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UPPER SEMI-FREDHOLM AND KATO SPECTRUM OF AN α-TIMES

INTEGRATED SEMIGROUP

HAMID BOUA

Abstract. Let (T (t))t≥0 be an α-times integrated semigroup with generator A on

a Banach space X. In this paper, we show that the spectral mapping theorem holds
for upper semi-Fredholm spectrum and we will give some consequences of this result.
We also give an application on the Schrödinger operator.

1. Introduction

Let X be a complex Banach space, B(X) denote the algebra of all bounded linear
operators on X and C(X) the set of all closed linear operators from X to X. We denote
by D(A), R(A), N(A), σ(A), σp(A), σr(A) and σap(A), respectively, the domain, the
range, the kernel, the spectrum, the point spectrum, the residual spectrum and the
approximate point spectrum of an operator A ∈ C(X), (see [6]).

Next, A ∈ C(X) is called an upper semi-Fredholm if the range R(A) is closed and
dimN(A) < ∞. The upper semi-Fredholm spectrum of A is defined by (see e.g. [12])

σuf (A) = {λ ∈ C : λ−A is not upper semi-Fredholm}.

Recall that a closed operator A is said to be a Kato operator or semi-regular if R(A) is
closed and N(A) ⊆ R∞(A). The Kato spectrum of A is defined by

σk(A) = {λ ∈ C : A− λ is Kato}.

We say that an operator A ∈ C(X) is essentially Kato or essentially semi-regular if
R(A) is closed and there exists a finite-dimensional subspace F ⊆ X such that N(A) ⊆
R∞(A) + F . The essentially Kato spectrum of A is defined by

σek(A) = {λ ∈ C : A− λ is essentially Kato}.

For more information see [1] and [4].
An operator A is said to have a single valued extension property at λ0 ∈ C (SVEP) if

for every open disc Dλ0
⊆ C centered at λ0, the only analytic function f : Dλ0

−→ D(A)
which satisfies the equation (A− zI)f(z) = 0 for all z ∈ Dλ0

is the function f ≡ 0. A is
said to have the SVEP if A has the SVEP for every λ ∈ C (see [2]). Denote by

S(A) = {λ ∈ C : A has not the SVEP at λ}.

Note that, µ ∈ S(A) if and only if there exists a sequence (xi)i≥0 ⊆ D(A) not all of them

equal to zero such that (A− µ)xi+1 = xi with x0 = 0 and sup
i≥1

||xi||
1

i < ∞, (see [7]).

Let (S(t))t≥0 be a strongly continuous, uniformly exponentially bounded family of
bounded linear operators on a Banach space X. Let A : D(A) → X be a closed linear
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operator with domain D(A) ⊆ X. If there are ω, α ≥ 0 such that λ is in the resolvent
set of A for all λ with Re(λ) > ω and the resolvent of A is given by

R(λ,A)x = λα

∫ ∞

0

e−λsS(s)xds for all x ∈ X,

then A generates (S(t))t≥0 as an α-times integrated semigroup on X (see e.g. [5]).
W. Arendt showed that if A ∈ C(X) generates T (t) as an n-times integrated semigroup,

with n ∈ N, then the Abstract Cauchy Problem u′(t) = Au(t), u(0) = x has a classical
solution for all x ∈ D(An+1). The notion of α-times integrated semigroup for arbitrary
α > 0, was introduced by M. Hieber in [11]. He showed in [10] and [11] that the functional
analytic framework of α-times integrated semigroups can be used to describe Abstract
Cauchy Problems of certain differential operators on Lp(Rn).

In [5], C. R. Day studied the point, the approximate point and residual spectra of the
α-times integrated semigroups. In order to understand the behavior of the solutions in
terms of the data concerning A, one seeks information about spectra of T (t) in terms
of spectra of A (see [5, 9]). In the same direction, we continue the development of the
spectral theory of integrated semigroups.

In this paper, we show that if (T (t))t≥0 ⊂ B(X) is an α-times integrated semigroup
with generator A, then

σuf (T (t)) ∪ {0} =

{
∫ t

0

sα−1

Γ(α)
eλsds, λ ∈ σuf (A)

}

∪ {0}.

We also prove that
{
∫ t

0

sα−1

Γ(α)
eλsds, λ ∈ σ⋆(A)

}

∪ {0} ⊆ σ⋆(T (t)) ∪ {0},

where ⋆ ∈ {k, ek}. Moreover, we have equality if A has the SVEP.

2. Main results

We begin by the following lemmas.

Lemma 1. Let (T (t))t≥0 be an α-times integrated semigroup with generator A on Banach

space X. Then, for all λ ∈ C, t ≥ 0 and n ∈ N,

1.

(
∫ t

0

sα−1

Γ(α)
eλsds− T (t)

)n

x = (λ−A)nDn
λ(t)x, for all x ∈ X.

2.

(
∫ t

0

sα−1

Γ(α)
eλsds− T (t)

)n

x = Dn
λ(t)(λ−A)nx, for all x ∈ D(An).

3. R∞

(
∫ t

0

sα−1

Γ(α)
eλsds− T (t)

)

⊆ R∞(λ−A).

4. N(λ−A)n ⊆ N

(
∫ t

0

sα−1

Γ(α)
eλsds− T (t)

)n

.

Proof. Clearly, Dλ(t) is a bounded linear operator on X. Moreover (see [5]), we have
(
∫ t

0

sα−1

Γ(α)
eλsds− T (t)

)

x = (λ−A)Dλ(t)x, for all x ∈ X

= Dλ(t)(λ−A)x, for all x ∈ D(A).

Proceeding by induction, we get the desired result. The assertions 3 and 4 follow easily
from 1 and 2. �

Lemma 2. [5, Lemma 2.2] Let (T (t))t≥0 be an α-times integrated semigroup with ge-

nerator A. For µ 6= 0, A is bounded on ker(T (t)− µ) for any t ≥ 0.
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Lemma 3. [5, Theorem 2.6] Let (T (t))t≥0 be an α-times integrated semigroup with

generator A. Then, for all t ≥ 0

σap(T (t)) ∪ {0} =

{
∫ t

0

sα−1

Γ(α)
eλsds, λ ∈ σap(A)

}

∪ {0}.

We now state the general spectral mapping theorem for upper semi-Fredholm spec-
trum.

Theorem 1. Let (T (t))t≥0 be an α-times integrated semigroup with generator A. Then

σuf (T (t)) ∪ {0} =

{
∫ t

0

sα−1

Γ(α)
eλsds, λ ∈ σuf (A)

}

∪ {0}.

Proof. Let µ =

∫ t

0

sα−1

Γ(α)
eλsds /∈ σuf (T (t)), then dimN(µ− T (t)) < ∞ and R(µ− T (t))

is closed. From Lemma 1, we have dimN(A − λ) < ∞. Now, we prove that R(A − λ)
is closed. Since N(µ− T (t)) is finite dimensional, there exists a closed subspace Y of X
such that N(µ−T (t))⊕Y = X. But, (λ−A)(N(µ−T (t)))∩D(A)) is finite dimensional
and therefore closed. Hence, we need only to show that (λ−A)(Y ∩D(A)) is closed.

Indeed, from the closed-graph theorem and the closedness of R(µ − T (t)), it follows
that there is a constant C > 0 such that ‖(µ − T (t))x‖ ≥ C‖x‖ for all x ∈ Y. From
Lemma 1, we obtain that for every x ∈ D(A), ‖(µ − T (t))x‖ ≤ M‖(λ − A)x‖ for some
M > 0.

The combination of the last two inequalities gives us

‖(λ−A)x‖ ≥
C

M
‖x‖ for all x ∈ Y ∩D(A).

So that R(λ−A) is closed. Consequently, λ−A is upper semi Fredholm.
Conversely, let µ ∈ σuf (T (t))\{0} and F = N(µ−T (t)). Then, F is A-invariant and

T (t)-invariant closed subspace of X. By Lemma 2, A|F is a bounded operator generates
the α-times integrated semigroup (T (t)|F )t≥0, which yields σuf (A|F ) 6= ∅. Now, let
λ0 ∈ σuf (A|F ), according to the first implication of this theorem, we obtain

∫ t

0

sα−1

Γ(α)
eλ0sds ∈ σuf (T (t)|F ) = σ(T (t)|F ) = {µ}.

Thus µ =

∫ t

0

sα−1

Γ(α)
eλ0sds. We prove that λ0 ∈ σuf (A). Indeed, suppose that A − λ0

is upper semi Fredholm, then dimN(λ0 − A) < ∞ and R(A − λ0) is closed. Since
N(λ0 −A|F ) = D(A) ∩N(λ0 −A) ⊆ N(λ0 −A), then dimN(λ0 −A|F ) < ∞.

Next, let (xn)n≥0 be a sequence of elements of D(A)∩F such that (λ0−A|F )xn −→ y.
Since R(λ0 − A) is closed, there exists x ∈ D(A) such that y = (λ0 − A)x. As Dλ0

(t) is
bounded, then Dλ0

(t)(λ0 − A|F )xn −→ Dλ0
(t)(λ0 − A)x, which give (µ − T (t))xn −→

(µ − T (t))x. Hence (µ − T (t))x = 0. Consequently, x ∈ F and y ∈ R(λ0 − A|F ), which
is absurd. �

Theorem 2. Let (T (t))t≥0 be an α-times integrated semigroup with generator A. Then
{
∫ t

0

sα−1

Γ(α)
eλsds, λ ∈ σ⋆(A)

}

∪ {0} ⊆ σ⋆(T (t)) ∪ {0} for all t ≥ 0,

with ⋆ ∈ {k, ek}.

Proof. Let µ ∈ σap(T (t)) ∪ {0}\σ⋆(T (t)) ∪ {0}. From Lemma 3, there exists λ ∈ σap(A)

such that µ =

∫ t

0

sα−1

Γ(α)
eλsds. Hence, M = R∞(µ − T (t)) is closed and A-invariant.
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Moreover, [5, Proposition 1.5], implies that T̃ (t) = T (t)/M is an α-times integrated

semigroup with generator Ã = A/M on X/M . If µ−T (t) is semi-regular, it follows from
Lemma 1 that

N(λ−A) ⊆ N(µ− T (t)) ⊆ R∞(µ− T (t)) ⊆ R∞(λ−A).

Furthermore, from [8, Theorem 12.21], µ− T̃ (t) is bounded below, which means that

λ− Ã is bounded below by Lemma 3. Now, if µ− T (t) is essentially semi-regular, then
there exists a finite-dimensional subspace F ⊆ X such that N(µ − T (t)) ⊆ R∞(µ −
T (t)) + F . Hence

N(λ−A) ⊆ N(µ− T (t)) ⊆ R∞(µ− T (t)) + F ⊆ R∞(λ−A) + F.

Furthermore, by [8, Theorem 21.7], µ− T̃ (t) is upper semi Fredholm and by Theorem 1

λ − Ã is upper semi Fredholm. In both cases R(λ − Ã) is closed. So it is sufficient to
prove that R(λ − A) is closed. Now, let (λ − A)xn −→ y, there exists â ∈ X/M such

that (λ− Ã)x̂n −→ ŷ = (λ− Â)â. Therefore y− (λ−A)a ∈ M ⊆ R(λ−A), this implies
that y ∈ R(λ−A). Consequently λ /∈ σ⋆(A), which ends the proof. �

The following question arises in a natural way from our result.

Question 1. Do the inclusions of this Theorem are strict ?

Proposition 1. Let (T (t))t≥0 be an α-times integrated semigroup with generator A.
Then

S(T (t)) ⊆

{
∫ t

0

sα−1

Γ(α)
eλsds, λ ∈ S(A)

}

.

In particular, if A has the SVEP, then T (t) has the SVEP for all t ≥ 0.

Proof. Let µ ∈ S(T (t)), by [5, Theorem 3.9], there exists λ0 ∈ σap(A) such that µ =
∫ t

0
sα−1

Γ(α) e
λ0sds. This implies there exists a sequence (xi)i≥0 ⊆ X such that xi = (µ −

T (t))xi+1, where x0 = 0 and sup
i≥1

‖xi‖
1

i < ∞. We put y0 = 0 and yi = Di
λ0
(t)xi for all

i ≥ 0, then (yi)i≥0 ⊆ D(A) and we have

(λ0 −A)yi = (λ0 −A)Di
λ0
(t)xi

= Di−1
λ0

(t)xi−1

= yi−1.

Then ‖yi‖ = ‖Di
λ0
(t)xi‖ ≤ ‖Di

λ0
(t)‖‖xi‖ ≤ M i‖xi‖ and sup

i≥1
‖yi‖

1

i ≤ M sup
i≥1

‖xi‖
1

i < ∞,

which implies that λ0 ∈ S(A). �

Remark 1. P. Aiena proved that if a bounded linear operator A has the SVEP, then
σk(A) = σap(A) and σek(A) = σuf (A). By using the same proof in [1, Corollary 2.45]
and [1, Corollary 3.53], we can easily shows that our results remain true in the case of
a closed linear operator. Therefore, the inclusion of the Theorem 2 will become equality
when the generator A has the SVEP.

Example 1. Take Af = f ′ on X = C[0, 1] with domain D(A) = {f ∈ C1([0, 1]) :
f(1) = 0}. The once integrated semigroup generated by A is given by the operators
Stf(x) =

∫m

x
f(s)ds, where m = min{1, x+ t}. We can easily show that σ(A) = ∅. Then

σ⋆(St) = {0} with ⋆ ∈ {uf, k, ek}.

Example 2. Consider the Schrödinger operator A = i.∆ on Lp(R) for p ≥ 1. A
generates an integrated semigroup (T (t))t≥0 given by f 7→ F−1(utFf), with

ut(ξ) =
∫ t

0
e−is|ξ|2ds.
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It is well known that σ(A) = iR−. Then A has the SVEP and from Proposition 1,
T (t) has the SVEP for all t > 0. According to the previous results, we obtain

σ⋆

(

T (t)
)

\{0} =
{eirt − 1

ir
: r ≤ 0

}

with ⋆ ∈ {uf, k, ek}.
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