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SOME RESULTS ON ALMOST BANACH-SAKS OPERATORS

N. HAFIDI, J. °’MICHANE, AND M. SARIH

ABSTRACT. We introduce and study a new class of operators that we call almost
Banach-Saks operators. We characterize Banach lattices under which each operator
is almost Banach-Saks. Furthermore, we study the relationship between this class
and other classes of operators, some other interesting results are also obtained.

1. INTRODUCTION

Let us recall that a sequence (z,) in a Banach space is said to be Cesdro convergent
if its Cesdro means are norm-convergent and a Banach space X is said to have the
Banach-Saks property if every bounded sequence has a Cesdro convergent subsequence
(i.e. every bounded sequence (x,) in X admits a subsequence (z,) such that its Cesdro
means (L 371" | 2;) are norm-convergent in X). A Banach space X is said to have the
weak Banach-Saks property (or the Banach-Saks-Rosenthal property) if every weakly null
sequence has a Cesdro convergent subsequence (i.e. every weakly null sequence (z,,) in X
admits a subsequence (y,) such that its Cesdro means (% > r_1 Yk) are norm-convergent
in X).

Flores and Ruiz [7] introduced the notion of disjointly Banach-Saks space (Banach
lattice with the disjoint Banach-Saks property) as another version of the properties dis-
cussed above. Recall that a Banach lattice F is said to have the disjoint Banach-Saks
property, if for every bounded disjoint sequence (x,) in E, there exists a subsequence
(Zn, )k of (2,,) whose Cesdro means are norm convergent, as an examples of such Banach
lattices we have ¢y, I, with 1 < p < oo and all uniformly convex Banach lattices (see [7]).

The aim of this paper is to introduce a new class of operators, that we call almost
Banach-Saks operators. Our definition is based on disjoint Banach-Saks property (Defi-
nition 3.1). Mainly, we establish some characterizations of this class of operators and its
relationship with other known classes of operators. We also obtain some results about
duality and domination problems.

2. PRELIMINARIES

We will use the term operator T : X — Y between two Banach spaces to mean
a bounded linear mapping. T’ will be the adjoint operator defined from Y’ into X’ by
T (f)(z) = f(T(x)) for each f € Y and each z € X. An operator T between two Banach
lattices E' and F is positive if T'(x) > 0 in F' whenever x > 0 in E. It is well known
that each positive linear mapping on a Banach lattice is continuous. For terminology
concerning Banach lattice theory and positive operators, we refer the reader to [1].

To state our results we need to fix some notations and recall some definitions:

e A Banach lattice is a Banach space (E,]|.||) such that E is a vector lattice and
its norm satisfies the following property: for each z,y € E such that |z| < |y,
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we have ||z|| < |ly||. Note that the topological dual E’, equipped with the dual
norm and the dual order is also a Banach lattice.
A norm ||.|| of a Banach lattice E is order continuous if for each generalized
sequence (z,) such that z, | 0, the sequence (x,) converges to 0 for the norm
II.ll, where the notation x, | 0 means that the sequence (x,) is decreasing, its
infimum exists and inf z, = 0.
A vector lattice L is Dedeking o-complete if every majorized countable nonempty
subset of L has a supremum.
A Banach lattice F is said to be KB-space, if every increasing norm bounded
sequence of ET is norm convergent.
A vector lattice L is said to be o-laterally complete, if the supremum of every
disjoint sequence of LT exists in L.
A sequence (x,) in Banach space is said to be Cesdro convergent if its Cesdro
means are norm-convergent.
A Banach space X is said to have the Banach-Saks property if every bounded
sequence has Cesdro convergent subsequence (i.e. every bounded sequence (z,,)
in X admits a subsequence (z,) such that its Cesdro means (> | z) are
norm-convergent in X.)
A Banach space X is said to have the weak Banach-Saks property (or the Banach-
Saks-Rosenthal property) if every weakly null sequence has Cesdro convergent
subsequence (i.e. every weakly null sequence (x,) in X admits a subsequence
(yn) such that its Cesdro means (+ 3"} yx) are norm-convergent in X )
A bounded subset A of a Banach lattice E is said to be L-weakly compact, if
|z |l — O for every disjoint sequence () in the solid hull of A.
A subset A of a Banach lattice E is said to be almost order bounded, if for
any € > 0 there exists x € F; such that A C [—z,z] + eBg. And from The
Riesz decomposition property, it follows that A C [—x,z] 4+ eBg if and only if
supyea [l — [o]) ] < e
We recall from [7] that a Banach lattice E with an order continuous norm is said
to have the subsequence splitting property, if for every bounded sequence (z,,)
in E, there are a subsequence (z,,)x of (z,) and two sequences (y,), (z,) in E,
with |yk| A |zk] = 0 and x,,, = yi + 2z such that;

— {yn;n € N} is L-weakly compact;

— (2zy) is a disjoint sequence.
As examples of Banach lattices satisfying this property we have the Banach
lattices which does not uniformly contain copies of ¢7°, for all n € N and the
rearrangement invariant function space which contains no isomorphic copy of ¢
(see [7]).
A net () in a vector lattice L is said to be uo-converge to , if |z, —z|Au 3 0 for
all w € E*, where the notation - means convergence in order, we mention that
order convergence implies uo-convergence and they coincide for order bounded
nets. The Reader can find more details about this notion of convergence in [8].
A Banach lattice E is said to have the Komlés property if, for each bounded
sequence (2, ) in E there exists a subsequence (y,,) of (z,) and y € E such that
Cesdro means of every subsequence of (y,,) is uo-convergent to y.
An operator T : E — Y is called M-weakly compact, if T'(x,) is norm-null for
every bounded disjoint sequence (z,) in E.



SOME RESULTS ON ALMOST BANACH-SAKS OPERATORS 229

3. MAIN RESULTS

Definition 3.1. An operator T : E — X from a Banach lattice E into a Banach space
X is said to be almost Banach-Saks, if for each bounded disjoint sequence (x,) in E,
(T(xn)) has a subsequence whose Cesdro means are norm convergent in X .

It results obviously that a Banach lattice E has disjoint Banach-Saks property if, and
only if, the identity operator Idg is almost Banach-Saks. It is easily observed that this
class of operators contains compact and M-weakly compact operators.

Proposition 3.2. Let E, F' be two Banach lattices and X, Y be two Banach spaces.
Then

(1) If T : E — X is an almost Banach-Saks operator then, for each operator S :
X = Y the composed operator S oT is almost Banach-Saks.

(2) If T : E — F is a disjointness preserving operator and S : F' — Y is an almost
Banach-Saks operator then, the composed operator S oT is almost Banach-Saks.

Proof. The proof is straightforward. O
As consequence of the above proposition we have the following:

Corollary 3.3. Let E be a Banach lattice. Then, the following statements are equivalent:

(1) each operator T : E — E is almost Banach-Saks.
(2) the identity operator Idg of E is almost Banach-Saks.
(3) E has disjoint Banach-Saks property.

We note that there exists a weak Banach-Saks operator which is not almost Banach-
Saks. In fact, the identity operator Idy, of ¢! is weak Banach-Saks (because ¢! has the
weak Banach-Saks property), but fails to be almost Banach-Saks (because £ does not
have disjoint Banach-Saks property). For the converse case, example 6.10 [8] shows that
the Bochner space L,(co) = L,([0.1],¢0) where 1 < p < oo has disjoint Banach-Saks
property, but fails to have the weak Banach-Saks property. This yields the identity oper-
ator Idp, (cy) of Lp(co) almost Banach-Saks, but it is not a weak Banach-Saks operator.

We have the following proposition.

Proposition 3.4. Let X and Y be two Banach spaces and let G be a Banach lattice
such that the norm of G' is order continuous. If T : X — Y is a weak Banach-Saks
operator then, for each operator S : G — X, the composed operator T o S is almost
Banach-Saks.

Proof. Let (z,) be a disjoint bounded sequence in G. Since the norm of G’ is order
continuous, it follows from Theorem 2.4.14 [10] that (z,) is a weakly null sequence, and
hence (S(x,,)) is a also a weakly null sequence in X . As T : X — Y is a weak Banach-
Saks operator then, (T o S(z,)) has a Cesdro convergent subsequence. Thus T o S is an
almost Banach-Saks operator. |

As consequence, we have the following result.

Corollary 3.5. Let E be a Banach lattice such that the norm of E’ is order continuous
and Y be a Banach space with weak Banach-Saks property. Then, each operator T :
E —'Y is almost Banach-Saks.

Now we are in position to give our first major result.

Theorem 3.6. Let E be a o-laterally complete Banach lattice and X a Banach space
such that cg does not embed in X. Then, each operatorl : E — X is M-weakly compact
and hence is almost Banach-Saks.
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Proof. Using Theorem 4.63 [1], the operator T admits the following factorization:

G
2N
E—T X

where G is a KB-space and R is a lattice homomorphism. Now, let (z,) be a dis-
joint bounded sequence in E, since F is o-laterally complete, we infer that (x,) has a
supremum, and hence it is order bounded, and thus (R(z,)) is an order bounded dis-
joint sequence in the KB-space G. By Theorem 2.4.2 [10], ||R(zn)]| - 0, hence
n—r+00
1T (xn)|| = [|S o R(xy)|| = 0, we conclude that T" is M-weakly compact, and therefore
n—-+0o0
T is almost Banach-Saks operator. ]

In the following result, we give necessary conditions on Banach lattices £ and F' for
which each operator T': E — F' is almost Banach-Saks.

Theorem 3.7. Let E be a Banach lattice and Y be a Banach space. If each operator
T: E — Y is almost Banach-Saks then, E' has order continuous norm or Y has the
Banach-Saks property.

Proof. We proceed by contradiction. Assume that neither the norm of E’ is order con-

tinuous nor Y has the Banach-Saks property. Then, by Theorem 2.4.14 and Proposition

2.3.11 [10] E contains a complemented copy of £* and there exists a positive projection

p: E — (', on the other hand since Y does not have the Banach-Saks property then,

there exists (y,) a bounded sequence in Y with no Cesdro convergent subsequences.
We consider the following operator:

S : N — Y
()‘n)n L Z?:N\nyn’

S is well defined.

Now, we consider the composed operator T'= So P. To end the proof we have to claim
that T is not an almost Banach-Saks operator. Otherwise, since the injection i : /! — E
is a lattice homomorphism then, i o T" will be an almost Banach-Saks operator, but by
taking (e,,) the unit basis of ! as a bounded and disjoint sequence, we have ioT(e,) = ¥y,
with no Cesdro convergent subsequence, which is a contradiction. (Il

Note that the Banach-Saks property does not imply the Schur property, in fact Ly[0.1]
has the Banach-Saks property but does not have the Schur property and conversely, £
has the Schur property but it lacks the Banach-Saks property.

As consequence of the above theorem, we have the following result.

Corollary 3.8. Let E be a Banach lattice and Y be a Banach space, such that'Y has
the Schur property. The following statements are equivalent:

1) each operator T : E — 'Y is almost Banach-Saks;
2) one of the following condition is holds:

a) E’ has order continuous norm;

b) Y has the Banach-Saks property.

Proof. Sufficient condition: (2 —a) = (1) Let (z,,) be a bounded disjoint sequence in
E. Since the norm of E’ is order continuous then, it follows from Theorem 2.4.14 [10]
that (z,,) is weakly null and hence (T'(x,)) is weakly null in F'. By the Schur property,
(T'(xy,)) is norm-null which implies that 7" is M-weakly compact and hence T is almost
Banach-Saks.
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(2—0b) = (1) In this case, each operator T': E — Y is Banach-Saks and hence is almost
Banach-Saks.
Necessary condition: Follows from the theorem 3.7. ([

In the following result we give some sufficient conditions under which order bounded
operator will be almost Banach-Saks.

Theorem 3.9. Let E and F be two Banach lattices such that E is o-laterally complete

and F is a KB-space. Then, each order bounded operator T : E — F' is almost Banach-
Saks.

Proof. Let T : E — F be an order bounded operator and let (x,) be a bounded
disjoint sequence in E. Since E is o-laterally complete, then (x,,) is an order bounded
sequence in E and hence T'(z,) will be an order bounded sequence in F. As F is a
KB-space, it follows from Corollary 5.14 [8] that F' has the Komlds property, hence there
exist (T'(zy,))r a subsequence of (T'(z,)) and y € F such that the Cesdro means of any
subsequence of (T(x,, ))r is uo-convergent to y. On the other hand, we have that the
subsequence (T (2, ))y is order bounded and hence its Cesdro means (4 Zf::l T(xn, )N

are also order bounded, so 4 Zszl T(xp,)—y. By choosing any arbitrary subsequence
of (T'(zp,))k, we can conclude from the order continuity of F' that the Cesdro means of the
chosen subsequence must be norm convergent. Therefore, T' is almost Banach-Saks. [

Remark 3.10. e We can get the same result given in the previous theorem, if we
replace the condition “E is o-laterally complete” by “E has an order unit”.

e In Theorem 8.9, if we change order bounded operator by positive operator and the

condition on F by the fact that F has order continuous norm, then the operator

T will be M-weakly compact. Indeed, let (x,,) be a bounded disjoint sequence in E,

since E is o-laterally complete, it follows from Theorem 7.8 [2] that T is o-order

continuous, on the other hand (x,,) will be order bounded and disjoint sequence in

E, hence x,—=0 and by o-order continuity of T, we have T(mn)i>0. Now, since

F' has order continuous norm, it follows that T(J:”)M)O. Thus, T is M-weakly

compact (in particular, T is an almost Banach-Saks operator).

As it was studied, the problem of domination has been solved for many classes of
operators between Banach lattices, such as Banach-Saks operators [7]. In the same
direction, we present the following result which is a generalization of Lemma 2.5 [7].

Proposition 3.11. Let E and F be two Banach lattices such that E' has order contin-
wous norm. If T and S are two operators from E into F satisfying 0 < S <T and T is
almost Banach-Saks, then S is almost Banach-Saks.

Proof. The proof of this proposition is the same of that in Lemma 2.5 [7]. |

Remark 3.12. The assumption E’ has order continuous norm in Theorem 3.11 is es-
sential. Indeed, the example 2.9 mentioned in [7] answer positively to this fact, since ¢!
does not have disjoint Banach-Saks property.

To obtain more characterization of almost Banach-Saks operators, we need the next
two Lemmas, the first one represent variant of Kadec-Pelczynski dichotomy.

Lemma 3.13. [8] Let E be a Banach lattice with order continuous norm and (x,)n

a
bounded sequence in E. If x,, — 0 in E, then there exists a subsequence (xp, )r of (2n)
and a disjoint sequence (dy) in E such that ||zy, — di||—0.

Lemma 3.14. [8] Let E be a Banach lattice with order continuous norm and (z,) a
bounded sequence in E. Suppose that every subsequence of (x,,) has further subsequence
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whose Cesaro means are almost order bounded. Then, there exist a subsequence (x,, )k
of (zn) and a vector x € E such that the Cesaro means of any subsequence of (xy, )i are
uo-convergent and morm-convergent to x.

Proposition 3.15. Let E be a Banach lattice with order continuous mnorm and X a
Banach space. Then for an operatorT : E — X the following statements are equivalent:

(1) T is almost Banach-Saks;
(2) for each bounded sequence (x,) in E, such that x, —> 0, (T(z,)) has a Cesaro
convergent subsequence.

Proof. (1) = (2) Let (x,) be a bounded sequence in E such that z, — 0, since F
has an order continuous norm, it follows from Lemma 3.13 that there exist (x,, )r a
subsequence of (z,) and a disjoint sequence (dy )y in E such that ||x,, — di||—0, and
hence || T(xy, )—T(d;)||—0. On the other hand, since T is almost Banach-Saks operator,
it follows that (T'(dy)) has a Cesaro convergent subsequence, and therefore (T'(zy, ))r has
a Cesaro convergent subsequence.

(2) = (1) Let (z,,) be a bounded disjoint sequence in E , by Corollary 3.6 [8], we
have z,, =% 0, thus (T(x,)) has a Cesaro convergent subsequence and hence T is almost
Banach-Saks operator. O

Proposition 3.16. Let E and F be two Banach lattices such that F' has an order con-
tinuous norm and let T : E — F be an operator. Then, the following statements are
equivalent:

(1) T is almost Banach-Saks;
(2) for each bounded disjoint sequence (x,,) in E, (T(x,)) has a subsequence whose
Cesaro means are almost order bounded.

Proof. (1) = (2) Follows from the fact that every norm-convergent sequence is almost
order bounded.

(2) = (1) Let (z,) be a bounded disjoint sequence in E. Since any subsequence
(n, ) of (z,) is also a bounded and disjoint sequence in E, the assumption of (2) yields,
that (T(zy,)) has a subsequence whose Cesaro means are almost order bounded. In
particular, any subsequence of (T'(x,)) has a further subsequence whose Cesaro means
are almost order bounded. Now, since F' has an order continuous norm, it follows from
Lemma 3.14 that (T'(z,)) has a Cesaro norm-convergent subsequence, consequently 7' is
an almost Banach-Saks operator. O

We note that almost Banach-Saks operator need not be Banach-Saks operator in
general. Indeed, the identity operator Id., of the Banach lattice ¢y is almost Banach-
Saks but fails to be Banach-Saks.

In the following result, we give sufficient conditions under which each almost Banach-
Saks operator is Banach-Saks.

Theorem 3.17. Let E be a Banach lattice with the subsequence splitting property. Then,
each almost Banach-Saks operator from E into an arbitrary Banach space X is Banach-
Saks.

Proof. Let T : E — X be an almost Banach-Saks operator and (z,,) a bounded sequence
in E, since I/ has the subsequence splitting property, there exists a subsequence (x,,))
of (z,), such that for all n € N

Typ(n) = Yn T 2n,
where the sequence (y,,) is L-weakly compact in F and (z,,) is a bounded disjoint sequence
in E. By Proposition 3.6.2 [10] the sequence (y,) is almost order bounded, so the
Cesaro means of every subsequence of (y,) are almost order bounded. By Lemma 3.14,
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there exist a subsequence (yy(n)) of (yn) and a vector x € E such that the Cesaro
means of any subsequence of (y¢(n)) are norm-convergent to x. We note that Tpop(n) =
Yp(n) T Zy(n)- Since (Zy(ny) is also a bounded disjoint sequence, then by the fact that
T is an almost Banach-Saks operator, (T'(zy(,)) has a Cesaro convergent subsequence
denoted by (T'(zyos(n)))- As, it was shown above (Yo (n)) is Cesaro convergent to x
and hence (T'(Yyos(n))) is Cesaro convergent to T'(z). Combining the previous facts and
the fact that Zyoypoo(n) = Yoo(n) + Zpoa(n), We conclude that (T(Zyopor(n))) is a Cesaro
convergent subsequence of T'(x, ), therefore T' is a Banach-Saks operator. Where ¢, 9
and o are increasing mappings from N to N. O

We note that there exists weakly compact operator which is not almost Banach-Saks,
in fact the identity operator of the Baerstein space constructed in [4] is weakly compact
but fails to be almost Banach-Saks. And there exists almost Banach-Saks operator which
is not weakly compact, indeed the identity operator Id., of the Banach lattice ¢y is almost
Banach-Saks but is not weakly compact.

Using Lemma 1 [5] and the above theorem, we remark that if F is a Banach lattice
with the subsequence splitting property, then each almost Banach-Saks operator from F
into an arbitrary Banach space X is weakly compact.

In the following proposition, we give sufficient condition under which each weakly
compact operator is almost Banach-Saks;

Proposition 3.18. Let E be Banach lattice such that E' has the positive Schur property
and X a Banach space. Then, each weakly compact operator from E into X is almost
Banach-Saks.

Proof. Assume that T': E — X is weakly compact operator, since E’ has the positive
Schur property, by Theorem 3.3 [6] we infer that T is M-weakly compact and therefore
is an almost Banach-Saks operator. O

Proposition 3.19. Let E be a Banach lattice and X be a Banach space. If each weakly
compact operator T : E — X is almost Banach-Saks, then one of the following condi-
tions s valid:

(1) X has the weak Banach-Saks property;
(2) E' has an order continuous norm.

Proof. We suppose that the assertions (1) and (2) are not satisfied, then there exists (y,,)
a weakly null sequence in X which does not contain any Cesdro convergent subsequence.
We set the following operator:

Sl : 0 — X
()‘n)n — ZZC:1 AnYn

which is a weakly compact operator (see Theorem 5.26 [1]), and since S;(e,) = yn, where
(e,,) is the unit basis sequence of ¢!, then the operator S; cannot be almost Banach-Saks.
On the other hand, since the norm of E’ is not order continuous then it follows from
Theorem 2.4.14 [10] that E contains a sublattice isomorphic to ¢!, and by Proposition
2.3.11 [10] there exists a positive projection P : E —s ¢*.

We consider the composed operator T' = Sy oP. It is a weakly compact operator ( since
S is weakly compact) but it is not almost Banach-Saks, otherwise T'oi = S1oPoi =5
will be almost Banach-Saks, where i : ! — F is the canonical injection, and this is a
contradiction. So, the proof is complete. O

Now, we are in position to present some results about duality property of almost
Banach-Saks operators. Firstly, we note that direct duality property is not valid for this
class of operators, indeed the identity operator Id., of the Banach lattice ¢y is almost
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Banach-Saks, but its adjoint Id,: which is the identity operator of the Banach lattice ¢!
fails to be almost Banach-Saks. In our investigation for solving this problem, we obtain
a necessary conditions as the following next result shows.

Proposition 3.20. Let E and F be two Banach lattices such that E is reflexive. If for
each almost Banach-Saks operator T : E — F, the adjoint operator T' : F' — E’ is
almost Banach-Saks. Then, one of the following conditions holds:

a) E’ has disjoint Banach-Saks property;
b) ¢o is not a closed sublattice of F;
¢) there is no positive and onto projection from F to cy.

Proof. Assume by way of contradiction that, (a), (b) and (¢) are not true, then there
exists (z,,) a bounded disjoint sequence in E’ with no Cesdro convergent subsequence.
Since FE is reflexive, then the norm of E” is order continuous and hence it follows from
Theorem 2.4.14 [10] that the sequence (z,,) is weakly null.

We consider the operator

S: E — Co
z o (2,(2)

S is well-defined. On the other hand, since the norm of E’ is order continuous and cg
has the weak Banach-Saks property, it follows from corollary 3.5 that S is an almost
Banach-Saks operator. Now, with the fact that cg is a closed sublattice of F' and there
exists a positive and onto projection P : F' — g, it follows from Exercise 1.4.E4 page 43
[10] that P’ : ¢* — F” is a lattice isomorphism. We denote by i : ¢o — F the canonical
injection. It is clear that T'=i 0.5 is an almost Banach-Saks operator, but we will show
that T/ = S’ o4’ fails to be almost Banach-Saks. Otherwise, since P’ : ¢! — F' is a
lattice isomorphism, then the composed operator T/ o P! = S’ o4’ o P! : ¢! — E’ will
be almost Banach-Saks, but by taking the unit basis (e,), of £! which is bounded and
disjoint sequence , we infer that 7" o P'(e,) = >, ent, = x, and by our hypothesis
the sequence (CL‘;Z) does not contain any Cesdro convergent subsequence, consequently 7’
is not an almost Banach-Saks operator which makes a contradiction, and hence the proof
is complete. O

We recall that a subset A of a Banach lattice E is called b-order bounded if it is order
bounded in the topological bidual E”, and a Banach lattice E is said to have the (b)-
property if A C E is order bounded in F whenever it is order bounded in its topological
bidual E”.

Remark 3.21. If an addition the norm of F is order continuous in the above proposi-
tion 3.20, then by using Lemma 2.1 [3] we can change the two assertions (b) and (c) by
the assertion ”F has the (b)-property”.

Theorem 3.22. Let E be a refiexive Banach lattice. Then, the following statements are
equivalent:
(1) for each Banach lattice F, the adjoint operator T' : ¥ — E' of each almost
Banach-Saks operator T : E — F' is almost Banach-Saks.
(2) E' has weak Banach-Saks property.

Proof. (1)=(2) Assume by way of contradiction, that E’ does not have the weak Banach-
Saks property, then there exists a weakly null sequence (f,,) € E’ which does not have
any Cesdro convergent subsequence. We consider the operator

T: FE — ¢
o (fal2))
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which is well-defined and almost Banach-Saks (see the proof of Proposition 3.20). But
its adjoint operator 7" : ¢! — E’ defined by T"(\,) = Yo, A\nf» fails to be almost

n=1
Banach-Saks. Indeed, the sequence (e,) of unit basis is bounded and disjoint in /' and

we have T"(e,) = f does not have any Cesdro convergent subsequence, this completes
the proof of necessary conditions.

(2)=(1) Since E’ is reflexive and has the weak Banach-Saks property, then E’ has the
Banach-Saks property and therefore any operator 77 : F/ — E’ is (Banach-Saks) almost
Banach-Saks. (]
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