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KOTHE-ORLICZ VECTOR-VALUED WEAKLY SEQUENCE SPACES
OF DIFFERENCE OPERATORS

KULDIP RAJ AND ANU CHOUDHARY

ABSTRACT. In the present article, we propose vector-valued weakly null, weakly con-
vergent and weakly bounded sequences over n-normed spaces associated with infinite
matrix, Musielak-Orlicz function and difference operator. We make an effort to study
some algebraic and topological properties of these sequence spaces. Further, we shall
investigate some inclusion relations between newly formed sequence spaces.

1. INTRODUCTION AND PRELIMINARIES

In 1972, E. Pietsch [14] introduced some classes of vector-valued weakly summable
and absolutely summable sequences. Thereafter, many authors have worked on these
sequence spaces. Recently, the study of vector-valued sequence spaces has been explored
by Mohuiddine and Raj [11], Mursaleen and Raj [12], Ogur and Sagir [13] and many
others.

Let N, R and C be the sets of natural, real and complex numbers respectively. We
write

w={x=(x):zr € Ror C}
the space of all real or complex sequences.

An increasing non-negative integer sequence 6 = (k,.) with ko = 0 and &, — k,—; — o0
as r — oo is known as lacunary sequence. The intervals determined by 6 will be denoted
by I, = (ky_1, kr]. We write h, =k, — k,_1 and ¢, denotes the ratio kfil. Freedman et

al. [4] defined the sequence space

Ny = {x = (xg): 71320}% Z |xx — L| = 0 for some L}
kel,

known as lacunary strongly convergent sequence space. Many authors have explored
the concept of lacunary convergence. Some of them are Colak et al. [1], Esi et al. [3],
Kilicman and Borgohain [7], Raj and Sharma [15], Tripathy and Baruah [18], Tripathy
and Dutta [20], Tripathy and Dutta [21], Tripathy and Et [24], Tripathy et al. [25] and
Tripathy and Mahanta [26].

Let A = (aji) be an infinite matrix of real or complex numbers a;x, where j, k € N.

The A transform of x = () is written as Az and Az = (Ag(x)) if Ax(x) = Z KTy
k=1

converges for each k € N.

An Orlicz function M : [0,00) — [0,00) is convex, continuous and non-decreasing
function which also satisfy M (0) = 0, M(x) > 0 for x > 0 and M(z) — o0 as ¢ — oc.
Lindenstrauss and Tzafriri [9] used the idea of Orlicz function to define the following
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sequence space:

ZM:{wa:ZM<Zk|> < 00, forsomep>0}7

k=1

which is called as an Orlicz sequence space. An Orlicz function is said to satisfy
Ay—condition if for a constant K, M (Pz) < KPM(zx) for all values of > 0 and for
P > 1. A sequence M = (M},) of Orlicz functions is called as Musielak-Orlicz function.

Kizmaz [8] proposed the concept of difference sequence spaces Z(A), where Z = ¢, ¢
and {. These sequence spaces were further generalized by Et and Colak in [2] where
they introduced sequence spaces Z(A™). Subsequently, the difference operator A,, for a
non-negative integer n was introduced by Tripathy and Esi [22] and later on generalized
by Tripathy et al. [23]. The difference sequence spaces Z(A™), where m,n € N are
defined as follows:

Z(A7) = {a = (xx) € w: (Awy) € Z),

where Az, = xp, Ay, = (A" Loy — A" lz4.,,) and binomial representation is

m
Azll‘k = Z(—l)m ( ’n; ) Lh+ni-

i=0
Misiak [10] developed the concept of n—normed spaces. Many Mathematicians have
studied the concept of n—normed spaces. In [19] Tripathy and Borgogain discussed some
interesting results on n—normed sequences related to ¢, space. Moreover, Tripathy et
al. [27] introduced I—convergence in probabilistic n—normed space. For definition and
results on n—normed spaces (see [5], [6], [12]). A sequence (zj) in a n-normed space

(Wi l-5-- -, is said to converge to some L € W if
lim |[(xx — L,21,-++ ,2n—1)|| =0 for every 2z1,--,2,_1 € W.
k—o0
A sequence (zy) in a n-normed space (W, ||-,--- ,||) is said to be Cauchy with respect to

the n-norm if

lim |[(zx —2p, 21, ,2n-1)|| =0 for every =z, - ,2,-1 € W.
k,p—o0
A sequence (zy) in a n—normed space W is said to be bounded if for a positive constant
Q, [(xk, 21, y2n-1)|]| < Q for all z1,---,2z,-1 € W and is written as x, = O(1). To
know more about sequence spaces see ([12], [16], [17]) and references therein.
Let W be a linear metric space. A function ¥ : W — R is called paranorm, if

(1) I(= )>0 for all z € W,

(2) 9(—z) = d(a), for all x € W,

(3) 19(33+y) < dI(z) +I(y), for all z,y € W,

(4) if (pup) is a sequence of scalars with u, — p as n — oo and (z,,) is a sequence
of vectors with ¥(z, —x) — 0 as n — oo, then V(ppx, — px) — 0 as n — oo.

If Y is any sequence space then the a—dual of Y is denoted by Y™* and is defined as

Y* = {('yk) Ew: Z |akyi| coverges for all (ag )y € Y}.
k=1

Let W be a n—Banach space and R(n — W) denotes the space of W—valued sequences.
Let M = (M}) be a Musielak-Orlicz function, p = (pg) be a bounded sequence of po-
sitive real numbers, u = (ux) be any sequence of positive real numbers, A = (a;;) be
an infinite matrix and 6 be a lacunary sequence. In the present paper we define weakly
convergent, weakly null and weakly bounded sequence spaces as follows:
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n>

|:VV7Y,M7’U,7A,9,p,Am ||7 7||:|

_{x—@wemey

m _ Pk
o ([T . )

" kel, P

for all g € W*, fi. € Y™ and for some p > 0},
|:I/V7Y7M7U7A7evvanm7 ||7 7||:|
0

{x@wemey

| up AT (frg(wk)) o

S I [T LT DO )
kel,

for all g € W*, fi. € Y™ and for some p > 0}

and

|:I/V7Y7M7u7~'4797p7Anm7 ||a 7||:|
= {q:(xk) ER(TL*W)S

1
stj}p 5171-p . Z ajk [Mk (‘

r kel,

(UkAZL(fkg(xk)) 21y an)H)]pk =
p

for all g € W*, fi. € Y™ and for some p > 0}.

If 0 < pp < suppy = H, D = max(1,2%1). Then
(1.1) ek + diP* < D([e|P* + [di|™),
for all ¢, d; € R for all £ € N.

The main purpose of this paper is to study some new classes of lacunary weakly
sequences over n—normed spaces by means of sequence of Orlicz functions and infinite

matrix. We shall study some algebraic properties, topological properties and interesting
inclusion relations between these sequence spaces.

2. MAIN RESULTS

Theorem 2.1. Let M = (M},) be a Musielak-Orlicz function and p = (pi) be a bounded
sequence of positive real numbers. Then the sequence spaces [VV, Y M, u, A, 0,p, AT

H‘, Ty .||:|O’ [W,Y,M,U7A,0,p7 A;nv ||a T ||] and [VV,KM,U,A,G,]?, AZL, ||7 T 7”]00
are linear spaces over the field C of complex numbers.
Proof. Let (z1), (yx) € [W,Y,M,u,A,G,p, ATl ,~||]0 and a, € C. Then there

exist positive numbers p; and ps such that

D S ([ 50 K B )|

" kel, 1
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and

o1 AM
T [T

" kel, P2

)] e

Define ps = max(2|a|p1, 2|8|p2). Since M is non-decreasing and convex. Hence, by using

(1.1), we have - B
Tim hi Z o |:Mk< ’(ukAn (a(fkg(ﬂfl;i) + B(fkg(yk))),zh o 7Zn1> D]
< i 3 o (122U | AT GUg))

" kel,
r—roo P3 p3
Pk
21y 7Zn—1) H>:|
k

" kel,
1 1 A™ P
<Dim LY L, {Mk(H(wU‘MMZl 7an) D]
T—00

T kel, 2Pk P1
.1 1 up AL (fr9(yk)) i
+Drhar{>1ohir Z majk|:Mk<H(p2»Zh"' y Zn—1 < oo.
kel
Thus, the sequence space [VV, Y Mu, A0, p, AT |-, - ,~|H0 is a linear space over the
field C of complex numbers. Similarly, [VV, Y M,u, A0, p, AT ||, -, H] and [VV7 Y, M,
u, A, 0,p, AT |-, -+, ||} ., are also linear spaces over the field C of complex numbers. [

Theorem 2.2. Let M = (M},) be a Musielak-Orlicz function and p = (pi) be a bounded
sequence of positive real numbers. Then the sequence space [VV, Y M,u, A, 0,p, AT,
I ,-||]0 is a paranormed space with respect to a paranorm

. 1 ug AT (frg(wk))
o) = mf{@o)pr/ff : (m S ay [Mk(‘ (p ,
kel,
Pk 1/H
where H = max(1,sup pg < 00).
k

Proof. (i) It is obvious that ¥J(z) > 0, for x = (z}) € [W,Y, M, u, A,0,p, AT [|-,-- -, 'Mo'
Since My (0) = 0, we get ¥(0) = 0.

(ii) 9(—z) = ().
(iii) Let (zg), (yx) € (WY, M, u, A, 0,p, AT, |-, --- ,-||]0, then there exist positive num-

bers p1, p2 such that
1 AT Pk
Zajk{Mk<‘(quﬂxk)),Zl,“mzn—1> D] <1
P1

" kel

" kel, P2

and
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Now, by using Minkowski’s inequality, for p = p; + p2, we have

<hl Z o {Mk <H (ukm(fkg(m» + frg) )H>”/H

_ (hl k; a]k[Mk<H (u@?((fkgl()zk)p)l)iz;eﬁ%”((fkg(yk)))’
.
(gl )
(| )
SEE s e )
() S ()

Since, p > 0, so

Wz +y)
—int {@)pr/a : ( hi > [ M, (H (ukAmfkg(a:m + uk A7 (frg(yr))

" kel, p
)
sl (| (250 ) )
o)

{1 (5852 ) ) )
Therefore, 9(z + y) < 9(z) + 9(y).

" kel p2
Next, we show that the scalar multiplication is continuous. Let u be any complex number.
Then

J(px)

~inf {(p)pT/H : <hl S aj |:Mk (H (ukAﬁﬂ(fkg(mk))’Zh e

" kel p
i\ 1/H
= )[)]) <1

:inf{(Iub)p“"/H: <hl Z ajk [Mk(HCW,Zh'“ )

kel,
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where b = ﬁ > 0. Now,

D) < max(1, e i (07 (1 3 a o | (ML 0D,

" kel g

pr\ 1/H
) S

since |u[Pr < max(1, |u[S*PPr). Hence, the sequence space [W, Y, M,u, A,0,p, A
[[-,----Il], is a paranormed space with respect to a paranorm 9(z). O

Theorem 2.3. Let M = (M) be a Musielak-Orlicz function and p = (pi) and (sg) be
two bounded sequences of positive real numbers with 0 < pi < sy for each k and (;—2) be
bounded. Then

(Z.)[W,KM,U,A,G,S,AZL,||~,~- ) ||] [WYM U-Aava:Ln7”'a"'a'|H07
(Z”) [WYMU'AQSAnaHv ) H]oo_[WY5M7U7A507p7A;n7”'a"'a'”]oc
Proof. Let (z) € [W,Y,M,u, A,0,s, A7 ||-,- - ,-||]oo. Then
1 A™ ok
supsup (= 3 age | b (|| (B Unglan)) < .
7 T hr P
kel,
. Sk

Consider v, = aji [Mk<H(u’“A"(J;’“g(z’“)),z1,-~- ,zn_1> )} and 7, = pg/sk. Since

pkgsk,henceo<n<77kgl.Writezk—uk, yp =0if vy > 1 and yx = v, 2, =0
if vy < 1. Thus, vy = 2z + Y, and v = ¥ + y*. It follows that z* < 2z, < v} and
Nk < n

Ye = Ypi-

So,

1 1 1
v = 2 ) = St Sl
" kel " kel, kel " kel,
Now % > 1, as 7 < 1. By applying Holder’s inequality, we have

R 2 ) ()

T

" kel kel
1 m1/n\ 1\ T\ L 1 7
(G ) 1) -G
kel, kel, kel
Hence,
1 1 1 K
n
hrzykaTT Vk+(hrzyk>-
kel, kel, kel
Therefore, (z) € [W, Y, Mu, A, 0,p, A |-, - 7||] . One can easily prove (i) and (7).

O

Theorem 2.4. Let M = (My) and M’ = (M],) be two Musielak-Orlicz functions. Then
the following inclusions hold:

(Z')[I/V,Y,M,’LL,A,H,}?,A?,H',"‘, H]oﬂ[WYM/uAevana”a"'v'”L) -
[VV,Y,M+MI,U,A,0,}7,AZL,H’, ) ||]07

(i8)[W. Y, My, A0, p ATV Y MY s A6, p, AT ] c
[VV,Y,M+MI,U,A,0,}7,AZL,H’, ) ||]a
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(ZZZ)[WY7M7U7A797P7A?7”a ’|Hooﬂ [VV,KMZU,A,&,]),AZI,”, ’|Hoo -
[VV,Y,M+MI,U,A,0,p,AT,”‘,"' ’H]Oo
PTOOf. Let (‘rk) € [W,KM,U,A,&,I), AT7 ||a 7||]Oom [WY7M/7U7A797P7 A;n,

el e

Then for all g € W*, fi, € Y* and for some p > 0, we have

o (50 )

J T s kel,. p

and

o (22 )<

J s A kel,. p

Now, by using inequality (1.1), we have

ajk [(Mk + M,;)( ‘(Wﬂh . 7zn_1> H):|pk

 ofe (] (B YD)

o
This implies

L o (88 Y

" kel, p
D A™ Pk
S hi Z a/jk? |:M]€<H(Uk n(fkg(xk))azla"' azn—l)H>:|
" kel, P
D A™ Pk
+ 3 [M’g(H <7m’“9(m’“))’zh... ;Z'n,1> H)] < 0.
" kel, P
Hence, (x) € [VV, Y M+ M u, A0, p, AT ||, - - - ,~H]oo. Similarly we can prove for (7)
and (i4). O

Theorem 2.5. Let M = (M},) be a Musielak-Orlicz function and p = (pi) be a bounded

sequence of positive real numbers. Then [VV, Y Mou, A0, p, AT ||, - 'H]o C [VV, Y, M,
U,A,Q,p, A?a ”a Tty M C [VVv Y,M,U,A,Q,p, A?v ”7 ) ”]Oo
Proof. We establish the inclusion [VV, Y Mu, A 0,p, AT |-, - 7H] C [VV, Y, M, u, A,
O,p, AT |-, ~||]OO, since the first inclusion is obvious. Let (zy) € [VV, Y, M, u, A,0,p,
A" |l-,-++,||]. Then there exists some positive number p1, such that

1 A - L Pk

e Z Ajk {Mk< ’(uk L (fk,fl(xk)) Sy R, 7Zn—1> H)} —0 as 7 — oo

" kel,

Since M = (My,) is non-decreasing, convex and so by using inequality (1.1), for p = 2p,
we have



168 KULDIP RAJ AND ANU CHOUDHARY

(|22 )]
P

" kel, 1

D L Pk
2 f[(E o))
23 e[ (Bim D 2L, )]

" kel,
I H
+D max {1,ajk {Mk <H (, 21,0 ,zn1> H)} } < 0.
P1
This implies (zy) € [VV, Y Mu, A0, p, AT |-, - ,-||]Oo. Hence, the proof. O

Theorem 2.6. Let M = (My,) be a Musielak-Orlicz function which satisfies Ag— condition
for all k and p = (pi) be a bounded sequence of positive real numbers. Then

|:VV7Y7U7A797P7AZLa ||a 7||] - I:WKM,U,A,Q,p,Anm,H',"' 7||]
Proof. Let (z) € [W,Y,u, A,0,p, A7, ||-,--- ,-||]. Then, we have

1
S, = h— Z a]k[(”(uk‘A;n(fkg(Ik)) — L’Zl7 . 7Zn—1)H)]pk — 00 as T — oo,
" kel,

for all g € W*, fr € Y* and for some L. Let ¢ > 0 and choose ¢ with 0 < ¢ < 1 such
that My (s) < € for 0 < s < ¢ for all k. Thus

I

" kel, P

Ryt )
ATt )

p

where Z is taken over k € I, [|[(ug AT (frg(xk))—L, 21, , 2n—1)|| < ¢ and Z is taken
2

1
over k € I, |[(ug AT (frg(xk)) — Ly z1, -+ ,2n—1)|| > . Also, by using the properties of
Musielak-Orlicz function we have Z < ' and for Z we have

1 2

H <ukAmfkg(xk)) L. 7Zn1> H s H <ukA:?(fki(m)) - L’Zl’ . 7Zn1> H

Since (M}) is non-decreasing and convex for all k,

Ve 1

< ap [Mk<1+H(ukA?(fk9($k))—L P Zn1>

: )]

< %ajk(Mk(Q)) + %aﬂc [Mk<(2)H <Ukw(fki(xk)) o ’Z”_l) Hﬂ
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Since (M},) satisfies Ag—condition for all k, we have
aji My (|ue A7 (frg(@r)) = Ly 215+ Zna )]

1K”(UkAZ“<fkg<xk>> “L . ,ZM) ”Mk(g)

-2 ¥
. ;K“<UkAﬁ(fki(xk)) - L,Zh... 72,11) "Mk(z)
_ KH (ukAnm(fki(xk)) —L o ’zn_l) “Mk(z).

Thus,

o an (RSN L e a1, K2,
" kel,

HGHCG, (xk) € |:VV7 Y,M,U,.A,@,p, A?v ||7 ) |H as 1 — 00. u
Theorem 2.7. Let M = (My,) be a Musielak-Orlicz function which satisfies Ago— condition

for allk and p = (pi) be a bounded sequence of positive real numbers. Then the following
statements are equivalent:

(Z) [VV,Y,U,.A,Q,p,A?,H','-' ’.H]oo C [VVaKMaU,A797P7A:}:7 H’ 7'”]007
(”) [WKUaAﬁWaAnmv”'a‘“ 7'|”0 C [W,KM,U7A,(9,]),AZL,||-,--- 7'”]00’
1
(i) sup W Z a;i[ My (s)]P* < oo, for all s > 0.
T ke,
Proof. (i) = (i1): It is enough to prove that [VV,Y,u, A, 0,0, AT |-, - ,-||]O C [I/V, Y, u, A,
oapaAzlv ||7 ’H]oo Consider (xk) € [T/V,Y,U,A,G,p, Azla H7 7'“]0' Then there ex-

ists r > 0, for € > 0, such that
1
W > ail(l (el (Frg(@r)), 21, s zan)DP* <e.
kel,
Hence, there exists N > 0, such that
1 . A™ Pk« N
supsup > ain[(l (e Ay (frg(zn)), 215+ 2n1) DIPE < N,
7 r r kel,

for all j and r. Thus, we have (z) € [W, Y Mu, A0, p, AT |-, - 7-||]Oo.
(i4) = (#it) : — Assume that

1
sup 7~ k; ajk[Mp(s)]P* = oo

and hence, we can find a subinterval I,..,) of the set of interval I,., such that

1 1 Pr
(21) n Z Ajk |:Mk (n>:| >n, n:]_727...

T(n) kGIT(n)

Define z, = +, if k € I,(,,) and @, = 0 if k ¢ L (). Then (zy) € [W,Y,u, A,0,p, AT,

Hv 7'”]07 but by equa’tion (21)a(xk) ¢ [WKM7U7A797]9; A:Ln7 H7 7'”]007 which
1
contradicts (i4). Hence sup 7 Z a;i[My(s)]P* < oo, for all s > 0.
T ke,

(iii) — (i) : Assume that (zx) € [W,Y,u, A,0,p, AT, |-, ,~H]OO and (zy) & [W,Y, M,
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U, -/4707]7, AZL7 ||; T, moo’ then we have
1 up A™ x)) — L
(22)  swpsup o 3 apMi( (AR =L NP = oo,
j T hy. P
kel
Let s = HM, 21, ,2zn_1||, for each k. Then equation (2.2) becomes
1
P, > ajk[My(s)]Ps = oo,

kel,

which contradicts (éi7). Therefore, (i) must holds. O

Theorem 2.8. Let M = (My) be a Musielak-Orlicz function which satisfies Ago— condition
for all k and p = (pi) be a bounded sequence of positive real numbers. Then the following
statements are equivalent:

(,L) [T/V,Y,M,U,A,Q,p,AZL, Hv a‘H]o - [VV,Y,U,A,@,]),A?,”',"' 3'|H07
(i) [VV,Y7M,U,A79,p,A$,H°,'-' a'”]o C [VV,Y,U,A,@,p,AZl, (R v'”]oov
1
(iii) i?fh— Z ajr[Mi(s)]P* > 0, for all s > 0.
TkeIT

Proof. (i) = (ii) : — One can easily show this .
(#9) = (4i7) : — Assume that

1
iI;f o Z a;i[Mg(s)]P* =0, for some s> 0.
" kel,
Hence, we can find a subinterval I,.(,,) of the set of interval I, such that

(2.3) !

1
E a]'k[ijk(n)]pk <-, n:172a"' .
r(n) n
k)EIT(n)

Define (zx) = n, if k € I(,) and oy, = 0, if k& ¢ I,(,,). Hence, by equation (2.3), (zx) €

|:VV7 Y,M,U,A,G,p, A7T7 ||a I |HO but (Jfk) ¢ [VVvKuv-/Lavpv A7T7 ||a I |Hoo’ which
contradicts (¢¢). Therefore, (i44) must holds.
(iii) = (i) : — Assume that z = (z),) € [W,Y, M, u, A,0,p, AT, ||-,--- ,~|HO. Then

1 A™ Pk
(24) — Z ajk {<MkH (1MM721’ e ,zn_1> H)} —0 as r— oco.

Ry p

kel,

Now suppose that (zx) ¢ [W,Y,u, A,0,p, A, |-, ,-||]0, for some number € > 0 and a

subinterval I,.(,,), of the set of interval I,., we have

Am
(Uk . <fkg(xk>) yRLy e 7zn1>
P
Then by using the properties of the Orlicz function, we have

[Mk( <1%Am‘le9(ﬂ%))zl ,an) ')]p’“ﬁMk(g))m’ vk

‘ >e, VEk.

0
Hence, by using (2.4), we have

. 1
A ,; ajk[My(s)]" =0,
el

1
which contradicts to infh— Z aji[Mi(s)]P* > 0, for all s > 0. Therefore, (i) must

" el
holds. O
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Theorem 2.9. Let M = (M},) be a Musielak-Orlicz function and p = (pi) be a bounded
sequence of positive real numbers. If sup[ My (x)]P* < oo for all fized x > 0, then
k

[WY7M7U7A797P7A:?7||'>"' =||] c [VV,KM,U,A79,]),AZL,H~,“' 7'”]00'
Proof. Suppose (z) € [VV, Y, Mu, A 0,p, AT ||, - - - ,~H],then there exist positive num-

ber p, such that

1 A™ — L Pk
7"11>H010h/7'r‘ Z ik |:Mk<H<Uk . (fkg(xk)) y 21yt ,Zn—l)H>:| -0

kel, P

Since M}, is non-decreasing and convex, then by using inequality (1.1), for p = 2p;, we

> aj [Mk<H <“’€Anm(f’m’zh . ’Zn_l) H)}pk

1
sup sup —
7 T hr

kel p
1 A™ L-L e
el S [Mk< (uk ko) +L-L) ,Zn_l) ﬂ
i o hr p
kel
1 1 up AT (frg(zk)) — L "
< Dsgpsgphrzwajk{Mk(‘ ( n " L2, 2
kel,
1 1 L pr
+D51;p51iphf Z ﬁ%‘k {Mk<H(pl7Zh"' 7Zn1> H)}
kel,
1 Am — L Pk
< Dsupsup . Z ajk {Mk(‘ (Uk w (frg(zr)) 21, ,Zn1> D]
7 T T kel, P1
1 L Pk
3 > [ ) P
7 r hr kel P1
Hence, (xk) c [VV7 Y7M7U7A707p7 AZI7 ||7 e ’Moo D

Theorem 2.10. Let M = (My), M’ = (M],) be two Musielak-Orlicz functions satisfying

Ag—condition and 0 < infpr = h < pr < suppx = H < 0o. Then the following inclusion
relations hold:

(i)[W,Y,MI,’LL,A,e,p, Aﬁv”v »'H]O C [WY,MOM/7U,A,9,p7AZl,||-,-'- 7'”]07
(ZZ)[WKM/7U7A797P7A?7“a 7|” - [VV?Y?MOM/7U7~’4797P7A$7”'7'“ 7'”]7
(iii)[VVaYaM/vuaAvavvaZl»”'7"' 7'”]00 c [VKY,MoM’7u,A,9,p7AZl,||-,--- 7'”]00‘
PT‘OOf. Let (xk) € [WKMI7uaAa9apa A;,na ||7 a'||]07 then
1 ur AT (frg(wr)) br
s (| (22880 )] o

Let € > 0 and choose ¢ with 0 < ¢ < 1 such that My(s) < e, for 0 < s < ¢.
Also let (yx) = M,’C<H <1““Am£’“g(“)),zl,~~ ,zn_l) D}, for all k € N. We have

1 1 1
. > a(My[yp))?* = . > air(Mifye)* + W > ae(Mylyx])™.
" kel " kel " kel
Y <¢p Yr>p
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Thus, we have

1 1
= 3 e (Mily)™ < ML= 3 (Ml
" kel " kel,
(2.5) Ye<¢ Yr<p
’ 1 1
. Z ajk(Mrlye])"* < [Mk(Q)]Hh* Z ajr (Mp[yr])"*.
" kel, " kel,
Yr<e <

Since (M})'s are non-decreasing and convex, so for yx > ¢, yx < yr/@ < 1+ yr/p,

1 1 2
M (yr) < Mp(1+yr/@) < §Mk(2) + §Mk (ik) .
Since, M = (M},) satisfies Ag—condition,
1 Ryy, 1 Ry Ry;,
My (yx ———Mp(2) + = —— My (2) = —— My(2
() < 3 ML) + 520 (2) = 0 (2)
Therefore,
1 M2\ 1
26 Y anOnlu) < mae (1 (B2 )L S o
kel, kel,
Yk 2P Yr ¢
Now by (2.5) and (2.6), we have (z}) € [W,Y, Mo M u, A,0,p, AT |-, - ,-||]0. Hence
the proof. In the same manner, (i¢) and (éi7) can be proved. O

Theorem 2.11. Let M = (M) be a Musielak-Orlicz function and 0 < h = inf pi,. Then

[WY,M,U,A,@,]?,A?7||',"' ’Moo C [VV’KU”A707P’A?7H"”' 7'|H0 Zf and Only Zf
. 1
) [ SRR
" kel,

for some s > 0.

Proof. Let [W,Y, M, u, A,0,p, AT ||-,- - ,~H]oo C [W,Y,u, A,0,p, A7 |-, - ,~H]0 and
1
lim o E ajr(My(s))"* = oo does not holds. Thus, there is subinterval I,(,) of the
T—00
" kel,

set of intervals I, and a number sy > 0, where

- ‘(1M’M721’... 7Zn_1> .V
p
such that
1
(2.8) Z ar(My(s0))P* <C <00, n=1,2,3,---.
R (n)
kEIT(n>

Define (zx) = so, if k € I,y and (x) = 0, if k ¢ I,(,). Therefore, by using (2.8),
(‘rk) € |:VV7 Y,M,U,A,QJL A?7 Hv T ||:|oo and (‘rk) ¢ [VV,KU,A,97P7 A?7 ||7 T |H0
Hence, (2.7) must holds.

Conversely, assume that (2.7) holds and let (z) € [VV, Y, Mu, A, 0,p, AT ||, -, ||] .

Then for each r,

(2.9) hi > aji {M,ﬂ(‘

" kel,

Pk
D] < C < oo.

<“’“A%cmzl“'z 1)
P I
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Let (zx) ¢ [VV,Y,u,.A,H,p, AT ,~||]O. Then for some number £ > 0, there is a
number o such that for a subinterval I,.(,,) of the set of intervals I;.,

u AT (frg(Tg
(makthote) ., .. )

p
Now, by using the properties of sequence of Orlicz functions, we have

which contradicts (2.7). Hence, by using (2.9), we have
[W,Y,M,MA,G,]L AZL> ||7 R H]OO - [WY7U7A797P7 A:L”’ ”7 T ”]0

>¢e, for t>t.

]

Theorem 2.12. Let M = (M) be a Musielak-Orlicz function and AT be a difference
operator for m,n > 1. Then

(l) [WKMau7A707p7AZL—17||'7"' 7'|H0 g [W>KM7U7Aa97p7AZl7”'7”' 7'”]07

(“) [WY7M7U7A797P7AZL_17||'7"' 7||] g I:WY7M7U7A797P7AZL7”"“' 7'”]7

(“Z) I:WY,M7U,A,9,]?,AZL_17 H7 ’H]oo g I:WKM,U7.A,9,])7A:LR,||, ’H]oo
Proof. Let (xy) € [VV,Y,M,U, A0, p, Am=L || ,~||]0 and € > 0 be given. Then there

exists p > 0 such that

210) hlZajk{Mk<H(ukAzl1(fk9($k))’zl’,,.’Zn_l)‘b]m%()’ o

T kel P

By using the properties of Musielak-Orlicz function, we have

p ()

" keI,

RSN {Mk (H (ukmnm—l(fkﬂg(xkgi)—A:f*(fkg(xk»)7% N )

m—1
G S )

’(ukAT_léfkg(mk))’zh... an)‘m

)]

>

Thus, by using inequality (1.1), we have

(S

" kel,
11 Am—1 x Pr
< D{zh Z 0 [Mk<H(Ulc W (frrag( k+1)),zl7__. ,an) D]
" kel, P
11 up AL x P
a1, 2 oo (| (2R ) )]
" kel, P

Then, by using (2.10), we have

B e

" kel,
Therefore, (xy) € [W, Y Mou, A0, p, AT |-, ~||]0. ]
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Theorem 2.13. Let p = (px) be a bounded sequence of positive real numbers.
(i) If 0 < inf py, < pr, <1 for all k, then

Proof.

(WY, M,u, A, 0,p, AT |-+ -|[] € WY, M, u, A0, A7 ||+, -1].-
(i) If 1 < p <suppr = H < o0 for all k, then
(W, Y, Myu, A0, A7 - |l © WY, Mo, A 0,p, AT -]l
(i) Let (zy) € [W,Y, M, u, A,0,p, A7 [|-,--- ,-||]. Then
O (S |

Since 0 < inf p, < 1, we have

. 1
i 3 o

(ukAI{L(fkg(xk)) —Lo 7zn1) H)}

r kel,. p
m _ Pk
< lim & S ag [Mk<H<ukAn (eg@) =L Z“)Hﬂ L
r—oo h, 0
kel,
ThuS7 (xk) € [WY5M7U7A507Anma H7 7H]
(11) Let (l'k) € [W7KM7U7A393Azla H7 o 7”]

b o (L )]

kel p

Also, 1 < py, < suppx = H < oo for all k. This implies that

g (et )

keI, P
1 wup A™ z)) — L
B —T)
kel
Thus, (zx) € [VV, Y, Mu, A, 0,p, AT ||, - - ,||] Hence, the proof. O
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