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STABILITY OF DUAL ¢-FUSION FRAMES IN HILBERT SPACES

PRASENJIT GHOSH AND T. K. SAMANTA

ABSTRACT. We give a characterization of K-g-fusion frames and discuss the stability
of dual g-fusion frames. We also present a necessary and sufficient condition for a
quotient operator to be bounded.

Hanaerbca xapakrepizanisa K-g dpefimiB 371uTTS Ta pO3IISIaeTbCs CTIHKUCTH
nBoicrux g-duetimis 3murTsa. Takox HaIAOTHCS HeOOXIAHI Ta HOCTATHI yMOBH 0OMEKEHHOCTI
onepaTopa QakKTOpU3aIlii.

1. INTRODUCTION

Frames in Hilbert spaces have many remarkable properties which make them very
useful in processing of signals and images, filter bank theory, coding and communications,
system modeling and many other fields. The notion of frame in Hilbert space was born in
1952 in the work of Duffin and Schaeffer [3] and their idea did not appear to make much
general interest outside of non-harmonic Fourier series. Later on, after some innovative
work of Daubechies, Grossman, Meyer [4], the theory of frames began to be studied more
widely.

The theory of frames has been generalized rapidly and various generalizations of frames
in Hilbert spaces namely, K-frames, G-frames, fusion frames etc. have been introduced in
recent times. K-frames in Hilbert spaces were introduced by L. Gavruta [6] to study the
atomic system relative to a bounded linear operator. Ramu and Johnson ([9]) obtained
characterizations connecting K-frames and quotient operators. Sun [10] introduced a g-
frame and a g-Riesz basis in complex Hilbert space and discussed several properties of
them. g-frames were also defined by Kaftal, Larson, Zhang ([8]). Huang [7] began to study
K-g-frame by combining K-frame and g-frame. General frame theory of subspaces were
introduced by P.Casazza and G.Kutynoik [2] as a natural generalization of the frame
theory in Hilbert spaces. Fusion frames and K-frames are the special case of generalized
frames. Construction of K-g-fusion frames and their dual were presented by Sadri and
Rahimi [12] to generalize the theory of K-frame, fusion frame and g-frame. In the theorey
of frames, the stability of a frames is very important concept. The stability of g-frames
and their dual g-frames have been studied by W.Sun ([11]) and proved that if two
g-frames are closed to each other, so their dual g-frames are also closed to each other.

In this paper, we study the stability of dual g-fusion frames and see that dual g-fusion
frames are stable under small perturbation. Also, we give a characterization of K-g-
fusion frames and at the end, we establish that a quotient operator will be bounded if
and only if a g-fusion frame becomes U K-g-fusion frame.

Throughout this paper, H is considered to be a separable Hilbert space with associated
inner product (-, -) and Iy is the identity operator on H. We denote the collection of
all bounded linear operators from H; to Hy by B(Hy, Hy), where Hy, Ho are two
Hilbert spaces. In particular B( H) denote the space of all bounded linear operators
on H.For T € B(H), we denote N (T') and R(T) for null space and range of T,
respectively. Also Py € B(H) is the orthogonal projection onto a closed subspace

1991 Mathematics Subject Classification. Primary 42C15; Secondary 46B15, 46C07.
Keywords. g-fusion frame, K-g-fusion frame, stability of a frame, quotient operator.

227


https://doi.org/10.31392/MFAT-npu26_3.2020.04

228 PRASENJIT GHOSH AND T. K. SAMANTA

V C H.I,J will denote countable index sets and { H; },_ ; is a sequence of Hilbert
spaces. Define 12( { H; }jeJ) by

P({Hj}e,) = {{fj}jEJ Cfpe Hp > N7 < 00}

jeJ
with inner product is given by

({fiYier {aiYier) = D (fi9i)n,-

jeJ

Clearly ({Hj e J> is a Hilbert space with the pointwise operations ([12]).

2. PRELIMINARIES

In this section, we briefly recall some necessary definitions and results that will
be needed later.

Theorem 2.1. ([5]) Let T be a bounded linear operator on H and V be a closed
subspace of H. Then Py T* = PyT* P Moreover, if T is an unitary operator
then PWT = TPV

Theorem 2.2. ([1]) The set S(H ) of all self-adjoint operators on H is a partially
ordered set with respect to the partial order < which is defined as for T, S € S(H)

T<Se (T f)<(S[, [)VfeH

Definition 2.3. ([9]) Let U,V € B(H) with N (V) C N(U). Then the linear
operator T = [U/V ] : R(V) = R(U), defined by T(V f) = Uf, f € H is
called quotient operator on H. It can be verify that R (T) C R(U) and TV = U.

Definition 2.4. ([1]) A frame for H is a sequence {f;}, ; € H such that

AIFIP < DN 1P < BISIPYSeH
jeJ
for some positive constants A, B. The constants A and B are called frame bounds.
Definition 2.5. ([2]) Let {W;},_; be a collection of closed subspaces of H and

{v; }j ¢ ; beacollection of positive weights. A fusion frame for H is a family of weighted
closed subspaces { (W, v;) : j € J} such that

ANFI? < > w2 || Pw, (f)

jed

2
1" < BIAIT VfeH
for some 0 < A < B < oo. The constants A, B are called fusion frame bounds.
Definition 2.6. ([8, 10]) A generalized frame or g-frame for H with respect to { H; }
is a sequence of operators {A; € B(H, H;) : j € J} such that

ANFIZ < S INFIP <B|fIP VieH

jed

jeJ

for some positive constants A and B. The constants A and B are called the lower and
upper bounds, respectively.

Definition 2.7. ([13]) Let {W;},; be collection of closed subspaces of H and
{vj};c, bea collection of positive weights and let A; € B(H, H;) foreach j € J. A
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generalized fusion frame or a g-fusion frame for H with respect to { H; }j ¢ s is a family
of the form A = {(Wj, Aj, v;)}, . ; such that

jed

1> < BIfI? VS e H (2.1)

for some constants 0 < A < B < oo. The constants A and B are called the lower and
upper bounds of g-fusion frame, respectively. If A = B then A is called tight g-fusion
frame and if A = B = 1 then we say A is a Parseval g-fusion frame. If the family A
satisfies

2
Sl I Pw, (DT < BIFI® VfcH
JEJ
then it is called a g-fusion Bessel sequence for H with a bound B.
Definition 2.8. ([13]) Let A = {(W;, Aj, v;)},
H. Then the operator Ty : 12 ({H] }jeJ) — H defined by
Ts ({£i}e) = X wPwAS f5 Vifihies € 12 ({H;},.,)

jed

be a g-fusion Bessel sequence for

is called synthesis operator and the operator T} : H — 1?2 ({HJ }j c J) defined by

T (f) = {”jAjPWJ (-f)}jeJ vieH
is called analysis operator. The operator Sy : H — H defined by
Saf = TaATif = > v} Pw, A ANPw, (f)VfeH (2.2)
jed
is called g-fusion frame operator. It can be easily verify that
2
(Snf 1) =2 v [N Pw, ()" VfeH
jeJ
Furthermore, if A is a g-fusion frame with bounds A and B, then from (2.1),
(Af, f) < (Saf. f)<(Bf.f) VfeH
The operator S, is bounded, self-adjoint, positive and invertible. Now, according to the
Theorem (2.2), we can write, Ay < Sy < BIy and this gives
By < Syt < ATy

Theorem 2.9. ([13]) A = {(Wj, Aj, vj)};; is a g-fusion Bessel sequence for H
with bound B if and only if the synthesis operator Ty is a well-defined and bounded
with | Ty | < VB.

Definition 2.10. ([12]) Let {W;}_,; be collection of closed subspaces of H and
{vj} e, be a collection of positive weights and let A; € B(H, H;) for each j € J
and K € B(H ). Then K-g-fusion frame for H with respect to { H; },_ ; is a family
of the form A = {(Wj, Aj, v;)}, . ; such that

ALK FIP < Y 02 |MPw, (D < BIFIP YFeH (23
jeJ
for some constants 0 < A < B < oo. The constants A and B are called the lower
and upper bounds of K-g-fusion frame, respectively. If A = B then A is called a tight
K-g-fusion frame. If K = Iy then A is a g-fusion frame and if K = Iy and A; = Py,
for any j € J, then A is a fusion frame for H.
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3. SOME PROPERTIES OF K-g-FUSION FRAMES

Theorem 3.1. Let U € B(H) be an invertible operator on H and A =
{(W;, Aj, v;) }jeJ be a K-g-fusion frame for H for some K € B(H). Then
I = { (UWj, Aj Pw, U™, vj) }j is a U K U *-g-fusion frame for H.

Proof. Since A is a K-g-fusion frame for H, 3 A, B > 0 such that
. 2
ANE fI* < Y wP [[A Pw, ()7 < BIFI® VfeHd (3.4)

jedJ

eJ

Also, U is an invertible bounded linear operator on H, so for any j € J, UW;
is closed in H. Now, for each f € H, using Theorem (2.1), we obtain

2 0P 1A Pw, U Puw, (£)]F = 30 of 145 P, U ()7
jedJ jeJ
< B Uf|* <BIU|?[f]* [by (34)].
On the other hand,

T | UK 7P = o IUK U £ < Al KU 1)
< > v || Pw, (UTF)| [by (34)]
jEJ
=N w2 | A Pw, U Puw, (f)||* Ve H.
Therefore, I' is a U K U *-g-fusion framjleE gor H. (]

Theorem 3.2. Let U be an invertible bounded linear operator on H and T' =
{ (UWj, Aj Py, U™, vj) }jeJ be a K-g-fusion frame for H for some K € B(H).
Then A = {(W;, Aj, v;)} is a U~ ' K U-g-fusion frame for H.

Proof. Since T' is a K-g-fusion frame for H, for all f € H, 3 A, B > 0 such that

jeJ

ANEFIP < 3 o2 | A Pw, U Pow, (D) < BIFI®. (35)
jed
Now, for each f € H, we have
A - * 2 A * * — * 2
e O 50" 1| = g o @]
<afx @y |
< Y 2| A pw, Ut Pow, (U1 1) oy 35))
jeJ
= > 2| Pw, (Ut (UTY)) H2 [ by Theorem (2.1) |
jeJ
= Z vj2 ||AJ'PWj(f)||2'
jedJ

Also, for each f € H, we have

Z vj2 "AiPWj(f)|’2 = ZJ%‘Z HAJ‘PWJ' (U* (U_l)*f)HQ

jeJ JjE

_2:2
= v;

jed

o, (0 1)
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<B | 7| 1oy 39)

_1ip2

<B U IfIP
Thus, A is a U ~! K U-g-fusion frame for H with bounds W and B |[U || D
Theorem 3.3. Let K be an invertible bounded linear operator on H and A =
{(W;, Aj, v5) }jeJ be a g-fusion frame for H with frame bounds A, B and S be
the associated g-fusion frame operator. Then { (K Sy "Wy, A; Py, Sy YK*, v)) }jeJ
is a K-g-fusion frame for H with the corresponding g-fusion frame operator K S, VK,

Proof. Let T = KSy' Then T is invertible on H and T* = (KSy')" =
Sy'K*.For f € H, we have

1K= F1% = [Sass K2 |* < USall® | Sy &£
< B2 | Sy Kker| (3.6)
Now, for each f € H, using Theorem (2.1), we get
Z Uj2 "AiPWJT*PTWj(f)||2 = Z sz ||AJ'PWj(T*f)H2

jed jed
= Y o A Pw, (SSPECF) |
jed
< B HSA_lK*fH2 [since A is a g-fusion frame |
< B[Sy IP K S
B
< G IEIZIFI? [using B~y < Syt < A7 ).
On the other hand,
> 07 14 Pw, T Prw, (F)]|* = 32 of || A Pw, (S5 'K f) |17
jed jed

A
> A Sy K FT 2 S5 1K FIP by (36) ).

Thus, { (K Sy'W;, AjPw, Sy "K*, v;)}
thermore, for each f € H,

Z vj2PTWj (Ajpwa*)* (AjPWjT*) Prw,; (f)
jeJ

ieJ is a K-g-fusion frame for H. Fur-

= Z Uj2 (PTWjTPWj)A_;Aj (PWjT*PTWj) (f)

jeJ
- Z Uj2 (PWJ'T*PTWJ)*A; Aj (Pw,; T" Prw;) ()
jeJ
= Z vj2 (PWjT*)* A7 Aj Pw, T*(f) [using Theorem (2.1) ]
jeJ
= Y v} TPw A; AjPw, T"f =TS T"f [by (22)]
jeJ

= (KSy"')Sa (Sy'"K*f) =KSy'K*f Vfe€H

This implies that K .S, LK * is the associated g-fusion frame operator. O
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Corollary 3.4. Let A = {(W;, Aj, v;) }jeJ be a g-fusion frame for H with g-fusion
frame operator Sy. If Py is the orthogonal projection onto closed subspace V. C H
then {(PV ,S'I(II/VJ»7 Aj Pw, S/(IPV, vj) }jGJ is a Py-g-fusion frame for H with
the corresponding g-fusion frame operator Py S, Lpy.

Proof. Proof of this Corollary directly follows from that of the Theorem (3.3), by putting
K = Py. O

Theorem 3.5. Let A = {(W;, Aj, v;) }j c s be a K-g-fusion frame for H with bounds
A, B and for each j € J,T; € B (H;) be invertible operator. Suppose

0 = inf !
R E

< sup |17y | = (3.7)

If T € B(H) is an invertible operator on H with KT = TK then T =
{ (TWj, T; A; Pw, T, vj) }jeJ is a K-g-fusion frame for H.
Proof. Since T and T; (for each j € J) are invertible, so

g2 = (o kg < PR AR & (38)

FARE v R4 e i a4 (3.9)
By Theorem (2.1), for each f € H, we have
ST 0 | T A Pw, T Prw, (f)|° = Y o2 || T3 A Pw, (T* )|

jed jeJ
1 .
Z H — H2 vj2 HAj Pw, (T*f)”2 [ using (3.9) |
jedJ j

m? 3" w2 | A; Pw, (T* £)||* [using (3.7) ]

jed

v

> m?2 A |K*T* f|® [since Ais K-g-fusion frame ]
=m?A||T*K*f||* [because KT = T K |
>m2A T TP K f? [using (3.8) ]
On the other hand, for each f € H, we have
Z Uj2 ’|TjAjPWjT*PTWj(f)||2 = Z vj2 ||TJ'AJPWJ'(T*f)H2

jed jeJd

. 2

< DT of [|A; P, (T f) |
jeJ
* 2 .
< M? Z va | Aj Pw, (T*f)||” [using (3.7)]
jeJ

< M2B|T|?||f||? [since A is K-g-fusion frame ].

Thus, ' is a K-g-fusion frame with bounds m2A | T-1|| "% and M2 B|T|% O

Remark 3.6. We further notice that the g-fusion frame operator Sy of I' satisfies the
followings
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(I) By (2.2),
Sof =Y v} Prw, (TjA; Pw,T*)" (T;A; Pw, T*) Prw, (f)
jeJ
- Z sz (PWjT*PTWJ)* Aj* Tj* T A (PWjT*PTWJ) (f)
jed
= > v} (Pw,T")" A; T/ T; A; Pw, T"(f) [by Theorem (2.1)]
jed
= Y v} TPw, A T T; A Pw, T* (f). (3.10)
jed
(ITI) Moreover, if K = Iy, i.e, if A is a g-fusion frame then I' is also g-fusion
frame. Then Sr is invertible on H and by Theorem (2.2), we can write
1 1
—— Iy < Sp ' < Ig. 3.11
MEBITI2 " =0 T a2 .

Remark 3.7. Let us now denote U = T* S 'T and for each j € J, L; = 17T
and A; = Lj Aj Py, U, where T, T;, A and T are all as in the Theorem (3.5). Now it
is easy to verify the following:
() U e B(H),
(II) forall j € J, L; € B(H;) and Aj € B(H, Hj).
(IIT) U and L; are self-adjoint and invertible.
(IV) From (3.11), it can be obtained

(KN

ull<IIT NS ITI < .
N < 1T |1Sc | I ”_m2AHT_1||_2

(3.12)

(V) Foreach j € J, using (3.7),
* 2
1Ll = |77 Ty || = 1T 017 < M2 (3.13)

Theorem 3.8. Let A be a g-fusion frame for H with bounds A and B. Then A =
{(TW;, Aj, vj) }jeJ is a g-fusion frame for H. Furthermore,

f=Y v}Pw,A;A;Prw, (f) = > v?Prw,A;A;Pw, (f) VfeH.

jeJ jeJ
Proof. For each f € H, we have
2 2
Z UJ‘Q HAJ'PTWj(f)H = Z Uj2 ”LJAJ’PWJUPTWJ(JC)|‘

jed jed
= Z vj2 | L Aj Pw, (U f) H2 [ by Theorem (2.1) ]
jed
< 30 oI A Pw, (U D)
jeJ
< Mm*? Z Uj2 HAjPWJ.(Uf)H2 [ using (3.13) ]
jed

< BM*||Uf|? [since A is g-fusion frame ]
BM*||T|* 2
by (3.12) |].
s s 1 [y 812))
Since for all j € J, L; is invertible so

Z Uj2 HAJ'PTWj(f)HQ = Z Uj2 ”LJAJ'PWJUPTWj(f)|‘2

jeJ jeJ

<
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1
> > o A Pw (UH
jes 1177
1
24 2 ki = inf ——
>mi A|Uf|* [ taking m, juelJ HL]'_l H ]

2A
H;ﬂ%”z | f1I? [since U is invertible ].

Therefore, A is a g-fusion frame for H. Furthermore, for each f € H, we have

> v} Pw, A; A Prw, (f) = Y v Pw,A; (LjA; Pw,U) Prw, (f)

jed jeJ

= Z ’Uj2PWjA;k T’J* TjAj (ijUPTwJ(f))
jeJ

= Y v} Pw, A; T; Ty A; Pw, U (f) [ by Theorem (2.1) ]
jeJ

= Z v} Py, A} T T Ay Py, (T*Sg'Tf)
jed

:T_l(z UJ'QTPWJ'A;TJ'*TJ'AJ'PWJ'T* (SF_ITf>>

jedJ

=T 'Sy (S 'Tf) = f [using (3.10) ].
According to the preceding procedure, we also get
f=Y v}Prw,A; A Pw, (f) Vfe€H
JjEeJ

This completes the proof. O
4. STABILITY OF DUAL ¢-FUSION FRAME

We know that if A = {(Wj, Aj,vj)};.; is a g-fusion frame for H with
associated frame operator Sy then A° = { (Sy'W;, A; Pw, Sy ', v;) } e is called
as the canonical dual g-fusion frame of A. For each f € H, the frame operator Sjo of
A° is described by

Sae (f) = D viPg iy, (N Pw, S5 )" (A Pw, Sy ') Pgory, (f) [by (22)]

jedJ
= 3 0RPgow S8 Pw AT A (Pw, Sit Py, ) ()
jeJ
= > 02 (Pw, S Povw, ) AN (P, ST Py ) ()
jeJ
= Z vjz (Pw, S[l)* A A Pw, Syt (f) [by Theorem (2.1) ]
jedJ
= > v} Sy Pw, AFA; P, Sy (f)
jeJ
:Sf\_l Z UJ'QPWy‘A;AJ'PW.f‘SA_l(f)
jeJ
=Syt (Sa(SyMf)) =8t () (4.14)

In this section, we shall study the stability of dual g-fusion frames and at the end, a
necessary and sufficient condition for some K € B(H ), for some invertible operator
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U € B(H), a quotient operator will be bounded if and only if g-fusion frame becomes
U K-g-fusion frame.

Theorem 4.1. Let A = {(W;, Aj,v;)},o; and T' = {(V;, '}, v;)}
g-fusion frames for H. If the condition

S w2 |[(APw, — T Py,) (1)]|* < DI I

jed

jed be two

holds for each f € H and for some D > 0 then ). vj (PWj A7 — Py, F;) f;
j€J

converges unconditionally for each {f;};jcs € 12 ({H] }j€ J).

Proof. Let I be any finite subset of J. Then by Cauchy-Schwarz inequality for each

{fj }je] S 12 ({HJ }jEJ>’ we have

H Z Uj(PWjA; - PVJ‘P;)fJ’H = Ssup <Z Uj (PWJ'A; - PVJ‘F;) fj’9>|
jEeI Hg”:]- jelI
= sup |30 (fs v (A Pw, =T Py) (9))]
llgll=1 jel
1 1
< (X 0s17)" s (3w (A Pw, — T Py) ()7
jel gl =1 jEI
<DH(XI517) <o
jel
and therefore ) v; (PW]. Ar — Py, I‘j*) f; is unconditionally convergent in H. [
jEJ

Theorem 4.2. Let A = {(Wj, Aj,v;)};c; and T' = {(V;, T, v5)}, o, be two
g-fusion frames for H with frame bounds (A, B1) and (Asq, Bs), respectively. Take
A° = { (Wjo, A;’, vj) }jeJ and T° = { (Vjo, re, vj) }jeJ be the corresponding
canonical dual g-fusion frames for A and T, respectively. Then the following statements
hold:

(I)  If the condition
2
>0 of (4 Pw, = TPy ) £|IF < DI
jed
holds for each f € H and for some D > 0 then for all f € H,
2

. . 2 AL+ B, + B: B}
32 (s —x ) a0 (BRI ) e
jeJ

A1 A

(I1)  If the condition

> ol 14 P, (1P = 32 o T3 Py (D] < DA
Jjed jeJ
holds for each f € H and for some D > 0 then for all f € H,
2 o 2 2 o 2 D 2
> oz asPwe ()| - P |msPoe || < o 102

jed
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Proof. (I) Let Sy and Sr be the corresponding g-fusion frame operators for A and T,
then for each f € H, we have

Saf=> vPPw, AN Pw, (f), Srf=> v?PyT;T;Py(f) &
jeJ jed
Bi'Iy < Syt' <Ay, By'Iy < Spt < A Iy (4.15)
Since A° and I'° are canonical dual g-fusion frames of A and T, so

Wpe =Sy W, Ay = AjPw, Syt and V,° = S 'V, T =T Py, S
Then for any f € H, using Theorem (2.9) and the proof of Theorem (4.1), we get

HSAf - SFfH = H Z Uj2 (PWJAJ*AJ‘PWj(f) - PVJ'F;FJ‘PVJ(f))H
jeJ
= 32 02 (Puy A A Pw, — Puy AT Py,
jeJ

+Pw, AST; Py, — Py,T;T; Py,) (f)H

< H Z UjPWjA;Uj (AjPWj — F]P‘/]) (f)H
jeJ
+ H > v (Pw, A — Py, T}) UijP%(f)H
jeJ

< B} (X oI (A Pw, — 1 Py) (D))

jedJ

+ D%(Z UjQ ||Fijj(f)H2)§

jeJ

1 1 1 1
< Bi D f| + D BY|f| = DF (B +B3) IIfl.

Therefore,
I8 = Scll = s ISuf - Sefl < Db (B4 B1).
On the other hand,
Syt =St =1Sx"(Sa—Se) st
< St IS = sell 1St
< All)sz (B% +B§) [by (4.15) ].

Since A is a g-fusion frame, for f € H, we have

S wt A Pw, (Sy = s ) £ < Byl (sct - st o)

jed
B 1 1y 2
< D <32 + B2) £ 112 (4.16)
AT A3 PP
Also, by given condition, we obtain
_ 2 _ 2 D
> ol (A Pw, =Ty Py) S F < DS < m I (D)

jeJ 2
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Now, by Minkowski inequality, for each f € H, we have
2
> of || (47 Puy =17 Py ) (1)

jedJ
2
Z Uy

2
‘(AjPWjS/\_]APSA*le _FjPVjSF_]APSEIVj> (f)H

jeJ
= " w2 || (AjPw, Syt — T3Py, S5 1) (£)]|® [by Theorem (2.1) ]
jeJ
= Y | A Pw, (Sa' = S5 t) (f) + v (A Pw, — T Py,) Sr_l(f)H2
jeJ

IN
7N
—~
=,
B
)U
F
=
\
ek
kﬁ
T
SN—
=

jeJ
1 . 2
B 1 1 1 D2
< 1 p: ( B2 B2 2 . 41 i1
_<A1A2 ( 1+ 2)+A2> | f1I* [using (4.16) and (4.17) ]
L 2
B§ 1 1 1
= D 1 BZ B2 . 2
i (P 2)+A2> 151
2
A

1 1
1+ B, + B2 B2
= D ( A1A2 - 2) ||fH2

This completes the proof of (I).

Proof of (II). Since Sy — Sr is self-adjoint so

IISA—Srll:”;1”1131|<(SA—Sr)f,f>|:H]§1”131|<5Af,f>—<5rf,f>l
= s | X w2 A Pw, (17— X oF I Py ()] < D
=11 e jEI

Therefore,
ISyt = Se < [ISx Il 1Sa = sell | st

< —D— = . (4.18)

Now, for each f € H, we have
2 o 2 2 —1 2
St ayPus ()| = D vF AP Sst P, ()
jed jed
=Y w?||A;Pw, (S5 ) ||* [by Theorem (2.1)]
jeJ
= Z <UJ’2AjPWj (S/\_lf) » Aj Pw; (S/\_lf)>

jed

- <Z UJ'ZPWJA;AJ'PWJ' (S/\_lf) ) SA_lf>

jedJ
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— (Sa (ST F) ST = (FL ST f).

Similarly it can be shown that

2
S o |[ri Py (O] = (s sty e s
jeJ
Then for each f € H, we have

o T el L)
jeJ

jeJ
:|<f’SA_1f>_<f’S_1f>’:’< (Sy'=Sc ') f)
< Sit = SIS o 112 by (418) )

This completes the proof. O

Remark 4.3. Another representation of the statement (II) is given by,
if the condition

> o (Pw, A7 Ay Pw, (f) = Py, T T Py () || < DI £
jeJ
holds for each f € H and for some D > 0 then for all f € H,

3 of (Pus (A7) A7 Pug (1) = P (05)° 5 Pue (1) | < o 11

jeJ
Proof. In this case, we also find that

[Sa = Srll = sup 1Saf = Sefll
=1

:H?lﬂlp 2:%’2 (PWjAj*AjPWj(f)_PVJ'F;FJ'PVJ(JC))
=1 || *
jeJ

< sup DJ|f| = D.
I71=1

Then for each f € H,
vajz (PW]_O(AJ‘?)*A]F’PW]_O(]’) — Pyo (T7)* I} Pye (f))
JjE
= [1Sae (f) = Sre (f) ]l
< St =S tIfI < m I £l [using (4.18) ].

||S—1f Se ' f| [using (4.14) ]

O

Theorem 4.4. Let K € B(H) and A = {(W), Aj,v;)}; ., be a K-g-fusion frame
for H with frame operator Sp. Let U € B(H) be an invertible operator on H. Then
the following statements are equivalent:

I T = { (UWj, A Pw, U™, vj) }jeJ is a UK-g-fusion frame.
1
(IT)  The quotient operator [(UK)* /SR U*] is bounded.
(III)  The quotient operator [(UK)* / (USAU™) H ] is bounded.
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Proof. (I) = (II) Since T' is a U K-g-fusion frame, 3 A, B > 0 such that for all
f € H, we have

AWK £ < 3 02 | A Pw, U Puw, (f)||* < BIFI% (4.19)
jed
By Theorem (2.1), for each f € H, we obtain

ST w2 | A Pw, U Pow, (F) |7 = Y w2 | A Pw, (U )|
jed jeJ

= (sa () uthy = st
and therefore from (4.19),
All(UK) 1| < HSA (U*f)HZ. (4.20)
Let us define the operator T : R (SA’ U*) = R((UK)") by
T(SA%U*f) —(UK)*f Vf e H.

Then it can be easily verify that T is a linear operator and N (SA% U~ ) cCN ( (UK)™ ) Thus
T is well-defined quotient operator. Also for each f € H,

|7 (sivs)| =nwr) s ﬁ |88 (U5 [using (420)]

and hence T is bounded. .
(IT) = (III) Suppose the quotient operator {(UK)* /S2 U*} is bounded. Then
for each f € H, 3B > 0 such that

lwr) f1* < B|stwp| =Bisaw v
— BUS\U" S f)

2
B H(USAU*)% fH [since U Sy U* is self-adjoint ].

Hence, the quotient operator [(UK)* / (US\U™) ﬂ is bounded.

(IIT) = (I) Suppose that the quotient operator {(UK)* / (U Sa U*)%} is
bounded. Then for each f € H, 3 B > 0 such that

[y £|* < B |wswwt g (421)
Now, by Theorem (2.1), for each f € H, we have
Z Uj2 |‘AJPWjU*PUWj(f)|‘2 = Z vj2 “AJPWj(U*f)|‘2
jed jed

* * £\ % 2 1 * 2
= (sa (U ) Uty = |wsaur| 2 5 [WE) FIIP by 21
Also, since A is a K-g-fusion frame, 3 C' > 0 such that
* 2 * 2
> o 185 Pw, U Pow, (£) 7 = 32 o |45 Pw, (U7 1)
jeJ jeJ
S CIUFI? < CIUIPISI? ¥ S € H.

Hence, T is a U K-g-fusion frame. This completes the proof. |
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