ¢2).
By (14), we get

227‘—01 +02+e—1—izi _ (57“4-6—1—1'21'—01)(57‘—01 +co zcl)

" . 1" . —
— E al//k//fl +T+€71712k +Ziclm0d(P,h/),
O<U"+k"<r+ca2—1
and then
. . 1" . " - —
2122T717QC+€72 — § al”k/lzk +i1—cq Zl +r+67171m0d(P7 h)

0<V k" <r4co—1
This finally gives

Z ZZT l—ac.+e—1 _ §
o<V +Ek"<r+4ca2—1

QUK (R imcy I +rte—1—i)>

as required.
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Corollary 14. Let v = {v;;}ij>0 be a RDIS associated with the characteristic polyno-
mial P(z,Z) = 2" — S apZZF, then
0<I+k<r—1

M(o0)(7y) > 0 <= M(2r —2)(v) > 0.

Proof. Tt suffices to rewrite the first and second cases, in the above theorem’s proof, with
a. = 0. U

In the next theorem and in the sequel, we set { =&, = 2r — 2 — ..

Theorem 15. Lety = {v;;}i,j>0 be a RDIS associated with the characteristic polynomial

P(z,z) = 2" — ST apz'Z® and let Z(P) = {A\1,Ma,..., \n}. The following are
0<l4+k<r—1
equivalent:

e v is a moment sequence;
e Q(z) =1} (2 — \;) € Py and M(§) > 0.

Proof. Suppose that v admits a representing measure p.
Then, from Proposition 7, supp(u) C Z(P) = {A1,Xe,..., A} Setting Q(z) =
o7 (z—N\) = 2" —a;2" ' — - — a,, we have

Yim = /Eizmd,u where 0<i and n<m

= /Zi(ozlzm_l + 2™ 2 4 2™ ) dp

= 01Yi,m—1t 02Yim—-2+ -+ WnYim—n-

Hence Q(z) is a characteristic polynomial associated with . The condition M (£) > 0 is
obvious. Conversely, since M ()(£) > 0 then, from Theorem 13, M (y)(co0) > 0 and thus,
from Theorem 12, the sequence y owns a representing measure. O

Corollary 16. Let v = {vi;}ij>0 be a RDIS associated with the characteristic poly-

nomial P(z,Z) = 2" — > Rz Z®, then ~ is a moment sequence if and only if
0<l+k<r—1
M(2r - 2)(7) = 0.

Proof. We only need to show the converse implication. As noted in the introduction
the polynomial P(z,%) has finite number of roots, say Z(P) := {A1,Aa,..., A\, }. Since
M(2r —2)() > 0, Corollary 14 yields M (c0)(y) > 0. Let Q(z) = I, (z — A;), applying
Proposition 6, we obtain Q(z,%) € P,. Therefore, Theorem 15 implies that «y is a moment
sequence. O

5. THE CASE OF CUBIC MOMENT PROBLEM

5.1. The TCMP with cubic relation of the form 23 + az + bZ = 0. Whenever we
have the zeros of a characteristic polynomial associated with a RDIS, Theorem 15 allows
us to give a concrete, computable, necessary and sufficient conditions for the existence of
a representing measure associated with this sequence. In this section we apply the above
mentioned theorem to solve the complex moment problem for a RDIS, associated with
a harmonic characteristic polynomial of the form 22 + az + bz, where a,b € R. First, we
start by giving the number of zeros of the harmonic polynomial P(z,%) = 2 + az + bZ.
We solve the equation 22 + az + bz = 0, for completeness. Writing z = x + iy, we get
(x+iy)3+a(z+iy)+b(z—iy) = 0, and then 23 —3xy?+ (a+b)xr—i(y>— (322 +a+d)y) = 0.
It follows that

z(z? =3y  +a+b) =0,

y(y? — (32% +a—1b) =0.
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e Ify=0,then z =0 or 22 = —a — b.

o If =0, theny =0ory?> =a —b.

o If xy # 0, then 22 = %"’% and 3% = %25.
We deduce from the above cases that 23 + az + bz has at most 7 roots and it has exactly
7 roots if and only if b < |a| < 20b.

Let A1, A2,..., A7 be the roots of the polynomial P(z,%z) = 2% + az + bz, with b <
—a < 2b. Direct computations lead to the expression

Q(z) =y (2 = \i)
=27+ (2a + b)2° + (a® +b* + ab)z® + (b° + ab?)z
= (2" + (a +b)2% — b2z + D*)P(2,7) — b*(22% — 222 — bz + bZ)
= (2* 4 (a + b)2% — bZz + b*)P(2,%) — b*h(z,%).

Now we are able to solve the moment problem of this section, in the case
b < —a < 2b. Recall again that, 1,2, Z,..., 2", ..., Z" denote the successive columns of

Theorem 17. Let w = {vi;}o<i+j<6, with¥;; = ;i and Yoo > 0, be a truncated complex
sequence, let M (w)(3) be its associated moment matriz and let A, be as in (4). If

M (w)(3) > 0 and has cubic column relation of the form Z3 = —aZ — bZ, with a,b € R
and b < —a < 2b. Then the following statements are equivalent:

i) There exists a representing measure for w.
i1) There exists a representing measure for the RDIS v = {v;;}i j>0, whose initial
conditions and characteristic polynomial are {7;;}o<i<j<2 and P(z,Z) = 2% +
az + bz, respectively .
i17)

i)

Jmyo = bIm~oy,
a2 + 2bRev90 + (a —b)y11 = 0.

v) h(2,%) =222 — 222 — bz + bz € P, where ~y is the RDIS defined in ii).
vi) ZZ2—Z°Z —bZ +bZ = 0.
Proof. Tt is straightforward to see that iii) < iv), i4) = i) and v) = vi) = 4ii). Thus, it
is enough to show i) = i), iii) = v) and v) & ).
i) = i1). Suppose that w admits a representing measure p. Because the cubic column
in M(w)(3) verifies Z2 = —aZ — bZ, we get the following relations:
/53]3(2’5) dp = /53(23 +az+bz)dp =733 +ays1 +byao =0,
/zP(z,Z) dp = /z(23 +az+02)dp =04+ ayoz +by1,1 =0,
/EP(Z,E) dp = /2(23 +az+bz)dp  =yi3+avi1+ by, =0,

thus [ | P |? du = [(Z° + aZ + bz)Pdp = 0 hence supp(pu) C Z(P). It follows, from
Proposition 7, that u is a representing measure for ~.



COMPLEX MOMENT PROBLEM AND RECURSIVE RELATIONS 29

iii) = v). It suffices to show that A (z'z9h(z,%z)) = 0, for all 4,5 > 0.
Remark that, whenever 23 = —az — bz, we have

22h  =(b—a)h,
zzh =(a—b)h,
h  =-—h
Then
Ay (2%h) = (b—a)Ay(h) =0,
Ay (Zzh) = (a — b)A,(h) =0,
Ay(h) = —Au(h) =0,
A, (Zh) = Ay (zh) = —A,(zh) =0,
A (z2°h) = (b — a)Ay(Zh) = —(b— a)Ay(zh) = 0.

Since « is a RDIS associated with the characteristic polynomial 23 + az + bz, then, for
every t,j € Z4, we have

AEPNzZ) = Y anhu (22 h(2,7) =0,
0<1,k<2

where {ai; fo<i k<2 are real numbers.

v) = ii). We know that Q(z) = (2* + (a + b)2% — bzz + b*)P(2,%) — b*h(z,%). Since
P(z,Zz) and h(z,z) are characteristic polynomials, Q(z) is also a characteristic polynomial
associated with 7. As M(€)(y) = M(3) > 0 (observe that £ =2 x3 -2+ 1 = 3) and
Q(z) € P, then Theorem 15 yields that v admits a representing measure.

1) = v). We have

_ 1 _ _ 1
h(z,Z) = b—2(24 + (a +b)2? — bZz + b*)P(2,%Z) — b—2Q(z),
since (by Theorem 15) Q(z) is a characteristic polynomial of «y, as well as the polynomial
P(z,Z), then h(z,Z) is a characteristic polynomial associated with -~
(by Remark 2-7) ). O

Let us now suppose that b < a < 2b, then
Q(z) =Ty (2 — i)
=27+ (2a — b)2° + (a® +b* — ab)z® + (ab® — b®)z
= (z* + (a —b)2% — b2z + D*)P(2,2) + b*(2 + Z)(Zz — b).
Let h(z,Z) = (2 +Z)(Zz — b), we have
22h(Z,2) = (Zz + 22 — b)P(2,Z) — bP(%,2) — (a + b)h(Z, 2),

2Zh(Z,2) = (2> = b)P(Z,2) + (2 = b)P(Z, 2) — (a + b)h(Z, 2),
h = h.
If A, (h) = Au(zh) =0, we get
MB) =Au(h) —o,
Ay(Zh) =M, (zh) = Ay(zh) =0,
A, (2Zh)  =—(a+b)A,(h) ,
Ay(z°h)  =—(a+Db)Ay(h) =0,
Ay (z2°h) =—(a+Db)A,(zh) =0,
A, (Z2zh) =—(a+b)Ay,(zh) =0
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The above equalities and cubic relation allow us to prove that A, (z'z7h) = 0, for all
i,j € Zy; that is, h(Z,z) € Py. From this observation and similarly to the above
theorem’s proof, we are able to state the following theorem.

Theorem 18. Let w = {7ij}o<itj<e6, With 7;; = vji and Yoo > 0, be a given truncated
complex sequence, let M(w)(3) be its associated moment matriz and let Ay, be as in (4).
If M(w)(3) > 0 and has cubic column relation of the form Z3 = —aZ —bZ , with a,b € R

and b < a < 2b. Then the following statements are equivalent:

i) There exists a representing measure for w.
it) There exists a representing measure for the RDIS v = {~;;}i j>0, whose initial
conditions and characteristic polynomial are {~;j}to<i<j<2 and P(z,Z) = 2> +
az + bz, respectively.

i)

iv)

9%712
Y22

= bi)‘ie”ym,
= 2bRev20 + (@ + b)y11-

v) h(2,Z) = (2 +%)(2Z — b) € P, where v is the RDIS defined in it).
vi) (Z+ Z)(ZZ —b)=0.

By the same technique we treat the other cases, we find the following results.

b>0 N Zeros h(z,Z%) Necessary and sufficient conditions
M(2) =0 M(2) >0
iva — A,(h)=0 g =0
% < a 3 +iva—b 4% ~(h) myo1
0 Ay(zh) =0 Y11 + 2 =0
Ay(2°h) =0 | M2 = a1 +byo
+iva —b;
i\/—a+2b M(3)>0 M(3)>0
b<a<2b | 7 2 2+2)(2Zz—u Ay(h)=0 Reyiz = bRevo:
Va+2b ( ( ) k _ _
+i 5 Ay(zh) =0 Y22 = 2R ey20 + (a + b)y11
0.
Yoo > 0 and v;; =0
“bsasb 110 forall 0 < i< j <2
+V—a—b;
i\/7a+2b M(3)>0 M(3)>0
b< —a<2b| 7 2 (Z - E)(ZE — u) A (h) =0 jm’hg = bjm’)/m
AVa+2b A _ —(p_
+i 5 Ay(zh) =0 Yoz + 2bRev20 = (b — a)vy11
0.
M(2) >0 M(2) >0
+vV—-a—>b _ Ay(h)=0 Yo1 = Y10
a < —2b 3 z2—Z
0 Ay(zh) =0 | 02 =711
Ay (z°h) =0 | @Y1 +byio+712=0

TABLE 1. b positive




COMPLEX MOMENT PROBLEM AND RECURSIVE RELATIONS 31

b<0 |N Zeros h(z,%) Necessary and sufficient conditions
M(2) >0 M(2) >0
+iva—0b A(h)=0 Jmyer =0
b<al3 wa . v() 7o1
0 Ay(zh) =0 711 + Y2 =0
Ay (2°h) =0 | M2 =ay01 + by
M(@3) >0 >
] O B
_ o— _ ¥ = Y21 T @701 Y10 =
laf <=b| 5 io_a_b 2°Z+ azZ + bz Ayzh) =0 | 20 = 09
Ay(Zh) =0 | 722 +av1+byi0=0
M(2) >0 M(2) >0
+vV—a—>b _ Ay(h) =0 Y01 = 710
a<b 3 z—Z
0 Ay(zh) =0 Yo2 = 711
A, (2%h) = ayor +by10 + 712 =0

TABLE 2. b negative

5.2. The TCMP with cubic relation in M (3) of the form Z3 = itZ +uZ. We end
this section by considering another class of cubic column relations in truncated moment
problems.

Set w = e~ "% z, the form w? = itw + uW became 23 + tz + uZ = 0.

We take t = a and u = b, then w® = itw + ww owns exactly 7 roots if and only
if u < [t] < 2u, see Table (1). Hence if u < 0 then rank M(3) < 7 (more precisely
rank M (3) < 5); as noted in the introduction this case is not interesting.

In view of Theorems 17 and 18 we deduce the solution of the TCMP for cubic column
relations in M (3) of the form Z3 = itZ + uZ, where u < |t| < 2u.

If 0 <u<t<2u, then

i(w —iw)(ww —u) = 0.
If0 <u< —t <2u, then
h(z,Z) =0,
(z=2)(2Z2—u) =0,
(eTiw — e™ T'W) (Ww — u) = 0,
i(w + W) (ww — u) = 0.
Now we are able to state the main theorem in [13].
Theorem 19. Let w = {vi;}o<i+j<6, with¥;; = ;i and Yoo > 0, be a truncated complex
sequence, let M (w)(3) be its associated moment matriz and let A, (h) be as in (4). If

M (w)(3) > 0 and has cubic column relation of the form Z3 = itZ —uZ , with t,u € R
and u < t < 2u. Then the following statements are equivalent:

i) There exists a representing measure for w.
i1) There exists a representing measure for the RDIS v = {7;;}i j>0, whose initial
conditions and characteristic polynomial are {v;j}to<i<j<2 and P(z,Z) = 2% —

itz — uz, respectively .
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i)

Au(h) =0,
Au(zh) =0.
i)
Reyiz — Imyiz = u(Reyor — Imyor),
Y22 = (t+u)y11 — 2uJmype.
v) h(z,Z) = i(z —iZ)(2Z — u) € P,, where y is the RDIS defined in ii).
vi) 2°Z —iZZ" —uZ +iuZ = 0.
Theorem 20. Let w = {vi;}o<itj<e, with¥;; = ;i and Y00 > 0, be a truncated complex
sequence, let M(w)(3) be its associated moment matriz and let A, be as in A,. If
M (w)(3) > 0 and has cubic column relation of the form Z3 = itZ —uZ , with t,u € R
and u < —t < 2u. Then the following statements are equivalent:
i) There exists a representing measure for w.
i1) There exists a representing measure for the RDIS v = {7;;}i j>0, whose initial
conditions and characteristic polynomial are {v;j}to<i<j<2 and P(z,Z) = 2z° —
itz — uz, respectively .
)
Aw(h) =0,
Au(zh) =0.
iv)
Reyiz + Imyz - = u(Reyor + Tmyor),
Va2 = (u —t)y11 + 2uTmryps.
v) h(z,Z) = i(z +1Z)(2Z — u) € P, where v is the RDIS defined in ii).
vi) 227 +iZ7° —uZ —iuZ = 0.

6. SOLVING THE TCMP WITH COLUMN DEPENDENCE RELATIONS OF THE FORM
ZkJrl = Z aanan (anm S (C)
0<n+m<k
In this section, we involve the RDIS to solve the TCMP associated with the truncated
sequence v = {7;; bo<i+j<2k+2, With 7;; = vj; and M (k4 1)(7) has a column relation of
the form

(15)  Zk+ = Z tnmZ Z™  (anm € C, for all n,m € Zy and n+m < k).
0<n+m<k
According to (15), we have vijgy1,; = Y GnmYntim+j, for all i,j € Z such
0<n+m<k
that i4+j < k+1. Hence 7 is a subsequence of the RDIS 7, defined by the initial conditions
{7ij }o<i<j<r and by the characteristic polynomial p(z,%) = P SR L
0<n+m<k
We give now the main result of this section.

Theorem 21. Let M(k + 1)(v) has a column dependence relations of the form ZF+! =

S anmZ Z™ and let 3 be a RDIS defined as above. Then M(k+1)(v) admits a
0<n+m<k

representing measure if and only if M (2k)(¥) is positive semidefinite.

Proof. Suppose that v = {7ij}o<i+j<2r+2 is a moment sequence, then there exists a
positive Borel measure p verifies the relation

'yijz/éizjdy (1+7<2k+2).
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Set p(z,2) = 2F*1 — Y a,mz"2™. Since M(k + 1)(7) has a column dependence
0<n+m<k

relations of the form p(Z, Z) = 0, then

/E’z]p(f, 2) dpt = Vighy1,j — E AnmYitn,j+m = 0,
0<n+m<k

for every 4,7 € Z, such that ¢ + 7 < k + 1. Hence

[ 192 P du= [3E 206 2) d
:/E’““p(z, 2dp— Y anm/z”zmp(z,z) du

0<n+m<k

thus suppu C Z(p). It follows, from Proposition (7), that 7 is a moment sequence, and
obviously M (2k)(7) is positive semidefinite. Conversely, if M (2k)(7) > 0, then Corollary
(16) yields that ¥ has a representing measure, and thus v = {7;; }o<i+j<2k+2 is @ moment
sequence. U

On account of Theorem (21) we can formulate the following corollary, which proved a
complete solution to the truncated moment problems with cubic column relations.

Corollary 22. Lety = {vi; }o<i+j<e (Wwith ¥;; = ;i) be a complex numbers, let M(3)(7y)

admits a cubic column relations of the form Z° = Y aijéle and let 7 be the
0<itj<2
RDIS defined by the initial condition {~;;}o<i j<2 and by the characteristic polynomial

23— 3 ay;7'27. Then vy admits a representing measure if and only if M(4)(¥) > 0.

0<it5<2
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