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EIGENVALUES OF SCHRODINGER OPERATORS NEAR
THRESHOLDS: TWO TERM APPROXIMATION

YURIY GOLOVATY

ABSTRACT. We consider one dimensional Schrédinger operators
d2
Hy =—— +U+\V,
A a2 A

with nonlinear dependence on the parameter A and study the small A\ behavior of
eigenvalues. Potentials U and V) are real-valued bounded functions of compact
support. Under some assumptions on U and V), we prove the existence of a negative
eigenvalue that is absorbed at the bottom of the continuous spectrum as A — 0. We
also construct two-term asymptotic formulas for the threshold eigenvalues.

1. INTRODUCTION

About forty years ago, Simon and Klaus [1-4] started studying the low energy behavior
of the so-called weakly coupled Hamiltonians —A + AV. The considerable interest has
been in the study of negative-energy bound states and their small A behavior, as well as
in the study of the absorption of the eigenvalues by the continuous spectrum. The main
results here have been concerned with Schrédinger operators in one and two dimensions,
because in three dimensions the weakly coupled Hamiltonians have no bound state if A
is small enough, i.e., if potential AV is a sufficiently shallow well. For the case of 1D
Hamiltonians H) = 7% + AV, a suitable short-range potential V' can produce a bound
state for all small X\. Assuming that V' is different from zero and [, (1 + |]?)|V (z)| d2 <
00, Simon [1] proved that the operator H, has a negative-energy bound state ey for all
small positive A if and only if [, V(z)dz < 0. If £ does have an eigenvalue, then it is
unique and simple, and obeys

W vEa = [Vl =T [ Ve -V e+ o)

as A\ — 0. This asymptotic formula is due to Abarbanel, Callan and Goldberger, but it
was not published by them; (1) was firstly announced by Simon [1]. The eigenvalue e
approaches zero as A goes to zero and it is absorbed in the limit at the bottom of the
continuous spectrum [0, +00). Then we say that A = 0 is a coupling constant threshold
for Hy. Klaus [2] has extended this result to the class of potentials V obeying the
condition [,(1+ |z])|V(z)|dz < co.

In [5,6], the threshold behavior has been studied as a general perturbation phenomenon
and some general results on existence and asymptotic behavior of eigenvalues for self-
adjoint operators A + AB have been obtained. The main tool was the so-called Birman-
Schwinger principle. Klaus [6] has also applied these results to several special cases. One

of them has been concerned with the Hamiltonian —% + U + A\V. If a certain relation
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between the potentials U and V holds, then the operator has a small negative-energy
bound state (not necessarily a unique one) in the limit of weak coupling. Namely, it
has been proved that the operator has the coupling constant threshold A = 0, if the
unperturbed operator —% + U possesses a zero-energy resonance with a half-bound
state u and fR Vu?dr < 0. Among the negative eigenvalues there exists only one that
is absorbed by the continuous spectrum as A — 0. A unique threshold eigenvalue ey is
analytic at A = 0 and obeys

A

as A — 0, where uy = lirin u(z). If fR Vu? dz = 0 and the support of V' lies between
T—r 00

two consecutive zeros of u, then there exists a bound state near zero for all small enough
A (positive and negative). Finally, if fR Vu?dz > 0, then the operator has no bound
state and therefore A = 0 is not a coupling constant threshold. We will give the pre-
cise definitions of the zero-energy resonances, half-bound states, and coupling constant
threshold in the next section.

One of the motivations for writing this article was the desire to improve approximation
(2). As another motivation for investigating the threshold behavior of eigenvalues, we
mention applications of this phenomenon to the study of the stability of solutions for the
Korteweg-de Vries equation [21] and the existence of 'breathers’ (the localized periodic
solutions) for discrete nonlinear Schrodinger systems [22,23].

In this paper, we consider a more general class of Schrodinger operators

2

(3) H)\:—%—FU-F)\V)\, dom Hy = WZ(R)

with nonlinear dependence on the positive parameter \. We analyze the existence of neg-
ative eigenvalues and their threshold behavior. Here U and V) are functions of compact
support and V\, = V 4+ AV; +0(A) as A — 0. The spectrum of H) consists of the essential
spectrum [0,00) and possibly a finite number of negative eigenvalues. Under certain
conditions on the potentials U, V and V; the operator H) has a negative eigenvalue e
that is absorbed at the bottom of the essential spectrum as A goes to zero. The threshold
eigenvalue may or may not be the ground state. We examine the asymptotic behavior of
ex as A — 0 and compute the two term asymptotic formula which in particular improves
the approximation (2). For the case U = 0 and V), = V| our asymptotics turns into the
Abarbanel-Callan-Goldberger formula. '

The threshold behavior of eigenvalues for operators —% + U+ AV (ay-), where the
positive sequence « converges to a finite or infinite limit as A — 0, has recently been
studied in [7]. These results gives us an example of the non-analytic threshold behavior
of negative eigenvalues.

The question of how negative eigenvalues are absorbed in the bottom of the essential
spectrum has been discussed by many authors [8-18]. The Hamiltonians with periodic
potentials perturbed by short range ones and the threshold phenomena in gaps of the
continuous spectrum were studied in [6,19,20].

2. MAIN RESULTS

We start with some definitions. Let A and B) be self-adjoint operators and B) be
relatively A-compact for all A > 0; then o.5s(A + B)) = 0ess(A). Suppose that the
interval (a,b) is a gap in the spectrum of A. If we can find an eigenvalue ey of A + B
in (a,b) for all A > 0 with the property that ex — a or ey — b as A — 0, then we call
A = 0 the coupling constant threshold. So the eigenvalue ey is absorbed by the continuous
spectrum at “time” A = 0.
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2 . .
We say operator —# + U possesses a zero-energy resonance if there exists a non

trivial solution u of the equation

(4) —u" +Uu=0

that is bounded on the whole line. We then call u the half-bound state. Any half-bound

state u possesses finite limits hrf u(x), because u is constant outside the support of U;
T—>rT 00

both the limits are different from zero. Since a half-bound state is defined up to a scalar
multiplier, we say a half-bound state u is normalized if lim wu(x) = 1. Let 0 hereafter
r—r—00

denote the limit of the normalized half-bound state as © — +o0, i.e., 8 := lim,_, oo u(x).
We also introduce the function
1 ifzx <0,
O(z) = { if

0 if x> 0.

Assume u; is a solution of (4) such that u;(x) = x to the left of the support of U. Then
uw and wuy are linearly independent solutions of (4) and we will show below that there
exists a constant 67 such that uj(x) = =1z + 01 for all z large enough (see Fig. 1). Let
v, be a solution of —v” + Uv = —Vwu which vanishes to the left of the supports of U
and V.

01
u u 9
1 1
u /\/

FIGURE 1. Plots of normalized half-bound state u and solution u;.

Here and subsequently, || - || stands for the norm in Ls(R).

Theorem 1. Suppose that U, V and Vi are functions of compact support belonging to
2

L=®(R), and [[Vx —V — AVi|| = o(A) as X — 0. Assume operator —-i; + U has a

zero-energy resonance with normalized half-bound state w. If

(5) / Vu?dr < 0,
R

then operator Hy = —j—; + U + AV, possesses the coupling constant threshold A = 0,
i.e., for all small positive \ there exists a negative eigenvalue ey of Hy such that ey — 0
as A — 0. Moreover the threshold eigenvalue ey has the asymptotic expansion ey =
—A2 (wo + wiA 4 0(A)? as A — 0, where

1 2
(6) 0= g /R Va2 da,
1
wi =3 1 (/RV(’U* + wo (602 — 1)u1)udx

+w(2)/(u2 — 92) dx — w§9391 —|—/ Viu? dm).
R R

(7)

The threshold phenomenon is also possible if inequality (5) turns into the equality. In
this case the absorption of the eigenvalue at the bottom of oz (H)y) occurs with the rate
O(M\*) as A — 0.
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Theorem 2. Under the assumptions of Theorem 1, we suppose that
(8) / Vu?dx = 0.
R
Then the operator Hy has the coupling constant threshold A =0, if
(9) /(Vv,k + Viw)udz < 0.
R

Moreover the threshold eigenvalue ey admits the asymptotics

4 2
ek——(e2)\_~_1)2</RVv*udx+/RV1u2dx> +o(\*) as A—0.

Return now to operator family —j—; + U + AV studied in [6].

Corollary 1. Assume the operator fj—;JrU has a zero-energy resonance with half-bound

state u. If
/ Vu?dx <0,
R

then 7%22 + U + AV possesses the coupling constant threshold A\ = 0 and a negative
etgenvalue ey admits the asymptotics

(10) ey = —)\2(&10 + Awi + O()\))Q,
where wy is given by (6) and
1
Wy = o / V (vs + wo(0? — V)uy )udz +w§/(u2 — 0?)dx — w030, ).
02 +1\ Jp ®

If V is different from zero and
(11) / Vu? dr =0,
R

then the operator —% + U + AV has a negative eigenvalue ey with the asymptotics

24 2
1) o=~y ([ V@ -V @t dedy +o))

where Ey is the fundamental solution for % — U which vanishes to the left of suppU.

Proof. Most of the proof follows from the previous theorems, assuming Vy =V for all A.
We are left with the task of deriving (12). If (11) holds, then wy = 0 and

1
1 = — X .
(13) w1 92_’_1/RVU udx

Recall that v, solves equation v/ — Uv, = Vu and vanishes to the left of the supports of
U and V. Then v, can be represented as the convolution & * (Vu). Hence

/RVv*u dzx = / V(z)u(z)(Ey * Vu)(z) dz
(14)

R
_ /]R V(@)u(@)E (e — )V ()uly) do dy.

Substituting (14) into (13) finishes up the proof. O
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Remark 1. Klaus did not use the notion of a normalized half-bound state. To agree the
asymptotic formulas, we rewrite wg and w; in (10) in terms of an arbitrary half-bound
state u for which hrf u(z) = ux. Then in notation of [6] we obtain

Tr—r =00

1
wozﬁ/‘/uzdm,
u_+u+ R

1 2 _ 2
AT p— <u_ / V<v* + 7&10(1@_ uz) ul)udm
2 2 2
uZ +uy R uz

uwd
+w§/(u2—52)dx—w891+>,
R u

where E(z) = u_ for x < 0 and E(z) = uy for x > 0.

Let us compare our results with those of Simon when the unperturbed operator is the
free Schrodinger operator.

Corollary 2. Assume that U = 0. If the mean value of V is negative, i.e.,
(15) / Vdr <0,
R

then Hy = f% + AV has a negative eigenvalue of the form
ex = =A% (wo + Awy 4 o(N))?

as A tends to zero, where

1 1 1
(16) wozf/Vda?, wy :,// V(x) |x—y|V(y)dxdy+f/V1 dx.
2 Ju 1) Je 2 Ju

In the case V\ =V, this asymptotic formula coincides with (1).

Proof. The trivial potential U = 0 has a zero-energy resonance with half-bound state
u = 1; then § = 1 and ©(z) = 1 for all z € R. In addition, we have §; = 0, because
equation u” = 0 possesses the solution u; = x. Therefore condition (5) becomes (15),
and (6), (7) simplify to read

1 1 1
wozi/Rde, wl:i/va*dx—'_E/vadx'

The fundamental solution & (z) = 3(|z| + z) for the differential operator % vanishes
for x < 0. As in Corollary 1, we derive

/R V(2)os (z) do = /R V(2)(E * V) () da
=5 [ V@l —sv@ardy+ g [[ V)@V
=5[] v@le = sV dsay.

because [[p. f(z) (z — y) f(y) dezdy = 0 for any f, for which the integral exists. This
gives the second equality in (16), and the proof is complete. O

Corollary 3. Assume that U =0 and V is different from zero. If

/Vdsz,
R
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then for all nonzero X\, positive or negative, the operator Hy = —dd—;

etgenvalue ey having the asymptotics

+ AV possesses an

(1) or= 2 ([ v v o)

as A — 0. This asymptotic formula can be also written in the form

(18) e,\:—)\z4 (/R ([;V(y)dy>2dx+o(1)>2

This assertion will be proved in Section 4.

3. PRELIMINARIES

We first record some technical facts. Assume, without loss of generality, the supports
of potentials U and V) lie within Z = (—¢,¢) for A small enough. Then a half-bound
state of operator —dd—; + U is constant outside Z and its restriction to Z is a non-trivial
solution of the problem

—u"+Uu=0, teZ, u'(=0) =0, u(¢)=0.
Moreover, if u is the normalized half-bound state, then u(—¢) = 1 and u(¢) = 6.

Proposition 1. Assume that h belongs to Lo(Z) and v is a real number. Let w be a
solution of the Cauchy problem

(19) —w"+Uw=h, telz, w(=€) =0, w'(=0)=1.

If —% + U has a zero-energy resonance with normalized half-bound state u, then

¢
(20) Ow' (0) =~ — /—e hudz.

In addition, this solution obeys the estimate

[wllerz) < Cv+ (|7l (@)
for some positive C being independent of v and h.

Proof. Since u(—¢) = 1 and u(¢) = 6, (20) can be easily obtained by multiplying the
equation in (19) by w and integrating by parts. Next, application of the variation of
parameters method yields

(21) w(x) = y(ur(z) + bu(x)) + /_z k(x, s)h(s) ds,

where k(z,s) = u(z)ui(s) — u(s)ui(z). Under the assumptions made on potential U, u
and u; belong to W2 (Z); consequently u,u; € C(Z) by the Sobolev embedding theorem.
From this and the representation of the first derivative

x

wa) =2 (o) + @) + [ S oh()ds

we have |w(z)[+|w'(z)| < [Y[([urller @)+ lullcr @) +er lkller@xo1bllLa@) < CvI+
|2l £y (z)) for & € Z, which completes the proof. O

Proposition 2. Let u; be the solution of (4) as described in Section 2. Then for some
constant 01 we have uy(x) = 0~z + 01 for all x > (.
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Proof. The function v = u; + fu solves the Cauchy problem
" +Uv=0, telI, v(=0) =0, J(=0)=1

and therefore u}(¢) = 6= by (20). Hence u;(z) = 0~ 1x + 0, for some 0; and all x > ¢,
which is the desired conclusion. O

Our method is different from that of Simon and Klaus. We don’t use the Birman-
Schwinger principle. To prove the main results, we use the asymptotic method of quasi-
modes or in other words of “almost” eigenvalues and eigenfunctions. Let A be a self-
adjoint operator in a Hilbert space L. We say a pair (u,$) € R x dom A is a quasimode
of A with accuracy 6, if ||¢||r =1 and ||(A — pul)d||r < 4.

Lemma 1 ([24, p. 139]). Assume (u, ¢) is a quasimode of A with accuracy é > 0 and the
spectrum of A is discrete in the interval [u— &, u+ 8]. Then there exists an eigenvalue A
of A such that |\ — p| < 4.

Proof. If p € o(A), then XA = p. Otherwise the distance d,, from p to the spectrum of A
can be computed as

d = A—ul —-1)-1 _ inf ||¢||L ,
A== B T = ol
where v is an arbitrary vector of L. Taking ¢ = (A — pl)¢$, we deduce
A—ul
o< NA—unols _
ol

from which the assertion follows. O

4. PROOF OF MAIN RESULTS

4.1. Proof of Theorem 1. In order to prove the existence of a negative eigenvalue for
H), we will construct a quasimode (—w3%,$») of Hy as follows. Suppose that —dd—; +U

has a zero-energy resonance with normalized half-bound state u. We assume wy =
Awo + Awix + ANwa,n) and ¢y = 1a/[|¥a], where

e~wa(z+0) for x < —,
(22) Ua(x) = § u(z) + Avi(z) + Noga(x) + Noga(x) for |z] < ¢,
ax e =0 L by p(z — 0) for x > £.

The functions v;, v » and w3 ) are solutions of the problems
(23) — v +Uvy = —Vu, v1(—€) =0, vi(—f)=—wo;

—vf + Uvg = =Vu; — (V1 + ga\)u,

vo(—€) =0, vh(—4) = —w1 x;
(25) - ’Ué’ + U’U3 = —fgy)\, ’Ug(—g) = 07 'Ué(—e) = —Ww2,\
respectively. Here we set gy = A1 (V) — V — AV;) and

farx=Voor+ (Vi + w(z) + gx)v1 + 2wowi AU.

We also presume that wy x and wp \ have finite limits as A — 0. The function p is smooth
in R\ {0}, p(z) =0 for x < 0 and = > 1, and p'(+0) = 1. In addition, p” is bounded
in [0,1]. Hence p is continuous at « = 0, but the first derivative p’ has the unit jump at
this point. This function corrects the discontinuity of ¢} at x = .

Let us first show that constants wg, w1 x, w2 x, ax and by in (22) can be chosen so
that 1, will belong to dom Hy. First of all, the Ly(R)-norm of 1, is finite if and only if

wy < 0; therefore we must impose the conditions wg < 0 (the case wg = 0 will be treated
in Theorem 2). Note that u and vy belong to the Sobolev space W#(Z) as solutions of

(24)
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the equation —y"” + Uy = f with f € La(Z). By construction, 1, and its first derivative

are continuous at x = —/, then it is enough to ensure the continuous differentiability of
Py at x = /L.

Since Y (£ + 0) — YA(£ — 0) = 0 + Av1(£) + X202 A (£) + N3v3 A (£) — ay, we set
(26) ax =0+ Avi(£) + X2 5 (£) + Nvs 5 (0).

To see this, we calculate

UA(L+0) = 4(€ = 0) = waan +bap'(0) — Avy (€) = A2y 5 (0) — NPug 5 (0)
= AMwo + Awi x + A2w2 A) (9 + /\vl(ﬁ) + N0y A0+ Aug ,\(6))
+ by — A () — Nvg () — Mg 5 (0)
= Awob — v} (€)) + A* (w120 + wovy () — A0)
+ A3 (w2,0 + w1 301 (£) + wovz,x(£) — V5 )) + by
+ At (wng,A(f) + wi A (V22 (€) + Avs,a(£))
+ wax (1 (€) + Avga(0) + )\2v3,A(€))>.
In order to achieve ¢, (¢ +0) = ¢, (¢ — 0), we assume
(27) wo =01 (), wix= 9_1(1)5’)\(6) — wov1(4)),
(28) wa = 071(1137)\(6) — wovz A () —wi pv1(0)),
(29) by = —\* (wovs,x + w1 x(va,n + Avs x) + w2 (V1 + Avax + )\QUs,A)) le=e

On the other hand, applying Proposition 1 to problems (23)—(25), we deduce

¢ ¢
(30) Ovy(0) = —wo —|—/ Vu?de, Gvg)\(é) = —wy —|—/ faaudz,
) —£
¢ ¢
(31) Ovh \(€) = —wi +/ Vuiudz +/ (Vi + wi + gx)u? da.
¢ ¢

Then combining (27), (28), (30) and (31) yields

)
wozi/ Vu?dx
02 +1 ’

¢
(32) Wi = 92 / Vuiudz — Owovy (€) + / (V1 + wg + g>\)u2 dx),
+ 1 »

w2 x = m(/J faaudz — G(WOUQ,A(E) + wl,Avl(f)))-

Since V has a compact support, wy does not depend on ¢ and can be finally written
in the form

1 2

Moreover wy is negative if condition (5) holds; then w) is negative for all A small enough
and therefore 1 € La(R).
The function gy has an infinitely small Ly(R)-norm as A — 0, since

IVa—V = AVi||=0(A) as A —0.
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Consequently there exists limit w; = lim_,owy, , where

1 4 4
(34_) wy = ﬁ (/ Voviudx — Owouy (E) +/ (‘/1 + W[Z))UZ daj) .
+ ¢ —

But it is not obvious that w; does not depend on ¢, because the right hand side of (34)
contains the integrand wiu? without a compact support as well as the solution v; of (23)
which depends on ¢. We first note that u?> — ©2 is a function of compact support. Then
we have

‘ ‘ ¢
(35) / u2dx:/ (u2—®2)dx—|—/ ®2dac:/(u2—@2)dac+€(92+1).
- , —e R

Next, v1 can be written as v1 = v, —wo(ug + fu), where v, is the solution of the Cauchy
problem —v + Uv, = —Vu, v,.(—£) =0, v}, (=€) = 0. Invoking (33), we derive

‘ ¢ ‘

/ Vojude = / V(vs — wouy)udr — woﬁ/ Vu?dx
(36) —L —¢ —L
= / V (vs — wour)ude — wil(6? +1).
R

In order to compute v1(£), we multiply the equation in (23) by u; and integrate by parts

twice (v’lul—vlu’l)f_g = ffe Vuu d. Since uy (—€) = —, uy (€) = 071 +6,, uf (¢) = 071
and v} (£) = wpf, we obtain

(37) v1(€) = web?0; — 9/ Vujudz.
R

Substitute (35)—(37) into (34), to find

1
(38) wy = W(/Vvoudx—l—/Vlﬁdx—&—wg/(uz - 0?% dx—w89391>,
+ R R R

where vg = v, +wo (0% —1)u;. Hence w; does not depend on £ either. A similar arguments
can be applied to wy . Therefore 1) belongs to dom H by our choice of wg, wi x, w2 x,
ay and by.

Proposition 3. There exist constants ¢ and C' such that
—-1/2 —-1/2
cwy 1 < Jall < Gy V2.

Proof. We first note that the solutions vy and vs  are bounded in Lo(R) uniformly
on A. In addition, by Proposition 1 we have

[veallcrzy < Cllwial + [[Vor + (Vi + gx)ully ) < e,
lorz) £ Ollwan| + [ fanllza () < c2,

[[vs,x

where ¢; and ¢ are independent of A. Combining these bounds with (26) and (29) yields

(39) lax| < ez, |ba] < csAt

Therefore the main contribution as A — 0 to the norm of v, is given by the expo-
nents e*“x(#F) A direct calculation verifies ||e"*’*(m+z)||L2(_oo7_e) = (2wy)~Y? and
2@, 0400 = (2wa)~Y2. Hence [[¢h] ~ aw;1/2 as A — 0. In particular,

Al ~ aoA™2 if wy # 0 and [|ihx]| ~ ar A~t if wy = 0. 0

Lemma 2. The pair (—w?, $y) is a quasimode of Hy, with the accuracy o(A\"/?) as X\ — 0.
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Proof. Let ry = (Hx +w3I)x. Then (Hy +wil)dr = ||[¢a]~'rx. We must estimate the

Lo-norm of ry. Since e (#F8) are exact solutions of —1)” + w1 = 0 and supp p = [0, 1],
we have

(40) ra(z) = —b)\(p"(x—é)—wip(:rfé)) for t<x<(i+1

and ry(z) = 0 for other x from set {z: || > ¢}. In view of (39), we have the bound
(41) lra(z)] < e At for x| >0,

because p and p” are bounded on [0,1]. Next, we calculate ry for |z| < £. Recalling (4)
and (23)—(25), we derive

T\ = (—%%—U—F/\V)\—Fwi) P
_ (_g F U+ AV + A2V + A2, + wi) (1 + Aoy + A2vs + NPug)
= (—u" + Uu) + A(—v] + Uvy + Vu) + X (= 0§ + Uvs + Vy
+ Viu + wiu + ) + )\3( —v§ +Uvs + f3\) + MRy = MRy,

where the norm || Ry||,(z) is bounded uniformly with respect to A. From this we conclude
that [|7x]|r,(z) = O(A*), and hence that [|rx]| = O(A*) as A — 0, in view of (41). Finally
we have

(42) [(Hx + w3 Déall = l[oall 7 Hlrall < ex®’?
as A — 0, by Proposition 3. O

Owing to Lemmas 1 and 2, the operator H) possesses a negative eigenvalue e) satis-
fying the bound |ex + A% (wo + Adwy x + A2w2 3 )?| < eX?/2. Since

(wo + Awrx + AN2w2 x)? — (wo + Awp)? ~ 2woA(wy ) — wi)
and wy y —wy = o(1) as A — 0, we derive the asymptotic formula
ex + A2 (wo + Awi)? = 0(A?),
which we rewrite as (A™1y/—ex)? — (wo +Xw1)? = o()\). From this we immediately deduce
that A=t/=ex + wo + Awi = o(A), and hence that
vV—ex = —Awo + Awi + o(N))

as A — 0, which completes the proof of Theorem 1. |

4.2. Proof of Theorem 2. Now we consider the critical case when inequality (5) turns
into the equality

(43) / Vu?dr = 0.
R

Hence wy = 0 in view of (4.1). Therefore vy = v, and (38) becomes

1 2
wl—HQH(/RVU*ud:U—&—/R%u dx).

We must prove that a negative eigenvalue of H) exists, the key point being that this
existence assertion follows from inequality w; < 0. Indeed, almost eigenfunction
given by (22) belongs to La(R) if wy = A?(wy,x + Awa ) is negative, at least for small .
Condition (9) ensures wy x < 0 and thereby wy < 0 for A small enough.

By Proposition 3, we have [|15]| ~ aA™! as A — 0, provided wy = 0. Therefore
estimate (42) can be improved ||(H) + w3)¢x|| < cA® and then

lex + /\4(w17>\ + )\w27>\)2| < e \°.
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As in the proof of Theorem 1, if we rewrite this bound in the form
(A2V=ex)? — (Wi + Aw20)? = O(N),

then we derive A™2\/=e) = —wi x + O(\) = —w; + o(1). Finally, we have
V=ex=—-A(wi+o0(1)) as A —0,

and this is precisely the assertion of Theorem 2. ]

4.3. Proof of Corollary 3. This statement differs from all earlier proved by the fact
that here the threshold eigenvalue exists for both positive and negative A small enough.
For the case V) =V this result has been proved by Simon [1].

Since [, V dx =0, from (16) we observe wy = 0 and

wy = i//R? V(z) |z —y| V(y) dedy.

Proposition 4. If V is a function of zero mean, then

//R V(@) o — y| V() dedy —2/R (/m v<y)dy>2dx.

Proof. From fR V dx = 0 we immediately deduce

T +oo
/ V(y)dy = — V(y) dy,

— 00 x

/RV(SE) /w yV(y) dy dx = —/RV(:E) /;rOOyV(y) dy dz.

— 00

Therefore

//R V(z)|z—y|V(y)dedy = /RV(x) /_Oo(x — )V (y) dy dz
+/RV(x) /;w(y:c)V(y) dydx:Q/RxV(x) /w Viy) dy de

— 00

—2/RV(:C) /; WV (y) dydx=4/RxV(x) /_OO V(y) dy da,

because integrating by parts yields

/R V() [ ; YV (y) dydz = — /]R 2V (@) [ ; V(y) dy dz.

The proof is completed by showing that

/RCUV(:L‘) /_; V(y)dyde = —%/R (/_to V(y) dy)2dx.

In view of this proposition, if potential V' is different from zero, then w; < 0. Hence
wx = AN2wy \ + Awa y is negative for A small enough, positive or negative.

O
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