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KÖTHE-ORLICZ VECTOR-VALUED WEAKLY SEQUENCE SPACES

OF DIFFERENCE OPERATORS

KULDIP RAJ AND ANU CHOUDHARY

Abstract. In the present article, we propose vector-valued weakly null, weakly con-

vergent and weakly bounded sequences over n-normed spaces associated with infinite
matrix, Musielak-Orlicz function and difference operator. We make an effort to study
some algebraic and topological properties of these sequence spaces. Further, we shall
investigate some inclusion relations between newly formed sequence spaces.

1. Introduction and Preliminaries

In 1972, E. Pietsch [14] introduced some classes of vector-valued weakly summable
and absolutely summable sequences. Thereafter, many authors have worked on these
sequence spaces. Recently, the study of vector-valued sequence spaces has been explored
by Mohuiddine and Raj [11], Mursaleen and Raj [12], Oğur and Sağir [13] and many
others.

Let N, R and C be the sets of natural, real and complex numbers respectively. We
write

ω = {x = (xk) : xk ∈ R or C}

the space of all real or complex sequences.
An increasing non-negative integer sequence θ = (kr) with k0 = 0 and kr −kr−1 → ∞

as r → ∞ is known as lacunary sequence. The intervals determined by θ will be denoted
by Ir = (kr−1, kr]. We write hr = kr − kr−1 and qr denotes the ratio kr

kr−1
. Freedman et

al. [4] defined the sequence space

Nθ =
{

x = (xk) : lim
r→∞

1

hr

∑

k∈Ir

|xk − L| = 0 for some L
}

known as lacunary strongly convergent sequence space. Many authors have explored
the concept of lacunary convergence. Some of them are Colak et al. [1], Esi et al. [3],
Kilicman and Borgohain [7], Raj and Sharma [15], Tripathy and Baruah [18], Tripathy
and Dutta [20], Tripathy and Dutta [21], Tripathy and Et [24], Tripathy et al. [25] and
Tripathy and Mahanta [26].

Let A = (ajk) be an infinite matrix of real or complex numbers ajk, where j, k ∈ N.

The A transform of x = (xk) is written as Ax and Ax = (Ak(x)) if Ak(x) =

∞
∑

k=1

ajkxk

converges for each k ∈ N.

An Orlicz function M : [0,∞) → [0,∞) is convex, continuous and non-decreasing
function which also satisfy M(0) = 0, M(x) > 0 for x > 0 and M(x) → ∞ as x → ∞.
Lindenstrauss and Tzafriri [9] used the idea of Orlicz function to define the following
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sequence space:

ℓM =

{

x ∈ ω :

∞
∑

k=1

M

(

|xk|

ρ

)

< ∞, for some ρ > 0

}

,

which is called as an Orlicz sequence space. An Orlicz function is said to satisfy
∆2−condition if for a constant K, M(Px) ≤ KPM(x) for all values of x ≥ 0 and for
P > 1. A sequence M = (Mk) of Orlicz functions is called as Musielak-Orlicz function.

Kızmaz [8] proposed the concept of difference sequence spaces Z(∆), where Z = c, c0
and ℓ∞. These sequence spaces were further generalized by Et and Çolak in [2] where
they introduced sequence spaces Z(∆m). Subsequently, the difference operator ∆n for a
non-negative integer n was introduced by Tripathy and Esi [22] and later on generalized
by Tripathy et al. [23]. The difference sequence spaces Z(∆m

n ), where m,n ∈ N are
defined as follows:

Z(∆m
n ) = {x = (xk) ∈ ω : (∆m

n xk) ∈ Z},

where ∆0
nxk = xk,∆

m
n xk = (∆m−1

n xk −∆m−1
n xk+n) and binomial representation is

∆m
n xk =

m
∑

i=0

(−1)m
(

m
i

)

xk+ni.

Misiak [10] developed the concept of n−normed spaces. Many Mathematicians have
studied the concept of n−normed spaces. In [19] Tripathy and Borgogain discussed some
interesting results on n−normed sequences related to ℓp space. Moreover, Tripathy et
al. [27] introduced I−convergence in probabilistic n−normed space. For definition and
results on n−normed spaces (see [5], [6], [12]). A sequence (xk) in a n-normed space
(W, ‖·, · · · , ·‖) is said to converge to some L ∈ W if

lim
k→∞

‖(xk − L, z1, · · · , zn−1)‖ = 0 for every z1, · · · , zn−1 ∈ W.

A sequence (xk) in a n-normed space (W, ‖·, · · · , ·‖) is said to be Cauchy with respect to
the n-norm if

lim
k,p→∞

‖(xk − xp, z1, · · · , zn−1)‖ = 0 for every z1, · · · , zn−1 ∈ W.

A sequence (xk) in a n−normed space W is said to be bounded if for a positive constant
Q, ‖(xk, z1, · · · , zn−1)‖ ≤ Q for all z1, · · · , zn−1 ∈ W and is written as xk = O(1). To
know more about sequence spaces see ([12], [16], [17]) and references therein.

Let W be a linear metric space. A function ϑ : W → R is called paranorm, if

(1) ϑ(x) ≥ 0, for all x ∈ W ,
(2) ϑ(−x) = ϑ(x), for all x ∈ W ,
(3) ϑ(x+ y) ≤ ϑ(x) + ϑ(y), for all x, y ∈ W ,
(4) if (µn) is a sequence of scalars with µn → µ as n → ∞ and (xn) is a sequence

of vectors with ϑ(xn − x) → 0 as n → ∞, then ϑ(µnxn − µx) → 0 as n → ∞.

If Y is any sequence space then the α−dual of Y is denoted by Y ∗ and is defined as

Y ∗ =

{

(γk) ∈ ω :

∞
∑

k=1

|αkγk| coverges for all (αk)k ∈ Y

}

.

Let W be a n−Banach space and R(n−W ) denotes the space of W−valued sequences.
Let M = (Mk) be a Musielak-Orlicz function, p = (pk) be a bounded sequence of po-
sitive real numbers, u = (uk) be any sequence of positive real numbers, A = (ajk) be
an infinite matrix and θ be a lacunary sequence. In the present paper we define weakly
convergent, weakly null and weakly bounded sequence spaces as follows:
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[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

=

{

x = (xk) ∈ R(n−W ) :

lim
r→∞

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

= 0,

for all g ∈ W ∗, fk ∈ Y ∗ and for some ρ > 0

}

,

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0

=

{

x = (xk) ∈ R(n−W ) :

lim
r→∞

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

= 0,

for all g ∈ W ∗, fk ∈ Y ∗ and for some ρ > 0

}

and
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞

=

{

x = (xk) ∈ R(n−W ) :

sup
j

sup
r

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

< ∞,

for all g ∈ W ∗, fk ∈ Y ∗ and for some ρ > 0

}

.

If 0 < pk ≤ sup pk = H,D = max(1, 2H−1). Then

(1.1) |ck + dk|
pk ≤ D(|ck|

pk + |dk|
pk),

for all ck, dk ∈ R for all k ∈ N.
The main purpose of this paper is to study some new classes of lacunary weakly

sequences over n−normed spaces by means of sequence of Orlicz functions and infinite
matrix. We shall study some algebraic properties, topological properties and interesting
inclusion relations between these sequence spaces.

2. Main Results

Theorem 2.1. Let M = (Mk) be a Musielak-Orlicz function and p = (pk) be a bounded
sequence of positive real numbers. Then the sequence spaces

[

W,Y,M, u,A, θ, p,∆m
n ,

‖·, · · · , ·‖
]

0
,
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

and
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
are linear spaces over the field C of complex numbers.

Proof. Let (xk), (yk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
and α, β ∈ C. Then there

exist positive numbers ρ1 and ρ2 such that

lim
r→∞

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

< ∞
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and

lim
r→∞

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(yk))

ρ2
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

< ∞.

Define ρ3 = max(2|α|ρ1, 2|β|ρ2). Since M is non-decreasing and convex. Hence, by using
(1.1), we have

lim
r→∞

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (α(fkg(xk)) + β(fkg(yk)))

ρ3
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≤ lim
r→∞

1

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (α(fkg(xk)))

ρ3
+

uk∆
m
n (β(fkg(yk)))

ρ3
,

z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≤ D lim
r→∞

1

hr

∑

k∈Ir

1

2pk
ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

+D lim
r→∞

1

hr

∑

k∈Ir

1

2pk
ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(yk))

ρ2
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

< ∞.

Thus, the sequence space
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
is a linear space over the

field C of complex numbers. Similarly,
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

and
[

W,Y,M,

u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
are also linear spaces over the field C of complex numbers. �

Theorem 2.2. Let M = (Mk) be a Musielak-Orlicz function and p = (pk) be a bounded
sequence of positive real numbers. Then the sequence space

[

W,Y,M, u,A, θ, p,∆m
n ,

‖·, · · · , ·‖
]

0
is a paranormed space with respect to a paranorm

ϑ(x) = inf

{

(ρ)pr/H :

(

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
,

z1, · · · , zn−1

)∥

∥

∥

∥

)]pk
)1/H

≤ 1

}

,

where H = max(1, sup
k

pk < ∞).

Proof. (i) It is obvious that ϑ(x) ≥ 0, for x = (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
.

Since Mk(0) = 0, we get ϑ(0) = 0.
(ii) ϑ(−x) = ϑ(x).
(iii) Let (xk), (yk) ∈

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
, then there exist positive num-

bers ρ1, ρ2 such that

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≤ 1

and

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(yk))

ρ2
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≤ 1.
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Now, by using Minkowski’s inequality, for ρ = ρ1 + ρ2, we have

(

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n ((fkg(xk)) + (fkg(yk)))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk
)1/H

=

(

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n ((fkg(xk))) + uk∆

m
n ((fkg(yk)))

ρ1 + ρ2
,

z1, · · · , zn−1

)∥

∥

∥

∥

)]pk
)1/H

≤

(

1

hr

∑

k∈Ir

ajk

[(

ρ1
ρ1 + ρ2

)

Mk

(
∥

∥

∥

∥

(

uk∆
m
n ((fkg(xk)))

ρ1
, z1, · · · , zn−1

)
∥

∥

∥

∥

+

(

ρ2
ρ1 + ρ2

)

Mk

(∥

∥

∥

∥

(

uk∆
m
n ((fkg(yk)))

ρ2
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk
)1/H

≤

(

ρ1
ρ1 + ρ2

)(

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n ((fkg(xk)))

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk
)1/H

+

(

ρ2
ρ1 + ρ2

)(

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n ((fkg(yk)))

ρ2
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk
)1/H

≤ 1.

Since, ρ ≥ 0, so

ϑ(x+ y)

= inf

{

(ρ)pr/H :

(

1

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk)) + uk∆

m
n (fkg(yk))

ρ
,

z1, · · · , zn−1

)∥

∥

∥

∥

)]pk
)1/H

≤ 1

}

≤ inf

{

(ρ1)
pr/H :

(

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk
)1/H

≤1

}

+inf

{

(ρ2)
pr/H :

(

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(yk))

ρ2
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk
)1/H

≤1

}

.

Therefore, ϑ(x+ y) ≤ ϑ(x) + ϑ(y).
Next, we show that the scalar multiplication is continuous. Let µ be any complex number.
Then

ϑ(µx)

= inf

{

(ρ)pr/H :

(

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n µ(fkg(xk))

ρ
, z1, · · · ,

zn−1

)
∥

∥

∥

∥

)]pk
)1/H

≤ 1

}

= inf

{

(|µ|b)pr/H :

(

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

b
, z1, · · · ,

zn−1

)∥

∥

∥

∥

)]pk
)1/H

≤ 1

}

,
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where b = ρ
|µ| > 0. Now,

ϑ(µx) ≤ max(1, |µ|sup pr ) inf

{

(g)pr/H :

(

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

g
,

z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk
)1/H

≤ 1

}

,

since |µ|pr ≤ max(1, |µ|sup pr ). Hence, the sequence space
[

W,Y,M, u,A, θ, p,∆m
n ,

‖·, · · · , ·‖
]

0
is a paranormed space with respect to a paranorm ϑ(x). �

Theorem 2.3. Let M = (Mk) be a Musielak-Orlicz function and p = (pk) and (sk) be
two bounded sequences of positive real numbers with 0 < pk ≤ sk for each k and ( skpk

) be

bounded. Then
(i)

[

W,Y,M, u,A, θ, s,∆m
n , ‖·, · · · , ·‖

]

0
⊆

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
,

(ii)
[

W,Y,M, u,A, θ, s,∆m
n , ‖·, · · · , ·‖

]

⊆
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

,

(iii)
[

W,Y,M, u,A, θ, s,∆m
n , ‖·, · · · , ·‖

]

∞
⊆

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
.

Proof. Let (xk) ∈
[

W,Y,M, u,A, θ, s,∆m
n , ‖·, · · · , ·‖

]

∞
. Then

sup
j

sup
r

(

1

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]sk

< ∞.

Consider νk = ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ , z1, · · · , zn−1

)∥

∥

∥

∥

)]sk

and ηk = pk/sk. Since

pk ≤ sk, hence 0 < η < ηk ≤ 1. Write zk = νk, yk = 0 if νk ≥ 1 and yk = νk, zk = 0
if νk < 1. Thus, νk = zk + yk and νηk

k = zηk

k + yηk

k . It follows that zηk

k ≤ zk ≤ νk and
yηk

k ≤ yηk .
So,

1

hr

∑

k∈Ir

νηk

k =
1

hr

∑

k∈Ir

(zηk

k + yηk

k ) ≤
1

hr

∑

k∈Ir

zk +
1

hr

∑

k∈Ir

yηk .

Now 1
η > 1, as η < 1. By applying Holder’s inequality, we have

1

hr

∑

k∈Ir

yηk =
∑

k∈Ir

(

1

hr
yk

)η(
1

hr

)1−η

≤

(

∑

k∈Ir

[(

1

hr
yk

)η]1/η)η(
∑

k∈Ir

[(

1

hr

)1−η] 1
1−η

)1−η

=

(

1

hr

∑

k∈Ir

yk

)η

.

Hence,

1

hr

∑

k∈Ir

yηk ≤
1

hr

∑

k∈Ir

νk +

(

1

hr

∑

k∈Ir

yk

)η

.

Therefore, (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
. One can easily prove (i) and (ii).

�

Theorem 2.4. Let M = (Mk) and M′ = (M ′
k) be two Musielak-Orlicz functions. Then

the following inclusions hold:
(i)

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0

⋂
[

W,Y,M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
⊂

[

W,Y,M+M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
,

(ii)
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]
⋂

[

W,Y,M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

⊂
[

W,Y,M+M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

,
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(iii)
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞

⋂
[

W,Y,M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
⊂

[

W,Y,M+M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
.

Proof. Let (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞

⋂
[

W,Y,M′, u,A, θ, p,∆m
n ,

‖·, · · · , ·‖
]

∞
.

Then for all g ∈ W ∗, fk ∈ Y ∗ and for some ρ > 0, we have

sup
j

sup
r

1

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk

< ∞

and

sup
j

sup
r

1

hr

∑

k∈Ir

ajk

[

M ′
k

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

< ∞.

Now, by using inequality (1.1), we have

ajk

[

(Mk +M ′
k)

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≤ D

[

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk
]

+D

[

ajk

[

M ′
k

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk
]

.

This implies
1

hr

∑

k∈Ir

ajk

[

(Mk +M ′
k)

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≤
D

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk

+
D

hr

∑

k∈Ir

ajk

[

M ′
k

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

< ∞.

Hence, (xk) ∈
[

W,Y,M+M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
. Similarly we can prove for (i)

and (ii). �

Theorem 2.5. Let M = (Mk) be a Musielak-Orlicz function and p = (pk) be a bounded
sequence of positive real numbers. Then

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
⊂

[

W,Y,M,

u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

⊂
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
.

Proof. We establish the inclusion
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

⊂
[

W,Y,M, u,A,

θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
, since the first inclusion is obvious. Let (xk) ∈

[

W,Y,M, u,A, θ, p,

∆m
n , ‖·, · · · , ·‖

]

. Then there exists some positive number ρ1, such that

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

→ 0 as r → ∞.

Since M = (Mk) is non-decreasing, convex and so by using inequality (1.1), for ρ = 2ρ1,
we have
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1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≤
D

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ1
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk

+
D

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

L

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≤
D

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

+Dmax

{

1, ajk

[

Mk

(∥

∥

∥

∥

(

L

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]H}

< ∞.

This implies (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
. Hence, the proof. �

Theorem 2.6. Let M = (Mk) be a Musielak-Orlicz function which satisfies ∆2−condition
for all k and p = (pk) be a bounded sequence of positive real numbers. Then

[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

⊂
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

.

Proof. Let (xk) ∈
[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

. Then, we have

Sr =
1

hr

∑

k∈Ir

ajk[(‖(uk∆
m
n (fkg(xk))− L, z1, · · · , zn−1)‖)]

pk → ∞ as r → ∞,

for all g ∈ W ∗, fk ∈ Y ∗ and for some L. Let ǫ > 0 and choose ϕ with 0 < ϕ < 1 such
that Mk(s) < ǫ for 0 ≤ s ≤ ϕ for all k. Thus
1

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk

=
1

hr

∑

1

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

+
1

hr

∑

2

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

,

where
∑

1

is taken over k ∈ Ir, ‖(uk∆
m
n (fkg(xk))−L, z1, · · · , zn−1)‖ ≤ ϕ and

∑

2

is taken

over k ∈ Ir, ‖(uk∆
m
n (fkg(xk)) − L, z1, · · · , zn−1)‖ > ϕ. Also, by using the properties of

Musielak-Orlicz function we have
∑

1

≤ ϕH and for
∑

2

we have

∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L, z1, · · · , zn−1

)
∥

∥

∥

∥

≤ 1 +

∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ϕ
, z1, · · · , zn−1

)
∥

∥

∥

∥

.

Since (Mk) is non-decreasing and convex for all k,

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L, z1, · · · , zn−1

)
∥

∥

∥

∥

)]

< ajk

[

Mk

(

1 +

∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ϕ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]

≤
1

2
ajk(Mk(2)) +

1

2
ajk

[

Mk

(

(2)

∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ϕ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]

.



KÖTHE-ORLICZ VECTOR-VALUED WEAKLY SEQUENCE SPACES 169

Since (Mk) satisfies ∆2−condition for all k, we have
ajk[Mk(‖uk∆

m
n (fkg(xk))− L, z1, · · · , zn−1‖)]

≤
1

2
K

∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ϕ
, z1, · · · , zn−1

)∥

∥

∥

∥

Mk(2)

+
1

2
K

∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ϕ
, z1, · · · , zn−1

)∥

∥

∥

∥

Mk(2)

= K

∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ϕ
, z1, · · · , zn−1

)∥

∥

∥

∥

Mk(2).

Thus,

1

hr

∑

k∈Ir

ajk[Mk(‖(
uk∆

m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1)‖)]

pk≤εH+[max(1,KMk(2))ϕ]
HSr.

Hence, (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

as r → ∞. �

Theorem 2.7. Let M = (Mk) be a Musielak-Orlicz function which satisfies ∆2−condition
for all k and p = (pk) be a bounded sequence of positive real numbers. Then the following
statements are equivalent:
(i)

[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
⊂

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
,

(ii)
[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
⊂

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
,

(iii) sup
r

1

hr

∑

k∈Ir

ajk[Mk(s)]
pk < ∞, for all s > 0.

Proof. (i) ⇒ (ii): It is enough to prove that
[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
⊂

[

W,Y, u,A,

θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
. Consider (xk) ∈

[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
. Then there ex-

ists r > 0, for ε > 0, such that

1

hr

∑

k∈Ir

ajk[(‖(uk∆
m
n (fkg(xk)), z1, · · · , zn−1)‖)]

pk < ε.

Hence, there exists N > 0, such that

sup
j

sup
r

1

hr

∑

k∈Ir

ajk[(‖(uk∆
m
n (fkg(xk)), z1, · · · , zn−1)‖)]

pk < N,

for all j and r. Thus, we have (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
.

(ii) ⇒ (iii) : − Assume that

sup
r

1

hr

∑

k∈Ir

ajk[Mk(s)]
pk = ∞

and hence, we can find a subinterval Ir(n) of the set of interval Ir, such that

(2.1)
1

hr(n)

∑

k∈Ir(n)

ajk

[

Mk

(

1

n

)]pk

> n, n = 1, 2, · · · .

Define xk = 1
n , if k ∈ Ir(n) and xk = 0 if k /∈ Ir(n). Then (xk) ∈

[

W,Y, u,A, θ, p,∆m
n ,

‖·, · · · , ·‖
]

0
, but by equation (2.1), (xk) /∈

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
, which

contradicts (ii). Hence sup
r

1

hr

∑

k∈Ir

ajk[Mk(s)]
pk < ∞, for all s > 0.

(iii) → (i) : Assume that (xk) ∈
[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
and (xk) /∈

[

W,Y,M,
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u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
, then we have

(2.2) sup
j

sup
r

1

hr

∑

k∈Ir

ajk[Mk(‖(
uk∆

m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1)‖)]

pk = ∞.

Let s = ‖
uk∆

m
n (fkg(xk))−L

ρ , z1, · · · , zn−1‖, for each k. Then equation (2.2) becomes

sup
r

1

hr

∑

k∈Ir

ajk[Mk(s)]
pk = ∞,

which contradicts (iii). Therefore, (i) must holds. �

Theorem 2.8. Let M = (Mk) be a Musielak-Orlicz function which satisfies ∆2−condition
for all k and p = (pk) be a bounded sequence of positive real numbers. Then the following
statements are equivalent:
(i)

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
⊂

[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
,

(ii)
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
⊂

[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
,

(iii) inf
r

1

hr

∑

k∈Ir

ajk[Mk(s)]
pk > 0, for all s > 0.

Proof. (i) ⇒ (ii) : − One can easily show this .
(ii) ⇒ (iii) : − Assume that

inf
r

1

hr

∑

k∈Ir

ajk[Mk(s)]
pk = 0, for some s > 0.

Hence, we can find a subinterval Ir(n) of the set of interval Ir such that

(2.3)
1

hr(n)

∑

k∈Ir(n)

ajk[Mk(n)]
pk <

1

n
, n = 1, 2, · · · .

Define (xk) = n, if k ∈ Ir(n) and xk = 0, if k /∈ Ir(n). Hence, by equation (2.3), (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
but (xk) /∈

[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
, which

contradicts (ii). Therefore, (iii) must holds.
(iii) ⇒ (i) : − Assume that x = (xk) ∈

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
. Then

(2.4)
1

hr

∑

k∈Ir

ajk

[(

Mk

∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk

→ 0 as r → ∞.

Now suppose that (xk) /∈
[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
, for some number ε > 0 and a

subinterval Ir(n), of the set of interval Ir, we have
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

≥ ε, ∀k.

Then by using the properties of the Orlicz function, we have
[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≥ (Mk(ε))
pk , ∀k.

Hence, by using (2.4), we have

lim
r→∞

1

hr

∑

k∈Ir

ajk[Mk(s)]
pk = 0,

which contradicts to inf
r

1

hr

∑

k∈Ir

ajk[Mk(s)]
pk > 0, for all s > 0. Therefore, (i) must

holds. �
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Theorem 2.9. Let M = (Mk) be a Musielak-Orlicz function and p = (pk) be a bounded
sequence of positive real numbers. If sup

k
[Mk(x)]

pk < ∞ for all fixed x > 0, then

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

⊆
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
.

Proof. Suppose (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

, then there exist positive num-
ber ρ, such that

lim
r→∞

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

= 0.

Since Mk is non-decreasing and convex, then by using inequality (1.1), for ρ = 2ρ1, we
have

sup
j

sup
r

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

= sup
j

sup
r

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk) + L− L)

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≤ D sup
j

sup
r

1

hr

∑

k∈Ir

1

2pk
ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

+D sup
j

sup
r

1

hr

∑

k∈Ir

1

2pk
ajk

[

Mk

(
∥

∥

∥

∥

(

L

ρ1
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk

≤ D sup
j

sup
r

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

+D sup
j

sup
r

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

L

ρ1
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

< ∞.

Hence, (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
. �

Theorem 2.10. Let M = (Mk), M
′ = (M ′

k) be two Musielak-Orlicz functions satisfying
∆2−condition and 0 < inf pk = h ≤ pk ≤ sup pk = H < ∞. Then the following inclusion
relations hold:
(i)

[

W,Y,M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
⊂

[

W,Y,M◦M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
,

(ii)
[

W,Y,M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

⊂
[

W,Y,M◦M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

,

(iii)
[

W,Y,M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
⊂

[

W,Y,M◦M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
.

Proof. Let (xk) ∈
[

W,Y,M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
, then

lim
r→∞

1

hr

∑

k∈Ir

ajk

[

M ′
k

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk

= 0.

Let ε > 0 and choose ϕ with 0 < ϕ < 1 such that Mk(s) < ε, for 0 ≤ s ≤ ϕ.

Also let (yk) = M ′
k

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ , z1, · · · , zn−1

)∥

∥

∥

∥

)]

, for all k ∈ N. We have

1

hr

∑

k∈Ir

ajk(Mk[yk])
pk =

1

hr

∑

k∈Ir
yk≤ϕ

ajk(Mk[yk])
pk +

1

hr

∑

k∈Ir
yk≥ϕ

ajk(Mk[yk])
pk .
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Thus, we have

(2.5)

1

hr

∑

k∈Ir
yk≤ϕ

ajk(Mk[yk])
pk ≤ [Mk(1)]

H 1

hr

∑

k∈Ir
yk≤ϕ

ajk(Mk[yk])
pk ,

1

hr

∑

k∈Ir
yk≤ϕ

ajk(Mk[yk])
pk ≤ [Mk(2)]

H 1

hr

∑

k∈Ir
yk≤ϕ

ajk(Mk[yk])
pk .

Since (Mk)
′s are non-decreasing and convex, so for yk > ϕ, yk < yk/ϕ < 1 + yk/ϕ,

Mk(yk) < Mk(1 + yk/ϕ) <
1

2
Mk(2) +

1

2
Mk

(

2yk
ϕ

)

.

Since, M = (Mk) satisfies ∆2−condition,

Mk(yk) <
1

2

Ryk
ϕ

Mk(2) +
1

2

Ryk
ϕ

Mk(2) =
Ryk
ϕ

Mk(2).

Therefore,

(2.6)
1

hr

∑

k∈Ir
yk≥ϕ

ajk(Mk[yk])
pk ≤ max

(

1,

(

R
Mk(2)

ϕ

)H)

1

hr

∑

k∈Ir
yk≤ϕ

ajk[yk]
pk .

Now by (2.5) and (2.6), we have (xk) ∈
[

W,Y,M◦M′, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
. Hence

the proof. In the same manner, (ii) and (iii) can be proved. �

Theorem 2.11. Let M = (Mk) be a Musielak-Orlicz function and 0 < h = inf pk. Then
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
⊂

[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
if and only if

(2.7) lim
r→∞

1

hr

∑

k∈Ir

ajk(Mk(s))
pk = ∞,

for some s > 0.

Proof. Let
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
⊂

[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
and

lim
r→∞

1

hr

∑

k∈Ir

ajk(Mk(s))
pk = ∞ does not holds. Thus, there is subinterval Ir(n) of the

set of intervals Ir and a number s0 > 0, where

s0 =

∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

, ∀k

such that

(2.8)
1

hr(n)

∑

k∈Ir(n)

ajk(Mk(s0))
pk ≤ C < ∞, n = 1, 2, 3, · · · .

Define (xk) = s0, if k ∈ Ir(n) and (xk) = 0, if k /∈ Ir(n). Therefore, by using (2.8),

(xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
and (xk) /∈

[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
.

Hence, (2.7) must holds.
Conversely, assume that (2.7) holds and let (xk) ∈

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
.

Then for each r,

(2.9)
1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≤ C < ∞.
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Let (xk) /∈
[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
. Then for some number ε > 0, there is a

number t0 such that for a subinterval Ir(n) of the set of intervals Ir,
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

> ε, for t > t0.

Now, by using the properties of sequence of Orlicz functions, we have

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≥ ajk[Mk(ε)]
pk ,

which contradicts (2.7). Hence, by using (2.9), we have
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
⊂

[

W,Y, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0

�

Theorem 2.12. Let M = (Mk) be a Musielak-Orlicz function and ∆m
n be a difference

operator for m,n ≥ 1. Then
(i)

[

W,Y,M, u,A, θ, p,∆m−1
n , ‖·, · · · , ·‖

]

0
⊆

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
,

(ii)
[

W,Y,M, u,A, θ, p,∆m−1
n , ‖·, · · · , ·‖

]

⊆
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

,

(iii)
[

W,Y,M, u,A, θ, p,∆m−1
n , ‖·, · · · , ·‖

]

∞
⊆

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

∞
.

Proof. Let (xk) ∈
[

W,Y,M, u,A, θ, p,∆m−1
n , ‖·, · · · , ·‖

]

0
and ε > 0 be given. Then there

exists ρ > 0 such that

(2.10)
1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m−1
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

→ 0, as r → ∞.

By using the properties of Musielak-Orlicz function, we have

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

2ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]

=
1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk(∆
m−1
n (fk+1g(xk+1))−∆m−1

n (fkg(xk)))

2ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]

≤
1

2

1

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m−1
n (fk+1g(xk+1))

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]

+
1

2

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m−1
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]

.

Thus, by using inequality (1.1), we have

1

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

2ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk

≤ D

{

1

2

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m−1
n (fk+1g(xk+1))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

+
1

2

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m−1
n (fkg(xk))

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk
}

.

Then, by using (2.10), we have

lim
r→0

1

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk

= 0.

Therefore, (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

0
. �
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Theorem 2.13. Let p = (pk) be a bounded sequence of positive real numbers.
(i) If 0 < inf pk ≤ pk ≤ 1 for all k, then

[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

⊆
[

W,Y,M, u,A, θ,∆m
n , ‖·, · · · , ·‖

]

.

(ii) If 1 ≤ pk ≤ sup pk = H < ∞ for all k, then
[

W,Y,M, u,A, θ,∆m
n , ‖·, · · · , ·‖

]

⊆
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

.

Proof. (i) Let (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

. Then

lim
r→∞

1

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]pk

= 0.

Since 0 < inf pk ≤ 1, we have

lim
r→∞

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]

≤ lim
r→∞

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

= 0.

Thus, (xk) ∈
[

W,Y,M, u,A, θ,∆m
n , ‖·, · · · , ·‖

]

.

(ii) Let (xk) ∈
[

W,Y,M, u,A, θ,∆m
n , ‖·, · · · , ·‖

]

.

lim
r→∞

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]

= 0.

Also, 1 ≤ pk ≤ sup pk = H < ∞ for all k. This implies that

1

hr

∑

k∈Ir

ajk

[

Mk

(∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1

)∥

∥

∥

∥

)]pk

≤
1

hr

∑

k∈Ir

ajk

[

Mk

(
∥

∥

∥

∥

(

uk∆
m
n (fkg(xk))− L

ρ
, z1, · · · , zn−1

)
∥

∥

∥

∥

)]

= 0.

Thus, (xk) ∈
[

W,Y,M, u,A, θ, p,∆m
n , ‖·, · · · , ·‖

]

. Hence, the proof. �
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