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ENTROPY FUNCTIONALS AND THEIR EXTREMAL VALUES FOR
SOLVING THE STIELTJES MATRIX MOMENT PROBLEM

YU. M. DYUKAREV

Dedicated to Yurit Arlinskii on occasion of his 70th birthday

ABSTRACT. Entropy functionals and their extremal values for solving the Stieltjes
matrix moment problem are defined and investigated for the first time. Explicit
formulas for the extremal values of the entropy over the set of solutions of the Stieltjes
matrix moment problem are obtained. A geometric interpretation in terms of Weyl
matrix intervals is presented.

1. INTRODUCTION

Entropy functionals and their extremal values have been studied by many authors (see,
for example, [1], [2], [3], [5]). But similar functionals were not considered for solution
interpolation problems in the matrix Stieltjes class. In this paper, entropy functionals
over solutions of the Stieltjes matrix moment problem are defined and studied for the
first time.

Given integers m,n > 1, we let C™ denote the linear space of columns of complex
numbers z = col(z1 2 ... z,,) of size m equipped with the inner product (z,y) =
Zm 1 Tiy;. Let C™*™ be the set of complex matrices with m rows and n columns.
Denote by C%*™ the set of all Hermitian matrices. A Hermitian matrix A is called
nonnegative if (z, Az) > 0 Vo € C™. By CT*™ denote the set of nonnegative matrices.
A nonnegative matrix A is called positive if (z, Az) > 0 for any nonzero vector z € C™.
Let CZ*™ be the set of positive matrices. By I, € C"™*™ denote the identity matrix
and by O,,xn, € C™*" denote the zero matrix. We will often omit the subscripts of the
identity matrix and the zero matrix if these subscripts are clear from the context. For
Hermitian matrices A, B we write A > B (A > B)if A— B e Cl*™ ( A— B e CI*™).
If the matrix A is invertible then by A™* denote the matrix (A_l)*. If f(2) is a matrix
function (MF) then by f*(z) denote the MF (f(z))*. Let f(z) be an invertible MF.
By f~!(2) and f~*(z) denote MFs (f(2))~* and ((f(2))~!)" respectively. By definition
z=|z|exp(iarg z), —m < arg z < 7 and /z = \/|z] exp(2E2).

We will also write C; ={z€ C:Imz>0},C_={2€C:Imz2<0},Ry ={zeR:
x>0} and R_ ={zx e R:z <0}

Denote by 9 the o-algebra of Borel subsets of the real line R. A mapping o : B —
CZ™ is called a nonnegative matrix measure if

for any infinite sequence (A4;)72, of pairwise disjoint Borel subsets of R.
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We first recall some facts about the Stieltjes matrix moment problem (see [6]-[10]).
Let (sj)izgl be an arbitrary sequence of complex m x m matrices. We consider the
following block matrices:

H, = (Sj+k)j7 k=0’ Hsy = (3j+k+1)j’ k—(? T = ( X > ,

Ome Omen

mnxXm

Ri(z) = (I—le)_l, uy =col (—sg — s1 ... —sp), ur =Tug, vy = ( OIm )

Assume that the block matrices H; and Hs satisfy the following conditions:
Hy >0, Hy>O.

In the Stieltjes matrix moment problem it is required to describe all matrix-valued non-
negative measures o on the half-axis R such that

Sj :/ tho(dt), 0<j<2n, Sanp Z/ o (dt).
Ry Ry
Let M denote the set of all solutions o to the Stieltjes matrix moment problem. Under
the above assumptions it is known that M, # @. With each solution of the Stieltjes
matrix moment problem we associate a MF as follows:

(1) s(z):/]R @7 o€ M.

t—z
n
By F4 denote the set of associated MFs. It is obvious that associated MFs are holomor-

phic MFs in C \ R;. The Stieltjes inversion formula establishes a one-to-one correspon-
dence between F and M.

Let
J: ( Omxm, *ZIme ) , Jﬂ— — ( Omxm Im><m )

iIme Ome Im><m Ome
The pair of meromorphic m x m MF col (p(z) ¢(z)) in C\ Ry is said to be Stieltjes
if for this pair there exists a discrete the set of points D,, in C\ R, such that

(1) p*(2)p(z) + q*(z?;](z) >0, z€ C\{RLUD,}.
2) (0" (2), ¢*(2)) — ( ’;’8 ) >0, ze C\{RUD,,}.

i(z — 2)

(3) (0" (), 4" (2)) ( ne ) 20, se{se CiRe<0)\ Dy,

On the set of Stieltjes pairs, we introduce the equivalence ratio: the pairs col (p1(z) q1(z))
and col (p2(2) g2(z)) are said to be equivalent if there exists a MF Q(z) such that the
MF Q(z), (Q(z))~! are both meromorphic in C\ R, and

p1(2) = p2(2)Q(2), @ (z) = q2(2)Q(2).
The set of equivalence classes of Stieltjes pairs will be denoted by S..
A polynomial MF
U () = ( a1(z) Bi(z) ) _ ( I—&—zv’{Rl(z)hlr;luz _ZUTRl('z)H;I?l >
7(z) 91(z) us Ri(2)Hy “ug I —zuiRy(2)H; "1
is called the resolvent matriz the Stieltjes moment problem.

The formula
1

s(2) = (1 (2)p(2) + 61(2)q(2)) (e1(2)p(2) + B1(2)a(2))
establishes a bijective correspondence between F; and S..
Substituting the Stieltjes pairs col (I O) and col (O I) in (1), we obtain extremal MFs

(2) sp(z) = ’yl(z)al_l(z) e Fy, sk(z)= 51(z)ﬁ1_1(z) € Fy.
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Suppose that tg € R_. The matrix interval [sg(to), sk (to)]is called the matriz Weyl
interval (see [6]-[10]). We can prove that {s(zo) : s € F1} = [sp(to), sk (to)]-

From (1) it follows that (s(z) — s*(2))/i > O, z € C4. Consequently, at almost all
points t > 0 exist nontangential limits s(¢) = lim,_, 0 s(t+1y). Let ¢y be a point belongs
to R_. For any s belongs to F the entropy functional Z(s;tp) is defined by the formula

o [T st =5t VT
I(s,to)f/o 1n( - )ﬂ\/i(t_t())dt

The main result in our paper is as follows.

Theorem 1. The entropy functional has an upper bound

SK(to) — SF(to)

Z(s;tp) < Indet 1

Vs € f+,
with equality if and only if
3(2) = (()B(:) +01(2)(2)) (@1 (2)B(=) + Br(2)i(2)) € Fi,
p(z) Bi(to)/vto
(5 )= (e )ew es
Moreover, the matriz 5(tg) coincides with the center of the matrix Weyl interval
[8F(t0)7SK(tO):|, 1. €.,

(
(

§(t0) _ SK(to) ;-Sp(to).

2. ENTROPY FUNCTIONALS FOR THE HAMBURGER MATRIX MOMENT PROBLEM

We first recall some facts about the Hamburger matrix moment problem (see, for
example, [4], [5], [12], [13]). Let (w;)5, be an arbitrary sequence of complex m x m
matrices. We consider the following block matrices

n Omn m Inn —
H= (wj+k)j7k=0, T= ( x ) , R(w)=(I—wT) 1,

Ome Omxmn

I,
u=col (O —wy —wy ... —wWy_1), U(O >

mnxXm

Assume that the block matrix H is positive. In the Hamburger matrix moment problem
it is required to describe all the matrix-valued nonnegative measures 7 such that

(3) w; :/tjf(dt), 0<j<2n-—1, wgnz/tQ”T(dt).
R R

Let M denote the set of solutions to problem (3). Under the above assumptions, M # &.
With each matrix measure 7 € M we associate a MF as follows:

(@) fw) = [ 79,

By F denote the set of associated MFs f. It is obvious that associated MF's are holomor-
phic MFs in C.. The Stieltjes inversion formula establishes a one-to-one correspondence
between F and M.

A pair of meromorphic m x m MF col (p(w) ¢(w)) in C; is said to be Nevanlinna if
for this pair there exists the discrete set of points D,, in C, such that

(1) p*(w)p(w) + ¢*(w)g(w) > O, w e C; \ Dy

*(w) g* J p(w)
@ o)z (U ) 20, we i\,
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On the set of Nevanlinna pairs, we introduce the equivalence ratio: the pairs

col (p1(w) qu(w)) and  col (pa(w) ga(w))
are said to be equivalent if there exists a MF Q(w) such that the MF Q(w), (Q(w))~!
are both meromorphic in C4 and

pi(w) = p2(w)Q(w), q1(w) = g2(w)Q(w).

The set of equivalence classes of Nevanlinna pairs will be denoted by R.
A polynomial MF

[ aw) Bw)\ [ I+20°Rw)H 'u —zv*R(w)H v
(5) Ulw) = ( y(w)  d(w) > a ( 2 Rw)H 'y T — zu*R(w)H v >

is called the resolvent matrixz the Hamburger moment problem.
The formula

(6) f(w) = (v(w)p(w) + d(w)q(w)) (e(w)p(w) + B(w)q(w))
establishes a bijective correspondence between F and R.

By S denote the set of m x m MFs S(w) which are analytic and contractive (i.e.,
S*(w)S(w) < I;,) in Cy.

It is well known that the formula
(7) pw) = (I +S(w)Q(w), q(w)=i(I—-Sw))Q(w)
establishes a bijective correspondence between S and R... Here MFs Q(z), (Q(z))~!
are both meromorphic in C,.

By definition, put
(8) B(w) = a(w) +if(w),  F(w)=a(w) —iB(w),
(9) G(w) =y(w) +id(w),  H(w)=ry(w)—id(w).
Combining (6), (7), (8), and (9), we get

f(w) = (G(w) + Hw)S(w)) (E(w) + F(w)S(w))

From (4) follows that (f(w) — f*(w))/i > O, w € C,. Consequently, at almost all
points « € R exist nontangential limits f(z) = limy_, 1o f(z + iy). Let wo = 2o + iyo be
a point belongs to C. For any f belongs to F the entropy functional Z(f;wy) is defined
by the formula

-1

-1

f(z) — f*(z) Yo

10 Z(f; = [ In(det dz.
(10) (f;w0) /]R n( ¢ 21 )ﬂ((z —20)2 +y3) .
The following theorem was proved in [5].

Theorem 2. The entropy functional has an upper bound

(11) I(f;wo) < In det(%(wo - wo)v*R(wo)H*R*(wo)u)_ Vf e F,

with equality if and only if
fw) = (G(w) + H(w)S) (E(w) + F(w)S) ™" € F,
S = —F*(wo)E~*(wp) € S.

In other words,
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3. ENTROPY FUNCTIONALS FOR THE SYMMETRIC HAMBURGER MOMENT PROBLEM

Let (wj)?zgz be a sequence of complex m X m matrices such that

H = (wj+k)jjll:;10> 0.

Corresponding moment problem (3) is said to be the symmetric Hamburger matrix mo-

ment problem if waj1+1 = Opmxm, J =0,...,2n. The symmetric moment problem we
will study in these chapter.

If we replace wy;, j =0,...,2n+ 1 by s;, we obtain a sequence
(12) 80,0,81,0,32,0,...70,82n+1.

Given the sequence (12) of m x m matrices, we construct the following block matrices:

So 0] S1 O NN Sn O
O S1 O S92 . 0] Sn+1
$1 0 So O . O
(13) H = O So O S3 e 0] Sn42 c C(2n+2)m><(2n+2)m,
Sn O  spt1 O .. Sop O
O Sn+1 O Sn+2 - @] Son+1

T = < O(2n+1)m><m I(2n+1)m > v = ( I, )
Omxm Om><(2n+1)m ’ O(2n+1)m><m ’
u=col (O —s5900 —s1 ... —s,)€ Cmx@nt2m - R(w) = (I2n+2)m — wT)fl7

H, = (strk)Zk:O, Hy = (Sj+k+1)zk=0,
Omnxm Imn Im
T = , U1 = ,
! ( Ome OmeTL > ! ( OmnXm )
-1 "

Ri(w) = (I(n+1)m — le) , us = col (—so — 81 ... — sn)7 up = T us.
It is easily verified that the block matrices defined above satisfy the main identity
(14) Tl*HQ —H1 :’Ulu;.

By P denote block matrix

I 0 0 O 0 o
o0 I O 0 0

o O O O O I O (2n+2)mx (2n+2)m

P=1o 1 0 0 o o |€C ‘
0O 0 O I 0 0
000 O0 ..0 I

These matrix has exactly one entry of 1 in each row and each column and Os elsewhere,
i.e., P is a permutation matrix. In particular, the matrix P is orthogonal P'P = PP’ = I.
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It is easy to see that

(15) Po= ( . ) Pu = ( Oty )
O(n+1)m><m

(16) PHP = ( Hl O(n+1 m><(n+1 m
O(n+1)m><(n+1)m

(17) v*R(w)P" = ( viRi(w?) wviRi(w?) )7 w*R(w)P' = ( A(w) u3Ri(w?) ).

Hear by A(w) denote some polynomial m x m(n + 1) MF.
It follows from (13), (16) that

(18) H>0<H, >0ONHy> 0.
This implies that
g1l-p ( Hfl O(n+1)mi<1(n+1)m > P
O(n+1)m><(n+l)m H2
Theorem 3. Let

= (50} 5 )= (P e )

be a resolvent matriz for the Hamburger symmetric matriz moment problem that cor-
responds to sequence (12). Then

U(w) = I+ w?viRy(w?)Hy 'uy  —wol Ry (w?)Hy vy
N wul Ry (w?)Hy ug I — w?ui Ry (w?)Hy oy

2i (o — wo)v* R(we)H ' R* (wo)v = vi‘Rl(wg)HflR’{(wg)ul
+ wowovy Ry (wh) Hy Ry (wg)vs.
Proof. Using (15), (16), and (17), we get

(19)

-1
a(w) = I+ wv*R(w)P’ < iy O("H)m_xl("ﬂ)m > Pu
O(n+1)m><(n+1)77L H2

=1+ w (v} Ri(w®) woiR(w?)) ( Hé_l Hg‘l ) ( 1?2 )

= I 4 w?v} Ry (w?) Hy tuy.

Formulas
B(w) = —wvi Ry (w?)Hy 'y,
Y(w) = wul Ry (w?)Hy M ug,
§(w) = I — w?ui Ry (w?)Hy oy,
and (19) are proved by analogy. This completes the proof of theorem 3. (]

Lemma 1. Let U(z) be a resolvent matrixz for the Hamburger symmetric matriz moment
problem that corresponds to sequence (12). Then

(20) U(Zy)‘]‘n'U*(Zy) —Jr = 02m><2m; U- (Zy)']TFU(Zy) —Jr = OQmXQm Vy > 0.
Proof. We have
. . —iyoi Ry (—y?)Hy 'or T — y?vi Ry(—y?) Hy Mus )
U(iy)J.U*(iy) — Jr = # - : -
(iy) J=U" (iy) ( I+ y2uiRi(—y?)Hy e iyus Ry (—y?) Hy Mug
8 I —y?usHy 'Ri(—y?)vy  —iyus Hy "Ri(—y ) Ug gy = Ay
it B R (=)o T+ y2oi D Ry (=P )7 A
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Using (14), we get

An(y) = (—iyvi Ri(=y*)Hy tor) (I — yPus Hy 'Ry (—y®)vn)

+ (I — y?vi Ry (—y*) Hy tus) (iyv;y H; 131(— %))

= —iyv Ri(=y*)Hy to1 + iy’ o Ri(—y?) Hy torus Hy 'Ry (%)
+iyoi Hi 'Ry (—y®)or — iy v} Ri(—y?) Hy ugvi H ' Ry (—y® v

= —iyv Ri(—y*)Hy 'v1 + iy’ o Ri(—y?) Hy (T Hy — Hi)Hy ' R (—y%)u
+iyof Hy ' Ry (—y®)v1 — iy®v} Ry (—y?) Hy ' (Ho Ty — Hy)Hy 'Ry (—y%)vr

= iyvi Ri(—y*)Hy ' (=R *(=y*) + v*(Ty Hy — H1)Hy ') Ri(—y*)un
+iyv; Ri(—y®) (Ry'(=y?) — y*Hy ' (HoTy — Hy)) Hy 'Ry (—y*)u
= iyvi Ry (—y?)H; ' (=T — o*TF +*TF — > HiHy ) R (—y2)v

+iyoiRi(—y®) (I +¢*Ty —y*Ty + y*Hy 'Hy) H; 1RT(*y Ju1
= —iyviRi(~y”) (H{ ' +y*Hy ") Ri(—y*)v
+iyvi Ri(—y?) (Hy '+ y*Hy ') Ri(—y*)v1 = Omxom.
Thus we have A11(y) = Omxm. The equalities A12(y) = A21(y) = A22(y) = Omxm are

proved in a similar way. Finally, we obtain U(iy)J,U*(iy) — Jr = Oamxom- It follows
(see, for example, [1]) that U*(iy)J:U(iy) — Jx = O2mx2m. Lemma 1 is proved. O

A Nevanlinna pair col (p(w) g(w)) is called symmetric if
Wi i) (22 ) =0, u>o
q(iy)

If some Nevanlinna pair is symmetric then all equivalent Nevanlinna pairs is also
symmetric. The corresponding equivalence class of Nevanlinna pairs is called symmetric.
The set of equivalence classes of Nevanlinna symmetric pairs will be denoted by R

The Nevanlinna MF f(w) € R is called symmetric if Nevanlinna pair col (I f(w)) is
symmetric, i.e.,

fliy) + f*(iy) =0, y>0.

The set of Nevanlinna symmetric MF will be denoted by R.
Consider the symmetric Hamburger moment problem. By definition, put

F={f(w) € F|f(w) € R}.
Theorem 4. Let

| aw) Bw) \ [ I+wviR(w?)Hy u —wviRy (w?)Hy v
(21) U(w)-( y(w)  o(w) >_< quRll(;P)H;lm i I—wzluf}%l(wz)Hfllvl )

be a resolvent matriz for the Hamburger symmetric matriz moment problem that cor-
responds to sequence (12). Then the formula

-1

fw) = (y(w)p(w) + d(w)q(w)) (a(w)p(w) + flw)g(w))

establishes a bijective correspondence between F and R
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Proof. By f, p, ¢, a, B, 7, 6 denote f(iy), p(iy), q(iy), a(iy), B(iy), v(iy), 6(iy), y >0
respectively. We have

frr=(1 f*)Jﬂ(jc)

_ ( I (ap+B0) (07" +q°6") )Jw< (wwq)(iﬁﬁq)_l )
—(ap+80) " (wrar s s ) o (T (o)
= (ap+Bq) " (p* ¢ )U*JJJ( Z ) (ap+Bqg)~"
=(ap+Bq) " (p* ¢ )Jx ( f]’ ) (ap+Bqg) "
Thus
Fliy) + 1 (iy) = (aliy)p(iy) + Bliy)q(iy))
< (i) atin ) ax (200 ) (atinptin) + Sin)atin) >0,

~

This implies that
feFecl(p g)Q€eRx.
Theorem 4 is proved. O

Denote by f(f, iy), y > 0 the restriction of the entropy functional (10) to F C F.
Theorem 5. The entropy functional has an upper bound
Z(f;iy) <In det(4y(UIR1(—y2)Hf1RT(—y2)v1
(22) 2 2\ 771 2 -1
0l Ra(—y?) Hy Ry () ) )

for all f € F with equality if and only if

~ 1 ~

fw) = (y(w)p(w) + 6(w)G(w)) (c(w)p(w) + Blw)g(w)) € F,

p(w) \ _ (=B (iy) 5
()= (o) )aw ere

Proof. Using (11), (19), we get (22). Next we have

() 7)) an (20 ) =@t (s ati) )7 (15 ) ow

= Q" (w) (=B(iy)a”(iy) — aliy)f*(iy)) Q(w) = O.

Here we used the formula (20). Thus
(23) ( ’(ﬁzg;@;) )Q(w) € R
Using (23), Theorem 4, and Theorem 2, we get Theorem 5. O
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4. ENTROPY FUNCTIONALS FOR THE STIELTJES MOMENT PROBLEM
Let
(24) 80,0,8170,8270,...,0,82n+1.
be a sequence of m x m matrices such that block matrix H (see (13)) is positive. Consider
the Hamburger symmetric matrix moment problem that corresponds to sequence (24)

and denote by F the set of symmetric associate MF.
Consider the sequence

505515 ---552n+1-
Using (18), we get H; > O, Hs > O. Denote by F the set MF that are associated with
the Stieltjes matrix moment problem

Sj :/ tlo(dt), 0<j<2n, Sant1 Z/ o (dt).
R, R

( f;% > e ( g )

establishes a bijective correspondence between Reoo and So.
Moreover, the formula

Lemma 2. The formula

w2=z
establishes a bijective correspondence between F and F. .

Proof. The first statement of the lemma is obvious (see [12], [14]). Let us prove the second
statement of the lemma. If f € F, then there exists a pair col( p1(w) g1(w) ) € Ruo

such that f(w) = (y(w)pi (w) + 6(w)gr (w)) (a(w)ps (w) + B(w)qs (w)) ™
Consequently

— %(7(10)171(10) +0(w)q (w)) (a(w)p1 (w) + B(w)(h(w)>71

w2=z

w2=z

- (Mpl(w) +6(w) QIEUU})) (a(w)m(w) + wﬁ(w)qlfuw))il
(

pr(w) + (I — wQUTRl(u?)Hl_lvl)%w))

= (nEp) +8:(2a(2)) (=) + Bi2)a(2)) = s(2) €
Lemma 2 is proved. O

Proof of Theorem 1. The proof is divided into steps.
Step 1. If f(w) and s(z) are as in Lemma 2 and

i'(f;iyo) = /Rln<det 1) ;zf*(x))ﬂ(x;/j- ) dr, yo >0,

then

(25)  Z(f;ivo) = %ln(fto) + /000 lndet{s

W-s0) VR oA,
2i }'w(t—go)\/i’ fo =%
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Proof of step 1. We have

~ . f(z) = f*(z) Yo
Z(f; = [ In(det d
(£37%0) /R n( ¢ 2i )ﬂ(a:Q—l—y(Q)) .
f@) _ (=)
:2/ ln(detx x — ) 2@/0 55 dx.
R, 2i (22 + y3)

Substituting x2 for ¢ in the last integral, we get

m V—to dt —s(t)* V—to dt
Z(f;iyo) = / Cw(t—to) Vi / lndet{ 5 }’w(t—to)\/i'
But
m \/—t da_m

Indeed, we get this result if substltutmg \f for x in the last integral and using the formula

(see [11], p. 546)
> Inzdr ™
———5 = 5-Ina, a>0.
0o T¢+a 2a
Combining last formulas, we get (25).

Step 2. There is an inequality

(26) /Ooo lndet{s(t) ;is(t)* } ) (\t/jtfo) j} < Indet M Vs € Fy.

Proof of step 2. Using Theorem 5 and (25), we get

m o0 s(t) — s*(t) V—tg dt
5 In(~to) +/0 lndet{ 5 } i ;0)%

-1
S In det (4\/ —to (UTRl (to)Hl_lRT (to)v1 — tonRl (to)H{lRT (to)vl)) .
From [6], we get the following formula:
-1
(vt Ra(to) BT R (to)ur — toigws Ba(to) Hy Ri(to)vn ) = ~to(sk (to) = sk (to)):
This yields that

@ln(—to) + /000 In det { s(t) — S*(t)} . Vot dt

2 2i Tt — to) Vi
< Indet (4 T0) ™ (o) (sx(to) — sp(t0)) = ndet (v 2L —sr (o))
= In((~to)* det M) = 5 In(—to) + Indlet M

It immediately follows (26).
Step 3. In inequality (26) we have equality if and only if

5) = (nEPE) +51(23)) (ar(2)56) + ()

p(z) Bi(to)/vto
(50) = (e )ee
Proof of step 3. Using (5) and (21), we get

aliyo) =I + (—y5)vi Ra(—yg)Hy 'ug = I + tov} Ry (to) Hy 'uz = o (to),

—B(iyo) = — iyovi R (—yg) Hy ‘o1 = —V/tovi Ra(to) Hy v 6i/(>:00).
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Using Theorem 5, we get

1 we=z 1

- E(y(w)(—ﬁ*(iyo)) +5(w)a*(iy0)) (a(w)(—ﬁ*(iyo)) +ﬁ(w)a*(iyo)) a
= (M (5 i) + 50 LY () (- o) + ) ) 7
= (quRl(i};)Hg 12 (=B (iyo)) + (I — wzu*{Rﬂwz)HflUl)%)
><((I+w2vikR1(WQ)Hiluz)(—B*(iyo)) (—w ”1R1(w2)Hflv1)a*ZyO)>_l 2
_ Bt (to) o] (to) i(to) ai(to) )~
- (71(2) \/7%) +61(2) \/; ) (al(z) t;) +p1(2) \/; ) :

Thus

52) = (M) + 51(2)3()) (ar(2)i(:) + ()

5e) (B VE Y o,
(5 )= (e )ee
Step 4 completes the proof.
By [6], it follows that

o (t t o I o (t (o) \ o I
(i 2 ) (7 ) (0 2e) -(7 6)
_o ( (sk(to) = sp(to)) ™! B (s (to) = 5 (t0)) " sr(fo) ) .
F(to)(sk (to) — sr(to)) sp
Hence
a1(to)B7 (to) + Bi(to)ei (to) = 2(sk (to) — sr(to)) ",
Y1 (o) B (to) + 01 (to)at (to) = 25k (to) (s (to) — sp(te)) " + 1
= (2sr(to) + (sk(to) — sr(to))) (s (to) — sr(to)) ™
= (5K (to) + sr(t0))(sK (to) — sr(to)) "

Finally, we obtain
5(to) = (11(t0)B (to) + 81 (to)i (to) ) (a1 (ta) Bi (t0) + Ba(to)ai (10))

= (s (to) + sr(to)) (s (to) — sr(to)) ™' (s (to) — sr(to))/2= (sk (to) + sr(to)) /2.
Theorem 1 is proved. O
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