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ABSTRACT FORMULATION
OF THE COLE-HOPF TRANSFORM

YORITAKA IWATA

ABSTRACT. Operator representation of Cole-Hopf transform is obtained based on
the logarithmic representation of infinitesimal generators. For this purpose the rela-
tivistic formulation of abstract evolution equation is introduced. Even independent of
the spatial dimension, the Cole-Hopf transform is generalized to a transform between
linear and nonlinear equations defined in Banach spaces. In conclusion a role of trans-
form between the evolution operator and its infinitesimal generator is understood in
the context of generating nonlinear semigroup.

1. INTRODUCTION

The Cole-Hopf transform [1, 4, 5, 6, 9] is a concept bridging the linearity and the
nonlinearity. For t € Ry and x € R the transformation reads

(1) (t,2) = 257112 9, logu(t, z),

where u(t, z) denotes the solution of linear equation, and (¢, x) is the solution of trans-
formed nonlinear equation. On the other hand, e.g., for t € R and x € R", the logarithmic
representation of infinitesimal generator

(2) At)us(z) = (I + &U(s,t)) O Log (U(t,s) + kl)us(x)

has been obtained in the abstract framework [10], where U(t,s) denotes the evolution
operator, and A(t) is its infinitesimal generator. By taking a specific case with x = 0, the
similarity between them is clear. That is, the process of obtaining infinitesimal generators
from evolution operators is expected to be related to the emergence of nonlinearity.

In terms of the research history for the logarithm of operators, the logarithm of an
injective sectorial operator was initiated by Nollau [16] in 1969. After some notable
progresses (for example, see [3, 7, 8, 15, 17, 18]), the logarithm of operator is applied
to represent the infinitesimal generator recently by Ref. [10]. Following that work, the
algebraic background of logarithmic representation of infinitesimal generators is studied
[12], where the product of unbounded infinitesimal generators in infinite-dimensional
functional spaces is successfully defined by using the concept of a module over the Banach
algebra.

In this paper the operator representation in abstract functional spaces is given to the
Cole-Hopf transform. Based on the logarithmic representation of infinitesimal generators
obtained in Banach spaces, the Cole-Hopf transform is generalized in the following sense:

e the linear equation is not necessarily the heat equation;
e the spatial dimension of the equations is not limited to 1;
e the variable in the transform is not limited to a spatial variable x;
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where, in order to realize these features, the relativistic formulation of abstract evolution
equation is newly introduced. Since the logarithmic representation shows a relation
between an evolution operator and its infinitesimal generator, the correspondence to
the Cole-Hopf transform means a possible appearance of nonlinearity in the process of
defining an infinitesimal generator from the evolution operator.

2. MATHEMATICAL SETTINGS

2.1. Logarithmic representation of infinitesimal generators. Let X and B(X)
be a Banach space with a norm || - || and a space of bounded linear operators on X,
respectively. The same notation is used for the norm equipped with B(X), if there is no
ambiguity. For a positive and finite 7', let ¢ and s satisfy —T < ¢,s < T, Y be a dense
Banach subspace of X, and the topology of Y be stronger than that of X. The space Y
is assumed to be U(t, s)-invariant. Let elements of evolution family {U(¢,s)}_r<¢ s<r
be mappings: (t,s) — U(t, s) satisfying the strong continuity for -7 < t,s < T. The
semigroup properties:

(3) U(t,r) U(r,s) =U(t, s),
and
(4) U(s,s) =1,

are assumed to be satisfied, where I denotes the identity operator of X. Both U(t,s)
and U(s,t) are assumed to be well-defined to satisfy

(5) U(s,t) U(t,s) =U(s,s) =1,

and the invertible property of U(t, s) follows. Consequently U (¢, s) is the two-parameter
group on X.

Next the pre-infinitesimal generator [10] of U(%,s) is introduced. Pre-infinitesimal
generator is a generalized concept of infinitesimal generator, but it is not necessarily
an infinitesimal generator without assuming a dense property of domain space Y in X.
In terms of extracting the universal feature independent of the domain of the operator,
pre-infinitesimal generator is a useful concept for defining the logarithm of operator. For
us € Y and —T < t,s < T, the pre-infinitesimal generator A(t) : Y — X is defined by

(6) A(t)ug := wlim A=Y (Ut + hyt) — T)us

using a weak limit, and then the definition of ¢-differential of U(t,s) in a weak sense
(7) AU(t,s) us = AR)U(L, s) us

follows. Accordingly the operator A(t) is generally unbounded in X. Equation (7) is
regarded as the abstract evolution equation with ¢t-dependent infinitesimal generator (for
example, see [20]). Consequently, for —T < ¢t < T, A(t) is represented by means of the
logarithm [10]; there exists a certain complex number x # 0 such that

8) A(t) us = (I + kU(s,t)) d;Log (U(t, s) + KI) us,

where Log denotes the principal branch of logarithm. A part 9;Log (U(t, s) + xI) itself
is an infinitesimal generator, and the concept of evolution operators without satisfying
the semigroup property follows [12].
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2.2. Relativistic formulation of abstract evolution equations. Let the standard
space-time variables (¢,,y,z) be denoted by (z°, 2!, 22, 23) receptively. It is further
possible to generalize space-time variables to (20, 2!, 22,23 ... 2") to be valid to n-
dimensional space. In spite of the standard treatment of abstract evolution equations, the
direction of evolution does not necessarily mean time-variable “t” in this relativistic treat-
ment of the evolution equations. For an evolution family of operators

{U(a:i,fi)},LSW:’giSL in a Banach space X, the condition to obtain the logarithmic

representation is as follows [10]:

o U(x% €% is the invertible evolution operator generated by K (z°);
o U(x',¢") and K (') are assumed to commute.

Note that commutation is necessarily satisfied if K (z°) is independent of x%, so that the
second condition does not matter for such cases. In the sense of relativistic formulation
the standard abstract evolution equation (7) is generalized to

(9) 0, U (2", &) ugi = K(x")U (2", &") ugi

in X. The problem is that K (z') is not necessarily an infinitesimal generator even if
K (27) is an infinitesimal generator for ¢ # j. The logarithmic representation becomes

(10) K(2") ugi = (I + kU(&, 2%)) 0:Log (U(z", &%) + K1) ugi,

where u¢ is an element in dense subspace Y of X, and the notation follows from Eq. (8).
If 2 is not equal to x°, then the direction of evolution can be naturally either positive
or negative. Note that, similar to the standard treatment of the abstract evolution
equations, the boundary condition is usually included in the functional space.

3. COLE-HOPF TRANSFORM

Before moving on to the main discussion developed in Banach spaces, the calculations
related to the Cole-Hopf transform is reviewed. The Cole-Hopf transform is the transform
between the solutions of the Burgers’ equation and those of heat equation. By changing
the unknown functions as

(11) Y(t,x) = —2u~ Y2 9, logu(t, z) = —2u~ ' 2(Opu(t, x)) u(t,z)~?,
the linear heat equation
O2u — p'?0u = 0
is transformed to a nonlinear equation called the Burgers’ equation
(12) O + 0ptp = p= 2 924p,

where u(t, x) permits its logarithm function (cf. the hypoelliptic property and the pos-
itivity of parabolic evolution equation). It is notable that this nonlinear equation is
exactly solvable. The outline of the transformation is demonstrated in the following.
The derivatives are calculated by

ot ) = — ﬁ{u(t, 2) Byd,ult, ) — ult, ) 2Ou(t, 2),u(t,2)},
Dt ) = — ﬁ Lu(t ) Pu(t,2) — u(t,2) (Du(t,2))° )
020(t.) = o {ult.) 1 0bu(t.a) + 2ut.2) " Opu(t.2)°

— 3u(t,z) ?0,u(t, z) 8§u(t,m)}.
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By substituting them, the Burgers’ equation becomes
[/ [ — u(t, 2) " 0 dpult, ) + u(t, £)2u(t, 2)dyult, x)}
n [2u(t, )28 ult, 2)02ult, ©) — 2ult, z) =3 (Duult, x))ﬂ
— {u(t x) L OPu(t, x) — 3u(t, z) " 20u(t, x) 0% u(t,z) + 2u(t, z) =3 (dyult, x))?’} =0.
By multiplying u(t, z)?,
u(t, )0y {Btu(tmc) - /1_1/28%11(15,96)] — Ogu(t, ) {atu(t,x) - u‘lmagu(t,x)] =0

follows. If Qyu(t,z) — u='/202u(t, ) is nonzero, then

Ou(t,z) — p=Y22u(t,z)] 0
u(t, ) B

(13) 0, log {

is true. That is, for an arbitrary f(¢),
duult, ) — = 202u(t, @) = [(B)u(t, @)

is obtained, and it is equivalent to

o [u(t,x)exp (— /: de):| — u 292 [u(t,x) exp (— [ fdrﬂ =0.

Due to the arbitrariness of f(t), this equation is also regarded as the heat equation. In
this way the solutions of linear and nonlinear equations are connected by the Cole-Hopf
transform.

4. MAIN RESULTS

4.1. The abstract framework for the Cole-Hopf transform. It is necessary to
recognize the evolution direction of the heat equation as x, because the derivative on
the spatial direction z is considered in the Cole-Hopf transform. Let us begin with
one-dimensional heat equation

O2u(t,x) — p'?ou(t,x) =0, te(0,00), € (—~L,L),
(14) u(t,—L) =wu(t,L) =0, te(0,00),

U(O,LL‘) = UO(l’), US (7La L)a
where 1 is a real positive number, and the hypoelliptic property of parabolic evolution
equation is true. The first equation of (14) is hypoelliptic; for an open set U C (—o0, 00) X
(=L, L), u € C®(U) follows from (02 — u'/?0,)u € C=(U).

Equation (14) is well-posed in C°°(0,00) x C®(—L, L), so that p'/?9, is the infini-

tesimal generator in C°°(—L,L). The spaces C'(—L,L) and C*°(—L, L) are dense in
LP(—L,L) with 1 < p < 0o. The solution is represented by

u(t,z) = U(t)uo,
where U (t) is a semigroup generated by p~/ 292 under the Drichlet-zero boundary con-
dition.
By changing the evolution direction from t to x, the heat equation
O%u(t,z) — p29u(t,z) =0, te (0,00), ze€(—L,L),
(15) U(t, _L) = UO(t)v aﬂcu(t7 _L) = vl(t)’ te (07 00)7
u(0,2) =0, ze(—L,L)
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is considered for z-direction, where vg(t) and vy (¢) are given initial functions. To establish
the existence of semigroup for the z-direction, it is sufficient to consider the generation of
semigroup in L?(—o00, 00) by generalizing t-interval from (0, c0) to (—oo, c0). The Fourier
transform leads to

% — ip* wi = 0,

(16) _ . _ N
u(w,0) = vo(w), Opt(w,0) =1 (w),
where w is a real number. Indeed, the following transforms

1 > .
u(t,x) = %/ (w, z)e“ dw,

— 00

1 [ :
u(t,—L) = ﬁ/ (w, —L)e™'dw,

— 00

1 [ -
Ou(t,—L) = 2—/ Opti(w, —L)e™ dw
T J_0o

are implemented. By solving the characteristic equation A2 — iu'/?w = 0, the Fourier
transformed solution of (15) is

_ ’lN}()(OJ) — i(_iul/2w)_1/2@1 (w) e+(iu1/2w)l/2w

t(w,x) = 5
+ @O(w) i i(_iul/Qw)_l/zﬁl (w) e_(iul/m)l/zw’
2
where
i) = W TR )
To(w) 4+ i(—int/2w)Y 25, (w i
n o(w) +i( NQ )20 ( ):Uo(w),
0 1 . 1/2 \N—1/2~
(%'[L(w,o) = (iﬂ1/2w)1/2 (Uo(w) — Z(—ZIuQ/ o.)) / v1(w)
) (s, 1/2, \=1/2~
e ]

Meanwhile, based on the relativistic treatment, one-dimensional heat equation

O%u— p 20 =0

(1) (a0 ) (1) =0

Let a linear operator A be defined by

0 1
A= ( Ml/Qat 0 )

in L?(—o00,00) x L?(—00,00), and the domain space of A be

D(A) = H'(—00,00) x L*(—00,00),
where H(—00,00) = {u(t) € L*(—00,); v/ (t) € L?(—00,00), u(0) = 0} is a Sobolev
space. The Fourier transform means that the diagonalization of A is equal to

jl— (Ml/Qat)l/Q 0
- 0 _(M1/2at)_1/2 :

is written as
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In this context the master equation of the problem (15) is reduced to the abstract evo-
lution equation
)=4(5) =

(17) O (
u — i(—ip'Pw) "2

[SEENJ]
< 2

in L?(—o00,00) x L?(—00,00), where

U= 5
and
o uti(—iptPw) 2
v =
2
It suggests that the evolution operator of Eq. (15) is generated by
(18) =(u' 200,

so that it is sufficient to show +(u'/20;)'/? as the infinitesimal generator. Note that the
operator A is not necessarily a generator of analytic semigroup, because the propagation
of singularity should be different if the evolution direction is different. Consequently
the existence of semigroup for (17) in the z-direction is reduced to show =+(u'/20;)'/?
as the infinitesimal generator in L?(—o0, 00). In the following, the property of u'/29; is
discussed at first, and the fractional power of (1'/29;)'/? is studied in the next.

Lemma 1. The operator ju*/?0; with the domain H'(—00,00) is the infinitesimal gene-
rator in L*(—o00,00).

Proof. Let A be a complex number satisfying ReA > 0. First the existence of (A —
p'/20,)~" is examined. Let f(t) be included in L?(—o0, 00). Because

(19) (A= 20 )u = f

in one-dimensional interval (—oo,00) is a first-order ordinary differential equation with
a constant coefficient, and the global-in-¢ solution necessarily exists for a given u(0) =
ug € C. That is, \/u!'/? is included in the resolvent set of d; for an arbitrary complex
number A, so that (A — p!/28;)~" is concluded to be well-defined in H'(—o0, cc).
Second the resolvent operator (A—pu'/29;) " is estimated from the above. Since \/u
is included in the resolvent set of 9y, it is readily seen that (A — u'/29;)~"! is a bounded
operator on L?(—o00,00). More precisely, let us consider Eq. (19) being equivalent to

(20) Drult) = (M2 yu(t) — F(2)/ /2.

If the inhomogeneous term satisfies f(t) € L?(—o0, 00),

(21) )=~ | e (M‘?( - t)) F(5)ds

satisfies Eq. (20). According to the Schwarz inequality,

[ ot " e "o )0
< [ e (Tt —0) e (Gumt-o) |f<s>|ds}2dt
e (Simen) s [ew (S5 0) s

is obtained, and the equality

oo —Re) oo —Re) pt/?
/t P < pt/? (s )) ’ /0 o < pt/? S) ’ ReA

1/2

2
dt

I /\
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is positive if ReA > 0 is satisfied. Its application leads to

/OC lu(t)|?dt < Rle/i/ / exp( 73 ( —t)) |f(s)|2ds dt
S [ e (SR ar s as

Further application of the equality
s —Re) 0 Re\ u'/?
———(s—t)|dt = dt =
[ (Ge=n) i [ e () =5

o) 1M1/2 M/ ) 1 0o )
< e = —
[P <t [ R R0 ds = o [ 1 as

results in

for ReA > 0, and therefore

_ 1
[T = 200) 71 F(1)]] 22— o0,00) < R I/ D]z (00,00
follows. That is, for ReA > 0,
(22) [(AT = u!20) 71| < 1/Red

is valid. The surjective property of A — /29, is seen by the unique existence of solutions
u € L*(—o0,00) for the Cauchy problem of Eq. (20).
A semigroup is generated by taking a subset of the complex plane as

Q={\eC A=A,
where Q is included in the resolvent set of '/28;. For X € Q, (A — u'/29;)~" exists, and
(23) 1AL = 1'/20) 7" < 1/(ReX)"

is obtained. Consequently, according to the Lumer-Phillips theorem [14] for the genera-
tion of quasi contraction semigroup, p'/29; is confirmed to be an infinitesimal generator
in L?(—o0, 00), and the unique existence of global-in-z weak solution follows. O

The semigroup generated by p'/20; is represented by
(exp(hul/Qat)u) (t) = u(t+ p'’?h), —oco <h < oo,

so that the group is actually generated by p'/29,. Indeed, the similar estimate as Eq. (23)
can be obtained for Re\ < 0 with (A — p'/?)u = f in which the solution u is represented

by
no——_[ 2 (st d
U()——W _OQGXP W(S— ) | f(s)ds
that should be compared to Eq. (21). The next lemma is valid.

Lemma 2. For 0 < a < 1, the operator (u/20,)* is the infinitesimal generator in
L?(—00,00).

Proof. According to Lemma 1, ;1'/2; is the infinitesimal generator in L?(—o00, o). For an
infinitesimal generator ;'/29; in L?(—00,00), let the one-parameter semigroup generated
by 111/29, be denoted by V(z). An infinitesimal generator p'/29; is a closed linear operator
in L?(—o0, 00). Its fractional power

(1%0,)*, 0<a<1

has been confirmed to be well-defined by S. Bochner [2] and R.S. Phillips [19] as the
infinitesimal generator of semigroup (cf. K. Yosida [21]):

W (z)wy = /00<> V(x)wo dy(N),
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for wy € L?(—00, 00), where W (z) is the semigroup for z-direction. The measure dy(\) >
0 is defined through the Laplace integral

exp(~th*) = [~ exp(-2k) v,
0
where ¢,k > 0 is satisfied. O

By taking o = 1/2, (u'/20;)'/? is confirmed to be an infinitesimal generator in
L?(—00,00). Because Q is included in the resolvent set of —(u'/29;)'/2, it is readily
seen that —(u'/20;)1/? is also an infinitesimal generator in L?(—o00,c0).

4.2. Generalization of the Cole-Hopf transform. The next theorem follows.

Theorem 3. Let ¢ be an integer satisfying 0 < i < n, and Y be a dense subspace of
Banach space X. Let an invertible evolution family {U(x",£")}o<yi ci<y, be generated by
A(z') for 0 < 2%,¢° < L in a Banach space X. U(x% &%) and A(x') are assumed to
commute. For any ug: € Y C X, the logarithmic representation

is the generalization of the Cole-Hopf transform in the following sense:

e the linear equation is not necessarily the heat equation,
e the spatial dimension of the equation is not necessarily equal to 1,
o the differential in Eq. (24) is not necessarily for a spatial variable x,

where the logarithmic representation is obtained in a general Banach space framework,
and £ # 0 is a complex number. In particular, if (U(z',&)uei)™" exists for a given
interval 0 < 2%, & < L, its normalization

(25) A(a') = (kU(E',2") + 1) [OpiLog (U(a',€") + wI)]
defined in X corresponds to i(t,x) in Eq. (11).
Proof. The abstract case of original Cole-Hopf transform is included in the descrip-
tion of the logarithmic representation (24). Indeed, let an invertible evolution family
{W(z,£)}o<use<r be generated by A(z) for 0 < x,£ < L. According to Lemma 2 the
logarithmic representation of relativistic form (10) is obtained in this case as
A(@)we = (I + kW (, x)) [0:Log (W(x, &) + kI)]we

and hence as

A@)W (z, Qwe = (kI + W (x,)) [0:Log (W(x,§) + wl)]we,

using the commutation assumption. The nonlinear Anzatz —2u~"/?(d,u(t, z)) u(t,z)~"
of the Burgers’ equation shown in Eq. (11) is represented by

— 2~ VA (A()W (2,€)) W(z,6) 7"
(26) = =27 2RI + W (2,€)) [0,Log (W (x,&) + )] W(x, &)~
= —2u~ (kW (€, @) + 1) [0:Log (W (2,€) + w1)].

As in the original derivation of the Cole-Hopf transform, the solution of heat equation
w(t,z) = Wz, §)we(t) solved along the z-axis permits its logarithm function.

The first property arises from the introduction of nonzero k in the general form of the
logarithmic representation. According to the introduction of nonzero , the applicability
is significantly increased. The second property is realized by the abstract nature of the
logarithmic representation. The third property is due to the relativistic treatment.

The similarity between Eq. (25) and the standard definition of operator norm is clear.
In particular the evolution direction is generalized from z to z* in Eq. (25). (]
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The generalized Cole-Hopf transform (24) shows the usefulness of defining A(z")ugi
from U(z", & )ugi for ugi € Y C X. Indeed, A(z")ug: is suggested to be a solution of a
certain nonlinear evolution equation for the z7 direction with i # j.

5. CONCLUDING REMARK

The Burgers’ equation (12) itself is useful to analyze nonlinear wave phenomena,
where the similarity to the other equations such as the Korteweg-de Vries equation [13]
is noticed. In particular nonlinear advection term 3d,1 appears in those equations.
This term is intriguing enough to be included in the Navier-Stokes equations. In case of
the Cole-Hopf transform, the formation of nonlinearity by the linear solution is formally
understood by the Leibnitz rule:

(27) (wv™) = (W'v — v'u)v ™2,

in the basic calculus, where the notation ' denotes the differentiation along the t-axis.
This formula is essentially valid to functional analysis under the suitable assumption,
where the commutation between u and v, and the existence of v~ ! and v~! are assumed
in this discussion. Let u and v be the functions of ¢, x, y, and so on. In the present
discussion, v and —uv~! mean the linear and nonlinear solutions respectively.

(28) (—uv™ ') = vt —wu ) (—uvt)

follows. Both v'v~! and w'u~' are regarded as the logarithmic derivative.

The emergence of the nonlinearity can be understood in a concrete setting. Indeed,
in case of the Cole-Hopf transform, u = —d,v leading to v’ = —(9,v)’ is valid, then

w'uTt = (9,0) (0pv) !
results in
(—ar™Y) = o™ = (0,0) (Bev) ) (—uv ),
where the term (9,v)'(9,v) ! is also regarded as the logarithmic derivative of unknown
function. In a symmetric fashion, a specific treatment for the Cole-Hopf transform v' =
02v leads to
0z (—uv™h) = [(Opv)v™! = (970)(0:0) ) (~uv ™)
and therefore
(—uv ™10, (—uv™) = (Opv)v ™ (—uv™1)? — /o™ (—uv™h)

are true under the commutation between (—uv=!) and d,(—uv~!). This is the key to
the nonlinear emergence for the Cole-Hopf transform; v'v~! of Eq. (28) generates a
nonlinearity. Consequently the substitution clarifies

(29)  (—uv™ = (9p0)v H(—uv™)? — (—uv )0 (—uv ™) — (9,v) (8pv) " (—uv ).

It shows that the unknown function —uv ™! satisfies a nonlinear equation in which non-
linear advection term (—uv~1)d,(—uv~!) appears. In particular (92v)(d,v)~ ! itself is a
logarithmic representation that is structurally equal to (9,u?)u~2/2 under the commu-
tation, because

0pu? = =0, (u0yv) = —(0,u)(0,v) — udZv = (9pv — u)02v = 2(9%v)(0,v) 1u?

is true by utilizing v = —9d,v. This term shows a different kind of nonlinearity directly
associated with ud,u.

As a result the emergence of nonlinearity, which corresponds to the emergence of
nonlinear advection term in case of the Cole-Hopf transform, is formulated in the abstract
framework. As seen in Eq. (28), the logarithmic derivative and therefore the abstract
logarithmic representation have been clarified to be essential to the emergence of certain
kind of nonlinearity. In conclusion, for an unknown function wv~—! with a known function



ABSTRACT FORMULATION OF THE COLE-HOPF TRANSFORM 151

v satisfying a linear equation, one or both terms in a linear combination of logarithmic

representation

1 1

ot —uuT

can be a template of the infinitesimal generators of nonlinear semigroups. Indeed, as
seen in the above, a part v'v™1 = (v/u™1)(uv™!) generates a nonlinearity, if the unknown
function is taken as uv~! with u = —0,v. The mathematical treatment of this kind of
nonlinear semigroup is notably linear-like in which the superposition is always valid at
the level of v. Furthermore rigorous nonlinear solutions can be obtained by solving the
linear problem.
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