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ON THE HAUSDORFF DIMENSION FAITHFULNESS AND THE
CANTOR SERIES EXPANSION

S. ALBEVERIO, GANNA IVANENKO, MYKOLA LEBID, AND GRYGORIY TORBIN

Abstract. We study families \Phi of coverings which are faithful for the Hausdorff
dimension calculation on a given set E (i. e., special relatively narrow families of
coverings leading to the classical Hausdorff dimension of an arbitrary subset of E) and
which are natural generalizations of comparable net-coverings. They are shown to be
very useful for the determination or estimation of the Hausdorff dimension of sets and
probability measures. We give general necessary and sufficient conditions for a covering
family to be faithful and new techniques for proving faithfulness/non-faithfulness
for the family of cylinders generated by expansions of real numbers. Motivated by
applications in the multifractal analysis of infinite Bernoulli convolutions, we study
in details the Cantor series expansion and prove necessary and sufficient conditions
for the corresponding net-coverings to be faithful. To the best of our knowledge this
is the first known sharp condition of the faithfulness for a class of covering families
containing both faithful and non-faithful ones.

Applying our results, we characterize fine fractal properties of probability measures
with independent digits of the Cantor series expansion and show that a class of faithful
net-coverings essentially wider that the class of comparable ones. We construct, in
particular, rather simple examples of faithful families \scrA of net-coverings which are
"extremely non-comparable" to the Hausdorff measure.

Ми дослiджуємо сiм’ї \Phi покриттiв, якi є довiрчими для обчислення розмiрностi
Хаусдорфа-Безиковича на певнiй множинi E (тобто, спецiальнi вiдносно вузькi
сiм’ї покриттiв, яких достатньо для коректного обчислення класичної розмiрностi
Хаусдорфа-Безиковича довiльної пiдмножини множини E) i якi є природним
узагальненням порiвнянних мережевих покриттiв. В роботi показано, що такi сiм’ї
є дуже корисними для обчислення чи оцiнки розмiрностi Хаусдорфа-Безиковича
множин та ймовiрнiсних мiр.

Нами отримано загальнi необхiднi та достатнi умови довiрчостi для сiмей
покриттiв та запропоновано нову технiку доведення довiрчостi/недовiрчостi для
сiмей цилiндрiв, породжених рiзними розкладами дiйсних чисел. Маючи додатко-
ву мотивацiю в мультифрактальному аналiзi нескiнченних згорток Бернуллi, ми
детально дослiдили розклади Кантора та довели необхiднi та достатнi умови
довiрчостi вiдповiдних сiмей покриттiв мережевими цилiндрами. Наскiльки нам
вiдомо, цi результати є першими критерiями довiрчостi для класу сiмей покриттiв,
що мiстить як довiрчi, так i недовiрчi сiм’ї.

Застосовуючи отриманi результати, ми дослiдили тонкi фрактальнi
властивостi ймовiрнiсних мiр з незалежними символами розкладiв Кантора
i показали, що клас довiрчих мережевих покриттiв суттєво ширше за клас
порiвнянних. Ми побудували, зокрема, досить простi приклади довiрчих сiмей
\scrA мережевих покриттiв, якi є "екстремально непорiвнянними" вiдносно мiри
Хаусдорфа.

1. Introduction

The notion of the Hausdorff dimension is well-known now and is of great importance
in mathematics as well as in diverse applied problems (see, e.g., [12, 23, 28, 36, 45]).
In many situations the determination (or even estimations) of this dimension for sets
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from a given family or even for a given set is a rather non-trivial problem (see, e. g.,
[1, 8, 13, 17, 23, 32, 37] and references therein). Different approaches and special methods
for the determination of the Hausdorff dimension are collected in [23, 24, 31]. A new
approach based on the theory of transformations preserving the Hausdorff dimension
(DP-transformations) was presented in [7, 9] and has been developed in [4, 26, 27]. In
this paper we develop another approach which is deeply connected with the theory of
DP-transformations as well as with the following well known approach: to simplify the
calculation of the Hausdorff dimension of a given set it is extremely useful to have an
appropriate and a relatively narrow family of admissible coverings which lead to the same
value of the dimension. We shall start to deal with one-dimensional sets and show later
how our results can be naturally extended to the multidiminsional case and to the general
case of metric spaces.

Without loss of generality we shall consider subsets from the unit interval. Let \Phi be a
fine family of coverings on [0, 1], i.e., a family of subsets of [0, 1] such that for any \varepsilon > 0
there exists an at most countable \varepsilon - covering \{ Ej\} of [0, 1] with Ej \in \Phi . Let us shortly
recall that the \alpha -dimensional Hausdorff measure of a set E \subset [0, 1] w. r. t. a given fine
family of coverings \Phi is defined by

H\alpha (E,\Phi ) = \mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0

\left[    \mathrm{i}\mathrm{n}\mathrm{f}
| Ej | \leq \varepsilon 

\left\{   \sum 
j

| Ej | \alpha 
\right\}   
\right]    = \mathrm{l}\mathrm{i}\mathrm{m}

\varepsilon \rightarrow 0
H\alpha 

\varepsilon (E, \Phi ),

where the infimum is taken over all at most countable \varepsilon -coverings \{ Ej\} of E, Ej \in \Phi .
We remark that, generally speaking, H\alpha (E,\Phi ) depends on the family \Phi . The family

of all subsets of [0, 1] and the family of all closed (open) subintervals of [0, 1] give rise
to the same \alpha -dimensional Hausdorff measure, which will be denoted by H\alpha (E). The
nonnegative number

\mathrm{d}\mathrm{i}\mathrm{m}H(E, \Phi ) = \mathrm{i}\mathrm{n}\mathrm{f}\{ \alpha : H\alpha (E, \Phi ) = 0\} 
is called the Hausdorff dimension of the set E \subset [0, 1] w. r. t. a family \Phi . If \Phi is the
family of all subsets of [0, 1], or \Phi coincides with the family of all closed (open) subintervals
of [0,1], then \mathrm{d}\mathrm{i}\mathrm{m}H(E, \Phi ) equals to the classical Hausdorff dimension \mathrm{d}\mathrm{i}\mathrm{m}H(E) of the
subset E \subset [0, 1].

The notion of comparable net measures are also well known now (see, e. g. , [22, 40]).
Roughly speaking, net measures are special cases of H\alpha (E,\Phi ), where the family \Phi consists
of sets with the following properties: 1) if A1 and A2 belong to \Phi , then A1 \subset A2 or
A2 \subset A1 or A1

\bigcap 
A2 = \emptyset ; 2) \Phi is countable; 3) at most a finite number of sets from \Phi 

contain any given set from \Phi . Then the corresponding net measure H\alpha (E,\Phi ) is said to
be comparable to Hausdorff measure if the ratios of measures are bounded above and
below. It has been shown that comparable net measures are very useful in the study of
Hausdorff measures (see, e.g., [15, 22, 30, 40] and references therein).

In this paper we actually develop theory of measures which are generalizations of
comparable net measures in the following sense.
Definition. A fine covering family \Phi is said to be faithful family of coverings (non-faithful
family of coverings) for the Hausdorff dimension calculation on [0, 1] if

\mathrm{d}\mathrm{i}\mathrm{m}H(E,\Phi ) = \mathrm{d}\mathrm{i}\mathrm{m}H(E), \forall E \subseteq [0, 1]

(resp. \exists E \subseteq [0, 1] : \mathrm{d}\mathrm{i}\mathrm{m}H(E,\Phi ) \not = \mathrm{d}\mathrm{i}\mathrm{m}H(E)).

It is clear that any family \Phi of comparable net-coverings (i.e., net-coverings which
generate comparable net-measures) is faithful. Conditions for a fine covering family to be
faithful were studied by many authors (see, e.g., [11, 16, 20, 39] and references therein).
First steps in this direction have been done by A. Besicovitch ([15]), who proved the
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faithfulness for the family of cylinders of binary expansion. His result was extended by P.
Billingsley ([16]) to the family of s-adic cylinders, by M. Pratsiovytyi ([44]) to the family
of Q-S-cylinders, and by S. Albeverio and G. Torbin ([11]) to the family of Q\ast -cylinders
for those matrices Q\ast whose elements p0k, p(s - 1)k are bounded from zero. Some general
sufficient conditions for the faithfulness of a given family of coverings are also known ([20],
[39]). Let us mentioned here that all these results were obtained by using the standard
approach: if for a given family \Phi there exist positive constants \beta \in \BbbR and N\ast \in \BbbN such
that for any interval B = (a, b) there exist at most N\ast sets Bj \in \Phi which cover (a, b)
and | Bj | \leq \beta \cdot | B| , then the family \Phi is faithful. It is clear that all above mentioned
families of net-coverings are even comparable. The faithfulness of underlying families of
basic cylinders plays a crucial role in the studying of fractal properties of non-normal
as well as essentially non-normal numbers in different systems of numerations (see, e.g.,
[1, 4, 5, 6, 38]) and fine fractal properties of singularly continuous probability measures
(see, e.g., [1, 11, 32] and references therein).

It is rather paradoxical that initial examples of non-faithful families of coverings
appeared firstly in two-dimensional case (as a result of active studies of self-affine sets
during the last decade of XX century (see, e.g., [14])). The family of cylinders of the
classical continued fraction expansion can probably be considered as the first (and rather
unexpected) example of non-faithful one-dimensional net-family of coverings ([35]). By
using approach, which has been invented by Yuval Peres to prove non-faithfulness of the
family of continued fraction cylinders ([35]), in [2] authors have proven the non-faithfulness
for the family of cylinders of Q\infty -expansion with polynomially decreasing elements \{ qi\} .
The latter two families of coverings give examples of non-comparable net measures.

So, it is natural to ask about the existence of faithful covering families which are not
comparable.

We study this problem and give general necessary and sufficient conditions for a fine
covering system to be faithful. The main aim of the paper is to study faithful properties
of the covering families which are generated by the famous Cantor series expansions. Let
us recall that for a given sequence \{ nk\} \infty k=1 with nk \in \BbbN \setminus \{ 1\} , k \in \BbbN the expression of
x \in [0, 1] in the following form

x =

\infty \sum 
k=1

\alpha k

n1 \cdot n2 \cdot . . . \cdot nk
=: \Delta \alpha 1\alpha 2...\alpha k..., \alpha k \in \{ 0, 1, ..., nk  - 1\} 

is said to be the Cantor series expansion of x. These expansions, which have been initially
studied by G. Cantor in 1869 (see., e.g. [18]), are natural generalizations of the classical
s-adic expansion for reals. Cantor series expansions have been intensively studied from
different points of view during last century (see, e.g., [21, 29, 41, 25] and references
therein). Our own motivations to study faithful properties of such expansions came
from our investigations on fine fractal properties of infinite Bernoulli convolutions, i.e.,
probability distributions of the following random variables

\xi =

\infty \sum 
k=1

\xi kak, (1.1)

where
\infty \sum 
k=1

ak is a convergent positive series, and \xi k are independent random variables

taking values 0 and 1 with probabilities p0k and p1k respectively. Measures of this form
have been studied since 1930’s from the pure probabilistic point of view as well as for
their applications in harmonic analysis, dynamical systems and fractal analysis [33]. The
Lebesgue structure and fine fractal properties of the distribution of \xi are well studied

for the case where rk :=
\infty \sum 

i=k+1

ai \geq ak for all large enough k (see, e.g., [10, 19]). The
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case where ak < rk holds for an infinite number of k can be considered as a «Terra
incognita» in this field. Even for the case where ak = \lambda k and p0k = 1

2 the problem of
singularity is still open ([42]). Main problems here are related to the fact that almost all
points from the spectrum of \xi have uncountably many different expansion in the form\sum 

\varepsilon kak, \varepsilon k \in \{ 0, 1\} . This is the so-called «Bernoulli convolutions with large overlaps».
We consider two special classes of such measures. The first one is generated by sequences
ak with the following properties: \exists \{ mk\} such that rmk

> amk
= amk+1 + ...+ amk+sk ,

sk = mk+1  - mk  - 1 \geq 2, k \in N, rj = aj , for j /\in \{ mk\} .
The second one is connected to the sequences ak such that \forall k \in N \exists sk \in N

\bigcup 
\{ 0\} :

ak = ak+1 = ... = ak+sk = rk+sk , and sk > 0 for an infinite number of indices k. In
both cases singularity plays a generic role and to study fine fractal properties of the
corresponding probability distributions it is necessary to have knowledge on faithfulness
(non-faithfulness) of fine families of partitions which are turned to be the Cantor series
partitions.

Main result of the present paper states that the family \scrA of Cantor coverings of the
unit interval is faithful for the Hausdorff dimension calculation if and only if

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

\mathrm{l}\mathrm{n}nk

\mathrm{l}\mathrm{n}n1 \cdot n2 \cdot . . . \cdot nk - 1
= 0. (1.2)

To the best of our knowledge this theorem gives the first necessary and sufficient
condition of the faithfulness for a class of covering families containing both faithful
and non-faithful ones. The proof of this result is given in the next Section. As a
corollary of our results we characterize fine fractal properties of probability measures
with independent digits of the Cantor series expansion and show that a class of faithful
net-coverings essentially wider that the class of comparable net-coverings. We construct,
in particular, simple examples of faithful families \scrA of net-coverings which are "extremely"
non-comparable to the Hausdorff measure.

2. Sharp conditions for the Hausdorff dimension faithfulness of
the Cantor series expansion

In this Section we give some general conditions for a fine covering family to be faithful
for the Hausdorff dimension calculation and prove necessary and sufficient conditions for
the Cantor series net-coverings to be faithful.

We start firstly with a very useful lemma, which can be proven easily, and, nevertheless,
presents general necessary and sufficient conditions for the faithfulness.

Lemma 2.1. Let \Phi be a fine covering family on [0, 1]. Then \Phi is faithful on the unit
interval if and only if there exists a positive constant C such that for any E \subset [0, 1], any
\alpha \in (0, 1] and any \delta \in (0, \alpha ) the following inequality holds:

H\alpha (E,\Phi ) \leq C \cdot H\alpha  - \delta (E). (2.3)

Let us mention that this lemma can be obviously generalized to a multidimensional
Euclidean space and even to any metric space, which can be equipped by fine covering
families.

Based on the latter lemma one can easily get the following sufficient condition for the
faithfulness of a fine covering family.

Lemma 2.2. Let \Phi be a fine covering family of [0, 1]. Assume that there exists a positive
constant C and a function N(x) : R+ \rightarrow \BbbN such that:
1) for any interval I \subset [0, 1] there exist at most N(| I| ) subsets

\bigtriangleup I
1, \bigtriangleup I

2, ..., \bigtriangleup I
l(I) \in \Phi 
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with

l(I) \leq N(| I| ), | \bigtriangleup I
j | \leq | I| and I \subset 

l(I)\bigcup 
j=1

\bigtriangleup I
j ;

2) for any \delta > 0 there exists \varepsilon 1(\delta ) > 0 such that

N(| I| ) \cdot | I| \delta \leq C, \forall I \subset [0, 1] with | I| < \varepsilon 1(\delta ).

Then the family \Phi is faithful on [0, 1].

Let \{ nk\} \infty k=1 be a sequence with nk \in \BbbN \setminus \{ 1\} , k \in \BbbN . Let us recall that the expression
of x in the following form

x =

\infty \sum 
k=1

\alpha k

n1 \cdot n2 \cdot . . . \cdot nk
=: \Delta \alpha 1\alpha 2...\alpha k..., \alpha k \in \{ 0, 1, ..., nk  - 1\} 

is said to be the Cantor series expansion of a real number x \in [0, 1].
For a given sequence \{ nk\} \infty k=1 let \scrA k be the family of the k-th rank intervals (cylinders)

, i.e.,
\scrA k := \{ E : E = \Delta \alpha 1\alpha 2...\alpha k

, \alpha i \in 1, ni, i = 1, 2, ..., k\} .
Let \scrA be the family of all possible rank intervals, i.e.,

\scrA := \{ E : E = \Delta \alpha 1\alpha 2...\alpha k
, n \in \BbbN , \alpha i \in 1, ni, i = 1, 2, ..., n\} ,

which is said to be the Cantor covering family.
The following theorem gives necessary and sufficient conditions for a Cantor covering

family to be faithful.

Theorem 2.3. The family \scrA of Cantor coverings of the unit interval is faithful for the
Hausdorff dimension calculation if and only if

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

\mathrm{l}\mathrm{n}nk

\mathrm{l}\mathrm{n}n1 \cdot n2 \cdot . . . \cdot nk - 1
= 0. (2.4)

Proof. Sufficiency. Let (2.4) holds. It is enough to prove that

\mathrm{d}\mathrm{i}\mathrm{m}H(E) \geq \mathrm{d}\mathrm{i}\mathrm{m}H(E,\Phi ), \forall E \subset [0, 1].

Let I be an arbitrary interval. Then there exists an interval \Delta (k(I)) = \Delta \alpha 1...\alpha k(I)
\in \scrA 

such that:
1) \Delta \alpha 1...\alpha k(I)

\subset I;
2) any interval of (k(I) - 1) th rank does not belong to I.

The interval I contains at most 2 \cdot nk(I) intervals from \scrA k. So I can be covered by
N(| I| ) = 2 \cdot nk(I) + 2 intervals from \scrA k. Therefore,

| \Delta (k(I))| \leq | I| < N(| I| ) \cdot | \Delta (k(I))| .
Let C be an arbitrary positive constant. Then the equality

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

\mathrm{l}\mathrm{n}nk\sum k - 1
i=1 \mathrm{l}\mathrm{n}ni

= 0

holds if and only if for any positive \delta there exists k0(\delta ) \in \BbbN such that \forall k > k0(\delta ) :

(2 \cdot nk + 2) \cdot 
\biggl( 

2 \cdot nk + 2

n1 \cdot n2 \cdot ... \cdot nk - 1 \cdot nk

\biggr) \delta 

\leq C.

Therefore \forall \delta > 0, \exists k0(\delta ), \forall k > k0(\delta ) :

N(| I| ) \cdot | I| \delta \leq C.

So, from Lemma 2.2 it follows that \scrA is faithful for the Hausdorff dimension calculation.
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Necessity. Now we show that if

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

\mathrm{l}\mathrm{n}nk

\mathrm{l}\mathrm{n}n1 \cdot n2 \cdot . . . \cdot nk - 1
=: C > 0, (2.5)

then \scrA is non-faithful for the Hausdorff dimension calculation. To this end we shall
construct a set T = T (C) with the following properties:

1) \mathrm{d}\mathrm{i}\mathrm{m}H(T ) \leq 2

2 + C
;

2) \mathrm{d}\mathrm{i}\mathrm{m}H(T,\scrA ) \geq 4 + C

4 + 3C
.

From (2.5) it follows that there exists a subsequence \{ ki\} such that \forall \delta \in (0, C), \exists N0(\delta ),
\forall ki > N0(\delta ):

(n1n2 . . . nki - 1)
C - \delta \leq nki \leq (n1n2 . . . nki - 1)

C+\delta . (2.6)
It is clear that \forall \varepsilon > 0, \exists N1(\varepsilon ) : \forall k > N1(\varepsilon ) :

1

n1 \cdot n2 \cdot . . . \cdot nk - 1
< \varepsilon . (2.7)

Let N2(\varepsilon , \delta ) := \mathrm{m}\mathrm{a}\mathrm{x}\{ N0(\delta ), N1(\varepsilon ) \} . Let us choose a subsequence
\bigl\{ 
k\prime j
\bigr\} 

from the sequence
\{ ki\} with the following property:

\mathrm{l}\mathrm{n}(nk\prime 
j - 1+1 . . . nk\prime 

j - 1)

\mathrm{l}\mathrm{n}(n1n2...nk\prime 
j - 1 - 1nk\prime 

j - 1
nk\prime 

j - 1+1 . . . nk\prime 
j - 1)

> 1 - C

4
, (2.8)

and construct the set T in the following way:

T =

\biggl\{ 
x : x \in [0, 1), x =

\infty \sum 
k=1

\alpha k(x)\prod k
i=1 ni

, \alpha k(x) \in 0,
\bigl[ \surd 

nk

\bigr] 
if k \in \{ k\prime j\} , and \alpha k(x) \in 0, nk  - 1 if k /\in \{ k\prime j\} 

\biggr\} 
.

Firstly let us show that

\mathrm{d}\mathrm{i}\mathrm{m}H(T ) \leq 2

2 + C
. (2.9)

Let k\prime j > N2(\varepsilon , \delta ). The set T can be covered by n1 \cdot n2 \cdot . . . \cdot nk\prime 
j - 1 intervals and each of

them is a union of
\Bigl[ \sqrt{} 

nk\prime 
j

\Bigr] 
+ 1 sets from \scrA k\prime 

j
. The \alpha -volume of this \varepsilon -covering is equal to

n1n2 . . . nk\prime 
j - 1

\left(  
\Bigl[ \sqrt{} 

nk\prime 
j

\Bigr] 
+ 1

n1n2 . . . nk\prime 
j

\right)  \alpha 

.

From (2.6) it follows that

n1n2 . . . nk\prime 
j - 1

\left(  \biggl[ \surd 
nk\prime 

j

\biggr] 
+1

n1n2...nk\prime 
j

\right)  \alpha 

\leq 2\alpha (n1n2 . . . nk\prime 
j - 1)

1 - 1
2\alpha (C - \delta ) - \alpha ,

Suppose

1 - 1

2
\alpha (C  - \delta ) - \alpha < 0,

then
H\alpha 

\varepsilon (T ) \leq \mathrm{l}\mathrm{i}\mathrm{m}
j\rightarrow \infty 

2\alpha (n1n2...nk\prime 
j - 1)

1 - 1
2\alpha (C - \delta ) - \alpha = 0.
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Therefore,

H\alpha 
\varepsilon (T ) = 0, \forall \alpha >

2

C  - \delta + 2
, \forall \varepsilon > 0, \forall \delta > 0.

So,

\mathrm{d}\mathrm{i}\mathrm{m}H T \leq 2

C  - \delta + 2
, \forall \delta > 0,

and, hence,

\mathrm{d}\mathrm{i}\mathrm{m}H T \leq 2

C + 2
.

Now let us show that
\mathrm{d}\mathrm{i}\mathrm{m}H(T,\scrA ) \geq 4 + C

4 + 3C
.

Let
\{ k\prime \prime j \} = \{ k\prime j\} 

\bigcap 
\{ N2(\varepsilon , \delta ) + 1, N2(\varepsilon , \delta ) + 2, ...\} .

Let \mu = \mu N2(\varepsilon ,\delta ) be the probability measure corresponding to the random variable

\xi =

\infty \sum 
k=1

\xi k\prod k
i=1 ni

,

where \xi k are independent random variables; if k \in \{ k\prime \prime j \} , then \xi k takes values 0, 1, ..., [
\surd 
nk]

with probabilities 1

[
\surd 
nk]+1

; if k /\in \{ k\prime \prime j \} , then \xi k takes values 0, 1, ..., nk  - 1 with proba-

bilities 1
nk

.
Then

| \Delta \alpha 1\alpha 2...\alpha k
| = 1

n1n2...nk

for any \Delta \alpha 1\alpha 2...\alpha k
from \scrA k, and

\mu (\Delta \alpha 1\alpha 2...\alpha k
) =

1

\varphi 1\varphi 2...\varphi k

where \varphi t = nt if t /\in \{ k\prime \prime j \} and \varphi t =
\bigl[ \surd 

nt

\bigr] 
+ 1 if t \in \{ k\prime \prime j \} , \forall t \in \BbbN .

Let us show that

\mathrm{l}\mathrm{n}(\mu (\Delta \alpha 1\alpha 2...\alpha k
))

\mathrm{l}\mathrm{n}(| \Delta \alpha 1\alpha 2...\alpha k
| )

\geq 4 + C  - 2\delta 

4 + 3C + 4\delta 
, \forall k \in \BbbN . (2.10)

Taking into account properties of \{ k\prime \prime j \} , one can prove by induction on j that

\mathrm{l}\mathrm{n}
\Bigl( 
\varphi 1\varphi 2...\varphi k\prime \prime 

j

\Bigr) 
\mathrm{l}\mathrm{n}
\Bigl( 
n1n2n3...nk\prime \prime 

j

\Bigr) \geq 4 + C  - 2\delta 

4 + 3C + 4\delta 
, \forall j \in \BbbN . (2.11)

Let k \in (k\prime \prime j , k
\prime \prime 
j+1). Then

\mathrm{l}\mathrm{n} (\mu (\Delta \alpha 1\alpha 2...\alpha k
))

\mathrm{l}\mathrm{n} (| \Delta \alpha 1\alpha 2...\alpha k
| )

\geq 
\mathrm{l}\mathrm{n}
\Bigl( 
\mu 
\Bigl( 
\Delta \alpha 1\alpha 2...\alpha k\prime \prime 

j

\Bigr) \Bigr) 
\mathrm{l}\mathrm{n}
\Bigl( \bigm| \bigm| \bigm| \Delta \alpha 1\alpha 2...\alpha k\prime \prime 

j

\bigm| \bigm| \bigm| \Bigr) \geq 4 + C  - 2\delta 

4 + 3C + 4\delta 
, \forall k \in \BbbN .

Let \{ \Delta \prime 
i\} be an arbitrary \varepsilon - covering of T, \Delta \prime 

i \in \scrA , \forall i \in \BbbN . Then, using (2.11) we get

4 + C  - 2\delta 

4 + 3C + 4\delta 
\leq \mathrm{l}\mathrm{n}(\mu (\Delta \prime 

i))

\mathrm{l}\mathrm{n}(| \Delta \prime 
i| )

< 1

which implies that

\mu (\Delta \prime 
i) \leq | \Delta \prime 

i| 
4+C - 2\delta 
4+3C+4\delta .
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Let \alpha \in [0, 4+C - 2\delta 
4+3C+4\delta ). Then we have

1 = \mu (T ) \leq 
\bigcup 
i

\mu (\Delta \prime 
i) \leq 

\sum 
i

| \Delta \prime 
i| 

4+C - 2\delta 
4+3C+4\delta \leq 

\sum 
i

| \Delta \prime 
i| 
\alpha 
.

So, \forall \delta > 0, \forall \varepsilon > 0, \alpha \in [0, 4+C - 2\delta 
4+3C+4\delta ), and for any \varepsilon - covering \{ \Delta \prime 

i\} of the set T by
cylinders \Delta \prime 

i \in \scrA we have : \sum 
i

| \Delta \prime 
i| 
\alpha \geq 1.

Therefore,

H\alpha 
\varepsilon (T,\scrA ) \geq 1, \forall \delta > 0, \forall \varepsilon > 0, \alpha \in [0,

4 + C  - 2\delta 

4 + 3C + 4\delta 
).

So,

H\alpha (T,\scrA ) \geq 1, \forall \delta > 0, \forall \alpha <
4 + C  - 2\delta 

4 + 3C + 4\delta 
.

Hence,

\mathrm{d}\mathrm{i}\mathrm{m}H(T,\scrA ) \geq 4 + C  - 2\delta 

4 + 3C + 4\delta 
, \forall \delta > 0,

and, therefore,

\mathrm{d}\mathrm{i}\mathrm{m}H(T,\scrA ) \geq 4 + C

4 + 3C
,

which completes the proof. \square 

3. Some applications

First application of this theorem will be connected with fine fractal properties of
random Cantor expansions. Let us recall (see, e.g., [43]) that for a given probability
measure \mu the number

\mathrm{d}\mathrm{i}\mathrm{m}H \mu = \mathrm{i}\mathrm{n}\mathrm{f}\{ \mathrm{d}\mathrm{i}\mathrm{m}H(E) : \mu (E) = 1\} 

is said to be the Hausdorff dimension of the measure \mu . In the case of singularity this
number is a rather important characteristic of a probability measure (see, e.g., [11]).
Applying the latter theorem and methods from [11], we get the Hausdorff dimension of
the probability distribution \mu \xi of the random variable \xi with independent digits of the
Cantor series expansion, i.e.,

\xi =

\infty \sum 
k=1

\xi k
n1n2...nk

,

where independent \xi k take values 0, 1, ..., nk  - 1 with probabilities p0k, p1k, ..., pnk - 1,k

respectively.

Proposition 3.1. Let hj =  - 
nk - 1\sum 
i=0

pij \mathrm{l}\mathrm{n} pij and Hk =
k\sum 

j=1

hj . If

\infty \sum 
k=1

\biggl( 
\mathrm{l}\mathrm{n}nk

\mathrm{l}\mathrm{n} (n1n2...nk)

\biggr) 2

< \infty , (3.12)

then the Hausdorff dimension of the probability distribution \mu \xi of the random variable \xi 
with independent digits of the Cantor series expansion is equal to

\mathrm{d}\mathrm{i}\mathrm{m}H(\mu \xi ) = \mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow \infty 

Hk

\mathrm{l}\mathrm{n} (n1n2...nk)
.
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Now let us consider examples which show essential differences between the notions of
faithful net-coverings and comparable net-coverings.

Example 1. Let nk = 4k, \forall k \in \BbbN and let \scrA be the net-covering family generated by
the corresponding Cantor series expansion. Let

A =

\biggl\{ 
x : x \in [0, 1], x =

\infty \sum 
k=1

\alpha k(x)\prod k
i=1 ni

, \alpha k(x) \in \{ 0, 1, ..., 2k  - 1\} , \forall k \in \BbbN 
\biggr\} 
.

Then
1) \mathrm{d}\mathrm{i}\mathrm{m}H A = 1

2 ;

2) H
1
2 (A,\scrA ) \geq 1;

3) H
1
2 (A) = 0.

Proof. Let \lambda be Lebesgue measure on the unit interval and let \mu \xi be the probability
measure of the random variable

\xi =

\infty \sum 
k=1

\xi k\prod k
i=1 ni

,

where \xi k are independent random variables taking values 0, 1, ..., 2k - 1 with probabilities
1
2k

. Let \Delta n(x) be the n-th rank cylinder of the Cantor series expansion containing x. It
is clear that for any x \in A one has

\mu \xi (\Delta n(x)) = 2 - 
n(n+1)

2 and \lambda (\Delta n(x)) = 4 - 
n(n+1)

2 .

So,
\mathrm{l}\mathrm{n}\mu \xi (\Delta n(x))

\mathrm{l}\mathrm{n}\lambda (\Delta n(x))
=

1

2
, \forall x \in A. (3.13)

Using the Theorem 2.5 from [16], we get \mathrm{d}\mathrm{i}\mathrm{m}H(A,\scrA ) = 1
2 . From our theorem one

can obviously derive the faithfulness of the family \scrA for the case nk = 4k. Therefore
\mathrm{d}\mathrm{i}\mathrm{m}H(A) = 1

2 .
Let \{ Ej\} be an arbitrary \varepsilon -covering of the set A by cylinders from \scrA . Without loss of

generality we may assume that Ej \cap A \not = \emptyset , i.e., Ej = \Delta nj (x) for some x \in A. Applying
the mass distributional principle, we have

1 = \mu (A) = \mu (
\bigcup 
j

Ej) \leq 
\sum 
j

\mu (Ej) =
\sum 
j

| Ej | 
1
2

for any \varepsilon -covering of A by cylinders from \scrA . Therefore, H
1
2 (A,\scrA ) \geq 1.

The set A can be covered by 21 \cdot 22 \cdot . . . \cdot 2k - 1 \cdot 1 intervals (each of them is a union
of 2k k-th rank cylinders) with length 2 - k2

. The 1
2 -volume of this covering is equal to

2
(k - 1)k

2 \cdot 
\Bigl( 
2 - k2

\Bigr) 1
2

, which tends to 0 as k \rightarrow \infty . Therefore, H
1
2 (A) = 0. \square 

The following example shows that a faithful net-covering family can be "extremely
non-comparable" to the Hausdorff measure.

Example 2. Let nk = 4k and let \scrA be the net-covering family generated by the
corresponding Cantor series expansion. Let

T =

\biggl\{ 
x : x \in [0, 1], x =

\infty \sum 
k=1

\alpha k(x)\prod k
i=1 4

i
with \alpha k(x) \in 0,

\surd 
nk  - 1 if k \not = 2s,

\alpha k(x) \in 0, k \cdot 
\surd 
nk  - 1 if k = 2s, s \in \BbbN 

\biggr\} 
.

Then the family \scrA is faithful for the Hausdorff dimension calculation and
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1) \mathrm{d}\mathrm{i}\mathrm{m}H T = 1
2 ;

2) H
1
2 (T,\scrA ) = +\infty ;

3) H
1
2 (T ) = 0.

Proof. Let \mu \xi be the probability measure with respect to the random variable

\xi =

\infty \sum 
k=1

\xi k\prod k
i=1 ni

,

where \xi k are independent random variables with following distributions:
if k \not = 2s, then \xi k takes values 0, 1, ..., 2k  - 1 with probabilities 1

2k
;

if k = 2s, then \xi k takes values 0, 1, ..., k \cdot 2k  - 1 with probabilities 1
k\cdot 2k .

Let \Delta n(x) be the n-th rank cylinder of the Cantor series expansion containing x. From
the construction of \xi it follows that for any x \in T one has

\mu \xi (\Delta n(x)) = 2
 - 
\Bigl( 

n(n+1)
2 +

([\mathrm{l}\mathrm{o}\mathrm{g}2 n]+1)[\mathrm{l}\mathrm{o}\mathrm{g}2 n]
2

\Bigr) 
and \lambda (\Delta n(x)) = 4 - 

n(n+1)
2 .

So,

\mathrm{l}\mathrm{i}\mathrm{m}
n\rightarrow \infty 

\mathrm{l}\mathrm{n}\mu \xi (\Delta n(x))

\mathrm{l}\mathrm{n}\lambda (\Delta n(x))
=

1

2
,\forall x \in T. (3.14)

Using Theorem 2.5 from [16] and the faithfulness of \scrA we get

\mathrm{d}\mathrm{i}\mathrm{m}H(T,\scrA ) = \mathrm{d}\mathrm{i}\mathrm{m}H(T ) =
1

2
.

For a given m \in \BbbN let us consider 2m probability measures \mu j , j = 0, 2m  - 1 corre-
sponding to the random variables

\xi j =

\infty \sum 
k=1

\xi jk\prod k
i=1 4

i
,

whose independent digits \xi jk have the following distributions:
if k \not = 2s, then \xi jk takes values 0, 1, ..., 2k  - 1 with probabilities 1

2k
;

if k = 2s, s \not = m, then \xi jk takes values 0, 1, ..., k \cdot 2k  - 1 with probabilities 1
k\cdot 2k ;

if k = 2m, then \xi jk takes values j \cdot 2k +0, j \cdot 2k +1, ..., (j+1) \cdot 2k  - 1 with probabilities
1
2k

.
Let Sj be the spectrum of the measure \mu j . From the construction of these measures

and the definition of the set T it follows that Sj

\bigcap 
Si = \emptyset and T =

\bigcup 2m

i=1 Si. Taking into
account inequality \mathrm{l}\mathrm{n}\mu j(\Delta n(x))

\mathrm{l}\mathrm{n}\lambda (\Delta n(x))
\geq 1

2 ,\forall x \in Sj , and applying the mass distribution principle

simultaneously for all measures mj , we get H
1
2 (T,\scrA ) \geq 2m. Since m \in \BbbN can be chosen

arbitrarily, we have a desired conclusion about infiniteness of H
1
2 (T,\scrA ).

On the other hand the set T can be covered by 21 \cdot 22 \cdot . . . \cdot 22s - 1 \cdot 21 \cdot 22 . . . 2s - 1 \cdot 1 =

2
(2s - 1)2s

2 +
(s - 1)s

2 intervals, each of them is a union of 2s22
s

cylinders from \scrA 2s with length\bigl( 
1
4

\bigr) 2s(2s - 1)
2 \cdot 2s22

s

42s
=

\bigl( 
1
2

\bigr) 22s - s. The 1
2 -volume of this covering is equal to

2
(2s - 1)2s

2 +
(s - 1)s

2

\Bigl( 
2 - 22s+s

\Bigr) 1
2

= 2 - 
1
2 (2

s - s2) \rightarrow 0, (s \rightarrow \infty ).

Therefore, H
1
2 (T ) = 0. \square 

By using the same techniques it is not hard to prove the following result.

Proposition 3.2. Let nk = 4k and let \scrA be the corresponding faithful net-covering family
generated by the Cantor series expansion. Then for any \alpha \in (0, 1) there exists a set T\alpha 

such that
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1) \mathrm{d}\mathrm{i}\mathrm{m}H T\alpha = \alpha ;
2) H\alpha (T\alpha ,\scrA ) = +\infty ;
3) H\alpha (T\alpha ) = 0.

Proof. If \alpha = p
q \in (0, 1) is a rational number, then the proof is completely similar to

those in example 2, but in the definition of the set Vk of digits which are admissible at
the k-th step of construction of T\alpha , we define Vk to be \{ 0, 1, ...,

\Bigl[ 
(nk)

p
q

\Bigr] 
 - 1\} instead of

\{ 0, 1, ...,
\Bigl[ 
(nk)

1
2

\Bigr] 
 - 1\} for k \not = 2s, and Vk = \{ 0, 1, ..., k \cdot 

\Bigl[ 
(nk)

p
q

\Bigr] 
 - 1\} for k = 2s, where [\cdot ]

denotes the integer part of an argument.
If \alpha is an irrational number from (0, 1), then we choose an increasing sequence \{ pk

qk
\} 

of rational numbers converging to \alpha and apply the same technics with the following
definition of the set Vk := \{ 0, 1, ...,

\Bigl[ 
(nk)

pk
qk

\Bigr] 
 - 1\} . \square 

Remark 3.3. The sequence nk has been chosen to be \{ 4k\} only for the simplicity of
calculations in the above examples. In the forthcoming paper we shall show how the
latter statement can be generalized and give necessary and sufficient conditions for the
Cantor net-coverings to be comparable.

Remark 3.4. The latter proposition shows extreme differences between comparable
and faithful net-coverings and demonstrates that the class of faithful net-coverings is
essentially wider then the class of comparable ones. The relation between these two
classes is similar to the relation between bi-Lipshitz transformations and transformations
preserving the Hausdorff dimension (see, e.g., [7, 9] for details). More deep connections
between faithfulness of net-coverings and the theory of transformations preserving the
Hausdorff dimension will also be discussed in the forthcoming paper.
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[34] Y. Peres, B. Solomyak, Absolute continuity of Bernoulli convolutions, a simple proof, Math. Res.

Lett., 3(1996), No. 2, P. 231–239.
[35] Y. Peres, G. Torbin, Continued fractions and dimensional gaps, in preparation.
[36] Y. Pesin, Dimension theory in dynamical systems. Contemporary views and applications, Chicago

Lectures in Mathematics. University of Chicago Press, Chicago, (1997).
[37] M. Pratsiovytyi, Fractal approach to investigations of singular distributions, National Pedagogical

Univ., (1998).
[38] N. Pratsevityi, G. Torbin, Superfractality of the set of numbers having no frequency of n-adic digits,

and fractal probability distributions. Ukrainian Mathematical Journal, 1995, 47(7), 1113-1118.
[39] M. Pratsiovytyi, G. Torbin, On analytic (symbolic) representation of one-dimensional continuous

transformations preserving the Hausdorff-Besicovitch dimension, Transactions of the National
Pedagogical University of Ukraine. Mathematics, 4(2003), P. 207–215.

[40] C. Rogers, Hausdorff measures, Cambridge Univ. Press, London, (1970).
[41] F. Schweiger, Ergodic Theory of Fibred Systems and Metric Number Theory, Oxford: Clarendon

Press, (1995).
[42] B. Solomyak, On the random series

\sum 
\pm \lambda n (an Erdös problem), Ann. of Math., 142(1995), No. 3,

611–625.
[43] G. Torbin, Multifractal analysis of singularly continuous probability measures. Ukrainian Mathe-

matical Journal, 57(5) (2005), P. 837-857.
[44] A. Turbin, M. Pratsiovytyi, Fractal sets, functions, and distributions,. Kiev: Naukova Dumka,

(1992).
[45] H. Triebel, Fractals and Spectra, Basel, Boston, Berlin, Birkhäuser, (1997).
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