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SCATTERING PROBLEM FOR DIRAC SYSTEM WITH NONLOCAL
POTENTIALS

P. A. COJUHARI AND L. P. NIZHNIK
Dedicated to the 70th anniversary of A. N. Kochubei
Abstract. For a Dirac system on the half-axis, we obtain an explicit expression for
the scattering operator in terms of a nonlocal potential.

1. Introduction
Scattering theory is a well-developed part of the spectral theory of operators [21, 7, 10].
A large number of particular problems have been worked out, and this makes an important contribution to modern mathematical physics, see the encyclopedic monograph [20]).
Scattering problems consist in matching the two problems. One of which describes
free wave propagation, and the other one contains a perturbation that leads to wave
scattering. From the operator point of view, this leads to considering two operators.
One of the operators, A0 , describes the free propogation, and the other one, A, describes
the wave scattering. If the operators A0 and A are selfadjoint, then the scattering
problem corresponds to continuous spectrum of the operators. The are several approaches
to formulation of the scattering problem. These are a nonstationary and stationary
approaches [21, 7, 10], as well as the Lax-Phillips approach [14].
Inverse scattering problems are important for scattering problems. These problems
consist in constructing scattering data, a proof that the operator A can be uniquely
constructed from the scattering data, and finding an effective algorithm for determining
all unknown parameters that define the operator A. Inverse scattering problems (ISP) are
important for quantum mechanics, since they provide effective means to study patterns
of the microcosm. The ISP are also important in other applications including geophysics
exploration, radar technologies, tomography, as well as in other branches of mechanics,
engineering, biology, and medicine [20]. Important applications of the ISP are obtained
in soliton theory [1] for integration of nonlinear evolution equations. These applications
have significantly increased interest to the ISP, regardless of its physical origin, since the
algorithm used in its solution can be applied to study a more interesting problem in the
theory of solitons.
In this paper we deal with the scattering problem for a Dirac system on half-axis with
a nonlocal potential.
Models for quantum mechanics operators with nonlocal potentials were proposed in [3,
4]. These are exact solvable models that contain not only coupling constants, as opposed
to models with point interactions [2], but also nonlocal potentials. This leads to new
results concerning the spectrum and solution of inverse scattering problems [5, 8, 13, 17,
18, 19]. In this paper, we find all quantities for a Dirac system with nonlocal potential
that enter various approaches to the scattering problem in an explicit form, as this is
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done for an exact solvable model. In particular, we explicitly find the scattering matrix
in terms of the Fourier transform of the nonlocal potential. We discuss a number of new
problem statements for that ISP and ways to solve them. Let us remark that inverse
scattering problems for a one-dimensional Schrödinger system and a Dirac system with
usual potentials have been extensively studied [15, 16].
2. Scattering problem
Let us consider the following boundary-value problem for a Dirac system with nonlocal
potentials on the half-axis:
dψ1 (x)
+ v1 (x)ψ+ = λψ1 (x),
i
dx
(2.1)
dψ2 (x)
+ v2 (x)ψ+ = λψ2 (x),
0 ≤ x < +∞.
−i
dx
The constant ψ+ in system (2.1) depends on the solution ψ1 , ψ2 ,
1
(2.2)
ψ+ = [ψ1 (0) + ψ2 (0)] .
2
A solution of system (2.1) should satisfy the nonlocal boundary-value condition
Z∞ h
i
(2.3)
ψ1 (0) − ψ2 (0) − i
ψ1 (x)v1 (x) + ψ2 (x)v2 (x) dx = 0.
0

In this section, we assume that the nonlocal potentials v1 and v2 are complex-valued
functions and belong to L2 (0, ∞) and L1 (0, ∞),
\
(2.4)
v1 , v2 ∈ L2 L1 .
Lemma 2.1. Let the potentials v1 and v2 satisfy (2.4). Then, for any real λ and any ψ+ ,
the solution ψ1 , ψ2 of system (2.1) are bounded functions on the half-axis, 0 ≤ x < +∞,
and admit the representation
Z∞
−iλx
ψ1 (x; λ) = ae
− i e−iλ(x−s) v1 (s)ds · ψ+ ,
x

(2.5)
ψ2 (x; λ) = beiλx + i

Z∞

eiλ(x−s) v2 (s)ds · ψ+ ,

x

where the numbers a and b are positive.
Proof. By substituting (2.5) into (2.1) we see that the functions in (2.5) give a solution
of system (2.1). Uniqueness of this solutions follows from the fact that, if ψ+ = 0, then
only the functions ψ1 = b
ae−iλx and ψ2 = bbeiλx make a solution of system (2.1) with
arbitrary constants b
a and bb.

It follows from (2.5) that any solution of system (2.1) satisfying conditions (2.4) is a
pair of uniformly bounded functions ψ1 , ψ2 that have the asymptotics
(2.6)

ψ1 (x; λ) = ae−iλx + o(1),
−iλx

iλx

ψ2 (x; λ) = beiλx + o(1),

x → ∞.

The functions ae
and be
have the physical meaning of an incoming and a scattered (reflected) waves. The numbers a and b are amplitudes of these waves. The
relation ab = S(λ) is called a scattering matrix. In this particular case, S(λ) is the scattering coefficient. The scattering problem for system (2.1) with conditions (2.2) and (2.3)
consists in constructing solution (2.5) of problem (2.1) — (2.3) from a given amplitude a
of the incoming wave ae−iλx .
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Theorem 2.1. Let the potentials v1 and v2 in problem (2.1) — (2.3) satisfy condition (2.4). Then there exists a solution of the scattering problem (2.1) — (2.3) with a
given amplitude a of the incoming wave. It is unique if and only if the real number λ is
not a zero of two functions p(λ) and χ(λ) of the form
i
i
p(λ) = 1 + ve1 (λ) − ve2 (−λ),
2
2
(2.7)
1
χ(λ) = 1 + ie
v1 (λ) + ie
v2∗ (−λ) − ve1 (λ) · ve2∗ (−λ) + ω(λ),
2
R∞
where vej (λ) = eiλs vj (s)ds is the Fourier transform of the potentials, j = 1, 2, and
0

ω(λ) =

∞
Z
1
2

0

∞
 x

 
Z
Z
Z∞

v1 (x)  e−iλ(x−s) v1 (s)ds dx + v2 (x)  eiλ(x−s) v2 (s)ds dx .

x

0

0

In the case where p(λ) 6= 0 and χ(λ) 6= 0, the scattering operator S(λ) can be represented
as
χ∗ (λ)
.
(2.8)
S(λ) =
χ(λ)
Proof. For solution (2.5) of system (2.1) to be a solution of the scattering problem (2.1)
— (2.4), it is necessary and sufficient that solution (2.5) would satisfy conditions (2.2)
and (2.3). This leads to a linear system for ψ+ and b with the amplitude a of the incoming
wave being given,


i
i
1
1
1 + ve1 (λ) − ve2 (−λ) ψ+ − b = a,
2
2
2
2
(2.9)
[ie
v1 (λ) + ie
v2∗ (−λ) + K(λ)] ψ+ + [1 + ie
v2∗ (−λ)] b = [1 − ie
v1∗ (λ)] a,
where
Z∞
K(λ) =

Z∞
v1 (x)

0

e
x

−iλ(x−s)

Z∞

Z∞
v1 (s)dsdx −

v2 (x)
0

eiλ(x−s) v2 (s)dsdx.

x

The determinant of system (2.9) is the function χ(λ) given by (2.7). Hence, system (2.9)
has a solution for any a if and only if χ(λ) 6= 0 for the considered λ.
Uniqueness of the solution ψ+ and b can be reduced to the condition that a = 0 and b =
0 would imply that ψ+ = 0. The first equation of system (2.9) yields that p(λ) 6= 0 for
the considered λ. System (2.9) implies that b = Sa, where S(λ), can be represented as
in (2.8).

3. Associated operators
Equation (2.1) can be associated with a maximal operator Amax on the
space L2 ((0, ∞); C 2 ) of two-component vector-valued functions that are square integrable on the half-axis (0, +∞). The domain of the operator Amax is the whole Sobolev
space W21 ((0, ∞); C 2 ) ⊂ L2 ((0, ∞); C 2 ). The action of the operator Amax is given by the
left hand-side of equation (2.1),
!
 
1 (x)
ψ1
i dψdx
+ v1 (x) 12 (ψ1 (0) + ψ2 (0))
(3.1)
Amax ψ = Amax
=
2 (x)
ψ2
−i dψdx
+ v2 (x) 21 (ψ1 (0) + ψ2 (0))
The main operator A that corresponds to problem (2.1) — (2.3) is the restriction of the
operator Amax to the set of functions satisfying the boundary-value condition (2.3),

(3.2)
D(A) = ψ : ψ ∈ W21 ((0, ∞); C 2 ), ψ1 (0) − ψ2 (0) − i(ψ, v) = 0 .
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Theorem 3.1. Let the nonlocal potential v = col(v1 , v2 ) satisfy conditions (2.4). Then
the operator A is selfadjoint on the space L2 ((0, ∞); C 2 ).
Proof. For the operator Amax , we have
(3.3)



hAmax ψ, ϕi − hψ, Amax ϕi = −i Γ1 ψ · Γ1 ϕ − Γ2 ψ · Γ2 ϕ ,

on its domain D(Amax ) = W21 ((0, ∞); C 2 ), where Γ1 ψ = ψ1 (0) − 2i (ψ, v), Γ2 ψ = ψ2 (0) +
i
2 (ψ, v). (ψ, v) = (ψ1 , v1 )L2 + (ψ2 , v2 )L2 .
One can show in the same way as for a Dirac system with nonlocal potential on a
bounded interval [8] that the minimal operator A0 , which is a restriction of the operator Amax to D(A0 ) = {ψ : ψ ∈ D(Amax ), Γ1 ψ = 0, Γ2 ψ = 0}, is a densely defined symmetric operator on the space L2 ((0, ∞); C 2 ), and that A∗0 = Amax .
Moreover, the operator (Γ1 , Γ2 ) maps D(Amax ) onto the whole space C 2 .
Thus (C 2 , Γ1 , Γ2 ) is a boundary triple for the operator Amax = A∗0 . It follows from
a general theorem
[9, 11, 12] that the restriction of the operator Amax onto the

set Dα = ψ : ψ ∈ D(A), Γ1 ψ = eiα Γ2 ψ , where α is a real number, is a selfadjoint
operator A(α) . If α = 0, then the operator A(α) coincides with the operator A. Another
proof that the operator A is selfadjoint is given in Theorem 4.1.

Let us consider the structure of eigenvalues and eigenfunctions of the operators Amax
and A.
Theorem 3.2. Let the nonlocal potential v = col(v1 , v2 ) satisfy the conditions v1 , v2 ∈
R∞
T
L2 (0, ∞) L1 (0, ∞) and |vj (s)|ds ∈ L2 (0, ∞). Then a real number λ0 is an eigenvalue
x

of the operator Amax if and only if λ0 is a zero of the function p(λ),
Z∞
Z∞
i
i
iλs
e v1 (s)ds +
e−iλs v2 (s)ds.
(3.4)
p(λ) = 1 −
2
2
0

0

A real number λ0 is an eigenvalue of the operator A if and only if
(3.5)

p(λ0 ) = 0,

χ(λ0 ) = 0,

where the function χ(λ) is given by (2.7).
Proof. Functions of the form (2.5) will be eigenfunctions corresponding to an eigenvalue λ
for the operator Amax if and only if a = 0, b = 0 and ψ+ = 21 [ψ1 (0) + ψ2 (0)] 6= 0
in (2.5). This is possible for λ = λ0 if and only if p(λ0 ) = 0. Since the operator A is
a restriction of the operator Amax , eigenfunctions of the operator A are eigenfunctions
of the operator Amax and, hence, satisfy the boundary-value conditioin (2.3). This gives
conditions (3.5).

Together with the operators Amax and A associated with problem (2.1) — (2.3), let
us also consider two unperturbed operators A± for the potentials being zero. The operators A± are given on the space L2 ((0, ∞); C 2 ), defined on the functions from the
Sobolev space W21 ((0, ∞); C 2 ), which satisfy the conditions ψ1 (0) + ψ2 (0) = 0 for the
operator A+ , and the conditions ψ1 (0) − ψ2 (0) = 0 for the operator A− . The action
of the operators A± on functions ψ(x) = col(ψ1 (x), ψ2 (x)) is given by the unperturbed
2 (x)
1 (x)
, −i dψdx
). It is well known that the operators A± are
Dirac operator A± ψ = col(i dψdx
2
selfadjoint on the space L2 ((0, ∞); C ), have absolutely continuous spectrum that fills
the whole real axis. Eigenfunctions of the operators A± corresponding to an eigenvalue λ
are the functions
ϕ± (x; λ) = col(e−iλx , ∓eiλx ).
Expansions with respect to these generalized functions and the Parseval identity are the
same as for the usual Fourier transform [6].
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4. Resolvent of the main operator
Let us represent problem (2.1) — (2.3) for the Dirac problem on half-axis as an equivalent problem for the moment operator on the whole axis with one point nonlocal potential.
Instead of the two functions ψ1 and ψ2 defined on the positive half-axis, let us consider
one function ψ(x) = θ(x)ψ1 (x) + θ(−x)ψ2 (−x) defined on the whole axis. Instead of the
two potentials v1 and v2 , let us consider one potential v(x) = θ(x)v1 (x) + θ(−x)v2 (−x).
Then there is the problem
(4.1)

i

dψ(x)
+ v(x)ψ+ − zψ(x) = h(x),
dx

x 6= 0,

where
1
[ψ(+0) + ψ(−0)] ,
2
and a solution ψ(x) satisfies the nonlocal boundary-value condition
(4.2)

ψ+ =

Z∞
ψ(+0) − ψ(−0) − i

(4.3)

ψ(x)v(x)dx = 0.

−∞

To problem (4.1) — (4.3) on the Hilbert space L2 (−∞, ∞), associate the main operator A,
domain of which, D(A), consists of all functions ψ of the Sobolev space W21 ((−∞, ∞) \
{0}) satisfying the boundary-value condition (4.3). The action of the operator A − zI is
given by the left hand-side of (4.1). Problem (4.1) — (4.3) has a solution for an arbitrary
right hand-side h ∈ L2 if and only if the operator (A−zI)−1 exists on the space L2 and is
d
bounded. In the case where v ≡ 0, the operator A is the free moment operator L = i dx
,
which is selfadjoint on the space L2 (−∞, ∞) and has absolutely continuous spectrum
filling the entire axis. The resolvent (L − zI)−1 , if Im z 6= 0, is the integral operator
Z
−1
(4.4)
(L − zI) h = gz (x − s)h(s)ds,
where the kernel of the integral operator is Green’s function
gz (x) = i sign(Im z)θ(− Im zx)e−izx .

(4.5)
Note that

(L − zI)

−1

≤

(4.6)

1
,
| Im z|

kgz (·)kL2 = p

[gz (+0) + gz (−0)] = i sign(Im z),

1

,
2| Im z|
gz (+0) − gz (−0) = −i.

Represent a solution of system (4.1) as
(4.7)

ψ = (L − zI)−1 [h(x) − v(x)ψ+ ] + βgz (x)

with two constants ψ+ and β.
For a function (4.7) to be a solution of problem (4.1) — (4.3) it is necessary and
sufficient that this function would satisfy two equations (4.2) and (4.3). This leads to
the following linear system for the numbers ψ+ and β:
(
i
(1 D+ hv, gz i) ψ+ − E
2 sign(Im z)β = hh, gz i
D
E
(4.8)
−1
−1
− (L − zI) v, v ψ+ + (1 + hgz , vi) β = − h, (L − zI) v .
The determinant of system (4.8) is
(4.9)

χ(λ) = (1 + hv, gz i) (1 + hgz , vi) −

D
E
i
−1
sign(Im z) (L − zI) v, v .
2
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Let us mention important properties of the function χ(z),
(4.10)

χ(z) = χ(z),

|χ(z)| ≥

3
for | Im z| ≥ 8kvk2L2 .
8

Theorem 4.1. Let the nonlocal potential satisfy v ∈ L2 (−∞, ∞). Then the main operator A is selfadjoint on the space L2 (−∞, ∞) and its spectrum fills the entire axis. The
resolvent (A − zI)−1 , for Im z 6= 0, is an integral operator,
2
1 X
ajk (z)ej (x; z) hh, ek (·, z)i ,
χ(z)
j,k=1
D
E
R
−1
where e1 (x; z) = gz (x), e2 (x; z) = gz (x−s)v(s)ds, a11 (z) = (L − zI) v, v , a22 (z) =

(4.11)

(A − zI)−1 h = (L − zI)−1 h +

− 2i sign(Im z), a12 (z) = − (1 + hv, gz i), a21 (z) = − (1 + hgz , vi), and the function χ(z)
is defined by (4.9).
In other words, the resolvent of the main operator A differs from the resolvent
d
by a bounded rank 2 operator,
of the selfadjoint free moment operator L = i dx


−1 ∗
−1
and (A − zI)
= (A − zI) , which is equivalent to the operator A being selfadjoint.
Proof. An explicit form of a solution of system (4.8) with respect to ψ+ and β, after being substituted into (4.7), yields (4.11) and gives an explicit form of the functions ajk (z) given in (4.11). Since (4.10) are satisfied, for | Im z| ≥ 8kvk2L2 , the resol−1
vent (A − zI)
exists and

∗ is a bounded operator, whereas the properties (4.9) lead to
the identity (A − zI)−1 = (A − zI)−1 . This means that the operator A is selfadjoint,
hence problem (4.1) — (4.3) has a solution for any z, Im z 6= 0. The latter holds if and
only if χ(λ) 6= 0 for Im z 6= 0. Hence, identity (4.10) is true for all Im z 6= 0. Spectrum
of the operator A, since it is a rank 2 perturbation of the operator L, coincides with the
whole axis.

5. Inverse scattering problem
The inverse scattering problem (ISP) consists in constructing scattering data sufficient
for a description of the diffuser, and also in constructing an effective algorithm for recovering unknown parameters of the diffuser. For the ISP for a Schrödinger operator with
the usual potential, the condition for the operator to be selfadjoint implies that the potential is real. This facilitates the search for a solution. If the potentials are nonlocal, it
could happen that they take complex values even if the main operator is selfadjoint. This
leads to some difficulties in solving the ISP. Since the scattering problem with nonlocal
potential for a Dirac system on half-axis is equivalent to a rank 2 perturbation of the
d
free moment operator L = i dx
, let us look at the difficulties that appear in the ISP by
considering a scattering problem with rank 1 perturbation of the operator L. Consider
the scattering problem for the equation
dψ
+ v(x) hψ, viL2 = λψ,
−∞ < x < ∞.
dx
T
We assume that v ∈ L2 (−∞, ∞) L1 (−∞, ∞). Then any bounded solution of equation (5.1) has the form ψ(x) = ae−iλx + o(1) for x → +∞, ψ(x) = be−iλx + o(1)
as x → −∞, where a is the amplitude of the incoming harmonic wave and the number b is the amplitude of the scattered wave. By repeating the calculations performed in
Sections 2 and 4, we get the following result for the scattering problem (5.1).
(5.1)

i

Theorem 5.1. Let the function v in equation (5.1) belong to the space L2 (−∞, ∞).
Then, for any real λ there exists a unique solution of the scattering problem (5.1) for any
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value of the amplitude a of the incoming wave. This solution can be represented as
Z∞
−iλx
(5.2)
ψ(x; λ) = ae
− i e−iλ(x−s) v(s)ds hψ, viL2 .
x

For x → −∞, the asymptotics of this solution is ψ(x; λ) = be−iλx + o(1). We also have
that b = S(λ)a, where
Z 0
f ∗ (λ)
|e
v (p)|2
1
i
(5.3)
S(λ) =
,
f (λ) = 1 −
dp + |e
v (x)|2 ,
f (λ)
2π
x−p
2
R∞ iλs
R0
and ve(x) =
e v(s)ds and the integral
in (5.3) is understood as its principal value.
−∞

Hence, identity (5.3) for the function S(λ) shows that the ISP, considered as a problem
of determining the function v(x) in (5.1) from S(λ), can not have unique solutions. The
function S(λ) only depends on |e
v (λ)|2 . Thus, for small v, the first order approximation
gives S(λ) = 1.
One encounters similar problems in ISP for the Dirac system (2.1) — (2.4) with nonlocal potential. Indeed, if the nonlocal are small, then for the first order approximation we
have S(λ) = 1 − 2i Re ve1 (λ) − 2i Re ve2 (−λ). If Re ve1 (λ) + Re ve2 (−λ) = 0, then S(λ) = 1,
and the first order approximations of the potentials v1 and v2 can not be determined. To
overcome this difficulty, one can supplement the scattering data E for the ISP with other
d
d
observables, e.g., ψ+ (λ) = 12 (ψ1 (0; λ) + ψ2 (0; λ) = S+ (λ)a and/or ψ1 (0; λ) − ψ2 (0; λ) =
S− (λ)a. Then, having supplemented S(λ), S+ (λ), and S− (λ), the first order approximations become S+ (λ) = 1 − i Re ve1 (λ) − i Re ve2 (−λ) − 2i ve1 (λ) + 2i ve2 (−λ), S− (λ) =
i [e
v1∗ (λ) + ve2∗ (−λ)]. Thus, by giving S(λ) and S+ (λ), or only S− (λ), for the first order
approximation of v1 (x) and v2 (x) we get
Z∞
Z∞
1
1
iλx
v1 (x) =
e ϕ± (λ)dλ,
v2 (x) = ∓
eiλx ϕ± (λ)dλ,
2π
2π
−∞

−∞
∗
(λ).
iS−

where ϕ+ (λ) = i [2S+ (λ) − S(λ) − 1], and ϕ− (λ) =
The problem of a correct setting for the ISP for a Dirac system o half-axis with
nonlocal potential needs a detailed special study.
Acknowledgments. This research was partially supported by the EU project SOMPATY (Spectral Optimization:From Mathematics to Physics and Advanced Technology,
H2020-MSCA-RISE-2019-873071-SOMPATY).
References
1. M. Ablowitz, H. Segur, Solitons and the Inverse Scattering Transform, SIAM, Philadelphia,
1981.
2. S. Albeverio, F. Gesztesy, R. Høegh-Krohn, H. Holden, Solvable Models in Quantum Mechanics, Springer-Verlag, Berlin, 1988; 2nd ed. with an Appendix by P. Exner, Chelsea, AMS,
Providence, 2005.
3. S. Albeverio, L. Nizhnik, Schrödinger operators with nonlocal point interactions, J. Math. Anal.
Appl. 332 (2007), no. 2, 884–895.
4. S. Albeverio, L. Nizhnik, Schrödinger operators with nonlocal potentials, Methods Funct. Anal.
Topology 19 (2013), no. 3, 199–210.
5. S. Albeverio, R. Hryniv, L. Nizhnik, Inverse spectral problems for nonlocal Sturm-Liouville
operators, Inverse Problems 23 (2007), no. 2, 523–535.
6. Yu. M. Berezanskii, Expansion in Eigenfunctions of Self-Adjoint Operators, Naukova Dumka,
Kiev, 1965. (Russian); English transl. Translations of Mathematical Monographs, vol. 17, AMS,
Providence, R.I., 1968.

218

P. A. COJUHARI AND L. P. NIZHNIK

7. M. S. Birman, M. Z. Solomiak, Spectral Theory of Self-Adjoint Operators in Hilbert Space,
D. Reidel Publishing Company, Dordrecht, Holland, 1986.
8. K. De˛bowska, L. Nizhnik, Direct and inverse spectral problems for Dirac systems with nonlocal
potentials, Opuscula Mathematics 39 (2019), no. 5, 645–673.
9. V. I. Gorbachuk and M. L. Gorbachuk, Boundary Value Problems for Operator Differential
Equations, Naukova Dumka, Kiev, 1984. (Russian); English transl. Kluwer Academic Publishers, Dordrecht—Boston—London, 1991.
10. T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin—Heidelberg—New
York, 1966.
11. A. N. Kochubei, Characteristic functions of symmetric operators and their extensions, Izv.
Nats. Acad. Nauk Armenii Mat. 15 (1980), no. 3, 219–232. (Russian); English transl. Soviet
Journal of Contemporary Mathematical Analysis 15 (1980).
12. A. V. Kuzhel, S. A. Kuzhel, Regular Extensions of Hermitian Operators, VSP, Utrecht, 1998.
13. S. Kuzhel, L. Nizhnik, Phyllips symmetric operators and their extensions, Banach J. Math.
Anal. 12 (2018), no. 4, 995–1016.
14. P. D. Lax, R. S. Phillips, Scattering Theory, 2nd ed. with Appendices by C. S. Morawetz and
G. Schmidt, Pure Appl. Math., Vol. 26, Academic Press, Boston, 1989.
15. B. M. Levitan, I. S. Sargsjan, Sturm-Liouville and Dirac Operators, Kluwer Academic Publishers, Dordrecht, 1991.
16. V. A. Marchenko, Sturm-Liouville Operators and Their Applications, Naukova Dumka, Kiev,
1977. (Russian); English transl. Birkhäuser, Basel, 1986.
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