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ON A NEW CLASS OF OPERATORS RELATED TO
QUASI-FREDHOLM OPERATORS

ZIED GARBOUJ AND HAIKEL SKHIRI

ABSTRACT. In this paper, we introduce a generalization of quasi-Fredholm oper-
ators [7] to k-quasi-Fredholm operators on Hilbert spaces for nonnegative integer
k. The case when k = 0, represents the set of quasi-Fredholm operators and the
meeting of the classes of k-quasi-Fredholm operators is called the class of pseudo-
quasi-Fredholm operators. We present some fundamental properties of the operators
belonging to these classes and, as applications, we prove some spectral theorem and
finite-dimensional perturbations results for these classes. Also, the notion of new
index of a pseudo-quasi-Fredholm operator called pg-index is introduced and the sta-
bility of this index by finite-dimensional perturbations is proved. This paper extends
some results proved in [5] to closed unbounded operators.

1. INTRODUCTION AND TERMINOLOGY

Let H be a Hilbert space and let T : D(T)) € H — H be an unbounded operator
with domain D(T). We denote by ker(T) the kernel of T, a(T') = dim ker(T) the nullity
of T, Im(T) = T(H) the range of T and S(T) = dim H/Im(T) its defect. By ¢(H) (resp.
HA(H)) we denote the set of all closed (resp. bounded) linear operators on H. Recall
that an operator T' € ¢(H) is said to be s-regular (semi-regular) if Im(7") is closed and
ker(T™) C Im(T), for all n > 0. Let T' € ¢(H), if Im(T) is closed and a(T) < +oo (resp.
B(T) < 400), then T is called an upper semi-Fredholm (resp. a lower semi-Fredholm)
operator. A semi-Fredholm operator is upper or lower semi-Fredholm. Let ® (H) (resp.
®_(H)) denote the set of upper (resp. lower) semi-Fredholm operators. If both «(7") and
B(T) are finite then T is called a Fredholm operator. This class of operators is denoted
by ®(H). The index of a semi-Fredholm operator T is defined by

ind(T) = o(T) — B(T) € ZU {+00, —c0},

with the usual convention : n — 0o = —oc0 and +00 —n = +oo, for all n € N. Let o(T)
(resp. o(T")) denote the spectrum (resp. the resolvent set) of T.

An operator T is called a Kato type operator if we can write T'= A @& S where A
is a nilpotent operator and S is a s-regular one. In 1958, Kato proved that a closed
semi-Fredholm operator is of Kato type. J. P. Labrousse [7] studied and characterized
a new class of operators named quasi-Fredholm operators, in the case of Hilbert spaces
and he proved that this class coincide with the set of Kato type operators and the Kato
decomposition becomes a characterization of the quasi-Fredholm operators. But in the
case of Banach spaces the Kato type operator is also quasi-Fredholm, the converse is
not true. A bounded operator T on a Banach space is called has a topological uniform
descent for n > d if Im(T) +ker(T*) = Im(T) + ker(T?), for all k > d and Im(T) + ker(T<)
is closed [5, Definition 2.5, Theorem 3.2]. This class contains the bounded operators
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belonging to the class of quasi-Fredholm operators. We can find some examples and
basic properties of topological uniform descent of bounded operators in [5].

In this paper we introduce two new classes of closed operators in Hilbert spaces,
namely, k-quasi-Fredholm and pseudo-quasi-Fredholm operators. The first class is an
extension of the class quasi-Fredholm operators, and the second class is the meeting
of the classes of k-quasi-Fredholm operators. The study of first (resp. second) class
of operators gives a new important part of the ordinary spectrum called the k-quasi-
Fredholm (resp. pseudo-quasi-Fredholm) spectrum Jéﬁp(T) (resp. ogg(T')) which is the
set of all complex A\ such that AI — T is not k-quasi-Fredholm (resp. pseudo-quasi-
Fredholm). Several properties like, spectrum, topological uniform descent, pg-index, and
finite perturbation are investigated. Our paper is organized as follows :

In Section 2, we are interested to know the relationship of pseudo-quasi-Fredholm
operators and operators having topological uniform descent. We show that the class of
pseudo-quasi-Fredholm operators is not stable by the adjoint.

In Sections 3 and 4, we are interested in the spectral theory of k-quasi-Fredholm
and pseudo-quasi-Fredholm. We show that they are closed subsets of the spectrum,
and that for T' € #(H), 073 (T') (resp. U§¢ (T')) is empty precisely when T is algebraic.
We also show a spectral mapping theorem for pseudo-quasi-Fredholm operators, more
precisely in Theorem 4.12, for T € T'(H) (see page 149) and P is a non-constant complex
polynomial, we prove that P(c0%(T)) = 003 (P(T)) and oty (P(T)) C P(0ky(T)), for
k € N. Furthermore, in Theorem 4.16, we prove that if T' € Z(H) and f is an analytic
function in a neighborhood of the usual spectrum o(T") and not locally constant in o(T'),
then f(003(T)) = o0g(f(T')) and a(’;@,(f(T)) - f(agq)(T)), for k € N (in particular, the
topological uniform descent spectrum of a bounded operator on a Hilbert space satisfies
the spectral mapping theorem).

In Section 5, we are concerned with the stability of the pseudo-quasi-Fredholm spec-
trum and the k-quasi-Fredholm spectrum under commuting finite rank perturbations.
We show that the class of pseudo-quasi-Fredholm operators is not stable under commut-
ing quasi-nilpotent perturbations. We also show that the set of all k-quasi-Fredholm
(resp. pseudo-quasi-Fredholm) operators on a Hilbert space H is not open in #(H).

In Section 6, we introduce, ind,(T"), the pg-index of a k-quasi-Fredholm operator
which coincide with the usual index in the case of a semi-Fredholm operator. The aim of
this section is to show that if 7" possesses pg-index, then T (resp. T+ F) is also a k-quasi-
Fredholm operator possesses pg-index and ind,,(T™) = nind,,(T) (resp. indye(T+ F) =
ind,,(T)), where n € N\{0} and T, F' € #(H) such that TF = FT and dimIm(F) <
+o0o. We also show that if T' € #(H) is k-quasi-Fredholm and V' € #(H) commutes with
T such that V' — T is invertible (resp. V is pseudo-quasi-Fredholm) and that V — T is
small in norm, then T possesses pg-index if and only if V' is semi-Fredholm (resp. V
possesses pg-index). In this case ind,, (1) = ind(V) (resp. indyy(T) = ind,(V)).

Finally, in Section 7, as an application, some examples are given to illustrate our
theorems.

2. DEFINITIONS AND FIRST RESULTS
For T' € ¢(H), we consider the sequence
SJ]-“(T) = (Im(T7) Nker(T**1) + ker(T%)) / (Im(T7 1) Nker (T 1) + ker(T7)),
7, k € N. For k € N, we denote
qx(T) = inf{n e N : Sj’?(T) =0, Vj>n},

where the infimum over the empty set is taken to be infinite.
We have the following lemma, which will be needed in the sequel.
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Lemma 2.1. Let k € N and T € @(H), then

@(T) = inf{m € N:Im(T) + ker(T*+") = Im(T) + ker(T**t™), ¥V n > m}
max{qo(T) — k, 0}.

Proof. Let k € N and Ty, be the operator induced by T on H/ker(T*). It is easy to see
that

ker[(T%)"] = ker(T*+™) /ker(T*),
Im[(T})"] = [Im(T™) + ker(T*)] /ker(T*),
for all n € N. This gives that

) ker(Tp) NIm(T, ) = ([Im(T™) + ker(T*)] N ker(T*+1)) /ker(T*)
(Im(T™) Nker(T*1) + ker(T*)) /ker(T*),

(2) Im(Ty) + ker(Ty, ) = [Im(T) + ker(T™%)] /ker(T*).
From [4, Lemma 2.3], (1) and (2), it follows that
@ (T) = inf{m e N:ker(T}) N Im(ﬁn) = ker(T}) N Im(ﬁm), Vn>m}

= inf{m e N:Im(T}) + ker(ﬁn) = Im(T}) + ker(if\;jn)7 Vn>m}
inf{m € N: Im(T) + ker(T**") = Im(T) + ker(T**™), ¥V n >m}.

So we deduce that if & > go(T), then ¢, (T) = 0 and if k& < go(T), then qo(T) = qi(T) + k.
This proves that g;(7) = max{qo(T) — k, 0}. The proof is complete. O

The following definition describes the first class of operators we will study.

Definition 2.2. Let k € N. An operator T € ¢(H) is called k-quasi-Fredholm of degree
d(deN)if:

(1) q(T) = d;

(ii) Im(T%) N ker(T**+1) + ker(T*) is closed in H;
(i) Im(T) + ker(T9**) is closed in H.
In the sequel k-q®(d)(H), will denote the set of k-quasi-Fredholm operators of degree d. If
there is an integer d € N such that T € k-¢®(d)(H), then T is called a k-quasi-Fredholm
operator. We will denote by k-¢g®(H) the set of k-quasi-Fredholm operators.

Remark 2.3. Definition 2.2 generalize the well-known notion of a quasi-Fredholm op-
erator (see [7, Definition 3.1.2]), since a quasi-Fredholm operator is a 0-quasi-Fredholm
operator.

The following definition describes the second class of operators we will study.

Definition 2.4. Let T € ¢(H). Then T is called a pseudo-quasi-Fredholm operator if
there is an integer k£ € N such that T € k-¢®(H). By pg®(H) we denote the set of all
pseudo-quasi-Fredholm operators.

The following example shows that the class of quasi-Fredholm operators is a proper
subclass of pseudo-quasi-Fredholm operators.

Example 2.5.
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(i) Let H be a Hilbert space with an orthonormal basis {e; ; : i, 7 € N\{0}} and let
T be the operator defined by

0 if j=1,
€i,1 e -
Tei,j: Z+1 lf]:?,

€;,j—1 otherwise.

We denote by M (resp. N), the vector subspace generated by (e;, ;)i>1,; >2 (resp.
(e5,2)i>1)- It is easy to check that Im(T) = M + T(N), T(M) = M + T(N) and
T%(N) = {0}. Therefore Im(T) = Im(7T?). Since for all i > 1, we have ||T(e; 2)|| =
E then Im(T") is not closed. Hence Im(7T™) is not closed for all n > 1 and so T'
is not quasi-Fredholm (see, [7, Corollary 3.3.1]). We have Im(T') + ker(T') = H, so
by Lemma 2.1, we deduce that T € 1-¢®(0)(H).
(7) Let H be a separable Hilbert space and let K € 33( ) such that Im(K) is not closed.
Consider the bounded operator T : ® H— ® H defined by T'(hg, h1, ha,...) =
=0 =0
(K (h1), ha, hs,...). Clearly, Im(T?) = Im(T) is not closed and as in (i), we prove
that T' is 1-quasi-Fredholm but T is not a quasi-Fredholm operator.

Remark 2.6. For k¥ € N, we note from Lemma 2.1 that ¢, (T) = 0 if and only if
qo(T) < k, and hence a bounded operator has a topological uniform descent for n > k is
a k-quasi-Fredholm operator of zero degree.

Recall that P(T) € ¢(H) for every complex polynomial P whenever of (T') = {\ €
C:M-Tecd (H)}# 0.

In the following proposition, we establish the link between pseudo-quasi-Fredholm
operators and operators having a topological uniform descent.

Proposition 2.7. Let T € ¢(H) such that of (T) # 0. The following statements are
equivalent :

(i) T € pg®(H);

(i1) qo(T) < +o0 and Im(T) + ker(T% ™)) is closed.
So the set of bounded operators belonging to the class of pseudo-quasi-Fredholm coincides
with the class of bounded operators having topological uniform descent in Hilbert spaces.

Proof. (i) = (ii)” Let k, d € N such that T € k-¢®(d)(H), then by Lemma 2.1, we
have d 4+ k > qo(T) and Im(T) + ker(T%(T)) = Im(T) + ker(T4+*) is closed.

7 (i) = (i)” We note first that ker(T™) is closed for all n € N because gl (T) # (). Let
k = qo(T), by Lemma 2.1, we get qi(T) = 0 and hence T € k-g®(0)(H). This completes
the proof. O

The techniques used in this work are based in the concept of paracomplete subspaces
of Hilbert spaces (see, [7, Chapter II]).

Definition 2.8 ([7], Definition 2.1.1, Definition 2.1.2).

(1) A subspace M of H is said to be paracomplete in H, if M is a Banach space and the
canonical injection of M in H is continuous. In particular, a closed subspace of a
Hilbert space H is a paracomplete subspace of H.

(#¢) An operator T' : D(T') C H — H is called paracomplete if its graph is a paracom-
plete subspace of H x H. It is clear that a closed operator in a Hilbert space H is a
paracomplete operator in H.
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The following lemma follows immediately from [7, Proposition 2.2 page 183] and [7,
Proposition 2.1.3, Proposition 2.1.4].

Lemma 2.9. Let T : D(T) CH — H be a paracomplete operator and let k, i, n € N.
Then D(TF), Im(T*), ker(T*), ker(T*) + Im(T™) and [ker(T*) + Im(T™)] N ker(T?) are
paracomplete subspaces in H.

The ascent and descent of T' € p(H) are defined by
a(T) = inf{n € N : ker(T") = ker(T""1)},
d(T) = inf{n € N: Im(T") = Im(T")},
respectively, whenever these minima exist. If no such numbers exist the ascent and
descent of T are defined to be +o0o0. The notion of ascent and descent was studied in

several articles ([4], [8], [11]). Let d be a positive integer, from [11], we mention the
following useful characterizations :

a(T) < d <= Im(T%) Nker(T™) = {0}  for some (equivalently all) n > 1,
d(T) < d <= D(T%) CIm(T™) + ker(T%)  for some (equivalently all) n > 1.

Remark 2.10.

(i) An operator T € %(H) such that d(T) < +oc and Im(T%™)) is not closed is a
pseudo-quasi-Fredholm operator but is not a quasi-Fredholm operator (see Example
2.5).

(73) Let k € N\{0}. We know that if T € ¢®(H), then Im(T™) is closed for all n > ¢o(T),
but if T € k-¢®(H), we cannot conclude that Im(7™) is closed for some n > ¢x(T)
(see Example 2.5).

(#i¢) In operators theory, if T is semi-Fredholm (resp. semi-regular, quasi-Fredholm;
..) and its domain is a dense subset of H, then its adjoint 7™ is also semi-
Fredholm (resp. semi-regular, quasi-Fredholm; ...). Unfortunately, this is not
the case for pseudo-quasi-Fredholm operators. In Example 2.5, the operator T is
pseudo-quasi-Fredholm, but its adjoint 7™ is not pseudo-quasi-Fredholm. In fact,
if T* is pseudo-quasi-Fredholm, then T* € k-¢®(d)(H), for some k, d € N. Hence
Im(T*) + ker(T***%) is closed. Since Im(T?) = Im(T), it follows that ker(T*%) =
ker(T*) and so a(T*) < 1. Therefore Im(T*) + ker(T*) = Im(T*) + ker(T*"™) is
closed and Im(T*) Nker(T*) = {0} (k > 1 because T™* is not quasi-Fredholm). From
[7, Proposition 2.1.1] and Lemma 2.9, we can see that Im(7™) is closed. Hence Im(T)
is closed, which is a contradiction. Consequently, T* is not pseudo-quasi-Fredholm.

Let M be a closed subspace of H, then H/M is a Hilbert space with the following scalar
product
(, ™M : HMxH/M — R
@,y  — (P(x), P(y)),
where P is the orthogonal projection on M+ and (- , -) is the scalar product of H.
Note that the topology in the Hilbert space (H/M, (-, -)m) coincides with the quotient
topology in H/M :

Izl = V(@ T)m = V(P(2), P(x)) = dist(z, M),
where dist(z, M) is the distance of z to M. In particular, if T' € ¢(H) such that ker(7*)
is closed for k € N, then H/ker(T*) is a Hilbert space. For k € N, let T}, denote the
following operator

T, : D(T}) C H/ker(T*) —» H/ker(T*)

T — Tx.
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By ¢®(H) (resp. q®(d)(H)) we denote the set of all quasi-Fredholm operators (resp.
of degree d).

Proposition 2.11. Let T : D(T) C H — H be a paracomplete operator and k, d € N
such that ker(T*) is closed. Then

T € k-q®(d)(H) <= T € q®(d)(H/ker(T*)).
Proof. Define

71 HxH — (H/ker(T*)) x (H/ker(T*))

(@, y) — (z, 7).

Since G(ﬁ;), the graph of T}, is equal to 7(G(T')), we deduce from [7, Proposition 2.1.4],
that G(T}) is paracomplete. For all n € N, we have

(1) Im(Tk) + ker(Ti ) = [Im(T) + ker(T™*)] /ker(T*)
and
(2) ker(Ty) NIm(T ) = (Im(T™) N ker (T*+1) + ker(T*)) /ker(T*).

Now by (2) we deduce that g (T) = qo(T}). If Ty € q®(d)(H/ker(T*)), from [7, Remark
page 205], it follows that Ty is closed. So, by [9, Lemma 1.4], there exists A € C\{0} such
that A — T}, is s-regular. Since Im(A — Ty) = Im(Al — T') /ker(T*) and ker(\ — Ty) =
[ker(AI —T) +ker(T*)] /ker(T*) are closed, then by Lemma 2.9 and [7, Proposition 2.1.1],
we see that Im(AI —T') and ker(AI —T') are also closed and consequently T = X\ — (A —T)
is closed (see, [7, Proposition 2.2.3]). So by (1) and (2), we get

T € k-q®(d)(H) < T}, € q®(d)(H/ker(T*)).
The proof is complete. O

As a direct consequence of Proposition 2.11 and [7, Remark page 205] we obtain the
following result :

Corollary 2.12. Let k € N and T : D(T) C H — H be a paracomplete operator such
that

(i) qu(T) = d < +oo and ker(T*) is closed in H,
(ii) Im(T9) N ker(T*+1) + ker(T*) is closed in H,
(i77) 1m(T) + ker(T9**) is closed in H,

then T is closed operator i.e., T € k-q®(d)(H).

Next we proceed to obtain a necessary condition and a sufficient condition for that a
k-quasi-Fredholm operator is a quasi-Fredholm operator.

Theorem 2.13. Let k,d € N and T € k-q®(d)(H). Then
T € q®(H) < ker(T) NIm(T4*) s closed.
Proof. By Lemma 2.1, we conclude that ¢o(7") < d + k and
Im(T) + ker(T%1)) = Im(T) + ker(T9+F)
is closed. Hence
T € q®(qo(T))(H) <= ker(T) N Im(T™)) = ker(T) N Im(T**¢) s closed.
This completes the proof of the theorem. |
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3. PSEUDO-QUASI-FREDHOLM SPECTRUM AND K-QUASI-FREDHOLM SPECTRUM

Throughout the remainder of the paper, for T' € ¢(H) and A € C, we denote by Ty
the operator \I —T.

For k € N, the k-quasi-Fredholm resolvent and k-quasi-Fredholm spectrum of an
operator T' € p(H) are defined respectively by

05as(T) ={A € C : Ty € k-qP(H)}
and
Uéc@(T) = C\Q’;@(T)-

We denote by o.(T) the essential quasi-Fredholm spectrum of T' (see [9]). We note that
o.(T) = O'g(b (T). The set 00 (T) :== () of;@(T) is called pseudo-quasi-Fredholm spectrum
£>0

of T'. The complementary set 005 (T') = C\ogg (T) is the pseudo-quasi-Fredholm resolvent.
For all k € N, it is clear that

o(T) € 04a(T) € 054(T).
If T € #(H), it follows from Proposition 2.7 that
046(T) = {\ € C : T} has topological uniform descent}.
Throughout this section we assume that ot (T') # 0.

Now, we are ready to state our main result of this section, which represents an im-
provement of [9, Lemma 1.4] to the class of k-quasi-Fredholm operators.

Lemma 3.1. Letd, k € N and T € k-q®(d)(H), then there exists € > 0 such that for all
AeC,0< |\ <e

(i) Tx is a s-reqular operator,

(i) a(Ty) = dimker(T) N Im(T+F),
(iii) B(Ty) = dimH/[Im(T) + ker(T¢+¥)].

Proof. From Proposition 2.11, we know that T}, € q®(d)(H/ker(T*)). We apply now [9,
Lemma 1.4], we deduce that there exists € > 0 such that for all A € C, 0 < |A| < ¢, we
have

(1) M — Ty, is s-regular,
2) a(M — Ty) = dim(ker(Ty) N Im(Ty ")),
(3) BOM — Ty) = dim(H/ker(T")) /[Im(T},) + ker (T ).

As ker(T*) C Im[(T»)"], we have for all n € N,
Im{(AT — T)") = (Im((T5)") + ker(T*)}ker(T*) = Im[(T3)"] /ker(T*)
and
ker[(AI — T)"] = (ker[(T\)"] + ker(T*)) /ker(T*).
(7) By (1), we obtain
ker(Ty) C ker(Ty) + ker(T*) C Im[(T\)"], Vn €N
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and it follows that Im(T)) is closed. So T} is s-regular for all 0 < |A| < e.

(ii) Since ker(T*) Nker(Ty) = {0}, it follows from (2) that
a(Ty) = dim[ker(Ty) + ker(T*)]/ker(T*)

= Oé()\[ — Tk)

= dimker(Ty) N Im(de)

dim ([Im(T%) + ker(T*)] N ker(T**1)) /ker(T*)
dim (Im(T%) Nker(T*1) + ker(T*)) /ker(T*)
dim (Im(T%) Nker(T*1)) /(Im(T%) N ker(T*))
dim ker(S*1) /ker(S*), where S = Tjym(ra
dim ker(S) N Im(S*)

= dimker(T) N Im(T¥+F).

(7i7) From (3), we get

B(TN) = B —Ty) )
= dim (H/ker(T*))/(Im(T}) + ker (T}, ))
= dimH/(Im(T) + ker(T*TF)).

The proof is complete. O

Corollary 3.2. Let T € p(H) and k € N. Then a%,(T) and 094 (T) are closed.

For T € ¢(H), we consider the following :
E(T) ={A € o(T) : ) an isolated point, a(T)) < +oo,
d(T)) = m < +oo and Im[(T)™] is closed}.
Let’s recall that if o(T") # (), (see, [8, Theorem 2.1])
E(T)={x€o(T) : a(Ty) =d(T)) < +0}.

Theorem 3.3. Let T € ¢(H) and k € N. Then

90 (T) 1 oo (T) = D (T) (1 035(T) = E(T).
Proof. The case o(T) = 0 is trivial, so assume that o(T) # 0. Clearly, the following
inclusions hold :

E(T) € 90(T) N 24 (T) € 9o (T) N 233 (T).
For the reverse inclusions, let u € 0o (T')N g (T), we denote by R = ul —1T'. Let k, d € N
such that R € k-¢®(d)(H). We know from Lemma 3.1, that there exists € > 0 such that

a(M — R) = dimker(R) N Im(R***) and B(AI — R) = dim H/[Im(R) + ker(R**%)],
for all 0 < |A| < e. Since o(R)N{A € C : 0 < |\ < e} # 0, we deduce that
aM[—R) =B\ —R)=0, YO<|\<e.
This leads to a(R) = d(R) < d+ k and p € E(T). This completes the proof. O

We recall that T' € Z(H) is called algebraic if P(T) = 0 for some nonzero polynomial
P. Arguing as in the proof of [2, Theorem 1.5], we get the following result :

T is algebraic <= o(T') = {A1, A2,..., A\n} = E(T).
In the following theorem, we show that the operators whose k-quasi-Fredholm spec-
trum is empty are exactly the algebraic operators.

Theorem 3.4. Let T € A(H) and k € N, then the following conditions are equivalent :
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(i) oge(T) = 0;
(ii) 0g3(T) = 0;
(#it) T 1is algebraic.

Proof. 7 (i) = (iii)” We have gF(T) = C, this implies that E(T') = oF(T) N 9o (T) =
0o(T) # 0 and hence o(T') = E(T). Consequently, T is algebraic.

7(i4i) = (4)” T is algebraic implies that o(T) = E(T) = g’(;@(T) Noo(T) C QI(;(I)(T).
Therefore Ql;q,(T) =C.
In the same way, we obtain the following equivalence :

0,6(T) =0 <= T is algebraic.

This completes the proof of the proposition. O

4. A SPECTRAL MAPPING THEOREM FOR PSEUDO-QUASI-FREDHOLM
For T : D(T) € H — H, we denote by
do(T) = inf{n € N : D(T™) = D(T""1)},

where the infimum over the empty set is taken to be +oo (see, [4, page 31]). We remark
that if do(T") < 400, then

D(T4°™)) = D(T%M*") C D(T"), VneN.

-
Consequently T(D(TdO(T))) = T(D(TdO(T)Jrl)) C D(T4(D),

Of course, there exist operators such that do(7T) = +oo and operators such that
do(T") < +o00. This can be illustrated in the following example.
Example 4.1.

(i) Let H=L?*(R) and n € N, we define the subspace D,, of H by

Dn:{feH :/t2"\f(t)|2dt<+oo},
R

and the operator T' by
T: D(I)CH — H
f s Of,  with (1) =t.
It is clear that D(T™) = D,, and hence do(T") = +o00. For ¢ € N, we define
S : D(S)CH/D(T?) — H/D(T?)
Since D(S%) = {0} and D(S971) # {0} (if ¢ > 0), then do(S) = q.

(i) Let H be a separable Hilbert space and let K : D(K) € H — H. Consider the
linear operator T : D(T) C Qg H — @ioy H defined by T'(ho, hi, ha,...) =
(K (hy), ha, hs, ...). Clearly, D(T*) = Hx ®'=% D(K) x Q2 r 1 H. Hence do(T') =
+o0 if D(K) & H and do(T") = 0 when D(K) = H.

Let us consider the following class :
I'(H) = {T : D(T) € H — H paracomplete : ¢ = do(T") < +o0,
D(T?) and Im(Ty) 4+ D(T'?) are closed, V A € C}.
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It is clear that B(H) C T'(H). Assume that T is a paracomplete operator such that
g = do(T) < 4o0. It is easy to see that if P is a complex polynomial, then P(T) is para-
complete and do(P(T)) < g. Furthermore, if P is a non-constant complex polynomial,
then D([P(T)]™) = D(T?), for all n > do(P(T)). We will show that if T € I'(H), then
P(T) € T'(H), for all complex polynomial P. Set ¢ = do(T") and define

T : D(T)CH/D(T?) — H/E(Tq)
T — Tx.

Let A € C and T € ker(\] — T'), then Thz € D(T?). Clearly, € D(T9"!) = D(T9) and
Z = 0, so ker(AI —=T) = {0}. Let us remark that Im(AI —T) = [Im(Ty) +D(79)]/D(T?) is
closed. As in the proof of Proposition 2.11, we prove that AI — T is paracomplete and so
by [7, Proposition 2.2.3], \I =T € ¢(H/D(T9)). Hence \I =T € ®, (H/D(T%)). Now, let
P(Z)y=M—-2)(Aa— 2)*2 - (A, — Z)“m be a complex polynomial. We know that
it S, L € p(H) such that L € ®;(H) and Im(S) is closed, then LS € ¢(H) and Im(LS)
is closed. For i, j € {1,2,...,m}, we have \,] — T € ®(H/D(T?)) and Im(\;I —T)
is closed, therefore (\;I — T)(\;I —T) € p(H/D(T?)) and Im{(\I — T)(\;I —T)] is
closed. Since ker[(A\;I — T)(A\;I — T)] = {0}, then (\,I — T)(\;I —T) € &, (H/D(T9))
and consequently Im(P(T)) = [Im[P(T)] + D(T?)]/D(T?) is closed. Finally, we deduce
that Im[P(T)] + D(T%) = Im[P(T)] + D[(P(T))%®P(T)] is closed and P(T) € T'(H).

Example 4.2.
(1) Let H be a separable Hilbert space and let K € o(H) such that D(K) ¢ H is
3

closed. Let H = ® H and consider the linear operator T': H — H defined by

i=0
T(ho, hl, hQ, hg) = (.Kv(hl)7 hz, hg, hg) Clearly,

HxD(K)xHxH itk=1,

D(T*) ={ HxD(K) xD(K) x H if k=2,

HxD(K) xD(K) xD(K) ifk>3
is closed. Hence do(T") = 3. It is not difficult to see that

HxHxHxD(K) iflx=1,
|m(TA)+D(T3):{ H><H><H><H( ) ifA#£1

is closed. Since T' € ¢(H), it follows that T € T'(H).

(74) Let H be a separable Hilbert space and {e,, : n € N} be an orthonormal basis of H.
Define the following operators T and L on H by
D(T)=D(L)={ep:n>2), T(en) =eny1 and L(e,) =epn_1, Yn>2
It is clear that D(T*) = D(T) and D(L*) = (e, : n > 1+ k), for all £ > 1 and
hence do(T) = 1 and do(L) = 400 (L € I'(H)). Since T € ¢(H), Im(T») C D(T) for
all A € C and D(T) is closed, then T' € T'(H).

The following proposition generalizes [7, Proposition 3.3.2].

Proposition 4.3. Let T € ¢(H) and k € N such that ker(T*) is closed. If T € k-q®(H),
then

Im(T%) + ker(T**7) s closed,  for all i+ j > qu(T).

Proof. If T € k-q®(H), then from Proposition 2.11, Ty € q®(qx(T))(H/ker(T*)). But by
[7, Proposition 3.3.2], we have

Im[(T3)"] + ker[(Tx)?] = [Im(T%) + ker(T**9)] /ker(T*) is closed, Vi+ j > qu(T).
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Therefore ' 4
Im(T") + ker(Tk'”) is closed, Vi+j > qx(T).

and the proof of the proposition is complete. O

For T' € ¢(H) and M a subspace of H, we define T}y as the restriction of T' to M viewed
as a map from M onto M.

The next lemma is used in order to show Lemmas 4.5 and 4.8.

Lemma 4.4. Let T be a paracomplete operator on H and P be a non-constant complex
polynomial. If ¢ = do(T) < 400 and D(T7) is closed, then

(i) Tip(ra) 15 a bounded operator,
(ii) ker[P(T)] = ker[P(Tip(ra))] is closed,
(¢ii) Im([P(T)]™) € D(T?), for alln > q.

Proof. (i) Let T (resp. Tip(ray) be the restriction of T' to D(T9) viewed as map from
D(T%) onto H (resp. D(T?) onto D(7'?)). From [7, Proposition 2.1.4, Proposition 2.1.5],

~

it follows that 7' is a bounded operator. Since for all z € D(T9), we have || Tz| = |Tz|| <
|T|| |||, then Tjp(ray is also a bounded operator.
(1) Since ker[P(T')] C D([P(T)]q) = D(T), then ker[P(T)] = ker[P(Tjp(r4))] is closed.

(i7i) Let y € Im([P(T)]"), then there exists x € D([P(T)]") = D(T) = D([P(T)]"")
such that y = [P(T)]"z i.e., y € D(T?). This completes the proof. O

Lemma 4.5. Let T € o(H), m € N\{0} and k € N.
(1) If g =do(T) < 400 and D(T'Y) is closed, then
T € kq®(H) = T™ € k-q®(H).
(i) If T € T(H), then
T™ € k-q®(H) = T € pg®(H).
Proof. (i) Let n € N\{0} and d = ¢ (7). Since d+k > qo(T) (see Lemma 2.1), it follows
from [7, Proposition 3.1.1] that
ker[(T™)’] C Im(T™) + ker(T9*) C Im(T™) + ker[(T™) 9], v j e N,
and so qo(T™) < d + k. Hence, by Lemma 2.1, we obtain ¢ (T™) < d. In the other hand,
from Lemma 4.4, we have ker(T7) is closed for all j € N and by Proposition 4.3, we
know that Im(T™?%) + ker(T™*) and Im(T™) + ker(T™(@+5)) are closed, this proves that
[Im(T74) + ker(T™)] N ker(T™*+1) is closed. Since d,, = q(T™) < d, then
(Im[(T™)%] + ker[(T™)*]) Nker[(T™)* ] = (Im[(T™)] + ker[(T™)¥]) N ker[(T™)+1]
and
Im(T™) + ker(T™ @ +R)) = Im(T™) + ker(T™(4+R))
are closed. It follows now from Corollary 2.12, that T™ € k-q®(H).
(#i) Let I € N such that Im > do(T), then by (i), T™ € k-q®(H), with n = Im. Let
d = q;(T") = max{qo(T™) — k, 0}, then d+k > go(T™). For all j € N, by [7, Proposition
3.1.1], we see that
ker(T7) C ker[(T™)’] C Im(T™) + ker(T™4+*)) C Im(T) + ker(T™(4+F))

and hence ¢o(T) < n(d+k). Let a=kn+nd—d >k and d, = qo(T). Now by Lemma
2.1, we get
do, < qi(T) = max{qo(T) — k, 0} < n(d+ k) — k.
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Therefore
Im(T) + ker(T%*) = Im(T) + ker(T% M) *) = Im(T) + ker(T%(T)+k),
Since ¢ (T) + k < n(d+ k) <n(d+ k) +n — 1, we deduce
Im(T) + ker(T9 %) = Im(T) + ker(T™(d+R+n=1),
But n > do(T'), then D(T"~1) = D(T9) and Im(T™) C D(T9). We have by Lemma 4.4
that S = Tip(rs) is a bounded operator, so that
[Im(T) + ker(T4=+) ] AD(T9) = [Im(T) + ker(T™@+R)+n=1)] A D(T""1)
= T==D(Im(T") + ker(T™(@+F)))
= S (Im(T™) + ker(T™(4+F)))
is closed. As [Im(T) + ker(T%*)] + D(T?) = Im(T) + D(T) is closed, we infer by [7,
Proposition 2.1.1] and Lemma 2.9 that Im(T) + ker(T%*+2) is closed. In the other hand,
from Proposition 4.3, for all i > d the subspace Im(T"%) + ker(T*™) is closed. Suppose
that 4 > max{2d + k, 1}, since Im(T"*~("d=4)) 4 ker(T*) C D(T9) = D(T™49)) and
Im(T™%) + ker(T*™) C D(T9) (see Lemma 4.4), then
Im(T™ = d=dy L ker(T*) = [Im(T™~(d=D) 4 ker(T*)] N D(T"4=D)
T~ d=d) (Im(T™?) + ker(T™F))
= S’(”d*d)(lm(T’”‘) + ker(T"k))
is closed. This implies that Z = [Im(T™*~("4=d) 4 ker(T)] N ker(T**!) is closed. We
have

nii—d)+d>n(d+k)+d>n(d+k)>q(T) > da,

r(T%)] N ker(T**1) is closed. Hence by Corollary 2.12, it follows
This completes the proof. O

ni—(nd—d)=
thus Z = [Im(T%) + ke
that T € a-q®(do)(H).

As an immediate consequence of Proposition 2.7 and Lemma 4.5, we obtain the fol-
lowing result.

Corollary 4.6. Let T € B(H). The following conditions are equivalent :

(1) T has topological uniform descent;
(ii) T™ has topological uniform descent for all n € N;
(#it) T™ has topological uniform descent for some n € N.

The next lemma is used to prove Lemma 4.8.

Lemma 4.7. Let k € N and T € ¢(H) such that ker(T™) is closed for all n € N. If
T € k-g®(H), then T € (k+ 1)-¢®(H).

Proof. Let T € k-q®(H), from Lemma 2.1, d = qx+1(T) < qx(T) < +0o0 and hence
(1) [Im(T?) + ker(T*1)] N ker(T*+2) = [Im(T4+%(T)) 4 ker(T*1)] N ker(T*+2)
and

(2)  Im(T) + ker(TTH*+1) = Im(T) + ker(T9D+E+1y — |m(T') 4 ker(T9(T)+k),

Since by Proposition 4.3, we know that Im(7T%+(T)) 4-ker(T**1) is closed, then it follows
from (1) and (2) that T € (k + 1)-¢®(H), and this completes the proof. O

The next lemma is used to prove Corollary 4.10.

Lemma 4.8. Let T : D(T) C H — H be a paracomplete operator. Let A = P(T),
B =Q(T), where P and Q are relatively prime polynomials, and k € N.
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(i) qx(A™B™) = max{qr(A™), q(B™)}, for alln € N.
(#7) If ¢ =do(T) < +o00 and D(T?) is closed, then

A, B € k-q®(H) = AB € k-q®(H).
(#91) If T € T'(H), then
A, B € pg®(H) < AB € pq®(H).

Proof. (i) For n, k € N, we denote by Z¥(T) = [Im(T™) + ker(T*)] N ker(T**1). By [4,
Lemma 4.4], we see
ZF(AB) = [Im(A"B") + ker(A* B*)] N ker(AFT1 Bk+1)
= [Im(A™) N Im(B") + ker(A*) + ker(B*)] N [ker(A*+1) + ker(B**1)]
[[Im(A™) + ker(AF)] N Im(B™) + ker(B¥)] N [ker(AF*1) + ker(B**+1)]
]
]
]

[Im(A™) + ker(A*)] N [Im(B™) + ker(B¥)] N [ker(AF*1) + ker(B*+1)]
= [Im(A") + ker(A*)] N [ker(A*+1) + (Im(B") + ker(B*)) N ker(B**+1)]

[Im(A™) + ker(A*)] N ker(A* 1) + [Im(B™) + ker(B*)] N ker(B**+1)
= Z}(A)+ Z}(B)

and

ZF(A) N ZF(B) C ker(A*1) nker(B* 1) = {0}.
Therefore

qr(A"B"™) = max{q;(4"), ¢x(B™)}, VneN
(ii) First, recall that from Lemma 4.4, we get ker(A*) and ker(B¥) are closed, for all
k € N. For j, n € N, we have
(1) Im(A"B™) + ker(A’B7) = Im(A") NIm(B") + ker(A7) + ker(B)

= [Im(A™) + ker(A%)] N [Im(B") + ker(B7)].

Assume that A, B € k-g®(H) and let d = qx(AB) = max{qx(4), qx(B)}. In particular,
this allows us to see

(2) Im(A) + ker(A**?) and Im(B) + ker(B**%) are closed.
Furthermore, from Proposition 4.3, it follows that
(3) Im(A?) + ker(A*) and Im(B?) + ker(B*) are closed.

Thus, taking into account of the equalities (1), (2), (3) and Corollary 2.12, we deduce
that AB € k-q®(H).

(iii) Taking into account of [7, Proposition 2.1.3] and Lemma 2.9, we obtain that Z¥(A)
(resp. ZK(B)) is paracomplete and applying [7, Proposition 2.1.1], we conclude that

(4) ZF(AB) isclosed = ZF(A) and ZF(B) are closed.
Since for j € N and n > do(T"), we have

[Im(A™) + ker(A7)] + [Im(B™) + ker(B?)] = Im(A™) + Im(B") = D(T?),
it follows from [7, Proposition 2.1.1, Proposition 2.1.3], Lemma 2.9 and (1) that

(5)
m(A™ B™")+ker(A’ B?) is closed <= { Im(A”) + ker(47),

Im(B™) + ker(B7)

Assume that AB € k-q®(H), then A"B™ € k-q®(H), for n > do(T) according to
Lemma 4.5. In particular Z¥(A"B") and Im(B"A") + ker[(A"B™)¥+4] are closed, with
d = qp(A"B™). Since qi(A™) < d, taking into account of (4) and (5), we deduce that
qu(A,L (A™) = ZK(A™) and Im(A") + ker[(A™)F+2(A")] = Im(A™) + ker[(A™)*+9] are
closed. Therefore by Corollary 2.12, we obtain that A" € k-q®(H) and hence A € pg®(H)

according to Lemma 4.5. Consequently if AB € pq®(H), then A, B € pg®(H).

are closed, Vn > do(T).
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Suppose, conversely, that A, B € pg®(H), then there exists ki, k2 € N such that
A € k1-q®(H) and B € ko-¢®(H). Now from Lemma 4.7, it follows that A, B € k-g®(H),
with k = max{ky, k2}. Finally, by (i), we obtain AB € pg®(H). This completes the
proof. O

Using Proposition 2.7, [10, Lemma 12.8] and the proof of Lemma 4.8, one proves the
following result.

Corollary 4.9. Let T, S, L, R € #(H) be mutually commuting operators, satisfying
TR+ LS =1. Then T has topological uniform descent if and only if the same holds for
S.

Corollary 4.10. Let T € o(H) and P(Z) = (M —Z)™ (Ao — Z)™2--- (As — Z)™ be a
complex polynomial such that m; #0 for alli=1,2, ..., s.

(1) Let k € N, if ¢ =do(T) < 400 and D(T?) is closed, then
V1I<i<s, A €okg(T)=0¢ ole(P(T)).
(i¢) If T € T(H), then
0€ 0,0(P(T)) = \i € 0;6(T), V1<i<s.
Proof. From Lemmas 4.5 and 4.8, it follows that
V1<i<s, M€l = 0€ | dipgNI—-T)
= 0¢ lgﬁgs oFp[(NI — T)™]

1<i<s
= 0¢€ Q’;q,(P(T))

and
0€05(P(T) < 0¢€ 1<ﬂ< 005 (AT — T)™]
= 0e N o5NI-T)
1<i<s
= N €oi(l), V1<i<s.
This completes the proof. O

Corollary 4.11. Let T € B(H) and P(Z) = (M — Z)™ (Mg — Z)™2 -+ (As — Z)™ be
a complex polynomial such that m; # 0 for all 1 =1, 2, ..., s. The following conditions
are equivalent :

(i) P(T) has topological uniform descent;
(#i) NI — T has topological uniform descent for all 1 <i <s.
Now we give a spectral mapping theorem which is our main result.

Theorem 4.12. Let T € ¢(H) and P be a non-constant complex polynomial.
(1) If ke N, g=do(T) < 400 and D(T) is closed, then
40 (P(T)) C P(oge(T)).
(i¢) If T € T(H), then
P(oge(T)) = 045 (P(T)).

In particular, the topological uniform descent spectrum of a bounded operator on a Hilbert
space satisfies the non-constant polynomial version of the spectral mapping theorem.
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Proof. (i) Let A € 0¥y (P(T)) and suppose that X — P(Z) = (uy — Z)™ -+ (s — Z)™
From Corollary 4.10, it follows that there exists i € {1, 2, ..., s} such that u; € ol (T).
Hence A = P(u;) € P(qu,(T)).

(#4) From Corollary 4.10, it follows that

A€ P(os(T)) <= X=P(u), with peopg(T),
)

— A=P(Z) = (u-2)*Q(2), with Q(u)#0
= Neonx(P(T),

which completes the proof. O

Question 1. Let T € T'(H), k € N and P be a non-constant complex polynomial. It is
not clear at present whether P(oky(T)) = oky (P(T))?

Corollary 4.13. Let T € ¢(H) such that ¢ = do(T") < 400 and D(T?) is closed, and P
be a complex polynomial having no roots in aqq,( ), for k € N, then P(T) is a k-quasi-
Fredholm operator.

Corollary 4.14. Let T € I'(H) and P be a complex polynomial having no roots in o0g (T),

then P(T) is pseudo-quasi-Fredholm. Furthermore, P(T) has topological uniform descent,
when T € #(H).

The next lemma is used to prove Theorem 4.16.

Lemma 4.15. Let T, L € #(H) such that TL = LT. If L is invertible, then for all
k €N, we have T € k-q®(H) if and only if TL € k-q¢®(H).

Proof. For n € N, we know that ker(T™) = ker(T"L") and Im(T™) = Im(T™L™). For
every k, n, i € N, we deduce that gx(T) = qx(TL), Im(T?) + ker(T™) is closed if and only
if Im(L'T?) + ker(L™T™) is closed and [Im(T"%) + ker(T*)] Nker(T**+1) is closed if and only
if [Im(LT?) + ker(L*T%)] Nker(L¥+YT*+1) is closed. Therefore,

T € k-q®(H) <= TL € k-q®(H).
This completes the proof. O

The spectral mapping theorem holds for the pseudo-quasi-Fredholm spectrum.

Theorem 4.16. Let T € #B(H) and f be an analytic function in a neighborhood of the
usual spectrum o(T) and not locally constant in o(T). For k € N, we have

76 (f(T)) € floge(T)) and  f(035(T)) = 055 (£(T)).
So, the topological uniform descent spectrum of a bounded operator on a Hilbert space
satisfies the spectral mapping theorem.

Proof. Let p € C and f be an analytic function in a neighborhood of o(T'). Since o(T)
is a compact subset of C, the function f(z) — f(u) possesses at most a finite number of
zeros in o(T). So

f(2) = F(p) = (=)™ (z = A)™ - (2 = An) " g(2),
where g(z) is a non-vanishing analytic function on o (7). Using the functional calculus
we deduce that :

(1) = f) I = (T = p)™(T = M D)™ -+ (T = A D)™ g(T),
where ¢g(7T') is an invertible operator. Therefore
[F(T) = F) 1) (g(T) ™) = (T = pI)™ (T = D)™ - (T = A D)™
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So from Corollary 4.10 and Lemma 4.15, it follows that
peag(l) <= [f(T)~ fFI(g(T)~") & pg®(H)
= [(T) = f(u)! & pe®(H)
= f(p) eoi(f(T))

In the same way, we obtain that

This proves the theorem. O

Corollary 4.17. Let T € A(H) and f be an analytic function in a neighborhood of
the usual spectrum o(T') having no roots in ogg(T) (resp. (T(I;(I)(T), for k € N) and not
locally constant in o(T). Then f(T') is a pseudo-quasi-Fredholm (resp. k-quasi-Fredholm)
operator.

Remark 4.18. Recall that if T' € ¢(H) such that of (T') # 0, then ker(P(T)) is closed,
for all complex polynomial P. Thus, the first assertion of Lemma 4.5 and the second
assertion of Lemma 4.8 are true also for a closed operator T" on a Hilbert space such that
oF (T') # 0 and not necessarily ¢ = do(T") < +o00 and D(T"7) is closed. Hence, we can prove
that all results in Section 4 related to the k-quasi-Fredholm spectrum remain valid for an
operator T € p(H) such that o (T') # 0 without the assumption that ¢ = do(T) < +oo
and D(T) is closed.

5. THE K-QUASI-FREDHOLM AND FINITE-DIMENSIONAL PERTURBATIONS

For two subspaces M and N of H, we write M C N if there exists a finite-dimensional
subspace V of H such that M C N +V, ie. dimM/(MNN) = dim(M + N)/N < +4oc.

Similarly, we write M< N if both M C N and N ¢ M.

The elementary next lemma is used to show Lemma 5.2.

Lemma 5.1. Let T € p(H) and F € #(H) such that dimIm(F) < +oo, Im(F) C D(T)
and TFx = FTx, for all x € D(T). Then for every n € N, we have

ker[(T + F)"] = ker(T™) and Im[(T + F)"]=Im(T").
In particular,
ker[(T + F)"] + Im[(T + F)"] Zker(T™) + Im(T"), Vn,i€cN.
Proof. For n € N, we define
0: ker[(T+F)"] — Im(F) and ¢ : ker(T™) — Im(F)
x — Tz, x — (T + F)"x.
We have

dimker[(T + F)"]/(ker[(T 4+ F)™] N ker(T™)) dim ker[(T" + F')"]/ker(0)

IA I

dim Im(F') < +o0
and
dim ker(T™) / (ker[(T + F)"] Nker(T™)) = dimker(T™)/ker(1))
< dimIm(F) < +oo0.

This implies that
ker[(T 4+ F)"] = ker(T™), ¥mneN.

Since (T + F)™ — T™ is a finite dimensional operator, then Im[(T + F)"] = Im(T™). This
completes the proof. O
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Lemma 5.2. Let T € p(H) and F € B(H) such that dimIm(F) < 400, Im(F) C D(T)
and TFx = FTx, for all x € D(T). Then

qo(T) < +o00 <= qo(T + F) < +o0.
Proof. ”==" Let qo(T) = d < +oo, M = Im(T%) and put T = Tim. Then ker(T) C
Im>(T) and T(Im*(T)) = Im>(T). Indeed, we have
ker(T') = ker(T") N Im(Td) = ker(T) N Im(T4") C Im(T™), VneN

and so ker(T) C Im™(T). Now let z € Im®(T) = Im™(T), then there exists = € D(T)
such that z = Tx. Moreover, for every n € N, there exists y € D(T™*+!) C D(T™) such
that 7"y = Tz, so o — T"y € ker(T) C Im*(T) C Im(T™). Therefore z € Im*>(T) =
Im®>(T).

It clearly suffices to consider only the case when dim Im(F) = 1. As in the proof of [6,
Theorem, page 194], it is possible to show that ker(T) c Im> (T + F). We know that if
MCN and M E L, then M C NN L. Since by Lemma 5.1, we have

ker(T + F) N Im[(T + F)%] C ker(T + F) C ker(T)
and
ker(T + F) N Im[(T + F)¥ € Im[(T + F)?] € Im(T%),
then we can deduce that
ker(T + F) N Im[(T + F)%] C ker(T) N Im(T%).
Hence,
ker(T + F) N Im[(T + F)%) C ker(T) N Im(T?) = ker(T) C Im™(T + F)
and since ker(T + F) N Im[(T + F)4] C ker(T + F), so
ker(T + F) N Im[(T + F)%) C ker(T + F) N Im™(T + F).
This implies that
a = dim(ker(T 4+ F) N Im[(T + F)%])/(ker(T + F) N Im>(T + F)) < +oc.

Let n > d and «,, = dim(ker(T + F) N Im[(T + F)?))/(ker(T + F) N Im[(T + F)"]). It is
clear that the sequence (o, )n>¢ is increasing and «a;, < a, for all n > d. Then there exist
ng > d and 8 < « such that a,, = 3, for all n > ng. Let n > ng, since

ker(T + F) N Im[(T + F)" "] C ker(T + F) N Im[(T + F)"] C ker(T + F) N Im[(T + F)%,
we deduce that
Uni1 = a4+ dim(ker(T 4+ F) N Im[(T 4+ F)"])/(ker(T + F) N Im[(T + F)" ).

Thus, dim(ker(T + F)NIm[(T + F)"])/(ker(T + F) N Im[(T + F)"*1]) = a1 — o, = 0.
It follows from this that

ker(T 4+ F)NIm[(T' + F)"] = ker(T + F) N Im[(T + F)™], Vn > ny.
This means that go(T + F) < ng.

7<="1f qo(T + F) < 400, from the first sense qo(T) = qo(T + F — F) < +o0.
This finishes the proof of the lemma. O

The following corollary is a straightforward consequence of Lemma 2.1 and Lemma
5.2.
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Corollary 5.3. Let T € ¢(H) and F € #(H) such that dimIm(F) < 400, Im(F) C D(T)
and TFx = FTx, for all x € D(T). Then

qr(T) < 400 <= q(T+ F) < 00, VkeN

Recall that if 7' and F' are bounded operators such dim Im(F') < 400, then T is quasi-
Fredholm if and only if T+ F is quasi-Fredholm (see [6, Theorem|). We generalize this
result to the class of k-quasi-Fredholm operators as follows :

Theorem 5.4. Let T € ¢(H) such that o (T) # 0. Let F € %(H) such that dim Im(F) <
+oo, Im(F) € D(T) and TFx = FTx, for all x € D(T). Then for all k € N, we have
ol (T + F) = 0ky(T) and 003, (T + F) = 073(T).

Proof. Let k € N and T € k-q®(H). By Corollary 5.3, we have d = max{q;(T), qx(T +
F)} < +oo. It follows from Proposition 4.3 that Im(7%) + ker(T*) and Im(T") + ker(T9+*)
are closed subspaces. From Lemma 5.1, we deduce that Im[(T + F)4] + ker[(T + F)*]
and Im(T + F) + ker[(T + F)®**] are closed subspaces. Since di = qx(T + F) < d, then
Im(T + F) + ker[(T + F)" %] and (Im[(T + F)®"] + ker[(T + F)*]) Nker[(T + F)*™!] are
closed and hence T + F' € k-q®(H). Consequently, agq) (T+F)= 05@ (T') and

(T +F)=()oke(T+F) =) oks(T) = 035,(T).
k>0 k>0

This completes the proof. O

As consequence of Proposition 2.7 and Theorem 5.4 we derive the following corollary :

Corollary 5.5. Let T, F € B(H) such that TF = FT and dimIm(F) < +o0o. Then T
has topological uniform descent if and only if the same holds for T + F.

Remark 5.6.

(i) Let k € N. It is clear that if 7' = 0, then T' € k-¢®(H) and if K is a one-to-one
compact operator (so Im(K™) is not closed for all n € N\{0}), then K & pq®(H).
Therefore if T' € pg®(H) and K is a compact operator such that TK = KT, then
it is not necessary that T+ K € pg®(H).

(74) Let H be the Hilbert space with an orthonormal basis {e,, : n € N}. Let T'= 0 and
S € #(H) be defined by

S(en) =2""ept1, VneN

It is clear that S is quasi-nilpotent and T'S = ST. Since Im(S) is not closed and
ker(S) = {0}, it follows that T+ S is not pseudo-quasi-Fredholm. Therefore if
T € pg®(H) and S is a quasi-nilpotent operator such that T'S = ST, then it is not
necessary that T+ S € pg®(H).

Several questions still remain unanswered. Some of these are :
Question 2. Let T € ¢(H) and F € B(H) such that Im(F) C D(T) and TFx = FT'z,
for all x € D(T).
(¢) If dimIm(F™) < +oo, for some n € N, can we prove that ogg (T + F') = 024 (T)?
(i) Suppose that F is a nilpotent operator. We know from [3, Theorem 4.3] that

Can we prove that cr(’;q)(T) = qu)(T + F), for allk > 1 or ogg(T) = 00g(T + F)?
(iii) If F is s-regular, can we prove that oog (T + F) = o0g(T')?
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Remark 5.7. Let k£ € N. The set of all k-quasi-Fredholm (resp. pseudo-quasi-Fredholm)
operators is not open. Indeed, consider the Hilbert space H with an orthonormal basis
{ei,j, %, j integers, i > 1}. Let T' € #(H) be defined by

€i,j+1 it j#0,
T(ei,;) = o
0 if j =0.

Clearly ker(T) is the subspace of H spanned by {e; o : ¢ > 1}, ker(T)) C () Im(T™) and
n>0
Im(T') is closed, so that T is k-quasi-Fredholm, for all k£ > 0.
Let € > 0. Define S. € #(H) by

,671 6i7 1 lf] = O,
Selei) =1 "
0 if j #0.
Clearly ||S:|| = ¢ and S. is an infinite dimensional compact operator so that Im(S;)

is not closed. Let M denote the closed subspace of H spanned by {e; 1,7 > 1}. We
have Im(T) L M and Im(S;) C M, so that (T' 4+ Sc)x € M implies = € ker(T) and
(T+ S:)x = Scx. Thus Im(T' 4+ S.) "M = S.(ker(T')) = Im(S;), so that Im(T + S;) is not
closed. Therefore T' + S. is not pseudo-quasi-Fredholm because ker(T + S;) = {0}.

6. pg-INDEX OF PSEUDO-QUASI-FREDHOLM

In this section, we will associate to each pseudo-quasi-Fredholm operator an index
”pg-index” which coincide with the usual index in the case of a semi-Fredholm operator.

For T € p(H) and n, k € N, we denote by
o (T) = dim ker(T*) N Im(T™),

BE(T) = dim Im(T™)/Im(T"F).
The essential ascent and the essential descent of T € ¢(H) are defined by
d.(T)=inf{n € N : BL(T) < +o0},
a.(T)=inf{n € N : a}(T) < +oc},
respectively, whenever these minima exist. If no such numbers exist the essential ascent

and the essential descent of T are defined to be +oo.
Define

' (H) ={T € (H) : D(T") + Im(T?) = H, Vi, jcN}.
Clearly, @7 (H) # ), because T € o/ (H), when T is a closed surjective operator.
For T € 7/ (H), we can see the following

B(T) = dimIm(T")/Im(T™),

dim D(T™)/[Im(T*) + ker(T™)] N D(T™),
= dim[D(T") + Im(T*)]/[Im(T*) + ker(T™)],
= dimH/[Im(T*) + ker(T™)].

We note from [4, Lemma 2.2] that if a.(7) < +oo, then
a0(T) = inf{n € N: al(T) = al,, (T)} < +o0,

and we also note from [4, Lemma 2.5] that if T € </ (H) such that d.(T") < +o0, then
qo(T) = inf{n € N: B, (T) = B4 (T)} < +o0.

We start our study with the following lemma.
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Lemma 6.1. Let T € o/ (H) such that ker(T™) C Im(T), for all n € N. Then
a(T") =no(T), B(T") =npB(T), VneN\{0}.
Proof. Let n € N\{0}, and we consider the following map :
0 : ker(T") — ker(T"1)
T — Tx.
Clearly 6 is a surjective linear operator and hence a(T") = a(T) + a(T" 1) = na(T).
Now, we define the following linear operator :
S DY) — H/Im(T™)
x — Trnlg,
Since ker(S) = [Im(T) + ker(T"~ 1] ND(T™ 1) = Im(T) N D(T™ 1), we deduce that
Im(7"~1) /Im(T™) D(T"~ H/Im(T) N D(T" )]
)

(T
[D(T"™%) + Im(T)] /Im(T)
H/Im(T).

Qa

But, Im(T") C Im(T""1) CH, so
dimH/Im(T™) = dim H/Im(T" 1) + dim Im(7T"~ 1) /Im(T™).
Therefore
BT™) =BT ™) + B(T) = n B(T).
This completes the proof.

Lemma 6.2. Let T € &/ (H) such that min{d.(T), a.(T)} < 400 and let p = qo(T) <
+o00. Then for all n > p, we have

an(T) =kay(T), BH(T)=kB,(T), VkeN\{0},

Proof. Let m > p and let T,, be the operator induced by T on H/ker(T™). Since
ker[(T))"] C Im( m), for every n € N, by Lemma 6.1, we get
Bh(T) = BT, ) = K B(T) =k BL(T) = kBL(T), Wk >1
and
o (T) = o(Ty,") = ka(T) = kal (T) = kal(T), ¥k > 1.
This completes the proof. O

Remark 6.3. Let k, d € Nand T € k-q®(d)(H) such that a.(T) < 400 or d(T) < +00.
Let m = min{a.(T), d.(T)}, we denote by

3 (T) = ap,(T) = B (T) € ZU {00, +o0}.
If T € o/(H) from [4, Lemma 2.2, Lemma 2.5], we deduce that 6% (T') = §%(T), for all
n > m. Therefore for k € N\{0}, by Lemma 6.2, we obtain

o (T) = 55 (T)( ) = « ()(T)—ﬁZjO(T)(T)
= ko 3 ) (T) =k By (T)
= q<T>(

kL (T).

Remark 6.3 enables us to define the pg-index of pseudo-quasi-Fredholm operator.

Definition 6.4. We say that an operator T' € pg®(H) possesses pg-index if £ = min{a.(T),
d.(T)} < 400, in this case the pg-index of T is defined by

ind,,(T) = aj(T) — B}(T) € ZU {—o0, +00}.
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Example 6.5.

(i) Let T be a pseudo-quasi-Fredholm operator such that a(T) <+oo (resp. d(T) <
+00, max{a(T), d(T)} < +00), then T possesses a pg-index and ind,,(T) < 0
(resp. indpy(T) > 0, ind,e(T) = 0).

(#4) Let H be the Hilbert space with an orthonormal basis {e; ; : 7, 7 € N\{0}}. Let
T € #(H) be defined by

T(ei, ;) = {

Clearly ker(T*) (resp. Im(T*)) is the subspace of H spanned by {e; ; : j > 1}
(vesp. {e;,;:1>2,5>k+1}), for all k> 1, so that ¢o(T) = a(T) = a.(T) =1
and d.(T) = +o0. Since Im(T) is closed and Im(T) L ker(T'), then Im(T") + ker(T')
is closed, this implies that T is k-quasi-Fredholm of degree g (T) = max{1 — k, 0},
for every k € N and the pg-index of T is equal to

indy(T) = a1 (T) — B1(T) = —o0.

Moreover, T' ¢ ®4(H), but there exists ¢ > 0 such that A\ — T € ®,(H) and

a(M —T) =0, for all A € C and 0 < || < € according to Lemma 3.1.
Remark 6.6. Let k € N and T € ¢(H) such that o(T) # @ (in particular T' € o7 (H)). If
T € k-q®(H) possesses pg-index, then T™ € k-¢®(H) and ind,,(7™) = nind,q(T), for all
n € N\{0}. Indeed, by Lemma 4.5 and Remark 4.18, it follows that 7" € k-¢®(H) and
by [4, Lemma 2.1], we infer that T™ possesses pg-index. Let d = qo(T™), since

ker(T7) C ker[(T™)] C Im(T™) + ker[(T™)?%] C Im(T) + ker(T%"), V j €N,
then | = qo(T") < nd. From Remark 6.3, we obtain

indpe(T") = ay(T") — By(T")
ay o(T) = B o(T) ) )
O a(T) = 6 (T) = n6; (T) = nindpy(T).
Proposition 6.7. Let T € ¢(H) such that of (T) # 0 and k € N. If a.(T) < +oo, then
T € k-g®(H) <= Im(T) + ker(T%T)) s closed.

Proof. ” =" Let d = q;;(T), by Lemma 2.1, we have d + k > qo(T") > a.(T) and as

>
Im(T) 4 ker(T%t%) is closed, then from [4, Lemma 3.3], we get Im(T) + ker(T%(T)) is
closed.

0 ifi=1,
€i,j+1 if 4 2 2.

7 <" Since a.(T) is finite, then ¢o(T) is also finite and hence d = ¢x(T') = max{qo(T)—
k, 0} < 400 according to Lemma 2.1. As d+ k > qo(T) > a.(T), then we can deduce
from [4, Lemma 3.3], that Im(T) +ker(T9*) is closed. Let m = max{d, a.(T)}, we have
dim Im(T™) N ker(T**1) < 400, this gives that

Im(T%) N ker(T*1) + ker(T*) = Im(T™) N ker(T**1) + ker(T*) s closed.
Hence, T € k-q®(H) and the proof of the lemma is complete. |
Proposition 6.8. Let T € o/ (H) such that of (T) # 0 and de(T) < +o00. Then

T € k-qP(H), Vk>d(T).
Proof. For n € N and i € N\{0}, we have
Bu(T) < BL(T) = B(T,) < i B(T,) = i B(T),
where T}, is the operator induced by T on H /ker(T™). This implies that
BT < 400 <= B (T) < +o0.
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Let k > d(T) and d = ¢4(T) = max{qo(T) — k, 0} < +00. Since
dim H/[Im(T) + ker(T*%)] = B}, 4 (T) < +o0
and
dim H/[Im(T%) + ker(T*)] = BH(T) < +o0,
then Im(T) + ker(T%*F) and [Im(T?) + ker(T%)] N ker(T**1) are closed (see Lemma 2.9
and [7, Proposition 2.1.1]). This completes the proof. |

Remark 6.9. By Propositions 6.7 and 6.8, we remark that, we can replace the hypothesis
of Definition 6.4 by : let T € o/ (H) such that o (T') # 0 and d.(T) < +o00 or a.(T) <
400 and Im(T) + ker(T?(T)) is closed. If additionally T € Z(H), then T is semi-B-
Fredholm and the pg-index coincide with the index of a semi-B-Fredholm operator [1].

Theorem 6.10. Let k € N and T € k-q®(H) such that o(T) # 0. Let F € B(H) such
that dim Im(F) < 400, Im(F) C D(T) and TFx = FTx, for all x € D(T). If T possesses
pg-indez, then T+ F € k-q®(H), T+ F possesses pg-indez and indpy (T + F') = ind,q(T).

Proof. From Theorem 5.4, we have T + F € k-¢®(H). According to Lemma 2.1 and
Corollary 5.3, d = max{qi(T), ¢x(T + F)} and p = max{qo(T), qo(T + F)} are finite.
By Lemma 3.1, we know that there exists A € C\{0} such that
a(Ty) = agy(T) = ay(T), B(TN) = B (T) = B, (1),
oM =T = F) =ay (T +F) = oy(T +F),
B —T —F) =84, (T+F)=p,(T+F).
So, T, € &4 (H), consequently (T'+ F)y € &4 (H) and
l=min{a.(T+ F), de(T+ F)} < p.
Now since j = min{a.(T), de(T)} < p, then
ind,,(T) = a]l (T) - le- (T) = azl)(T) — B;,(T) = ind(Th)
= ind[(T+ F)\] = op(T+F) - 3,(T + F)
o (T+F) =BT+ F) =indp(T + F).

This completes the proof. O

Remark 6.11. Let k € N and T € k-g®(H) such that o(T) # 0. From the proof of
Theorem 6.10, we see that if T possesses pg-index, then there exists € > 0 such that
Ty € @4 (H) and ind(Ty) = ind,y(T), for every 0 < |A] < e.

Theorem 6.12. Let d, k € N, T € k-q®(d)(H) and V € B(H). Suppose that T is a
bounded operator that commutes with V. and V — T is sufficiently small and invertible,
then :

(1) V is a s-regular operator,

(i5) an(V) = al ,(T), for alln >0,
(i11) BLV) = B4 (T), for all n > 0.
Proof. Tt follows from Lemma 2.1 and Proposition 2.7 that T has topological uniform
descent for n > d + k. The result now follows from [5, Theorem 4.7]. g

Corollary 6.13. Let T, V € B(H) such that TV = VT and V is sufficiently small and
invertible. If T € pq®(H), then T +V € pq®(H).

Corollary 6.14. Let d, k € N, T € k-q®(d)(H) and V € ZB(H). Suppose that T is a
bounded operator that commutes with V and V — T is sufficiently small and invertible,
then :

(i) V has infinite ascent or descent if and only if T does.
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(i) V is onto if and only if T has finite descent.
(#i1) V is one-to-one (or bounded below) if and only if T has finite ascent.
(iv) V is invertible if and only if 0 € E(T).
(v) V is semi-Fredholm if and only if T possesses pg-index. If V € ®L(H), then
ind,,(T) = ind(V) = a} (V) = BL(V), ¥Yn>0.

Theorem 6.15. Let V, T € pq®(H). Suppose that V, T € B(H) such that TV = VT and
V —T is sufficiently small, then T possesses pq-index if and only if V possesses pq-indez.
If T or V possesses pq-indez, then

indpe(T) = indpg (V).

Proof. Let k1, k2, d1, d2 € N such that T' € k1-¢®(d1)(H) and V' € ko-¢®(d2)(H), then T'
and V having topological uniform descent for n > max{d; + k1, da + k2}. Now the proof
follows from [5, Theorem 4.6]. O

7. EXAMPLES

In this section we present some examples that are applications of the abstract theory
of the pseudo-quasi-Fredholm.

Example 7.1. In H = L?([0, 1]) define the second-order differential operator T' by
D(T) = {u € H*([0, 1]) : ¥/(0) + /(1) = 0, u(0) = 0}, Tu= —u",

where H?([0, 1]) denotes the subspace of H consisting of all functions u € C1([0, 1])
with u’ absolutely continuous on [0, 1] and w” € H. Then T is a discrete operator in
H. In [4, Example 3.12], it is proved that o(T) = {\;}32; where \; = (2i — 1)*7?, and
a(MI—T)=dMI—-T)=2,fori=1,2,.... This shows that ¢qo(\I —T) = 2,

Im(A\I —T)+ ker[(A\I —T)"] = H,
Im[(A\d — T)") N ker[(\d — T)? ] + ker[(\ — T)7] = ker[(\I — T)7],
forall j e Nyn>2and¢> 1. Fori>1and k € N, by Lemma 2.1, we obtain \;I — T is
k-quasi-Fredholm of degree dj, = max{2 — k, 0}. Hence C = o(T) Uo(T) C of(T) ie.,
ij@(T) =00g(T) =0, for all k € N.

Remark 7.2. If T € #(H) by Theorem 3.4, we observe that
(1) 0.6(T) =0 = o(T) = {1, A2, ..., A\u} = E(T),
for some A1, Az, ..., A, € C. From Example 7.1 the conclusion (1) fails when D(T) & H.

Example 7.3. Consider the operator S defined on ¢?(N) by
Ty T3 T
S(Ila €2, I3, ) = (?Qa ?37 fa )
and the operator T defined on ¢?(N) x ¢?(N) by
T((xla T2, T3, .- ')7 (y17 Y2, Y3, .- )) = ((07 T2, T3, .- ')7 S(yh Y2, Yz, - ))

(a) It is clear that S is a quasi-nilpotent operator and dim ker(S™) = n, for all n € N.
Thus, 00%(5) C af;q,(S) C o(S) = {0}, for all k € N. Suppose that 004 (S) = 0, then
by Theorem 3.4, T is algebraic. This implies that E(S) = {0}, which is a contradiction
because a(S) = +oo. It follows that 003 (S) = {0} and hence 0}, (S) = {0}, for all
k € N. Let f be an analytic function in a neighborhood of the usual spectrum o(.5)
and not locally constant in a neighborhood of 0 and f(0) # 0, then by Corollary
4.17, f(9) is a k-quasi-Fredholm operator, for all k£ € N.
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(b) Let F € #B(*(N) x (?(N)) be defined by
F((.’I}l, o, T3, .. .), (917 Y2, Yz, .- )) = ((56‘1, 0, 07 .. .)7 (0, O, 07 .. ))
Note that (T + F)(z, y) = (x, Sy), for all z, y € 3(N), which implies that aﬁq(T +

F) =of,(I) U ok, (S) = {0}, because of (I) = 0, for all k € N. Furthermore, since

dimIm(F) =1 and TF = FT = 0, by Theorem 5.4, it follows that
oh (T)=0oF (T +F)={0}, VkeN.
Example 7.4. For each n € N\{0}, set
v(n) = max{k € N : 2¥ divides n}.

Let T € 2(¢*(N)) be defined by

“+o0 +oo 1
T( Z_:Oznen> = Z:l 2u(n) xnewu

with {e,, : n € N} is an orthonormal basis of £?(N).

(a) We remark that ker(7') is the subspace of £2(N) spanned by eq, which gives a.(T) = 0.
Since Im(T) is easily seen to be non-closed, it follows from Proposition 6.7 that

T & k-q®(¢*(N)), VkeN.

Now Proposition 6.8 gives d.(T') = +oc.
(b) Tt is not difficult to see that
1
o(T) = {0} U {)\n = >
Besides, for each n € N, ker(\,I — T is the closed subspace of ¢(N) spanned by
{ean2j41) 1 j € N}, and Im(A, ] —T) = ker(A, ] — T)*. It follows that a(A\,I —T) =
d(M\,I —T) = 1. Since Im[(A, I —T)*] + ker[(A\, ] — T)?] = ¢3(N) and Im[(\, ] —T)"]N
ker[(\n — T)7] = {0}, for all i, j > 1, it follows that A, € 0k (T), for all n, k € N.
This shows that C\{0} C ngé (T), and as 0 € asq,(T), we obtain

:neN}.

003 (T) = obe(T) = {0}, VEkeN.

(c) Since for all A € o(T)\{0}, we have a(A] —T) = d(AM —T) = 1, it follows that
M — T € pg®(¢*(N)) possesses pg-index, for all A\ € C\{0}. Furthermore, since
max{a(AM —T), d(A\I —=T)} <1, for all A € C\{0}, by Remark 6.3, we deduce that

ind,g(AM —T) = ai(M —T) — B{(A\[ - T) = 0.

(d) Fix ¢ € C and consider the polynomial P defined by P(Z) = ¢. Then P(T) = cl.
Since 0pg(T) is nonempty, it follows that

Ploge(T)) = {c}-
However, 00g,(P(T)) = C : indeed, C\{c} = o(cl) C 0gg(cI), and ¢l — cI (that is,
the zero operator on ¢*(N)) is pseudo-quasi-Fredholm. Consequently, 074 (P(T)) = C
and

053 (P(T)) =0 # P(ogs(T)).
Hence the conclusion of Theorem 4.12 fails in the presence of a constant complex
polynomial.
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Example 7.5. Consider the infinite-dimensional complex Hilbert space H = C? x ¢?(N)
and the operator T € Z(H) defined by

“+o0 “+o00
T((Zh 22, 23), anen) = <(22, 0, 0), z3€0 + Z$n+1€n),
n=0

n=0
where {e,, : n € N} is an orthonormal basis of ¢?(N).
(a) We remark that

ker(T) = {((Zl,zQ, 23), (xn)neN) €H:20=0,21 = —23, 2, =0, Vn> 2}
and
Im(T) = {((zl,zg, 23), (mn)neN) EH:2g=23= 0}.
Hence «(T) = 3 and B(T') = 2, and consequently
(1) Im(T%) Nker(T7*) + ker(77) and Im(T') + ker(T7) are closed, Vi, j € N.
We observe that, for all k& > 2,

—+oo —+oo
(2) (21, 22, 25), > wnen) = ((0,0,0), Y wnsnen ).
n=0 n=0
Hence
Im(T*) = {0} x 3(N), Yk>2.
Therefore,

ker(T) N Im(T) = {((zl, Z9, 23), (mn)neN) EH:20=23=0,2,=0,VYVn> 1}7
and, for all k& > 2,
ker(T) N Im(T*) = {((zl, Za9, 23), (J:n)neN) EH:21=20=23=0,2,=0,Vn> 1}.
Thus
qo(T) = inf{k € N : ker(T) N Im(T*) = ker(T) N Im(T™), ¥V m >k} = 2.

For k > 2, by using (1) and Lemma 2.1, we obtain that T is a quasi-Fredholm (resp.
1-quasi-Fredholm, k-quasi-Fredholm) operator of degree d = 2 (resp. d =1, d = 0).

(b) Recall that the reduced minimum modulus of a non-zero operator A € %B(H) is
defined by

v(A) = inf{||Az| : 2 € ker(A)* and ||z|| = 1}.
If A =0 then we take v(A) = +00. Now let S € £2(N) be defined by

+o00 +oo
S( Z xnen) = Z Tp42€n-
n=0 n=0
We note from (2) that
(3) (M =T*)(z,z) = (Az, A\ = S)z), V(z,2)€C’x*N), VAIeC.

It is clear that S is Fredholm (a(S) = 2, 8(S) = 0) and v(S) = ||5]| = 1. Therefore,
for all A1, A2 € C such that |A] < 1 =+(S) and |A2] > 1 = ||S||, we have A\;I — S
is Fredholm and Aol — S is invertible. Since T is Fredholm it follows from (3) that
Al — T? is Fredholm for all X € C such that [A| # 1. Consequently, oo (T?) C {\ €
C: |\ =1} and qu)(T2) C{reC: |\ =1}, for all k € N. Now by Theorem 4.12,
we see that if A € 07g(T") then |A2| = 1, this implies that |\| = 1. Hence

ooe(T) S{A € C: |\ =1}
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